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Îáçîð ìåòîäîâ ðàñ÷åòà ãðàíèö ðàçäåëà
Â òåõíîëîãè÷åñêèõ è ïðèðîäíûõ ïðîöåññàõ âàæíóþ ðîëü èã-

ðàþò ïîäâèæíûå ãðàíèöû ðàçäåëà ñðåä. Ðàçðàáîòêà ìåòîäîâ ðå-
øåíèÿ çàäà÷ ñ ïîäâèæíûìè ãðàíèöàìè ðàçäåëà ÿâëÿåòñÿ îäíîé
èç îñíîâíûõ öåëåé ìåõàíèêè ñïëîøíûõ ñðåä. Íàñòîÿùèé îáçîð
ïîñâÿùåí ðàáîòàì ïî ÷èñëåííî-äèñêðåòíûì (ñåòî÷íûì) ìåòîäàì
ðàñ÷åòà êîíòàêòíûõ, ñâîáîäíûõ è ìåæôàçíûõ ãðàíèö.

Òèïû êîíòàêòíûõ àëãîðèòìîâ. Âî-ïåðâûõ, êîíòàêòíûå àë-
ãîðèòìû ìîãóò áûòü êëàññèôèöèðîâàíû ïî ïðèìåíÿåìîìó ñïî-
ñîáó îïèñàíèÿ äâèæåíèÿ ñïëîøíîé ñðåäû. Â ëàãðàíæåâûõ àë-
ãîðèòìàõ óçëû äâèæóòñÿ ñî ñêîðîñòüþ ìàòåðèàëüíîé ñðåäû. Â
íåëàãðàíæåâûõ àëãîðèòìàõ óçëû íåïîäâèæíû (ýéëåðîâû àëãî-
ðèòìû) èëè äâìæóòñÿ íåçàâèñèìî îò ìàòåðèàëüíîé ñðåäû (ïðîèç-
âîëüíûå ýéëåðîâî-ëàãðàíæåâû àëãîðèòìû). Õàðàêòåðíîé îñîáåí-
íîñòüþ íåëàãðàíæåâûõ àëãîðèòìîâ ÿâëÿåòñÿ íàëè÷èå â ýâîëþöè-
îííûõ óðàâíåíèÿõ êîíâåêòèâíûõ ÷ëåíîâ, îáóñëîâëåííûõ ðàçíî-
ñòüþ â ñêîðîñòÿõ äâèæåíèÿ êîîðäèíàò è ñðåäû.

Âî-âòîðûõ, â îáîèõ ñëó÷àÿõ (ýéëåðîâîì è ëàãðàíæåâîì) ïî-
äâèæíûå ãðàíèöû ðàçäåëà ìîãóò ÿâíî âûäåëÿòüñÿ "îòñëåæèâàþ-
ùèìè àëãîðèòìàìè"êàê ñîâîêóïíîñòü ïîâåðõíîñòíûõ óçëîâ (ìàð-
êåðîâ) è ÿ÷ååê èëè íåÿâíî îïðåäåëÿòüñÿ "óëàâëèâàþùèìè àëãî-
ðèòìàìè", îñíîâàííûìè íà èñïîëüçîâàíèè íåïðåðûâíûõ ìàðêåð-
ôóíêöèé.

Ýòà èçâåñòíàÿ êëàññèôèêàöèÿ è ïîëîæåíà â îñíîâó ñèñòåìàòè-
çàöèè ðàññìàòðèâàåìûõ ðàáîò. Â íàñòîÿùåì îáçîðå ðàññìàòðèâà-
þòñÿ âñå òèïû êîíòàêòíûõ àëãîðèòìîâ, ÷òî íàõîäèòñÿ â ñîãëàñèè
ñ ñîâðåìåííûìè òåíäåíöèÿìè ê ñèíòåçó ìåòîäîâ ìåõàíèêè äåôîð-
ìèðóåìûõ ñðåä è ãèäðîäèíàìèêè, îáóñëîâëåííûìè òðåáîâàíèÿìè
ïîñòðîåíèÿ èíòåãðèðîâàííûõ ìàòåìàòè÷åñêèõ ìîäåëåé òåõíîëî-
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ãè÷åñêèõ è ïðèðîäíûõ ïðîöåññîâ.
Ðàññìàòðèâàåìûå òèïû ãðàíèö. Â äîïîëíåíèå ê êëàññè-

÷åñêèì ïîñòàíîâêàì íà÷àëüíî-êðàåâûõ çàäà÷ ìåõàíèêè ñïëîø-
íîé ñðåäû êîíòàêòíûå çàäà÷è ñîäåðæàò ñïåöèàëüíûå ãðàíè÷íûå
óñëîâèÿ (îãðàíè÷åíèÿ), êîòîðûå óïðàâëÿþò äâèæåíèåì ãðàíèö
ðàçäåëà è âîçìîæíûìè ãðàíè÷íûìè ñèíãóëÿðíîñòÿìè.

Äëÿ êëàññè÷åñêèõ êîíòàêòíûõ çàäà÷ ýòè îãðàíè÷åíèÿ âûðà-
æàþò óñëîâèå íåïðîíèêàíèÿ, òðåòèé çàêîí Íüþòîíà î ðàâåí-
ñòâå äåéñòâèÿ è ïðîòèâîäåéñòâèÿ è çàêîí ïîâåðõíîñòíîãî òðåíèÿ.
Ïðîåêöèè óñëîâèé íà íîðìàëü ïðåäîòâðàùàþò âçàèìíîå ïðîíè-
êàíèå íåñìåøèâàþùèõñÿ ñðåä, à êàñàòåëüíûå ïðîåêöèè ïðåä-
ñòàâëÿþò òðåíèå êîíòàêòèðóþùèõ ïîâåðõíîñòåé. Ðàñøèðåííàÿ
ôèçèêî-õèìè÷åñêàÿ ôîðìóëèðîâêà âêëþ÷àåò êîíòàêòíûå ãðàíè÷-
íûå óñëîâèÿ äëÿ òåïëîïåðåäà÷è, ýëåêòðî-ìàãíèòíîãî âçàèìîäåé-
ñòâèÿ, äèôôóçèè, õèìè÷åñêèõ ðåàêöèé è òàê äàëåå.

Äîïîëíèòåëüíûå ðîäñòâåííûå ñëó÷àè ãðàíè÷íûõ óñëîâèé,
îïèñûâàþùèå ïîâåäåíèå ñâîáîäíûõ è ìåæôàçíûõ ãðàíèö òàê-
æå ðàññìàòðèâàþòñÿ. Ïîäâèæíûå ñâîáîäíûå ãðàíèöû ÿâëÿþòñÿ
ëàãðàíæåâûìè ïîâåðõíîñòÿìè ìåæäó êîíäåíñèðîâàííîé (æèäêîé
èëè òâåðäîé) è ðàçðåæåííîé cðåäàìè. Ãðàíè÷íûå óñëîâèÿ íà ñâî-
áîäíûõ ãðàíèöàõ îïèñûâàþò âëèÿíèå ðàçðåæåííîé ñðåäû, ïðåä-
ñòàâëåííîå ñèëàìè âíåøíåãî äàâëåíèÿ è òðåíèÿ, à òàêæå äåéñòâèå
ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ, çàâèñÿùèõ îò îðèåíòàöèè è êðè-
âèçíû ãðàíèöû.

Â îòëè÷èå îò êëàññè÷åñêèõ êîíòàêòíûõ è ñâîáîäíûõ ãðàíèö
ìåæôàçíûå ãðàíèöû íå ÿâëÿþòñÿ ëàãðàíæåâûìè è èõ äâèæåíèå
ïî ñïëîøíîé ñðåäå îïðåäåëÿåòñÿ óñëîâèÿìè ìåæôàçíîãî ðàâíî-
âåñèÿ (íàïðèìåð, çàêîíîì Ñòåôàíà (Stefan law), óñëîâèåì äåòîíà-
öèè ×åïìåíà- Æóãå (Chapman-Jouguet condition), óñëîâèåì ïëà-
ñòè÷íîñòè, óñëîâèåì ðàçðóøåíèÿ è òàê äàëåå). Ìåæôàçíûå ãðà-
íèöû ÿâëÿþòñÿ ïîâåðõíîñòÿìè ñëàáîãî ðàçðûâà è äâèæóòñÿ ïî
ñïëîøíîé ñðåäå, îòñëåæèâàÿ ñêà÷êîîáðàçíûé ïðîöåññ ôàçîâîãî
ïåðåõîäà, çàêëþ÷àþùèéñÿ â ðåçêîì èçìåíåíèè ñâîéñòâ ñïëîø-
íîé ñðåäû. Íà ìåæôàçíûõ ãðàíèöàõ òåìïåðàòóðà, âåêòîðû ñêî-
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ðîñòåé, ïåðåìåùåíèé è íàïðÿæåíèé íåïðåðûâíû, à òåïëîåìêîñòü,
ñæèìàåìîñòü è äðóãèå ñâîéñòâà ìîãóò ìåíÿòüñÿ ñêà÷êîì.

Óïîìÿíåì òàêæå åùå îäèí âàæíûé ïðåäåëüíûé ÷àñòíûé ñëó-
÷àé êîíòàêòà, êîòîðûé îòâå÷àåò âçàèìîäåéñòâèþ äåôîðìèðóå-
ìûõ ñðåä ñ àáñîëþòíî æåñòêèìè.

1.1 Îáçîðû ôîðìóëèðîâîê êîíòàêòíûõ çàäà÷

Íà÷àëüíî-êðàåâûå êîíòàêòíûå çàäà÷è ìîæíî ñôîðìóëèðîâàòü
â äèôôåðåíöèàëüíîé, èíòåãðàëüíîé èëè âàðèàöèîííîé ôîðìàõ.
Âàðèàöèîííûå ôîðìóëèðîâêè, â ÷àñòíîñòè, ôîðìóëèðîâêè êîí-
òàêòíûõ çàäà÷ â âèäå âàðèàöèîííûõ íåðàâåíñòâ èãðàþò âàæíóþ
ðîëü â èçó÷åíèè âîïðîñîâ êîððåêòíîñòè íà÷àëüíî-êðàåâûõ çàäà÷,
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé.

Ôîðìóëèðîâêè êîíòàêòíûõ çàäà÷ èññëåäîâàëèñü â ðàáîòàõ
(Signorini (1933, 1959) [591, 592], Stampacchia, Lions (1965, 1967)
[601, 602], Ôèêåðà (1974) [204], Lions (1978) [473], Äþâî, Ëèîíñ
(1980) [93], Cocu (1984) [307], Rabier, Martins, Oden (1986) [565],
Martins, Oden (1987) [485], Rabier, Oden (1988) [567], Êðàâ÷óê
(1988, 1997, 2001) [134, 135, 136]), ãäå ìîæíî íàéòè ññûëêè íà
äîïîëíèòåëüíûå èñòî÷íèêè. Òåîðåòè÷åñêèå èññëåäîâàíèÿ ïîñòà-
íîâîê êîíòàêòíûõ çàäà÷ è çàäà÷ ñ ôàçîâûìè ïåðåõîäàìè îòðàæå-
íû â îáçîðàõ ñëåäóþùèõ ðàáîò: Ìåéäåð (1985) [150], Benson (1992,
2002) [263, 264], Ñàäîâñêèé (1997) [185], Ôîìèí è äð. (1999) [205],
Ìàíæèðîâ (2001) [147, 148]; Êîíäàóðîâ (2002) [429]). Ññûëêè íà
áèáëèîãðàôè÷åñêèå êîëëåêèè ðàáîò ïî âîïðîñàì ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèé êîíòàêòíûõ çàäà÷ ìîæíî íàéòè â ñáîð-
íèêå îáçîðîâ ïîä ðåäàêöèåé Àëåêñàíäðîâà è Âîðîâè÷à (2001) [3].

Â ìíîãèõ ñîâðåìåííûõ ðàáîòàõ ïî êîíòàêòàì ñðåä, ñâîéñòâà
êîòîðûõ çàâèñÿò îò èñòîðèè íàãðóæåíèÿ, íà÷àëüíî-êðàåâûå çàäà-
÷è ôîðìóëèðóþòñÿ êàê âàðèàöèîííûå çàäà÷è â ôîðìå Áóáíîâà-
Ãàëåðêèíà. Êîíòàêòíûå ãðàíè÷íûå óñëîâèÿ ðàññìàòðèâàþòñÿ êàê
îãðàíè÷åíèÿ è âêëþ÷àþòñÿ â âàðèàöèîííîå óðàâíåíèå ñ ïîìîùüþ
ìåòîäà ìíîæèòåëåé Ëàãðàíæà èëè ìåòîäà øòðàôíûõ ôóíêöèé.



10 1 Îáçîð ìåòîäîâ ðàñ÷åòà ãðàíèö ðàçäåëà

Îáçîð ìåòîäîâ ó÷åòà îãðàíè÷åíèé äëÿ âàðèàöèîííûõ çàäà÷ îáùå-
ãî âèäà èìååòñÿ, íàïðèìåð, â ìîíîãðàôèè (Ïøåíè÷íûé, Äàíèëèí
(1979) [172]).

Îáçîð ýéëåðîâî-ëàãðàíæåâûõ ôîðìóëèðîâîê çàäà÷ ìåõàíèêè
ñïëîøíûõ ñðåä ïðèâåäåí â ðàáîòå (Áóðàãî (1984) [35]).

1.2 Îáçîðû ìåòîäîâ ðàñ÷åòà êîíòàêòà

Áîëüøàÿ êîëëåêöèÿ ñâåæèõ îáçîðîâ ïî ÷èñëåííûì è àíàëèòè-
÷åñêèì ìåòîäàì ðàñ÷åòà êîíòàêòà, íà÷àëî êîòîðûì áûëî ïîëîæå-
íî â ðàáîòå Ãåðöà (Hertz (1882) [388]), ïðåäñòàâëåíà â ñáîðíèêå
ïîä ðåäàêöèåé Àëåêñàíäðîâà è Âîðîâè÷à (2001) [3].

Â íàñòîÿùåì îáçîðå ðàññìàòðèâàþòñÿ ÷èñëåííî-äèñêðåòíûå
ìåòîäû ðàñ÷åòà êîíòàêòíûõ ãðàíèö. Ê ýòîé êàòåãîðèè îòíîñÿò-
ñÿ êîíå÷íî-ðàçíîñòíûå, êîíå÷íî-îáúåìíûå è êîíå÷íî-ýëåìåíòíûå
àëãîðèòìû, "áåññåòî÷íûå"ìåòîäû Ãàëåðêèíà, êîíòàêòíûå àëãî-
ðèòìû ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ.

Ïî ñïîñîáó îïèñàíèÿ äâèæåíèÿ ñïëîøíîé ñðåäû ÷èñëåííî-
äèñêðåòíûå ìåòîäû ìîæíî ðàçäåëèòü íà äâà îãðîìíûõ ñåìåé-
ñòâà àëãîðèòìîâ - ëàãðàíæåâû è ýéëåðîâû àëãîðèòìû. Â ëàãðàí-
æåâûõ àëãîðèòìàõ óçëû è ÿ÷åéêè äâèæóòñÿ âìåñòå ñî ñïëîø-
íîé ñðåäîé, â ýéëåðîâûõ àëãîðèòìàõ óçëû è ÿ÷åéêè ïîêîÿò-
ñÿ, à ñïëîøíàÿ ñðåäà äâèæåòñÿ ñêâîçü ýéëåðîâó ñåòêó (êîíâåê-
òèâíîå äâèæåíèå). Ñëó÷àé ïîäâèæíûõ ñåòîê, ñêîðîñòü äâèæå-
íèÿ êîòîðûõ îòëè÷íà îò ñêîðîñòè ìàòåðèàëüíîé ñðåäû, îòâå÷à-
åò ýéëåðîâî-ëàãðàíæåâîìó îïèñàíèþ äâèæåíèÿ. Îáçîð ýéëåðîâî-
ëàãðàíæåâûõ ôîðìóëèðîâîê çàäà÷ ìåõàíèêè ñïëîøíûõ ñðåä ïðè-
âåäåí â ðàáîòå Áóðàãî (1984) [35].

Ëàãðàíæåâû è ýéëåðîâû àëãîðèòìû ïîäðàçäåëÿþòñÿ â ñâîþ
î÷åðåäü íà àëãîðèòìû ÿâíîãî âûäåëåíèÿ êîíòàêòíûõ ðàçðûâîâ è
íà àëãîðèòìû óëàâëèâàíèÿ ðàçðûâîâ (ñêâîçíîé ñ÷åòà ðàçðûâîâ).
Ýòà èçâåñòíàÿ êëàññèôèêàöèÿ è ïîëîæåíà â îñíîâó ñèñòåìàòèçà-
öèè ðàññìàòðèâàåìûõ ðàáîò. Â íàñòîÿùåì îáçîðå ðàññìàòðèâàþò-
ñÿ âñå òèïû êîíòàêòíûõ àëãîðèòìîâ, ÷òî íàõîäèòñÿ â ñîãëàñèè ñ
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ñîâðåìåííûìè òåíäåíöèÿìè ê ñèíòåçó ìåòîäîâ ìåõàíèêè äåôîð-
ìèðóåìûõ ñðåä è ãèäðîäèíàìèêè, îáóñëîâëåííûìè òðåáîâàíèÿìè
ïîñòðîåíèÿ èíòåãðèðîâàííûõ ìàòåìàòè÷åñêèõ ìîäåëåé òåõíîëî-
ãè÷åñêèõ è ïðèðîäíûõ ïðîöåññîâ.

Êðóïíûå ïîäáîðêè ëèòåðàòóðû ïî êîíòàêòíûì àëãîðèòìàì
â ìåõàíèêå äåôîðìèðóåìîãî òâåðäîãî òåëà äåëàëè ðàíåå Êóêó-
äæàíîâ (1985) [141], Johnson (1985) [409], Kikuchi, Oden (1986)
[419], Hughes (1987) [398], Kardestuncer, Norrie (1987) [416], Benson
(1992) [263], Zhong, Mackerle (1992, 1993) [681, 682], Aliabadi,
Brebbia (1993) [214], Ôîìèí è äð. (1999) [205], Ãîðøêîâ è Òàð-
ëàêîâñêèé (1995, 2001) [69, 70], Laursen (2002) [456] è ðÿä äðóãèõ
àâòîðîâ, öèòèðóåìûõ äàëåå â ñâÿçè ñ êîíêðåòíûìè òèïàìè àëãî-
ðèòìîâ.

Îáçîðû ïî àëãîðèòìàì ðàñ÷åòà ãðàíèö ðàçäåëà íåñìåøèâàþ-
ùèõñÿ ñðåä â ðàìêàõ ãèäðîäèíàìèêè èìåþòñÿ â ðàáîòàõ: Àíó÷èíà
(1970) [8], Ïîòòåð (1975) [171], Àíó÷èíà, Áàáåíêî, Ãîäóíîâ è äð.
(1979) [9], O. Áåëîöåðêîâêèé (1973, 1984) [22, 24], Î. Áåëîöåðêîâ-
ñêèé, Þ. Äàâûäîâ (1982) [23], Benson (1992) [263], Rider, Kothe
(1995) [572], Johnson (1996) [410], Kothe et al. (1998) [432], Sethian
(1999) [586], Ãèëüìàíîâ (2000) [59]).

Äàëåå äàþòñÿ ññûëêè è íà äðóãèå, áîëåå ñïåöèàëèçèðîâàííûå,
áèáëèîãðàôè÷åñêèå êîëëåêöèè.

1.3 Êîíòàêò c àáñîëþòíî æåñòêèìè òåëàìè

Ïîäàâëÿþùåå ÷èñëî ðàáîò ïî êîíòàêòíûì çàäà÷àì îòíîñÿòñÿ
èìåííî ê ñëó÷àþ êîíòàêòà äåôîðìèðóåìûõ òåë (ñðåä) ñ àáñîëþò-
íî æåñòêèìè òåëàìè (øòàìïàìè, óäàðíèêàìè èëè ïðåãðàäàìè).
Ïîäâèæíàÿ ãðàíèöà æåñòêèõ òåë ïðè ýòîì ðàññìàòðèâàåòñÿ êàê
çàäàííàÿ ïîâåðõíîñòü ñêîëüæåíèÿ. Îíà ìîæåò áûòü ãëàäêîé èëè
øåðîõîâàòîé. Äâèæåíèå æåñòêèõ òåë ëèáî ïîëàãàåòñÿ ïðåäîïðå-
äåëåííûì, ëèáî ðàññ÷èòûâàåòñÿ â ïðîöåññå ðåøåíèÿ îáùåé çàäà-
÷è ìåòîäàìè òåîðåòè÷åñêîé ìåõàíèêè ñ ó÷åòîì èõ ìàññû è ñèë
ðåàêöèè.
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Ïðèìåðû ðàñ÷åòîâ êîíòàêòà ñ æåñòêèìè òåëàìè è äîïîëíè-
òåëüíûå ññûëêè ìîæíî íàéòè â ðàáîòàõ Áàíè÷óêà (1967) [19],
Áàíè÷óêà, Êàðòâåëèøâèëè, ×åðíîóñüêî (1972) [20], Áàíè÷óêà è
×åðíîóñüêî (1973) [21], Ìåíüøèêîâà, Îäèíöîâà, ×óäîâà (1976)
[152], Êîíäàóðîâà è äð. (1978, 1980, 1984) [113, 114, 116], Ãóëèäîâà
(1980) [80], Çàïïàðîâà, Êóêóäæàíîâà (1984, 1986) [95, 96], Ïåòðî-
âà, Õîëîäîâà (1984) [166], Êóêóäæàíîâà (1985) [141], Ãðèãîðüåâà
(1986) [76], Ïîçäååâà, Òðóñîâà, Íÿøèíà (1986) [168] è ìíîãèõ äðó-
ãèõ. Îáçîðû èññëåäîâàíèé ýòîãî íàïðàâëåíèÿ ìîæíî íàéòè â ðà-
áîòàõ Ôîìèíà è äð. (1999) [205], Â. Äàâûäîâà, ×óìà÷åíêî (2000)
[88], Ñèìîíîâà (2001) [195].

Â ñåòî÷íûõ ëàãðàíæåâûõ êîíòàêòíûõ àëãîðèòìàõ ñêîðîñòè íà
ãðàíèöàõ ìåæäó æåñòêèìè è äåôîðìèðóåìûìè òåëàìè ëèáî çàäà-
þòñÿ, ëèáî îïðåäåëÿþòñÿ ïî ïðîíèêàíèþ óçëîâ ïîäâèæíîé ñåòêè
â íåäîçâîëåííûå îáëàñòè ïðîñòðàíñòâà, ïðåäñòàâëÿþùèå æåñò-
êèå òåëà. Íîðìàëüíûå ê ïîâåðõíîñòè æåñòêîãî òåëà êîìïîíåíòû
ñêîðîñòè è ïåðåìåùåíèÿ êîððåêòèðóþòñÿ ñ òåì, ÷òîáû óñòðàíèòü
ñ÷åòíîå ïðîíèêàíèå. Âî ìíîãèõ àëãîðèòìàõ òàêàÿ êîððåêòèðîâêà
ñâîäèòñÿ ê ïðèðàâíèâàíèþ íîðìàëüíûõ ñêîðîñòåé äâèæåíèÿ äå-
ôîðìèðóåìîé è æåñòêîé ãðàíèö. Åñëè æå êîððåêòèðîâêà ïðîâî-
äèòñÿ ïóòåì ïðèëîæåíèÿ âíåøíèõ íîðìàëüíûõ íàãðóçîê, òî òåì
ñàìûì îïðåäåëÿåòñÿ êîíòàêòíîå äàâëåíèå. Ó÷åò òðåíèÿ îñîáåí-
íîñòåé ïî ñðàâíåíèþ ñ áîëåå îáùèìè êîíòàêòíûìè àëãîðèòìàìè
íå èìååò.

1.4 Ëàãðàíæåâû àëãîðèòìû ñêâîçíîãî ñ÷åòà

Ëàãðàíæåâû àëãîðèòìû ñêâîçíîãî ñ÷åòà èñïîëüçóþò åäèíóþ
ëàãðàíæåâó ñåòêó â êîíòàêòèðóþùèõ ñðåäàõ (òåëàõ) ñ îáùèìè
óçëàìè íà ãðàíèöå ðàçäåëà. Â àëãîðèòìàõ ñêâîçíîãî ñ÷åòà ðåøå-
íèå ïðè ïåðåõîäå ÷åðåç êîíòàêòíóþ ãðàíèöó ïîëàãàåòñÿ íåïðå-
ðûâíûì, à êîíòàêòíûå ðàçðûâû ìîäåëèðóþòñÿ óçêèìè çîíàìè
áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ.
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Èäåàëüíûé êîíòàêò, ñîãëàñîâàííûå ñåòêè. Ïðîñòåéøèé
ïðèåì ñêâîçíîãî ñ÷åòà êîíòàêòà, èñïîëüçóåìûé â ñëó÷àå ìàëûõ
äåôîðìàöèé â óñëîâèÿõ çàðàíåå èçâåñòíîé è íåèçìåííîé çîíû
êîíòàêòà, çàêëþ÷àåòñÿ â ðåàëèçàöèè ïðèáëèæåííûõ êîíòàêòíûõ
óñëîâèé "ïîëíîãî ñëèïàíèÿ (ñêëåéêè)"êîíòàêòèðóþùèõ òåë, ðå-
àëèçóþùèõ èäåàëüíûé êîíòàêò.

Ëàãðàíæåâû cåòêè â çîíå êîíòàêòà ïðè ýòîì ñîãëàñîâàíû è
"ñðàùåíû"ïî ïðèíöèïó "óçåë â óçåë", ñêîëüæåíèå è îòñêîê (îò-
ëèïàíèå) íå äîïóñêàþòñÿ. Ðåøåíèå íà êîíòàêòíîé ãðàíèöå íåïðå-
ðûâíî ïî ñêîðîñòè è ïåðåìåùåíèþ (èäåàëüíûé êîíòàêò). Ðàáîò, â
êîòîðûõ òàêàÿ ñõåìà ðàñ÷åòà êîíòàêòà èñïîëüçóåòñÿ, îïóáëèêîâà-
íî âåëèêîå ìíîæåñòâî. Ïðàêòè÷åñêè ëþáîé àëãîðèòì, ðåøàþùèé
çàäà÷ó ìåõàíèêè ñïëîøíîé ñðåäû ñåòî÷íûì ìåòîäîì ïðè çàäàíèè
ðàçíûõ ñâîéñòâ ìàòåðèàëîâ â ïîäîáëàñòÿõ àâòîìàòè÷åñêè ðåàëè-
çóåò ñðàùèâàíèå ðåøåíèé íà êîíòàêòíûõ ãðàíèöàõ ìåæäó òàêèìè
ïîäîáëàñòÿìè.

Ïðèâåäåì íèæå ïðîèçâîëüíóþ âûáîðêó ðîññèéñêèõ ðàáîò ïî
ÌÊÝ 20-30-ëåòíåé äàâíîñòè, â êîòîðûõ áûëè äàíû òèïè÷íûå ïðè-
ìåðû ðàñ÷åòîâ èäåàëüíîãî êîíòàêòà: Ðîçèí (1971,1977) [178, 179],
Óãîä÷èêîâ, Êîðîòêèõ (1971) [199], Âàéíáåðã è äð. (1972) [54];
Ïîñòíîâ, Õàðõóðèì (1974) [170], Øåâ÷åíêî è äð. (1975) [210],
Ïîäãîðíûé è äð. (1976) [167], Êâèòêà, Âîðîøêî, Áîáðèöêàÿ (1977)
[105], Áóðàãî (1978, 1979) [33, 34]; Å. Ìîðîçîâ, Íèêèøêîâ (1980)
[155]. Ññûëêè íà çàðóáåæíûå ðàáîòû ïî èäåàëüíîìó êîíòàêòó
ìîæíî íàéòè â êíèãå Çåíêåâè÷à (1975) [97].

Â îáùåì ñëó÷àå ïåðåìåííîé çîíû êîíòàêòà, êîãäà èìåþò ìåñòî
ñêîëüæåíèå è îòëèïàíèå êîíòàêòèðóþùèõ òåë, ìîäåëü èäåàëüíî-
ãî êîíòàêòà äàåò ôèçè÷åñêè íåâåðíîå îïèñàíèå è íå èñïîëüçóåòñÿ.

Èäåàëüíûé êîíòàêò, íåñîãëàñîâàííûå ñåòêè. Êîíòàêò-
íûé àëãîðèòì ñîïðÿæåíèÿ ðåøåíèé ñ îáåñïå÷åíèåì èäåàëüíîãî
êîíòàêòà ïðè íåñîãëàñîâàííûõ â çîíå êîíòàêòà ñåòêàõ äëÿ äâó-
ìåðíîãî ñëó÷àÿ ïðåäëîæåí â ðàáîòå Áàæåíîâà, Çåôèðîâà, Ïåò-
ðîâà (1984) [12] è ðàçâèò äëÿ òðåõìåðíîãî ñëó÷àÿ â ðàáîòàõ: Áà-
æåíîâ ñ ñîàâòîðàìè (1994, 1995) [15, 16, 17], Park, Felippa, Rebel
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(2000) [550, 551], Felippa, Park, Farhat (2001) [349]. Ïðèìåíåíèå
òàêîãî êîíòàêòíîãî àëãîðèòìà íà èñêóññòâåííûõ ãðàíèöàõ ìåæ-
äó ïîäîáëàñòÿìè ïîçâîëÿåò íå çàáîòèòñÿ î ñîãëàñîâàíèè ñåòîê íà
ãðàíèöàõ ïîäîáëàñòåé. Ýòî ìîæåò çíà÷èòåëüíî óïðîñòèòü ïîñòðî-
åíèå ñåòîê â òðåõìåðíûõ îáëàñòÿõ ñëîæíîé ôîðìû.

Àëãîðèòìû áóôåðíîãî ñëîÿ ïîçâîëÿþò èìèòèðîâàòü êîí-
òàêòíûé ðàçðûâ êàê çîíó áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ è îñíî-
âàíû íà ââåäåíèè ìåæäó êîíòàêòèðóþùèìè òåëàìè ôèêòèâíî-
ãî áóôåðíîãî êîíòàêòíîãî ñëîÿ ("êîíòàêòíîé ïñåâäîñðåäû"). Áó-
ôåðíûé ñëîé ñîñòîèò èç êîíòàêòíûõ ÿ÷ååê, óçëû êîòîðûõ ïðè-
íàäëåæàò êîíòàêòèðóþùèì ãðàíèöàì. Ââåäåíèå áóôåðíîãî ñëîÿ
ÿ÷ååê ñâîäèò êîíòàêòíóþ çàäà÷ó äëÿ ìíîãèõ òåë ê çàäà÷å äëÿ îä-
íîãî ñîñòàâíîãî íåîäíîðîäíîãî òåëà. Ïî òîëùèíå áóôåðíîãî ñëîÿ
èñïîëüçóåòñÿ êàê ïðàâèëî îäíà ÿ÷åéêà, êîòîðàÿ â çàâèñèìîñòè
îò ïðèïèñûâàåìûõ ñâîéñòâ ìîæåò èãðàòü ðîëü óïðóãîé ïðóæè-
íû, âÿçêîãî ýëåìåíòà, ñêëåéêè è ò.ä. Äåéñòâóþùèå â áóôåðíîì
ñëîå íàïðÿæåíèÿ èìèòèðóþò êîíòàêòíûå íàãðóçêè. Óñïåøíîñòü
òàêîé èìèòàöèè çàâèñèò îò ñâîéñòâ, ïðèïèñûâàåìûõ ìàòåðèàëó
áóôåðíîãî ñëîÿ. Ýòè ñâîéñòâà äîëæíû îáåñïå÷èâàòü âîçíèêíî-
âåíèå ñæèìàþùèõ êîíòàêòíûõ íàãðóçîê, íå äîïóñêàòü ðàñòÿãè-
âàþùèõ êîíòàêòíûõ íàãðóçîê (÷òîáû èìèòèðîâàòü îòëèïàíèå) è
ìîäåëèðîâàòü ñèëû òðåíèÿ. Ðåçóëüòèðóþùàÿ ìàòåìàòè÷åñêàÿ ìî-
äåëü äîëæíà áûòü êîððåêòíîé. Êðîìå òîãî, èç êîñìåòè÷åñêèõ ñî-
îáðàæåíèé è òðåáîâàíèé òî÷íîñòè æåëàòåëüíî, ÷òîáû òîëùèíà
òàêîãî ñëîÿ áûëà áû íàìíîãî ìåíüøå, ÷åì õàðàêòåðíûé ðàçìåð
øàãà ïðîñòðàíñòâåííîé ñåòêè â êîíòàêòèðóþùèõ òåëàõ.

Ïðèìåðû ðåàëèçàöèè è òåîðåòè÷åñêîãî îáîñíîâàíèÿ àëãîðèò-
ìîâ áóôåðíîãî ñëîÿ äàíû â ðàáîòàõ: Ghaboussi et al. (1973) [359],
Michalowski, Mroz (1978) [490], Ìåëåùåíêî (1978) [151], Ïîçäíÿêîâ
(1979) [169], À. Êóçüìåíêî (1980) [140], Desai et al. (1984) [318], Íè-
êèøêîâ, Ïàøíèí (1985) [158], Íèêèøêîâ (1988) [159], Ðâà÷åâ (ðå-
äàêòîð) (1989) [174], Âîâêóøåâñêèé (1991) [55], Kowalczyk (1994)
[434], Çåðíèí, Å. Ìîðîçîâ (2001) [98], Ðîçèí, Ñìèðíîâ (2000) [180].

Ïðè áîëüøèõ äåôîðìàöèÿõ è ñèëüíûõ èçìåíåíèÿõ çîíû êîí-
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òàêòà â ïðîöåññå äåôîðìàöèè òðåáóåòñÿ ïîøàãîâîå àâòîìàòèçè-
ðîâàííîå ïåðåîïðåäåëåíèå áóôåðíîãî ñëîÿ. Ïîýòîìó ïðè ïîñëå-
äîâàòåëüíîì äîâåäåíèè àëãîðèòìîâ áóôåðíîãî ñëîÿ äî ðàáîòî-
ñïîñîáíîãî ñîñòîÿíèÿ â óêàçàííûõ óñëîâèÿõ îíè ïðåâðàùàþò-
ñÿ â ðàññìàòðèâàåìûå íèæå àëãîðèòìû, â êîòîðûõ "áóôåðíûå
ýëåìåíòû"èëè "êîíòàêòíûå ïàðû"ïåðåîïðåäåëÿþòñÿ â ïðîöåññå
÷èñëåííîãî ðåøåíèÿ àâòîìàòè÷åñêè, à êîíòàêòíûå ðåàêöèè îïðå-
äåëÿþòñÿ ïóòåì íåïîñðåäñòâåííîãî óäîâëåòâîðåíèÿ êîíòàêòíûõ
óñëîâèé.

Aëãîðèòìû åäèíîãî óðàâíåíèÿ ñîñòîÿíèÿ äëÿ ñêâîçíîãî
ñ÷åòà ìåæôàçíûõ ãðàíèö èñïîëüçóþò óðàâíåíèÿ, îïèñûâàþùèå
ðàçëè÷íûå ñîñòîÿíèÿ ñðåäû ñ ó÷åòîì ÿâëåíèé, ñîïóòñòâóþùèõ
ïåðåõîäàì ìàòåðèàëà èç îäíîãî ñîñòîÿíèÿ â äðóãîå. Ïðèìåðàìè
ÿâëÿþòñÿ àëãîðèòìû ìîäåëèðîâàíèÿ êîíòàêòíûõ ðàçðûâîâ, âû-
çâàííûõ êîíòèíóàëüíûì ðàçðóøåíèåì è ëîêàëèçàöèåé äåôîðìà-
öèé (Maenchen, Sack (1964) [478], Êóêóäæàíîâ (1985) [141], Êîíäà-
óðîâ, Ïåòðîâ (1985) [117], Àõìàäååâ (1986) [11], Êîíäàóðîâ (1988)
[118], Êîíäàóðîâ, Ë. Íèêèòèí (1989) [119], Lemaitre (1992, 1996)
[466], Ãóëèäîâ, Øàáàëèí (1994, 1995) [86], Tomita (1994) [628], Ñà-
äûðèí (1995) [188], Kukudzhanov et al. (1995) [436], Kondaurov
è äð. (1997) [121], Ôîìèí è äð. (1999) [205], Áóðàãî, Ãëóøêî,
Êîâøîâ (2000) [48] Êîíäàóðîâ (2001) [123] Áóðàãî, Êóêóäæàíîâ
(2002) [51]. Äðóãèå ïðèìåðû ñêâîçíîãî ñ÷åòà ôàçîâûõ ïåðåõîäîâ
æèäêîñòü-ïàð, òâåðäîå òåëî-æèäêîñòü ïðè ïëàâëåíèè è êðèñòàë-
ëèçàöèÿ ïðåäñòàâëåíû â ðàáîòàõ: Ehrlich (1958) [333], Îëåéíèê
(1960) [163], Ñàìàðñêèé, Ìîèñååíêî (1965) [190] è â áîëüøîì öèê-
ëå ðàáîò, ïîäèòîæåííîì â ìîíîãðàôèè Sethian (1999) [586].

Ðàñ÷åòû ðàçðóøåíèÿ äèñêðåòíûìè ÷àñòèöàìè ïðåäëà-
ãàëèñü â ðàáîòàõ: (Stecher, Johnson (1984) [603] Belytschko, Lin
(1987) [255], Johnson, Stryk (1987, 1990) [407, 408], Ãóëèäîâ, Ôîìèí
(1994) [86]. Åñëè â ëàãðàíæåâîé ÿ÷åéêå âûïîëíÿåòñÿ óñëîâèå ðàç-
ðóøåíèÿ (ïî ïðåäåëüíîìó çíà÷åíèþ äåôîðìàöèè, ïëàñòè÷åñêîé
äåôîðìàöèè, ìàêñèìàëüíîìó ãëàâíîìó íàïðÿæåíèþ, è ò.ä.), òî
ñâÿçè ìåæäó óçëàìè â òàêèõ ÿ÷åéêàõ îñâîáîæäàþòñÿ, íàïðÿæå-
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íèÿ ðåëàêñèðóþò ê íóëþ è ñîïðîòèâëåíèå ñîõðàíÿåòñÿ òîëüêî ïî
îòíîøåíèþ ê ñæàòèþ. Ïîäðîáíûé îáçîð è îïèñàíèå òàêîãî òèïà
àëãîðèòìîâ ñêâîçíîãî ñ÷åòà èìååòñÿ â êíèãå Ôîìèíà è äð. (1999)
[205].

Ðàáîòû ïî ìíîæåñòâåííîìó êîíòàêòó. Çàäà÷è ìíîæå-
ñòâåííîãî êîíòàêòà óïðóãîïëàñòè÷åñêèõ òåë âîçíèêàþò âî ìíî-
ãèõ ïðèëîæåíèÿõ, â ÷àñòíîñòè, ïðè ÷èñëåííîì èçó÷åíèè ñâîéñòâ
êîìïîçèòíûõ ìàòåðèàëîâ, ñîñòîÿùèõ èç ìíîæåñòâà ðàçíîðîäíûõ
êîìïîíåíòîâ, ïðè ðàñ÷åòå ïîðàæåíèÿ ìèøåíåé êàðòå÷üþ, ïðè
âçàèìîäåéñòâèè øåðîõîâàòûõ ïîâåðõíîñòåé è ò.ä. Îáçîðû ýòîãî
íàïðàâëåíèÿ äàíû â ðàáîòàõ: Goryacheva, Dobychin (1988) [71],
Glocker, Pfei�er (1996) [365], Ôîìèí è äð. (1999) [205], Xing (2000)
[669], Ãîðÿ÷åâà, ×åêèíà (2001) [72].

Îïèñàíèå ÿâëåíèé êîíòàêòà â íàðàùèâàåìûõ òåëàõ è îáçîðû
ñäåëàíû Àðóòþíÿíîì, Ìàíæèðîâûì, Íàóìîâûì (1991) [6], Ìàí-
æèðîâûì (2001) [148]. Ê ýòîìó òèïó çàäà÷ îòíîñÿòñÿ çàäà÷è î íà-
ìîòêå è ïîñëîéíîì èçãîòîâëåíèè êîìïîçèöèîííûõ ìàòåðèàëîâ,
î íàãðóæåíèè ãðóíòà â ïðîöåññå ñòðîèòåëüñòâà ñîîðóæåíèé, î
âûðàùèâàíèè êðèñòàëëîâ â ïðîöåññàõ îòâåðäåíèÿ ìåòàëëè÷åñêèõ
ðàñïëàâîâ è ïîëèìåðíûõ ðàñòâîðîâ, î íàïûëåíèè, îñàæäåíèè è
íàìåðýàíèè.

Ïðè ðåøåíèè çàäà÷ ìíîæåñòâåííîãî êîíòàêòà ïîëåçíûìè ÿâ-
ëÿþòñÿ ìîäåëè è àëãîðèòìû ñêâîçíîãî ñ÷åòà êîíòàêòíûõ ãðàíèö,
êîòîðûå ïðèìåíÿþòñÿ ïðè èçó÷åíèè ñîïðîòèâëåíèÿ êîìïîçèòíûõ
ìàòåðèàëîâ íà ïðèìåðàõ äåôîðìàöèé èäåàëèçèðîâàííîãî ìàëîãî
îáúåìà, ñîäåðæàùåãî äîâîëüíî áîëüøîå êîëè÷åñòâî ðàçíîðîäíûõ
êîíòàêòèðóþùèõ ïîäîáëàñòåé (ìàòðèöà è âêëþ÷åíèÿ).

Ñ ðîñòîì ÷èñëà êîíòàêòèðóþùèõ ýëåìåíòîâ ïðÿìîå ÷èñëåí-
íîå ìîäåëèðîâàíèå ñòàíîâèòñÿ çàòðóäíèòåëüíûì è ïðèõîäèò-
ñÿ ïðèâëåêàòü ìîäåëè êîíòèíóàëüíîãî îïèñàíèÿ ìíîæíñòâåííî-
ãî êîíòàêòà. Íàïðèìåð, äëÿ ñðåä ñëîèñòîé è áëî÷íîé ñòðóêòó-
ðû ýôôåêòèâíûé ïóòü ðåøåíèÿ çàäà÷ ìíîæåñòâåííîãî êîíòàêòà
óêàçûâàåòñÿ ìåòîäîì àñèìïòîòè÷åñêîãî óñðåäíåíèÿ ñòðóêòóðíî-
ïåðèîäè÷åñêèõ ñðåä. Îáçîð ðàáîò ýòîãî íàïðàâëåíèÿ ñ ïðèìåðàìè
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ìîäåëåé óñðåäíåíèÿ è èõ ÷èñëåííîé ðåàëèçàöèè ñäåëàí È. Íèêè-
òèíûì (1989) [157].

1.5 Àëãîðèòìû ïîèñêà çîíû êîíòàêòà

Ïðè ÷èñëåííîé ðåàëèçàöèè ëàãðàíæåâûõ ñåòî÷íûõ ìåòîäîâ
ãðàíèöû òåë ïðåäñòàâëÿþòñÿ ìíîæåñòâîì ãðàíè÷íûõ ïîâåðõíîñò-
íûõ ÿ÷ååê. Çîíà êîíòàêòà â áîëüøèíñòâå ñëó÷àåâ çàðàíåå íåèç-
âåñòíà è åå ïðèõîäèòñÿ èñêàòü â õîäå ðàñ÷åòà. Îíà èùåòñÿ ëèáî ïî
ïðîíèêàíèþ ãðàíè÷íûõ óçëîâ ÷åðåç ãðàíè÷íûå ÿ÷åéêè, ëèáî ïî
èõ ñáëèæåíèþ ïóòåì ïîïàðíûõ ïðîâåðîê âñåõ ãðàíè÷íûõ óçëîâ
è ÿ÷ååê.

Ðåçóëüòàòîì ïîèñêà çîíû êîíòàêòà ÿâëÿåòñÿ ñïèñîê êîíòàêò-
íûõ ïàð òèïà, íàïðèìåð, "óçåë - ãðàíè÷íàÿ ÿ÷åéêà"è, òåì ñàìûì,
ðåàëèçóåòñÿ àâòîìàòèçèðîâàííîå ïîñòðîåíèå êîíòàêòíûõ èëè áó-
ôåðíûõ ýëåìåíòîâ. Èíîãäà ýòî ìîãóò áûòü ïàðû óçåë-ôèêòèâíûé
óçåë èëè ÿ÷åéêà-ÿ÷åéêà (ïîâåðõíîñòíûå), òî åñòü ïàðû äèñêðåò-
íûõ ýëåìåíòîâ êîíòàêòèðóþùèõ ãðàíèö.

×èñëî îïåðàöèé ïî ïîèñêó êîíòàêòíûõ ïàð ðàñòåò ïðîïîðöè-
èîíàëüíî êâàäðàòó ÷èñëà ãðàíè÷íûõ ÿ÷ååê èëè óçëîâ. Äëÿ çàäà÷
ñ áîëüøèì ÷èñëîì óçëîâ ýòî ïðèâîäèò ê íåïðèåìëåìûì çàòðà-
òàì âû÷èñëèòåëüíîé ðàáîòû. Ðàññìîòðèì èìåþùèåñÿ àëãîðèòìû
óñêîðåííîãî ïîèñêà çîíû êîíòàêòà.

Àëãîðèòì ãîñïîäèí-ñëóãà ÿâëÿåòñÿ îäíèì èç ïåðâûõ àëãî-
ðèòìîâ ïîèñêà, îí áûë ïðåäëîæåí â ðàáîòàõ Hallquist, Goudreau,
Benson (1982, 1985) [368, 376]. Â ñîîòâåòñòâèè ñ ýòèì àëãîðèò-
ìîì ýêîíîìèÿ âû÷èñëåíèé äîñòèãàåòñÿ çà ñ÷åò òîãî, ÷òî çîíû
âîçìîæíîãî êîíòàêòà (÷àñòè ïîâåðõíîñòåé òåë) çàäàþòñÿ çàðà-
íåå. è îäíà èç ïîâåðõíîñòåé ñ÷èòàåòñÿ îñíîâíîé (ãîñïîäñòâóþ-
ùåé), à âòîðàÿ - ïîä÷èíåííîé. Ïåðâàÿ ïðåäñòàâëåíà ãðàíè÷íûìè
ÿ÷åéêàìè, à âòîðàÿ ãðàíè÷íûìè óçëàìè. Àëãîðèòì èñïîëüçóåò
àïðèîðíóþ èíôîðìàöèþ î çîíå âîçìîæíîãî êîíòàêòà è íàõîäèò
êîíòàêòíûå ïàðû ïî ïðîíèêàíèþ ïîä÷èíåííûõ óçëîâ ÷åðåç "ãîñ-
ïîäñêèå"ãðàíè÷íûå ÿ÷åéêè. Äëÿ îáíàðóæåíèÿ òàêîãî ïðîíèêà-
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íèÿ ïðîâåðÿåòñÿ çíàê íîðìàëüíîé ïðîåêöèè ïîä÷èíåííîãî óçëà
íà ÿ÷åéêó-ãîñïîäèíà è òî îáñòîÿòåëüñòâî, ÷òî íîðìàëü, îïóùåí-
íàÿ èç ýòîãî óçëà íà ÿ÷åéêó ïåðåñåêàåò åå.

Îòìåòèì, ÷òî âî ìíîãèõ çàäà÷àõ íåëüçÿ çàðàíåå ïðåäñêàçàòü
îñíîâíûå è ïîä÷èíåííûå êîíòàêòíûå ïîâåðõíîñòè. Êðîìå òîãî,
íåîáõîäèìîñòü îïèñàíèÿ çîíû êîíòàêòà â èñõîäíûõ äàííûõ â ñëó-
÷àå ñëîæíîé ãåîìåòðèè îáðåìåíèòåëüíà.

Äîïîëíèòåëüíûé äîâîä ïðîòèâ èñïîëüçîâàíèÿ àïðèîðíîé èí-
ôîðìàöèè î çîíå êîíòàêòà ïðåäîñòàâëÿåòñÿ ÿâëåíèåì ñàìîêîí-
òàêòà. Ñàìîêîíòàêòîì íàçûâàåòñÿ êîíòàêòíîå âçàèìîäåéñòâèå
ðàçëè÷íûõ ÷àñòåé ïîâåðõíîñòè îäíîãî è òîãî æå òåëà, êîòîðîå
ìîæåò èìåòü ìåñòî ïðè áîëüøèõ äåôîðìàöèÿõ.

Â ðàññìàòðèâàåìûõ äàëåå àëãîðèòìàõ ïîèñêà äëÿ óñêîðåíèÿ
ïðîöåññà îòáîðà êîíòàêòíûõ ïàð ïðîöåññ ïîèñêà ðàçáèâàåòñÿ íà
äâà è áîëåå óðîâíåé, íàçûâàåìûõ îáû÷íî ãëîáàëüíûìè è ëîêàëü-
íûì. Íà ãëîáàëüíûõ óðîâíÿõ çîíû âîçìîæíîãî êîíòàêòà èùóò-
ñÿ ñðåäè ãðóïï áëèçëåæàùèõ óçëîâ. Äàëåêî îòñòîÿùèå ãðóïïû,
çàâåäîìî íå ó÷àñòâóþùèå â êîíòàêòå, áûñòðî îòñåèâàþòñÿ ïî
íåêîòîðîìó ãðóïïîâîìó ïðèçíàêó, ñâÿçàííîìó ñ ðàññòîÿíèåì. Íà
ïîñëåäíåì (ëîêàëüíîì) óðîâíå óæå íåïîñðåäñòâåííî ðàçûñêèâà-
þòñÿ êîíòàêòíûå ïàðû "óçåë - ãðàíè÷íàÿ ÿ÷åéêà"ïî íàðóøåíèþ
óñëîâèÿ íåïðîíèêàíèÿ èëè ïî ïðèçíàêó äîñòàòî÷íîé áëèçîñòè.
Îòëè÷èÿ àëãîðèòìîâ ïîèñêà äðóã îò äðóãà ñîñòîÿò â ïðèíöèïàõ
îáðàçîâàíèÿ ãðóïï, ãðóïïîâûõ õàðàêòåðèñòèêàõ, èåðàðõèè è ìå-
òîäàõ áûñòðîé ñîðòèðîâêè.

Îòìåòèì èçâåñòíûå ãëîáàëüíûå àëãîðèòìû ïîèñêà çîí êîí-
òàêòà: àëãîðèòì ðåãóëÿðíûõ ÿ÷ååê (Santos, 1993 [580], àëãîðèòì
èåðàðõè÷åñêèõ òåððèòîðèé (HITA) (Zhong, 1993 [682]), ëèíåéíî-
ïîçèöèîííûé àëãîðèòì (Oldenburg, Nilsson, 1994 [516]), àëãî-
ðèòìû ñîðòèðîâêè îêðåñòíîñòåé ( Belytschko et al., 1987, [254];
Benson, Hallquist, 1990, [262]; Papadopulos, 1993, [622] è äð.).

Íàèáîëåå óïîòðåáèòåëüíûìè è ýôôåêòèâíûìè àëãîðèòìàìè
ãëîáàëüíîãî ïîèñêà çîí êîíòàêòà ÿâëÿþòñÿ àëãîðèòìû HITA è
ëèíåéíî-ïîçèöèîííûé.
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Ãëîáàëüíûé àëãîðèòì èåðàðõèè òåððèòîðèé ïðåäëîæåí
â ðàáîòå (Zhong, 1993, [682]), ñîêðàùåííî íàçûâàåòñÿ HITA -
Hierarchical Territory Algorithm, îñíîâàí íà ãðóïïèðîâàíèè ðàñïî-
ëîæåííûõ âáëèçè äðóã äðóãà ãðàíè÷íûõ ýëåìåíòîâ è ïîèñêå çîí
âîçìîæíîãî êîíòàêòà ïóòåì àíàëèçà ðàññòîÿíèé ìåæäó òàêèìè
ãðóïïàìè ýëåìåíòîâ. Åñëè íàéäåíû ãðóïïû âîçìîæíîãî êîíòàê-
òà, äàëåå ïðîâîäèòñÿ ëîêàëüíûé ïîèñê. Ïðè î÷åíü áîëüøîì ÷èñëå
ãðàíè÷íûõ ýëåìåíòîâ ñòðîèòñÿ èåðàðõèÿ ãðóïï è ïîèñê âîçìîæ-
íîãî êîíòàêòà èäåò ïîñëåäîâàòåëüíî îò ãðóïï âåðõíåãî óðîâíÿ ê
íèæíåìó.

Ãëîáàëüíûé ëèíåéíûé ïîçèöèîííûé àëãîðèòì ïðåäëî-
æåí â ðàáîòå (Oldenburg, Nilsson, 1994 [516]), ñîêðàùåííî íàçû-
âàåòñÿ LPOCA - Linear POsition Code Algorithm, èñêóññòâåííî
óïîðÿäî÷èâàåò âñå ãðàíè÷íûå óçëû êîíå÷íî-ýëåìåíòíîé ñåòêè.
Äëÿ ýòîé öåëè îêàéìëÿþùèé îáëàñòü ðåøåíèÿ ïàðàëëåëåïèïåä
äåëèòñÿ íà áîëüøîå ÷èñëî ìàëåíüêèõ "êèðïè÷èêîâ"ñî ñòðóêòó-
ðèðîâàííîé ijk íóìåðàöèåé (ââîäèòñÿ äîïîëíèòåëüíàÿ ðàâíîìåð-
íàÿ ðåãóëÿðíàÿ ijk ñåòêà). Êàæäîìó óçëó êîíå÷íî-ýëåìåíòíîé
íåñòðóêòóðèðîâàííîé ñåòêè ïðèñâàèâàåòñÿ ijk íîìåð â çàâèñèìî-
ñòè îò òîãî, â êàêîé èç ýòèõ âñïîìîãàòåëüíûõ "êèðïè÷èêîâ"îí
ïîïàë. Òàêàÿ äîïîëíèòåëüíàÿ íóìåðàöèÿ óæå ñîäåðæèò èíôîð-
ìàöèþ î ðàñïîëîæåíèè óçëîâ, ÷òî ïîçâîëÿåò èñïîëüçîâàòü åå äëÿ
ââåäåíèÿ êëàñòåðîâ (ãðóïï ñîñåäíèõ óçëîâ) è ñîêðàùåíèÿ ÷èñëà
ïðîâåðîê è, òåì ñàìûì, çíà÷èòåëüíîãî óñêîðåíèÿ ïðîöåññà ïîèñêà
çîí êîíòàêòà.

Ãëîáàëüíûé àëãîðèòì çàïîëíåíèÿ ïðîñòðàíñòâà êðè-
âûìè ïðåäëîæåí â ðàáîòå (Diekman et al., 2000, [321]), ñîêðàùåí-
íî íàçûâàåòñÿ SFC - Space Filling Curve, èåðàðõè÷åñêè ðàçáèâàåò
îáëàñòü ïîèñêà íà êâàäðàòû ïîäîáíî òîìó êàê ýòî äåëàåòñÿ â èç-
âåñòíîé çàäà÷å î ëîâëå ëüâà â ïóñòûíå Ñàõàðà ïóòåì äåëåíèÿ åå
÷àñòåé ïîïîëàì ñ âûáîðîì òîé ÷àñòè, ãäå íàõîäèòñÿ ëåâ, äî òåõ
ïîð ïîêà ýòîìó ëüâó íåêóäà áóäåò äåâàòüñÿ. Òàêîå äåëåíèå òîëüêî
óæå íà ÷åòûðå ïðÿìîóãîëüíûõ ÷àñòè (äâóìåðíûé ñëó÷àé) ïðîâî-
äèòñÿ ïîêà íà êàêîì-òî óðîâíå èçìåëü÷åíèÿ â ÿ÷åéêå íå îêàæåòñÿ
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òîëüêî îäèí óçåë, êîòîðîìó è ïðèñâàèâàåòñÿ ïîçèöèîííûé êîä,
îáðàçîâàííûé öåïî÷êîé áèíàðíûõ êîäîâ (00-ëåâûé-íèæíèé,01-
ïðàâûé,íèæíèé,10-ëåâûé,âåðõíèé,11-ïðàâûé,âåðõíèé), óêàçûâà-
þùèõ ïóòü ê äàííîìó óçëó. Äëÿ îïðåäåëåíèÿ áëèæàéøèõ óçëîâ ê
äàííîìó èñïîëüçóþòñÿ àëãîðèòìû áûñòðîãî ñðàâíåíèÿ ïîçèöèîí-
íûõ êîäîâ îñíîâàííûå íà XOR-îïåðàöèÿõ è êîìáèíàöèè áèíàð-
íîãî è ýêñïîíåíöèàëüíîãî ïîèñêà.

Àëãîðèòìû îïðåäåëåíèÿ çîíû êîíòàêòà. Ëîêàëüíûé
ïîèñê. Ê àëãîðèòìàì ëîêàëüíîãî ïîèñêà îòíîñèòñÿ óæå ðàñ-
ñìîòðåííûé àëãîðèòì "óçåë-ÿ÷åéêà"(Goudreau, Hallquist, 1982,
[368] Benson, Hallquist, 1990, [262])
è àëãîðèòì "âíóòðü/íàðóæó"(Wang, Nakamachi, 1997 [640]). Ïî-
ñëåäíèé ìåòîä ýôôåêòèâíî ðàçðåøàåò ïðîáëåìó "ìåðòâûõ çîí",
êîòîðàÿ ñîñòîèò â òîì, ÷òî â ìåñòàõ èçëîìîâ ãðàíèöû ïîÿâ-
ëÿþòñÿ ïðèëåãàþùèå ê åå îñòðûì èçëîìàì âíóòðåííèå "ìåðò-
âûå"çîíû, èç êîòîðûõ íåïîíÿòíî, êóäà "âûïèõèâàòü"ïðîíèêøèé
"÷óæîé"ãðàíè÷íûé óçåë. Àëãîðèòì ïðåäëàãàåò îäíî èç ñàìûõ
ïðîñòûõ âîçìîæíûõ ðåøåíèé, êîòîðîå çàêëþ÷àåòñÿ â "âûïèõèâà-
íèè"ýòîãî óçëà îáðàòíî ñ ïîìîùüþ ñèë ðåàêöèè, íàïðàâëåííûõ
âäîëü åãî ëàãðàíæåâîé òðàåêòîðèè ("êàê ïðèøåë, òàê è óøåë").

Ëîêàëüíûé àëãîðèòì ôóíêöèè çàçîðà (GFA - Gap
Function Algorithm) îáñóæäàåòñÿ â ðàáîòàõ (Pandol� et al., 2001,
[539] ; Hirota et al., 2001, [392]) è, ïî çàìûñëó àâòîðîâ, äîëæåí
ïîçâîëèòü åäèíîîáðàçíî ðàññìàòðèâàòü âñå ñëó÷àè êîíòàêòà äëÿ
çàäà÷ î÷åíü ñëîæíîé ãåîìåòðèè è î÷åíü âûñîêîé ðàçìåðíîñòè.
Àëãîðèòì îñíîâàí íà ââåäåíèè â îáëàñòè ðåøåíèÿ ñêàëÿðíîé
ôóíêöèè çàçîðà, êîòîðàÿ äëÿ êàæäîãî óçëà âû÷èñëÿåòñÿ îäèí ðàç
äëÿ íà÷àëüíîãî ïîëîæåíèÿ ïîäâèæíîé îáëàñòè ðåøåíèÿ è ðàâíà
íà÷àëüíîìó ðàññòîÿíèþ îò ýòîãî óçëà äî áëèæàéøåé ãðàíèöû.
Âíå ïðîñòðàíñòâåííîé îáëàñòè ðåøåíèÿ ýòà ôóíêöèÿ äîîïðåäå-
ëÿåòñÿ íóëåì. Îïðåäåëåíèå êîíòàêòíûõ óçëîâ ñîñòîèò â ïîäñ÷åòå
çíà÷åíèÿ ýòîé ôóíêöèè çàçîðà äëÿ ñäâèíóòûõ ãðàíè÷íûõ óçëîâ.
Ïðè îòñóòñòâèè íàëåçàíèÿ ýòè çíà÷åíèÿ äëÿ ãðàíè÷íûõ óçëîâ
ðàâíû íóëþ. Åñëè æå ãäå-ëèáî âîçíèêëî íàëåçàíèå, òî ýòî çíà-
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÷èò, ÷òî êàêîé-ëèáî èç ãðàíè÷íûõ óçëîâ íàõîäèòñÿ âíóòðè ÿ÷åé-
êè ïðîñòðàíñòâåííîé ñåòêè è, ñëåäîâàòåëüíî, èìååò äâà çíà÷åíèÿ
ôóíêöèè çàçîðà: îäíî - ñâîå ñîáñòâåííîå, ðàâíîå íóëþ, äðóãîå
îòâå÷àåò åãî ïîëîæåíèþ âíóòðè óïîìÿíóòîé ÿ÷åéêè è îòëè÷íî
îò íóëÿ. Íàïðàâëåíèå "âûòàëêèâàíèÿ"èëè äåéñòâèÿ íîðìàëüíûõ
êîíòàêòíûõ óñèëèé óêàçûâàåòñÿ àíòèãðàäèåíòîì ôóíêöèè çàçî-
ðà, à âåëè÷èíû íàëåçàíèÿ è ñèëû ðåàêöèè ïðîïîðöèîíàëüíû çíà-
÷åíèþ ôóíêöèè çàçîðà. Ýôôåêòèâíîñòü àëãîðèòìà ëîêàëüíîãî
ïîèñêà ñ èñïîëüçîâàíèåì ôóíêöèè çàçîðà îïðåäåëÿåòñÿ áûñòðî-
òîé èíòåðïîëÿöèè ôóíêöèè çàçîðà è òðåáóåò äîñòàòî÷íî ãëàäêèõ
ãðàíèö.

Ëîêàëüíûé ïèíáîëë-àëãîðèòì Äëÿ óëàâëèâàíèÿ ñëîæíûõ
ñëó÷àåâ êîíòàêòà ðàçíîðîäíûõ ýëåìåíòîâ (ñòåðæíåâûõ, îáîëî-
÷å÷íûõ è ïðîñòðàíñòâåííûõ) ìåæäó ñîáîé â ðàáîòå (Belytschko,
Neal, 1989, 1991, [256, 257]) ïðåäëîæåí ïèíáîëë-ìåòîä (pinball
- çàêîëêà, èãîëêà ñ øàðèêîì). Ýòîò ìåòîä ðàññìàòðèâàåò ñôå-
ðè÷åñêóþ îêðåñòíîñòü êàæäîãî ýëåìåíòà, íåçàâèñèìî îò åãî
ïðèðîäû (òðåõìåðíûé, îáîëî÷å÷íûé äâóìåðíûé èëè ñòåðæíå-
âîé/áàëî÷íûé îäíîìåðíûé) è ïðîíèêàíèå ïðîâåðÿåòñÿ ïî ïåðåñå-
÷åíèþ ýòèõ îêðåñòíîñòåé. Ýòî ïðîñòàÿ ïðîâåðêà, ïîñêîëüêó òðå-
áóåòñÿ ñðàâíèòü òîëüêî òåêóùèå ðàññòîÿíèÿ ìåæäó ïèíáîëëàìè
ñ ñóììîé ðàäèóñîâ èõ îêðåñòíîñòåé. Â øòðàôíîé ôîðìå àëãîðèò-
ìà, åñëè ïåðåêðûòèå ïèíáîëëîâ îáíàðóæåíî, ðàâíûå è ïðîòèâî-
ïîëîæíî íàïðàâëåííûå, ïðîïîðöèîíàëüíûå âåëè÷èíå íàëîæåíèÿ,
ñèëû ïðèëàãàþòñÿ ê öåíòðàì ïèíáîëëîâ. Ýòè ñèëû çàòåì ïåðå-
ñ÷èòûâàþòñÿ ñ ýòèõ ôèêòèâíûõ óçëîâ (öåíòðîâ ïèíáîëëîâ) íà
óçëû ýëåìåíòîâ, ê êîòîðûì ýòè ïèíáîëëû îòíîñÿòñÿ. Ïîñêîëüêó
ïèíáîëë-àëãîðèòì îñíîâàí íà ïðîñòåéøèõ ïðîâåðêàõ, îí ÿâëÿåò-
ñÿ î÷åíü áûñòðûì êîíòàêòíûì àëãîðèòìîì è ïîòðåáëÿåò ïîðÿäêà
15% âðåìåíè, òðåáóåìîãî íà ðàñ÷åò âðåìåííîãî øàãà, â òî âðåìÿ
êàê äðóãèå àëãîðèòìû ïîòðåáëÿþò èíîãäà áîëåå 60-75.

Ëîêàëüíûé èåðàðõè÷åñêèé ïèíáîëë-àëãîðèòì Â óæå
óïîìÿíóòîé ðàáîòå (Belytschko, Neal, 1991, [257]) ïèíáîëë-ìåòîä
áûë ïðèëîæåí ê òîíêèì îáîëî÷êàì è â ïðîöåññå èñïîëüçîâàíèÿ
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ìåòîäà îêàçàëîñü, ÷òî ìåòîä ïåðåñòàåò ðàáîòàòü, êîãäà âçàèìî-
äåéñòâóþùèå ýëåìåíòû î÷åíü òîíêèå. Áûëè íàéäåíû (Belytschko,
Yeh, 1993, [258]) äâà ïóòè ïðåîäîëåíèÿ ýòîé òðóäíîñòè: "ñêî-
ðîñòíîé"ïèíáîëë àëãîðèòì è "ðàñùåïëåííûé"ïèíáîëë àëãîðèòì.
Êàê è â îáû÷íûõ ïèíáîëë-àëãîðèòìàõ â ðàñùåïëåííîì ïèíáîëë-
ìåòîäå ïèíáîëë àññîöèèðîâàí ñ êàæäûì ýëåìåíòîì, õîòÿ â ýòîì
íîâîì ìåòîäå ðàäèóñ ïèíáîëëà âñåãäà âûáðàí äîñòàòî÷íî áîëü-
øèì, ÷òîáû îêðóæèòü ýëåìåíò. Ýòîò áîëüøîé ïèíáàëë íàçâàí
ðîäèòåëüñêèì. Ïåðåêðûòèå ðîäèòåëüñêèõ ïèíáàëëîâ òåïåðü ëèøü
ïîêàçûâàåò âîçìîæíîñòü ïðîíèêàíèÿ. Êîãäà ïåðåêðûòèå ðîäè-
òåëüñêèõ ïèíáîëëîâ îáíàðóæåíî ìåíüøèå ïèíáîëëû äðóãîãî
óðîâíÿ âûñòðàèâàþòñÿ, îíè èìåþò ðàäèóñû ïîðÿäêà òîëùèíû
îáîëî÷êè è ïîêðûâàþò, ðàñïîëàãàÿñü íà ðàññòîÿíèè ýòîãî ðàäèó-
ñà äðóã îò äðóãà, ïîâåðõíîñòü îáîëî÷å÷íîãî èëè äëèíó áàëî÷íîãî
ýëåìåíòà. Eñëè ýòè ìàëûå ïèíáîëëû ïåðåêðûâàþòñÿ ñ ÷óæèìè,
òî ýòî îçíà÷àåò ïðîíèêàíèå è òîãäà èñêîìûå êîíòàêòíûå ñèëû
âû÷èñëÿþòñÿ ïî ïåðåêðûòèþ ìàëûõ ïèíáîëëîâ è, çàòåì, ïåðå-
ðàñïðåäåëÿþòñÿ íà óçëû ñîîòâåòñòâóþùèõ ýëåìåíòîâ.

1.6 Ëàãðàíæåâû ðàñ÷åòû êîíòàêòíûõ ãðàíèö

Ïóñòü çîíà êîíòàêòà îáíàðóæåíà è êîíòàêòíûå ïàðû "óçåë-
ÿ÷åéêà"ïîñòðîåíû. Ðàññìîòðèì àëãîðèòìû îïðåäåëåíèÿ íîð-
ìàëüíûõ êîíòàêòíûõ ñêîðîñòåé è óñèëèé.

Àëãîðèòìû ñêîëüæåíèÿ áûëè ñôîðìóëèðîâàíû â ïèîíåð-
ñêèõ ðàáîòàõ ïî êîíòàêòó ìåæäó äåôîðìèðóåìûìè òåëàìè â
óñëîâèÿõ ïåðåìåííîé çîíû êîíòàêòà, âûïîëíåííûõ Óèëêèíñîì
(1967) [200], (Wilkins, 1964, 1969, 1979, 1980) [645, 647, 648, 649].
Ðàáîòû Óèëêèíñà îêàçàëè áîëüøîå âëèÿíèå íà ðàçâèòèå êîíòàêò-
íûõ àëãîðèòìîâ â çàäà÷àõ î áîëüøèõ äåôîðìàöèÿõ.

Â àëãîðèòìàõ ñêîëüæåíèÿ íà êàæäîì øàãå ïî âðåìåíè ïî-
ïåðåìåííî (Êèñåëåâ, 1984, 1988, 1989, [106, 107, 108]) îäíà èç
êîíòàêòèðóþùèõ ïîâåðõíîñòåé ñ÷èòàåòñÿ ïîâåðõíîñòüþ ñêîëüæå-
íèÿ (ïîâåðõíîñòüþ àáñîëþòíî æåñòêîãî òåëà), à äðóãàÿ ãðàíèöà
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ñëåäóåò äâèæåíèþ ïåðâîé. Õîòÿ êîíòàêòíûå óñëîâèÿ ïðè ýòîì
âûïîëíÿþòñÿ ïðèáëèæåííî, èíòåãðàëüíî ìåòîä äàåò ïðàâäîïî-
äîáíûå ðåçóëüòàòû. Êîíòàêòíûå ñêîðîñòè è óñèëèÿ â ÷èñëåííîì
ðåøåíèè îñöèëëèðóþò, ÷òî ñíèæàåò òî÷íîñòü ðàñ÷åòà.

Oáîáùåíèåì ìåòîäà Óèëêèíñà íà òðåõìåðíûé ñëó÷àé çàíèìà-
ëèñü òàêæå Johnson (1977a, 1977b, 1990) [405, 406, 408], Ãóëèäîâ
(1980) [80], Êîðíååâ ñ ñîàâòîðàìè (1980, 1982) [125, 126], Áàæåíîâ,
Êèáåö, Ñàäûðèí (1986) [13] è ìíîãèå äðóãèå.

Àëãîðèòìû ôèêòèâíûõ óçëîâ â ðàçëè÷íûõ ôîðìàõ ââî-
äèëèñü â ðÿäå ðàáîò. Â óæå óïîìèíàâøåéñÿ â ñâÿçè ñ àëãîðèò-
ìàìè èäåàëüíîãî êîíòàêòà ðàáîòå Áàæåíîâà, Çåôèðîâà, Ïåòðîâà
(1984) [12] ïðåäëîæåí äâóìåðíûé àëãîðèòì, èñïîëüçóþùèé óñëî-
âèÿ íåïðîíèêàíèÿ ïî íîðìàëè è ñâîáîäíîãî ñêîëüæåíèÿ ïî êà-
ñàòåëüíîé ê ïîâåðõíîñòè. Ïðè ðàññîãëàñîâàíèè ñåòîê â çîíå êîí-
òàêòà àëãîðèòì èñïîëüçóåò âñïîìîãàòåëüíóþ ñîâìåùåííóþ ñåò-
êó, ñîñòîÿùóþ èç ãðàíè÷íûõ óçëîâ èñõîäíîé ñåòêè â îäíîì òåëå
è èç ïàðíûõ ôèêòèâíûõ êîíòàêòíûõ óçëîâ â äðóãîì òåëå. Çíà-
÷åíèÿ ðåøåíèÿ â ôèêòèâíûõ óçëàõ íà ñòàðîì âðåìåííîì ñëîå
îïðåäåëÿþòñÿ èíòåðïîëÿöèåé. Íà íîâîì âðåìåííîì ñëîå (èòåðà-
öèè) íà êàæäóþ ïàðó ñìåæíûõ óçëîâ ("ãðàíè÷íûé-ôèêòèâíûé")
íàêëàäûâàåòñÿ êèíåìàòè÷åñêîå îãðàíè÷åíèå (ðàâåíñòâî ñîîòâåò-
ñòâóþùèõ êîìïîíåíòîâ ñêîðîñòåé) è ñòàòè÷åñêèå óñëîâèÿ (ðàâåí-
ñòâî ñ òî÷íîñòüþ äî çíàêà êîìïîíåíòîâ íîðìàëüíûõ óñèëèé). Èñ-
ïîëüçóÿ ýòè ðàâåíñòâà â êàæäîì ãðàíè÷íîì óçëå îñíîâíîé ñåòêè
îïðåäåëÿþòñÿ âåëè÷èíû êîíòàêòíûõ äàâëåíèé è êîððåêòèðóþòñÿ
ãðàíè÷íûå óçëîâûå ñêîðîñòè. Â ïîñëåäóþùèõ ðàáîòàõ Áàæåíîâà,
Êèáåöà è Öâåòêîâîé (1995) [18] àëãîðèòì áûë îáîáùåí íà òðåõ-
ìåðíûå êîíòàêòíûå çàäà÷è.

Ôèêòèâíûå óçëû ââîäÿòñÿ òàêæå âî ìíîãèõ äðóãèõ êîíòàêò-
íûõ àëãîðèòìàõ, â ÷àñòíîñòè, â ðàññìàòðèâàåìûõ äàëåå àëãî-
ðèòìàõ ìåòîäà õàðàêòåðèñòèê (Çàïïàðîâ è Êóêóäæàíîâ, 1986,
[96]) è â ðàññìîòðåííîì âûøå èåðàðõè÷åñêîì ïèíáîëë-àëãîðèòìå
(Hallquist, 1992, [377]).

Ëîãè÷åñêèì çàâåðøåíèåì ëèíèè àëãîðèòìîâ ôèêòèâíûõ óçëîâ
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ÿâëÿþòñÿ òàê íàçûâàåìûå àäàïòèâíûå êîíòàêòíûå àëãîðèòìû,
êîòîðûå íà êàæäîì øàãå ïî âðåìåíè ëîêàëüíî ïåðåñòðàèâàþò
ñåòêè â êîíòàêòèðóþùèõ òåëàõ â îêðåñòíîñòè çîíû êîíòàêòà òàê,
÷òîáû ñîãëàñîâàòü èõ ïî ïðèíöèïó "óçåë â óçåë"(Mikolajczak et
al., 2000, [491]).

Õàðàêòåðèñòè÷åñêèå àëãîðèòìû ðàñ÷åòà êîíòàêòà. Ñî-
îòíîøåíèÿ íà õàðàêòåðèñòèêàõ äëÿ ãèïåðáîëè÷åñêèõ ñèñòåì
óðàâíåíèé ìåõàíèêè óïðóãîïëàñòè÷åñêèõ ñðåä áûëè ïðèìåíåíû â
äâóìåðíûõ çàäà÷àõ äèíàìèêè äëÿ ðàñ÷åòà êîíòàêòíûõ ãðàíèö â
ðàáîòàõ Êîíäàóðîâ, Ïåòðîâ, Õîëîäîâ (1984) [116], Ïåòðîâ, Õîëî-
äîâ (1984) [166], Çàïïàðîâ, Êóêóäæàíîâ (1986) [96]. Ñèñòåìû õà-
ðàêòåðèñòè÷åñêèõ ñîîòíîøåíèé âûïèñûâàëèñü äëÿ êàæäîãî ãðà-
íè÷íîãî óçëà â îäíîì òåëå è ñîîòâåòñòâóþùåãî ôèêòèâíîãî óçëà
â äðóãîì òåëå. Èç ðåøåíèÿ ýòèõ ñèñòåì óðàâíåíèé îïðåäåëÿëèñü
êîíòàêòíûå ñêîðîñòè è óñèëèÿ. Îáëàñòü âîçìîæíîãî ïðèìåíå-
íèÿ õàðàêòåðèñòè÷åñêèõ àëãîðèòìîâ îãðàíè÷åíà íåñòàöèîíàðíû-
ìè çàäà÷àìè. Íàèáîëåå ñâåæèé îáçîð õàðàêòåðèñòè÷åñêèõ àëãî-
ðèòìîâ ìîæíî íàéòè â êíèãå (Êóëèêîâñêèé, Ïîãîðåëîâ, Ñåìåíîâ,
2001, [439]).

Êîíòàêòíûå àëãîðèòìû, îñíîâàííûå íà ðåøåíèÿõ çàäà÷è î
ðàñïàäå ïðîèçâîëüíîãî ðàçðûâà. Ñõåìà Ãîäóíîâà (1959) [61], èñ-
ïîëüçóþùàÿ íà ïðåäèêòîðå ðåøåíèÿ çàäà÷è Ðèìàíà î ðàñïàäå
ïðîèçâîëüíîãî ðàçðûâà, ïðèìåíåíà ê ðàñ÷åòó êîíòàêòíûõ âçàè-
ìîäåéñòâèé â ïðîöåññàõ ñâàðêè âçðûâîì â ðàáîòå Ãîäóíîâà ñ ñîàâ-
òîðàìè (1976), ãäå ìîæíî íàéòè îïèñàíèå êîíòàêòíîãî àëãîðèòìà
è ññûëêè íà äðóãèå ðàáîòû ýòèõ àâòîðîâ. Ýòà ëèíèÿ àëãîðèòìîâ
ïîëó÷èëà äàëüíåéøåå ðàçâèòèå â ðàáîòàõ Addessio et al. (1988)
[212], Annin et al. (1999) [217], Ñàäîâñêèé (1991, 1997) [184, 185],
Áû÷åê (Ñàäîâñêàÿ) (1998) [53] Àííèí è äð. (2000) [4, 5] Oáçîð ñå-
ìåéñòâà àëãîðèòìîâ Ãîäóíîâà äàí â îáçîðå (Benson, 1992, [263]) è
â ìîíîãðàôèè Êóëèêîâñêîãî, Ïîãîðåëîâà, Ñåìåíîâà (2001) [439].

Àëãîðèòìû íåóïðóãîãî óäàðà â ðàçëè÷íûõ âàðèàíòàõ ïðè-
ìåíÿëèñü â ðàáîòàõ: Ñàäûðèí (1976, 1979) [186, 187], Ãðèäíåâà,
Êîðíååâ, Òðóøêîâ (1980) [77], Êîðíååâ, Øóãàëåâ (1986) [127], Ñà-
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æèí, Ñèìîíîâ (1987) [189], Àñòàíèí, Ãàëèåâ, Èâàùåíêî (1988) [7],
Èâàùåíêî (1988, 1989) [101, 102]. Â ýòèõ àëãîðèòìàõ ñêîðîñòè
ëàãðàíæåâûõ óçëîâ â çîíå óäàðà êîððåêòèðóþòñÿ èñõîäÿ èç ðå-
øåíèÿ çàäà÷è íåóïðóãîãî óäàðà äëÿ óçëîâûõ ìàññ ñîñòàâëÿþùèõ
êîíòàêòíûå ïàðû óçåë - ïîâåðõíîñòíàÿ ÿ÷åéêà èëè óçåë - ôèê-
òèâíûé óçåë.

Êîíòàêòíûå àëãîðèòìû ìåòîäà ìíîæèòåëåé Ëàãðàí-
æà îñíîâàíû íà ó÷åòå èñêîìûõ êîíòàêòíûõ íîðìàëüíûõ íàãðó-
çîê â âûðàæåíèÿõ äëÿ êîíòàêòíûõ ñêîðîñòåé è èõ ïîñëåäóþùåì
îïðåäåëåíèè èç óñëîâèé íåïðîíèêàíèÿ. Íîðìàëüíûå êîíòàêòíûå
íàãðóçêè ÿâëÿþòñÿ ìíîæèòåëÿìè Ëàãðàíæà äëÿ óñëîâèé íåïðî-
íèêàíèÿ. Îòëè÷èÿ ðàçëè÷íûõ ìîäèôèêàöèé ñîñòîÿò â ñïîñîáàõ
ó÷åòà óñëîâèÿ íåïðîíèêàíèÿ (íà äèñêðåòíîì èëè íà íåïðåðûâíîì
óðîâíå), â ñïîñîáàõ ðåøåíèÿ ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé
äëÿ êîíòàêòíîãî äàâëåíèÿ (ïðÿìûå èëè èòåðàöèîííûå ìåòîäû),
â òðàêòîâêàõ àëãîðèòìîâ (ôèçèêî-ìåõàíè÷åñêàÿ èëè ìàòåìàòè-
÷åñêàÿ), â ñïîñîáàõ àïïðîêñèìàöèè ðåøåíèÿ â çîíå êîíòàêòà è
òàê äàëåå. Îäíàêî ïðè âñåõ âíåøíèõ ðàçëè÷èÿõ ýòî âàðèàíòû ðå-
àëèçàöèè îäíîé è òîé æå èäåè. Îòìåòèì, ÷òî ïîäàâëÿþùåå áîëü-
øèíñòâî êîíòàêòíûõ àëãîðèòìîâ, ïðèìåíÿåìûõ â ÿâíûõ ñõåìàõ
ðàñ÷åòà, ìîãóò òðàêòîâàòüñÿ êàê âàðèàíòû ìåòîäà ìíîæèòåëåé
Ëàãðàíæà.

Àëãîðèòìû ìåòîäà ìíîæèòåëåé Ëàãðàíæà äëÿ ñëó÷àÿ ìàëûõ
äåôîðìàöèé ñòðîèëè Ôóêñ (1976) [206], Hughes et al. (1976) [396],
Hallquist (1976,..., 1998) [373, 379], Asano (1985) [226], Guerra,
Browning (1983) [371], Bathe, Chaindary (1985, 1986, 1988) [240,
241, 242, 243]. Äëÿ ñëó÷àÿ áîëüøèõ äåôîðìàöèé òàêèå àëãîðèòìû
ðàçðàáàòûâàëè Simo, Wriggers, Schweizerhof, Taylor (1985,1986)
[593, 594], Simons, Bergan (1986) [598], Áóðàãî (1986a, 1986b,
1987a) [38, 39, 41], Ãîðåëüñêèé è äð. (1987, 1992) [67, 68], Ãóëè-
äîâ, Øàáàëèí (1987,1988) [83, 85], Zhong (1988) [679], Áóðàãî,
Êóêóäæàíîâ (1988, 1991) [43, 45], Parish (1989) [547], Carpenter
(1991) [289], Êîøóð è äð. (1992) [128], Saleeb (1994) [579], Zhong,
Nilsson (1994) [685], Korobeinikov et al. (1994) [433] Áàæåíîâ, Êè-
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áåö, Öâåòêîâa (1995) [18], Áûêîâñêèõ è äð. (1995) [52], Baillet et
al. (1999) [235] è ìíîãèå äðóãèå.

Àëãîðèòìû ìåòîäà øòðàôíûõ ôóíêöèé ÿâëÿþòñÿ äðó-
ãèì âàðèàíòîì äèíàìè÷åñêèõ êîíòàêòíûõ àëãîðèòìîâ, ïðèìåíÿ-
åìûì ÷àùå âñåãî â íåÿâíûõ ñõåìàõ ðåøåíèÿ êîíòàêòíûõ çàäà÷
êâàçèñòàòèêè è äèíàìèêè. Â ýòîì ìåòîäå âåëè÷èíà íîðìàëü-
íûõ êîíòàêòíûõ íàãðóçîê ïðèíèìàåòñÿ ïðîïîðöèîíàëüíîé íåâÿç-
êå óñëîâèé íåïðîíèêàíèÿ ñ áîëüøèì êîýôôèöèåíòîì ïðîïîðöè-
îíàëüíîñòè (êîýôôèöèåíòîì øòðàôà).

Êîíòàêòíûå àëãîðèòìû ìåòîäà øòðàôà äëÿ íåÿâíûõ ñõåì
ðàçðàáàòûâàëè è îïèñûâàëè Pifco, Winter (1981) [557], Kikuchi
(1982) [417], Campos, Oden, Kikuchi (1982) [287], Guerra, Browning
(1983) [371], Simo, Wriggers, Taylor (1985) [593], Kikuchi, Oden
(1986) [419], Nour-Omid, Wriggers (1986) [502], Áóðàãî, Êóêóäæà-
íîâ (1988,1991) [43, 45], Kulak (1989) [438], Kanto, Yagawa (1990)
[415], De La Fuente, Felippa (1991) [356], Nagtegaal et al. (1991)
[498], Hunek (1993) [399], Zhong (1993) [682], Bathe Bouzinov (1997)
[246], Ling (1997) [472], Parish (1997) [548], Êîðîáåéíèêîâ (2000)
[124], Xing (1998, 2000) [668, 669].

Ïðåäëîæåíû òàêæå ãèáðèäíûå àëãîðèòìû, êîòîðûå ñî÷åòàþò
îáà ìåòîäà (è ìåòîä ìíîæèòåëåé Ëàãðàíæà, è ìåòîä øòðàô-
íûõ ôóíêöèé), ñì. ðàáîòû (Wriggers, Wagner, Stein (1987) [654]
Simo, Laursen (1992) [595] Heegaard, Curnier (1993) [384], Laursen,
Covindjeen (1994) [449] Bathe (1996) [245], Xing et al. (1998, 2000)
[668, 669], Farahani, Mo�d, Vafai (2000, 2001) [340, 341].

Ëàãðàíæåâû àëãîðèòìû óëàâëèâàíèÿ êîíòàêòíûõ ãðà-
íèö ïðèìåíÿþòñÿ äëÿ ÿâíîãî âûäåëåíèÿ âíóòðåííèõ êîíòàêòíûõ
ðàçðûâîâ, îòâå÷àþùèõ ìàãèñòðàëüíûì òðåùèíàì â çàäà÷àõ î
ðàçðóøåíèè äåôîðìèðóåìûõ òâåðäûõ òåë.

Òàêîå âûäåëåíèå ïðîèçâîäèòñÿ ïî çàðàíåå ââåäåííîé ëèíèè
(ïîâåðõíîñòè), îïðåäåëåííîé ñäâîåííûìè óçëàìè (Bertolf et al.
(1975) [265] Chen, Wilkins (1976) [301], Å. Ìîðîçîâ, Íèêèøêîâ
(1980) [155], Ingra�ea, Heuze (1980) [401], Ðóçàíîâ À.È. è äð. (1984)
[182], åñëè ïîëîæåíèå ïîâåðõíîñòè ðàçðóøåíèÿ ïðåäîïðåäåëåíî.
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Â îáùåì ñëó÷àå äîïîëíèòåëüíûå óçëû ââîäÿòñÿ â ïðîöåññå
ðåøåíèÿ (Ãðèäíåâà, Íåìèðîâè÷-Äàí÷åíêî (1983) [78], Ìåðæè-
åâñêèé, Ðåñèÿíñêèé (1984) [153]. Îáçîð è îïèñàíèå àëãîðèòìîâ
ïåðåñòðîéêè ñåòîê â îêðåñòíîñòè êîíòàêòíûõ ðàçðûâîâ äàíî â
ðàáîòàõ: Ladevese (1998) [443], Ãèëüìàíîâ (2000) [59].

Ñïîñîá ÿâíîãî âûäåëåíèÿ âíîâü îáðàçóþùèõñÿ êîíòàêòíûõ
ðàçðûâîâ, íå òðåáóþùèé ââåäåíèÿ íîâûõ óçëîâ è îñíîâàííûé íà
ëîêàëüíîé ïåðåñòðîéêå ñåòêè ïóòåì "ñõëîïûâàíèÿ"ðàçðóøåííîé
ÿ÷åéêè (ïóòåì ñäâèãà åå óçëîâ íà ïîâåðõíîñòü ðàçðóøåíèÿ), ïðåä-
ëîæåí â ðàáîòå Ãóëèäîâà, Ôîìèíà, Øàáàëèíà (1983) [82]. Îïèñà-
íèå ýòîãî ñïîñîáà ìîæíî íàéòè òàêæå â ðàáîòàõ ( Êèñåëåâ, Êàáàê
(1990) [109], Ôîìèí è äð. (1999) [205].

Îòìåòèì ðÿä àëãîðèòìîâ â êîòîðûõ íàðóøåíèÿ ñïëîøíîñòè
òèïà òðåùèí òàêæå ìîäåëèðóþòñÿ íà óðîâíå ýëåìåíòîâ áåç ïå-
ðåñòðîéêè ñåòêè: (Sumi (1985) [607], Simo, Oliver, Armero (1993)
[596], R. Larsson, Runesson (1993) [444]; ñ èñïîëüçîâàíèåì òåõíèêè
ïîäâèæíûõ ñåòîê: Rashid (1998) [571], ñ èñïîëüçîâíèåì äîïîëíè-
òåëüíûõ ñòåïåíåé ñâîáîäû â ýëåìåíòàõ, ñîäåðæàùèõ êîíòàêòíûé
ðàçðûâ, êîòîðûå îòâå÷àþò ðàçðûâíûì ôóíêöèÿì ôîðìû: Fish
(1989) [350], Fleming et al. (1997) [352], Moes et al. (1999) [493],
Daux et al. (2000) [317], Dolbow et al. (2000,2001) [324, 325], Duarte
et al. (2001) [330].

1.7 Ýéëåðîâû ðàñ÷åòû êîíòàêòíûõ ãðàíèö

Ïðåäñòàâèì ñåáå ñëó÷àé êîãäà äâå èëè áîëåå îáëàñòåé, çàíÿòûõ
îäíîé ôàçîé ìàòåðèàëà, îáúåäèíÿþòñÿ. Îïèñàòü òàêîé ïðîöåññ
ëàãðàíæåâûìè ìåòîäàìè ñ ÿâíûì âûäåëåíèåì ìåæôàçîâûõ ãðà-
íèö áóäåò êðàéíå òðóäíî, îñîáåííî â òðåõìåðíîì ñëó÷àå, ïîñêîëü-
êó îáúåäèíåíèå óçëîâ â ëàãðàíæåâû ãðàíè÷íûå ÿ÷åéêè îïðåäå-
ëÿåòñÿ ñïèñêàìè è â äàííîì ñëó÷àå òàêèå ñïèñêè íóæíî áûëî áû
ïîñòîÿííî îáíîâëÿòü. Êðîìå òîãî, âîçíèêëè áû òðóäíîñòè, ñâÿ-
çàííûå ñ íåïðèåìëåìûìè îãðàíè÷åíèÿìè íà øàã ïî âðåìåíè èç-çà
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âîçìîæíîãî ÷ðåçìåðíîãî ñáëèæåíèÿ ëàãðàíæåâûõ óçëîâ. Àíàëî-
ãè÷íûå òðóäíîñòè ëàãðàíæåâ ïîäõîä âñòðå÷àåò è ïðè îïèñàíèè
ïðîöåññîâ ôðàãìåíòàöèè.

Îäèí èç ñïîñîáîâ ïðåîäîëåíèÿ óêàçàííûõ òðóäíîñòåé îòñëå-
æèâàíèÿ ìåæôàçîâûõ ãðàíèö ïðåäîñòàâëÿåòñÿ ýéëåðîâûìè è
ýéëåðîâî-ëàãðàíæåâûìè àëãîðèòìàìè, êîòîðûå â ðàñøèðåíîé
òðàêòîâêå äàííîãî îáçîðà òàêæå îòíîñÿòñÿ ê êëàññó êîíòàêòíûõ
àëãîðèòìîâ.

Îáçîðû ïî ýéëåðîâûì àëãîðèòìàì îòñëåæèâàíèÿ êîí-
òàêòíûõ ãðàíèö. Ýéëåðîâû ìåòîäû, ðåàëèçóþùèå ñêâîçíîé
ñ÷åò êîíòàêòíûõ ðàçðûâîâ, îáðàçóþò ñâîé áîãàòûé ìèð àëãîðèò-
ìîâ, êîòîðûé çàñëóæèâàåò ñïåöèàëüíîãî îáçîðà è çäåñü îïèñûâà-
åòñÿ ïðåäåëüíî êðàòêî. Äðóãèå ïîäáîðêè ëèòåðàòóðû ïî ýéëåðî-
âûì êîíòàêòíûì àëãîðèòìàì ìîæíî íàéòè â ñëåäóþùèõ ðàáîòàõ:
Þ. Äàâûäîâ (1978, 1981) [89, 90], Ïîòòåð (1975) [171], Î. Áåëîöåð-
êîâñêèé, Þ. Äàâûäîâ (1982) [23], Hyman (1984) [400], Oran, Boris
(1987) [519], Benson (1992) [263], Unverdi, Tryggvason (1992) [635],
LaFaurie et al. (1994) [347], Kothe, Rider (1994) [430], Sethian (1996,
1998) [584, 586], Ãèëüìàíîâ (2000) [59], Osher, Tryggvason (2001)
[527].

Îáùèìè ÷åðòàìè ðàññìàòðèâàåìîé ãðóïïû êîíòàêòíûõ àëãî-
ðèòìîâ ÿâëÿåòñÿ ðàñ÷åò íà ýéëåðîâîé (íåïîäâèæíîé) ÷àñòî ðàâ-
íîìåðíîé è ïðÿìîóãîëüíîé ñåòêå, îêàéìëÿþùåé ñ çàïàñîì êîí-
òàêòèðóþùèå ìàòåðèàëüíûå òåëà è ñðåäû, è îòñëåæèâàíèå êîí-
òàêòíûõ ãðàíèö (ãðàíèöû òåë è ñðåä ìåæäó ñîáîé, ñâîáîäíûå
ãðàíèöû, ìåæôàçîâûå ãðàíèöû) c ïîìîøüþ ëàãðàíæåâûõ äèñ-
êðåòíûõ èëè íåïðåðûâíûõ ìàðêåðîâ. Èíîãäà âìåñòî ýéëåðîâîé
ñåòêè èñïîëüçóåòñÿ ýéëåðîâî-ëàãðàíæåâà ïðîèçâîëüíî ïîäâèæ-
íàÿ (äèíàìè÷åñêè àäàïòèâíàÿ) ñåòêà.

Ðàññ÷èòàííîå íà ýéëåðîâîé ñåòêå ïîëå ñêîðîñòåé èñïîëüçóåòñÿ
äëÿ ðàñ÷åòà äâèæåíèÿ ëàãðàíæåâûõ äèñêðåòíûõ èëè íåïðåðûâ-
íûõ ìàðêåðîâ ñ èñïîëüçîâàíèåì ëàãðàíæåâîé (äèñêðåòíûå ìàð-
êåðû) èëè ýéëåðîâîé (íåïðåðûâíûå ìàðêåðû) ôîðì óðàâíåíèÿ
ïåðåíîñà.
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Àëãîðèòìû äèñêðåòíûõ ëàãðàíæåâûõ ìàðêåðîâ îáðà-
çóþò îáøèðíîå ñåìåéñòâî, êîòîðîå ïðåäñòàâëÿþò áàçèñíûå àë-
ãîðèòìû ìåòîäà ÷àñòèö (Õàðëîó, 1967 [380]), ìåòîäà ãðàíè÷íûõ
ìàðêåðîâ (Íîõ, 1967 [162]) è ìåòîäà ìàðêåðîâ è ÿ÷ååê ( Welch
et al., 1965 [641]; Íèêîëñ, 1973 [161]). Â òàêèõ àëãîðèòìàõ ÷àñòè-
öû îñóùåñòâëÿþò ïåðåíîñ ìàññû, èìïóëüñà è ýíåðãèè, à ìàðêå-
ðû ñëóæàò äëÿ èäåíòèôèêàöèè ìåæôàçîâûõ ãðàíèö è äâèæåíèÿ
ôàç.

Äëÿ êîíòàêòà óïðóãîïëàñòè÷åñêèõ òåë âàðèàíòû ìåòîäa ìàð-
êåðîâ è ÿ÷ååê ðåàëèçîâàíû â ðàáîòàõ (Êàëìûêîâ, Êóêóäæàíîâ,
1993 [104]; Ôîìèí è äð., 1999 [205]).

Äëÿ ó÷åòà ñëîæíûõ ãðàíè÷íûõ óñëîâèé (òðåíèå, ïîâåðõíîñò-
íîå íàòÿæåíèå, êèíåòèêà ôàçîâîãî ïåðåõîäà è ò.ä.) êîíòàêòíûå
(ìåæôàçíûå, ñâîáîäíûå) ãðàíèöû â ýòèõ ìåòîäàõ îïðåäåëÿþò-
ñÿ ãðàíè÷íûìè ëàãðàíæåâûìè ÿ÷åéêàìè, ïîçâîëÿþùèìè âû÷èñ-
ëèòü íîðìàëü, êàñàòåëüíûå è êðèâèçíû ãðàíèöû ðàçäåëà, ó÷àñò-
âóþùèå â çàäàíèè ãðàíè÷íûõ óñëîâèé.

Ïðè îáúåäèíåíèè èëè ðàçäåëåíèè ìàòåðèàëüíûõ ïîäîáëàñòåé
ëàãðàíæåâî îïèñàíèå ãðàíèö ñîçäàåò áîëüøèå ìàòåìàòè÷åñêèå
òðóäíîñòè ïðè ðàñ÷åòå èñ÷åçàþùèõ èëè ðîæäàþùèõñÿ ãðàíèö.
Êðîìå òîãî â ìåòîäàõ ÷àñòèö è ìàðêåðîâ èìåþòñÿ ïðîáëåìû êîð-
ðåêòíîãî îïèñàíèÿ äâèæåíèÿ ìàðêåðîâ íà ãðàíèöàõ ðàçäåëà è
ñîáëþäåíèÿ çàêîíîâ ñîõðàíåíèÿ (ìàðêåðû), à òàêæå ïðîáëåìû ñ
íåõâàòêîé ìàðêåðîâ èëè ÷àñòèö â çîíàõ ðàçðåæåíèÿ è ïðîáëåìû,
ñâÿçàííûå ñ ãåíåðàöèåé è óäàëåíèåì ìàðêåðîâ, ïåðåñåêàþùèõ îò-
êðûòûå ãðàíèöû, ÷åðåç êîòîðûå ñïëîøíàÿ ñðåäà âòåêàåò èëè âû-
òåêàåò èç îáëàñòè ðåøåíèÿ. Ýòè ïðîáëåìû ðåøàåìû, íî ïðè ýòîì
÷èñëî îïåðàöèé ìîæåò äîñòèãàòü íåïðèåìëåìûõ çíà÷åíèé.

Ìåòîäû íåïðåðûâíûõ ëàãðàíæåâûõ ìàðêåðîâ ïîçâîëÿ-
þò óïðîñòèòü ó÷åò ñëîæíûõ ãðàíè÷íûõ óñëîâèé è ôèçè÷åñêèõ
ÿâëåíèé íà êîíòàêòíûõ ãðàíèöàõ è èõ îïðåäåëåíèå, îñîáåííî
â ñëó÷àÿõ ïåðåìåííîé òîïîëîãèè ïîäîáëàñòåé, çàíÿòûõ ðàçíû-
ìè ñðåäàìè (ôàçàìè), ïðè èõ ñëèÿíèè èëè ðàçäåëåíèè. Èäåí-
òèôèêàöèÿ òèïà ñðåäû ïðîâîäèòñÿ ïî çíà÷åíèÿì ôóíêöèé, ñî-
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õðàíÿþùèõñÿ âäîëü ëàãðàíæåâûõ òðàåêòîðèé, èãðàþùèõ ðîëü
íåïðåðûâíûõ ëàãðàíæåâûõ ìàðêåðîâ è ïîä÷èíÿþùèõñÿ ýéëåðî-
âîìó óðàâíåíèþ ïåðåíîñà. Ãðàíèöà ðàçäåëà ñëóæèò èçîïîâåðõ-
íîñòüþ, îòâå÷àþùåé ñðåäíåìó îò çíà÷åíèé ôóíêöèè ìàðêåðà â
êîíòàêòèðóþùèõ ñðåäàõ. Òàêîé ñïîñîá îïðåäåëåíèÿ ãðàíèö ïðè-
íÿò, íàïðèìåð, â êàðòîãðàôèè ïðè îïèñàíèè áåðåãîâûõ ëèíèé.

Âàðèàíòû àëãîðèòìîâ íåïðåðûâíûõ ëàãðàíæåâûõ ìàðêåðîâ
îïèñàíû â ñëåäóþùèõ ðàáîòàõ, ðåàëèçóþùèõ èäåþ íåïðåðûâíûõ
ìàðêåðîâ:

* ìåòîä êðóïíûõ ÷àñòèö ïðèìåíåí ê ðàñ÷åòó ãðàíèö ðàçäå-
ëà â ðàáîòàõ (Þ. Äàâûäîâ (1978) [89]; Þ. Äàâûäîâ, Ïàíòåëååâ,
(1981) [90]; Î. Áåëîöåðêîâñêèé, Þ. Äàâûäîâ, 1982 [23]), â êîòî-
ðûõ ãðàíèöû ìåæäó òÿæåëîè è ëåãêîé ñðåäàìè îïðåäåëÿëèñü ïî
èçîïîâåðõíîñòè ïëîòíîñòè;

* ìåòîä æèäêîñòè â ÿ÷åéêàõ (Hirt, Nikols, 1981
[393]; Brackbill, Kothe, Ruppel, 1988 [282]) è ìåòîä ïñåâäî-
êîíöåíòðàöèè (Thompson, 1986 [629]), â êîòîðûõ çà ïðèçíàê ãðà-
íèöû ðàçäåëà ïðèíèìàþòñÿ îáúåìíûå êîíöåíòðàöèè èëè ôóíê-
öèè "öâåòà"ðàçëè÷íûõ ñðåä.

* ìåòîäû ôóíêöèé óðîâíÿ (level set methods) (Sussman et
al. (1994, 1999) [609, 610]; Sethian (1996, 1998, 1999, 2001) [584,
585, 586, 587], Osher, Fedkiw (2001, 2002) [527, 528], Kunugi (2002)
[440], Enright et al. (2002) [336], â êîòîðûõ èíäèêàòîðîì ãðàíèöû
ñëóæèò ôóíêöèÿ óðîâíÿ, óêàçûâàþùàÿ ðàññòîÿíèå äî ãðàíèöû
ðàçäåëà.

Îäíîé èç òðóäíîñòåé áîëüøèíñòâà ìåòîäîâ íåïðåðûâíûõ ìàð-
êåðîâ ÿâëÿåòñÿ ïðîáëåìà äèôôóçèè ãðàíèö ðàçäåëà, îáóñëîâëåí-
íîé ïîãðåøíîñòÿìè ÷èñëåííîãî ðåøåíèÿ ýéëåðîâà óðàâíåíèÿ ïå-
ðåíîñà. Â ìåòîäå ôóíêöèé óðîâíÿ ýòà ïðîáëåìà ñíèìàåòñÿ, òàê
êàê â îòëè÷èå îò äðóãèõ ìåòîäîâ íåïðåðûâíîãî ìàðêåðà, èñïîëü-
çóþùèõ ôóíêöèè Õåâèñàéäà (ñòóïåíüêè) ñ ðåçêîé ñìåíîé çíà÷å-
íèé íà ãðàíèöå ðàçäåëà, ìåòîä ôóíêöèé óðîâíÿ èñïîëüçóåò ìåä-
ëåííî ìåíÿþùóþñÿ ìàðêåð-ôóíêöèþ, ñâÿçàííóþ ñ ðàññòîÿíèåì
äî ãðàíèöû, êîòîðàÿ ðàññ÷èòûâàåòñÿ ïóòåì ÷èñëåííîãî ðåøåíèÿ



1.7 Ýéëåðîâû ðàñ÷åòû êîíòàêòíûõ ãðàíèö 31

ýéëåðîâà óðàâíåíèÿ ïåðåíîñà ãîðàçäî òî÷íåå, íåæåëè ôóíêöèè
Õåâèñàéäà.

Íàðóøåíèÿ êîíñåðâàòèâíîñòè âáëèçè ãðàíèöû ðàçäåëà èìåþò
ìåñòî â ìåòîäàõ ìàðêåðîâ (äèñêðåòíûõ è íåïðåðûâíûõ) è òðåáó-
þò äîïîëíèòåëüíûõ ïðèåìîâ êîíòðîëÿ è êîððåêöèè.

Èäåè îòñëåæèâàíèÿ ãðàíèö ïî çíà÷åíèÿì êîíöåíòðàöèè èëè
ôóíêöèè îáëàñòè îïèñàíû òàêæå â ðàáîòàõ ïî ñêâîçíîìó ñ÷å-
òó ãðàíèö (Ehrlich, 1958 [333]; Îëåéíèê, 1960 [163]; Ñàìàðñêèé,
Ìîèñååíêî 1965 [190]), ïî ìåòîäó ôèêòèâíûõ îáëàñòåé (Áóãðîâ
è äð. 1974 [28]), ïî ìåòîäó R-ôóíêöèé (Ðâà÷åâ è äð., 1989 [174];
Rvachev, Sheiko, 1995 [577]).

Ïî ñðàâíåíèþ ñ ìåòîäàìè ÷àñòèö è äèñêðåòíûõ ìàðêåðîâ àë-
ãîðèòìû íåïðåðûâíûõ ìàðêåðîâ äàþò âîçìîæíîñòü îáëåã÷åííî-
ãî âû÷èñëåíèÿ òàêèõ õàðàêòåðèñòèê êàê íîðìàëü, êàñàòåëüíûå
è êðèâèçíû êîíòàêòíîé ïîâåðõíîñòè ÷åðåç ïðîèçâîäíûå ôóíê-
öèè óðîâíÿ â ýéëåðîâûõ ÿ÷åéêàõ, ñîäåðæàùèõ ãðàíèöó ðàçäåëà.
Ñîîòâåòñòóþùèå ìàòåìàòè÷åñêèå ôîðìóëû äëÿ ãåîìåòðè÷åñêèõ
õàðàêòåðèñòèê èñïîëüçóþòñÿ ïðè çàïèñè ãðàíè÷íûõ óñëîâèé íà
êîíòàêòíûõ è ìåæôàçîâûõ ãðàíèöàõ, âûðàæàþùèõ, íàïðèìåð,
çàêîí Ñòåôàíà, ñèëîâûå óñëîâèÿ äëÿ äàâëåíèÿ, òðåíèÿ, ïîâåðõ-
íîñòíîãî íàòÿæåíèÿ è òàê äàëåå.

Âî ìíîãèõ ñëó÷àÿõ ìåòîäû ìàðêåðîâ ðåøàþò çàäà÷è, êîòî-
ðûå ñòàâÿò â òóïèê ìåòîäû, ïîäðàçóìåâàþùèå ÿâíîå âûäåëåíèå
êîíòàêòíûõ ãðàíèö. Ïðèìåðàìè ìîãóò ñëóæèòü ñëó÷àé ìíîæå-
ñòâåííîãî êîíòàêòà, ÿâëåíèÿ ñ ïåðåìåííîé òîïîëîãèåé ìàòåðè-
àëüíûõ ïîäîáëàñòåé, íàïðèìåð, îïðîêèäûâàþùèåñÿ âîëíû, ôîí-
òàíû, ôðàãìåíòàöèÿ òåë ïðè ðàçðóøåíèè, îòðûâ èëè âîññîåäèíå-
íèå êàïåëü, çàïîëíåíèå âîäîåìîâ, ïóçûðè, êàâèòàöèîííûå ïîëî-
ñòè è ò.ï.

Îòìåòèì, ÷òî èç-çà íàêîïëåíèÿ îøèáîê â ãðàíè÷íûõ óñëî-
âèÿõ òî÷íîñòü ðåøåíèÿ, ïðåäîñòàâëÿåìàÿ ýéëåðîâûìè ìåòîäàìè
ñêâîçíîãî ñ÷åòà ÷àñòî íåäîñòàòî÷íà äëÿ óäîâëåòâîðèòåëüíîãî ìî-
äåëèðîâàíèÿ ÿâëåíèé êîíòàêòà ñòðóêòóðèðîâàííûõ ìàòåðèàëîâ
ñ ÿðêî âûðàæåííûìè ãèïåðóïðóãèìè ñâîéñòâàìè ñîïðîòèâëåíèÿ
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äåôîðìàöèè ïðè ìåäëåííûõ íàãðóæåíèÿõ ìàëîé èíòåíñèâíîñòè.
Ýéëåðîâû ìåòîäû ñêâîçíîãî ñ÷åòà êîíòàêòà ýôôåêòèâíû â

êëàññå çàäà÷ o êðàòêîâðåìåííûõ ïðîöåññàõ: çàäà÷è óäàðà ñî ñêî-
ðîñòÿìè ïîðÿäêà ñêîðîñòè çâóêà, î äåòîíàöèè, âçðûâå, êóìóëÿ-
öèè, ñâàðêå âçðûâîì è òîìó ïîäîáíûõ ïðîöåññàõ.

Àëãîðèòìû óëàâëèâàíèÿ ñêà÷êîâ, ðàçðàáîòàííûå äëÿ
ñêâîçíîãî ñ÷åòà ðàçðûâíûõ ðåøåíèé â ýéëåðîâûõ àëãîðèòìàõ
ãèäðîäèíàìèêè, ìîãóò áûòü ïðèìåíåíû äëÿ ïîâûøåíèÿ òî÷íîñòè
÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèÿ ïåðåíîñà ïðè îòñëåæèâà-
íèè ìåæôàçíûõ ãðàíèö è êîíòàêòíûõ ðàçðûâîâ ïðè ñîâìåñòíîì
èñïîëüçîâàíèè ñ ìåòîäàìè ëàãðàíæåâûõ ìàðêåðîâ. Ñ ìåòîäàìè
óëàâëèâàíèÿ ñêà÷êîâ ìîæíî îçíàêîìèòüñÿ ïî îáçîðàì è îïèñàíè-
ÿì, äàííûì âî ìíîãèõ ñîâðåìåííûõ òðóäàõ ïî ÷èñëåííûì ìåòî-
äàì ðàñ÷åòà ñæèìàåìûõ òå÷åíèé, íàïðèìåð, â ðàáîòàõ (Benson,
1992 [263]; Êóëèêîâñêèé, Ïîãîðåëîâ, Ñåìåíîâ, 2001 [439]).

Äàëüíåéøåå óòî÷íåíèå ðåøåíèÿ â çîíå ãðàíèö ðàçäåëà ñðåä
ìîæåò áûòü äîñòèãíóòî ïóòåì ïðèìåíåíèÿ àäàïòèâíûõ ñåòîê.

Àëãîðèòìû àäàïòèâíûõ ñåòîê óìåíüøàþò îøèáêè àïïðîê-
ñèìàöèè ñåòî÷íûõ ìåòîäîâ â çîíàõ áîëüøèõ ãðàäèåíòîâ ïóòåì
ëîêàëüíîãî óìåíüøåíèÿ øàãà ñåòêè, îïòèìèçàöèè ôîðìû ÿ÷ååê,
àäàïòàöèè ñåòîê ê ãðàíèöàì ïîäîáëàñòåé è ê ðåøåíèþ, â ÷àñò-
íîñòè, ê ðàçðûâàì è ïîãðàíè÷íûì ñëîÿì. Òàêîé ïóòü ïîäñêàçàí
àíàëèçîì îøèáîê ñåòî÷íîé àïïðîêñèìàöèè, ïîêàçûâàþùèì, ÷òî
îíè ïðîïîðöèîíàëüíû íîðìå ïðîèçâîäíûõ, íåêîòîðîé ñòåïåíè õà-
ðàêòåðíîãî øàãà ñåòêè è âîçðàñòàþò ïðè ïîÿâëåíèè îñòðûõ óãëîâ
è èñêàæåíèÿõ ôîðìû ÿ÷ååê ñåòêè (Ñàìàðñêèé, 1971 [191]; Øîêèí,
1979 [211]; Ñòðåíã, Ôèêñ, 1979 [197]).

Ðàçâèòèþ ïîäõîäà àäàïòèâíûõ ïîäâèæíûõ ñåòîê (moving
adaptive grid method) ïîñâÿùåíû ðàáîòû ( Ãîäóíîâ è äð., 1976
[62]; Ëèñåéêèí, ßíåíêî, 1977, 1999 [474]; Êîâåíÿ, ßíåíêî, 1981
[110]; Ãðèäíåâà, Ìåðêóëîâà, 1983 [78]; Áóðàãî, 1984 [35]; Tompson,
1986 [629]; Li, Bettess, 1997 [468]; Carey, 1997 [288]; Èâàíåíêî 1997,
2001 [99, 100]; Ãàðàíæà, 2000 [57]; Ãèëüìàíîâ, 2000 [59]; Àçàðå-
íîê, 2001, 2002; [231, 232]), â êîòîðûõ ìîæíî íàéòè áîëåå îáñòî-
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ÿòåëüíûé àíàëèç è îáçîð èññëåäîâàíèé. Õàðàêòåðíîé îñîáåííî-
ñòüþ òàêèõ àëãîðèòìîâ ÿâëÿåòñÿ ñîõðàíåíèå ÷èñëà óçëîâ ñåòêè
â ïðîöåññå ðåøåíèÿ è ïîâûøåíèå òî÷íîñòè (àäàïòàöèÿ) çà ñ÷åò
îïòèìàëüíîãî ðàñïîëîæåíèÿ óçëîâ.

Èñòîðèÿ ïîäõîäà ê îïèñàíèþ ïîäâèæíûõ êîíòàêòíûõ ãðà-
íèö, îñíîâàííîãî íà ëîêàëüíîì èçìåëü÷åíèè è ïåðåñòðîéêå ñåòîê
(adaptive mesh re�nement method) îïèñàíà â ðàáîòå ( Ãèëüìàíîâ,
2000 [59]). Â ýòîì ñëó÷àå ÷èñëî óçëîâ ñåòêè, èõ îáúåäèíåíèå â
ÿ÷åéêè è ÷èñëî ÿ÷ååê ÿâëÿþòñÿ ïåðåìåííûìè.

1.8 Ðàñ÷åòû ìåòîäîì ãðàíè÷íûõ ýëåìåíòîâ

Ñòðåìëåíèå èçáåæàòü òðóäíîñòåé ïîñòðîåíèÿ ñåòîê è ïîëó-
÷èòü ÷èñëåííîå ðåøåíèå áîëåå ýêîíîìíûì è ïðîñòûì ïóòåì âûðà-
çèëîñü â äâóõ êðóïíûõ íàïðàâëåíèÿõ ðàçâèòèÿ êîíòàêòíûõ àëãî-
ðèòìîâ ñâÿçàííûõ ñ ìåòîäàìè ãðàíè÷íûõ ýëåìåíòîâ (ãðàíè÷íûõ
èíòåãðàëüíûõ óðàâíåíèé) è îáøèðíûì ñåìåéñòâîì áåññåòî÷íûõ
àëãîðèòìîâ ñâîáîäíûõ òî÷åê.

Îáçîðû êîíòàêòíûõ àëãîðèòìîâ ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ
ìîæíî íàéòè â ðàáîòàõ ( Ôåäîðåíêî, 1979 [203]; Ãîëüäøòåéí è
äð., 1979 [64]; Êðàâ÷óê, 1982 [132]; Êðàâ÷óê, Àõóíäæàíîâ, 1983
[133]; Áåíåðäæè, Áàòòåðôèëä, 1984 [26]; Ãîëüäøòåéí, Ñïåêòîð,
1986 [65]; Aliabadi, Brebbia, 1993 [214]; Aliabadi, 1997 [215]; Eck et
al., 1999 [331, 332]).

Â îñíîâå àëãîðèòìîâ ãðàíè÷íûõ ýëåìåíòîâ ëåæèò èäåÿ ñâåäå-
íèÿ êëàññè÷åñêèõ ëèíåéíûõ óðàâíåíèé ìåõàíèêè ñïëîøíûõ ñðåä
ê ãðàíè÷íûì èíòåãðàëüíûì óðàâíåíèÿì ïóòåì ïðåäñòàâëåíèÿ ðå-
øåíèé â âèäå ñóïåðïîçèöèè ôóíäàìåíòàëüíûõ ðåøåíèé îòâå÷à-
þùèõ åäèíè÷íûì âîçìóùåíèÿì èëè ñ èñïîëüçîâàíèåì ôóíêöèé
âëèÿíèÿ Ãðèíà. Äëÿ äèñêðåòèçàöèè îáúåìíàÿ ñåòêà íå òðåáó-
åòñÿ è äîñòàòî÷íî ââåñòè ñåòêó ãðàíè÷íûõ ýëåìåíòîâ, òî åñòü
ðàçìåðíîñòü çàäà÷ óìåíüøàåòñÿ íà åäèíèöó. Èìåþòñÿ âàðèàíòû
àëãîðèòìîâ, â êîòîðûõ ñòàäèÿ âûâîäà ãðàíè÷íûõ èíòåãðàëüíûõ
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óðàâíåíèé ìèíóåòñÿ è óðàâíåíèÿ äèñêðåòíîé çàäà÷è ñîñòàâëÿþò-
ñÿ íåïîñðåäñòâåííî ñ èñïîëüçîâàíèåì ôóíäàìåíòàëüíûõ ðåøåíèé
äëÿ åäèíè÷íûõ âîçìóùåíèé ( Ïîòòåð, 1975 [171]; C. Áåëîöåðêîâ-
ñêèé, Íèøò, 1978 [25]).

Â íåëèíåéíûõ çàäà÷àõ ïðèõîäèòñÿ ââîäèòü âíåøíèå èòåðàöèè
ïî íåëèíåéíîñòè, íà êàæäîé èç êîòîðûõ ðåøàåòñÿ ëèíåàðèçîâàí-
íàÿ çàäà÷à ñ êëàññè÷åñêèì ëèíåéíûì îïåðàòîðîì è íåëèíåéíû-
ìè ÷ëåíàìè, îòíåñåííûìè â ïðàâûå ÷àñòè è âû÷èñëÿåìûìè ïî
ïðåäûäóùåìó ïðèáëèæåíèþ. Âîçíèêàþùèå òðóäíîñòè ñâÿçàíû
ñ íåîáõîäèìîñòüþ âû÷èñëåíèÿ îáúåìíûõ èíòåãðàëîâ è ââåäåíèÿ
îáúåìíîé ñåòêè, à òàêæå c êàòàñòðîôè÷åñêèì óõóäøåíèåì ñõîäè-
ìîñòè âíåøíèõ èòåðàöèé ñ íàðàñòàíèåì âëèÿíèÿ íåëèíåéíîñòè.

1.9 Ðàñ÷åòû êîíòàêòà áåññåòî÷íûìè ìåòîäàìè

Ñâîáîäíûå ëàãðàíæåâû äèñêðåòíûå àëãîðèòìû ïðåä-
ñòàâëÿþò ïîïûòêó èçáàâèòüñÿ îò òðóäíîñòåé ñâÿçàííûõ ñ èñêà-
æåíèÿìè ÿ÷ååê ïîäâèæíûõ ñåòîê ïðè îòñëåæèâàíèè ãðàíèö ðàç-
äåëà. Ýòî äåëàåòñÿ ëèáî ïóòåì ïîøàãîâîé ïåðåñòðîéêè ñåòîê ñ
èçìåíåíèåì ñîñåäñòâà (Pasta, Ulam, 1959 [552]; Ulam, 1964 [201];
Äüÿ÷åíêî, 1967 [92]; Djachenko, 1973 [323]; Glagoleva et al., 1972
[60]; Anuchina et al., 1980m [9]; Monaghan, 1982 [494]), ëèáî ïóòåì
ïåðåèíòåðïîëÿöèè íà óëó÷øåííûå ñåòêè (Àãàíèí, Êóçíåöîâ, 1985
[1]; Ãèëüìàíîâ, 2000[59])

Áåññåòî÷íûå êîíòàêòíûå àëãîðèòìû ïðåäñòàâëÿþò äàëü-
íåéøóþ òåíäåíöèþ ê îòêàçó îò ñåòîê â ïîëüçó ñâîáîäíûõ
ëàãðàíæåâûõ óçëîâ. Ýòè àëãîðèòìû ðåàëèçóþò ìåòîä Ãàëåðêèíà-
Ïåòðîâà ñ èñïîëüçîâàíèåì ñïåöèàëüíûõ íåôèíèòíûõ, íî áûñòðî
çàòóõàþùèõ áàçèñíûõ ôóíêöèé, ñòðîÿùèõñÿ ñ ó÷åòîì ðàñïîëî-
æåíèÿ ëàãðàíæåâûõ óçëîâ (÷àñòèö) áåç èõ îáúåäèíåíèÿ â ÿ÷åé-
êè. Ýâîëþöèþ ýòèõ àëãîðèòìîâ ìîæíî ïðîñëåäèòü ïî ðàáîòàì
(Monaghan 1982[494]; Belytschko et al., 1994, 1996[259, 260]; Duarte,
Oden, 1996[329]; Melenk, Babushka, 1996[488]; J. Chen et al., 1996,
2001[297, 299]; Li, Liu, 2002[469]).
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Äëÿ âûâîäà ñèñòåìû óðàâíåíèé äèñêðåòèçèðîâàííîé çàäà÷è â
ïåðâûõ ðàáîòàõ èñïîëüçîâàëèñü Ãàóññîâû ïðîöåäóðû ÷èñëåííîãî
èíòåãðèðîâàíèÿ, ÷òî ïðåäñòàâëÿëî îïðåäåëåííûå âû÷èèñëèòåëü-
íûå òðóäíîñòè. Óëó÷øåííûå àëãîðèòìû ÷èñëåííîãî èíòåãðèðîâà-
íèÿ (SCNI - stabilized conforming nodal integration) ïðåäñòàâëåíû
â ðàáîòe (J. Chen et al., 2001[299])

Â íàñòîÿùåå âðåìÿ áåññåòî÷íûå ìåòîäû íà÷èíàþò óñïåøíî
êîíêóðèðîâàòü ñ òðàäèöèîííûìè ñåòî÷íûìè ìåòîäàìè ïðè ÷èñ-
ëåííîì ìîäåëèðîâàíèè êîíòàêòà ïðè áîëüøèõ äåôîðìàöèÿõ è
ñëîæíîé ðåîëîãèè ìàòåðèàëà: Zhu, Atluri (1998) [686], J. Chen,
Wang (1998) [298]).

1.10 Ó÷åò êîíòàêòíîãî òðåíèÿ

Âî ìíîãèõ òåõíîëîãè÷åñêèõ ïðîáëåìàõ ó÷åò êîíòàêòíîãî òðå-
íèÿ èãðàåò ðåøàþùóþ ðîëü. ßðêèì ïðèìåðîì, ãäå òàêîé ó÷åò
ñîñòàâëÿåò ñóòü ïðîáëåìû, ÿâëÿåòñÿ ìîäåëèðîâàíèå ðàáîòû àâ-
òîìîáèëüíûõ òîðìîçîâ.

Îáçîðû ïî ÷èñëåííî-àíàëèòè÷åñêèì ìåòîäàì ó÷åòà òðåíèÿ
ñäåëàíû â ðàáîòàõ: Àëåêñàíäðîâ, Ìõèòàðÿí (1983) [2], Ãîðÿ÷å-
âà, Äîáû÷èí (1988) [71], Ãàëàõîâ, Óñîâ (1990) [56], Bhushan (1996)
[267] è ðÿäîì àâòîðîâ â ñáîðíèêå îáçîðîâ ïîä ðåäàêöèåé Àëåê-
ñàíäðîâà è Âîðîâè÷à (2001) [3].

Ðàññìîòðèì òèïè÷íûå ìîäåëè êîíòàêòíîãî òðåíèÿ, ïðèìå-
íÿåìûå â ÷èñëåííî-äèñêðåòíûõ àëãîðèòìàõ. Âî ïåðâûõ, ñëåäóåò
îòìåòèòü ìîäèôèêàöèþ êëàññè÷åñêîé ìîäåëè Êóëîíîâà òðåíèÿ
(Michalowski, Mroz, 1978, [490]), â êîòîðîé ñèëû òðåíèÿ îãðàíè-
÷åíû ïðåäåëüíûìè âåëè÷èíàìè êàñàòåëüíûõ íàïðÿæåíèé, ïîä-
äåðæèâàåìûõ êîíòàêòèðóþùèìè ñðåäàìè. Ïî ýòîé ìîäåëè âåëè-
÷èíà ïîãðàíè÷íîãî ñäâèãîâîãî êîíòàêòíîãî íàïðÿæåíèÿ îãðàíè-
÷åíà íàèìåíüøèì èç ïðåäåëîâ òåêó÷åñòè êîíòàêòèðóþùèõ ìà-
òåðèàëîâ. Wriggers et al. (1990) [655] ïðåäëîæèëè äåòàëèçàöèþ
ýòîé ìîäåëè ðàçäåëÿÿ òàíãåíöèàëüíûé ñêà÷îê ñìåùåíèÿ íà ìèê-
ðîñìåùåíèå, âûçâàííîå ïîãðàíè÷íûìè óïðóãèìè äåôîðìàöèÿìè



36 1 Îáçîð ìåòîäîâ ðàñ÷åòà ãðàíèö ðàçäåëà

è ìàêðîñìåùåíèå, âûçâàííîå ïëàñòè÷åñêèì (íåîáðàòèìûì) ñãëà-
æèâàíèåì øåðîõîâàòîñòåé. Âòîðûì ïðèìåðîì ÷àñòî èñïîëüçóå-
ìîãî çàêîíà òðåíèÿ ìîæåò ñëóæèòü ìîäåëü äèíàìè÷åñêîãî òðå-
íèÿ, â êîòîðîé êîíòàêòíûå íàãðóçêè òðåíèÿ çàâèñÿò îò ñêà÷êà
òàíãåíöèàëüíîé ñêîðîñòè (Oden, Martins, 1985 [510]). Ïîäðîáíûé
àíàëèç çàêîíîâ òðåíèÿ äëÿ ðàñ÷åòà áîëüøèõ äåôîðìàöèé èìååòñÿ
â ðàáîòå (Cheng, Kikuchi, 1985 [302]).

Îïèñàíèå è îáçîðû êîíòàêòíûõ àëãîðèòìîâ, ó÷èòûâàþùèõ
òðåíèå, èìåþòñÿ â ðàáîòàõ: Êðàâ÷óê, Âàñèëüåâ (1980) [129], Êðàâ-
÷óê (1980, 1981, 1988) [129, 130, 131, 134], Chaudhary, Bathe
(1986) [295], Chen, Tsai (1986) [300], Kikuchi (1986) [419], Bathe,
Mijailovich (1988) [243], Ju, Taylor (1988) [411], Klarbring, Bjorkman
(1988) [422], Zhong (1988, 1993) [679, 682], Brunet (1989) [285],
Benson, Hallquist (1990) [262], Laursen, Simo (1991, 1992, 1993a,
1993b) [445, 447, 448, 455], Kwak (1991, 1997) [441, 442], Benson
(1992) [263], Cescotto, Charlier (1993) [292], Lee, Oden (1993a,
1993b, 1994) [461, 462, 463], Jean (1995) [402], Kim, Kwak (1996)
[420], Armero, Petocz (1996, 1998, 1999), [219, 220, 221], Ling,
Stolarski (1997) [472], Christiansen et al. (1998) [306], Chawla,
Laursen (1998) [296], Ôîìèí è äð. (1999) [205].

Ñëåäóþùèå ðàáîòû ïîñâÿùåíû ìîäåëèðîâàíèþ ïðîöåññîâ êîí-
òàêòà c ó÷åòîì òðåíèÿ êà÷åíèÿ: Kalker è Paul (1972,1990) [412,
413], Batra (1980,1981) [247, 248], Endo et al. (1984) [335], Oden,
Lin (1986) [511], Padovan et al. (1984,1987, 1994) [534, 535, 536],
Bass (1987) [239], Stechschulte, Luchini (1987) [604], Chang et al.
(1988) [304], Faria et al. (1989,1992) [342, 343]. Ïðîèçâîëüíûé
ýéëåðîâî-ëàãðàíæåâ ïîäõîä â çàäà÷àõ êà÷åíèÿ ïðåäñòàâëåí â ðà-
áîòàõ: Nackenhorst (1993) [497], Lee, Oden (1994) [463].

1.11 Ïðîáëåìíî-îðèåíòèðîâàííûå àëãîðèòìû

Ïðèâåäåì íèæå ññûëêè íà îáçîðû è îòäåëüíûå ðàáîòû, ñîäåð-
æàùèå îïèñàíèå ñïåöèàëèçèðîâàííûõ êîíòàêòíûõ àëãîðèòìîâ,
àäàïòèðîâàííûõ ê îïðåäåëåííûì ïðèëîæåíèÿì.
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Êîíòàêòíûå àëãîðèòìû äëÿ ìóëüòèïëèêàöèè (äëÿ
ôèëüìîâ î äèíîçàâðàõ) èñïîëüçóþò ïðîñòûå áåçèòåðàöèîííûå ÿâ-
íûå ñõåìû, íå ïðåäïîëàãàþùèå âûïîëíåíèÿ çàêîíîâ ìåõàíèêè è
óäîâëåòâîðÿþùèå óñëîâèÿì íåïðîíèêàíèÿ ñ ïîìîùüþ ýâðèñòè÷å-
ñêèõ ìåòîäîâ, îáåñïå÷èâàþùèõ ìèíèìàëüíî íåîáõîäèìóþ ïðàâ-
äîïîäîáíîñòü ðåçóëüòàòà. Îñíîâíûì òðåáîâàíèåì, îòëè÷àþùèì
àíèìàöèîííûå êîíòàêòíûå àëãîðèòìû îò ïðèìåíÿåìûõ â ìåõà-
íèêå ñïëîøíûõ ñðåä, ÿâëÿåòñÿ âîçìîæíîñòü âìåøàòåëüñòâà àíè-
ìàòîðà â ñöåíàðèé äâèæåíèÿ êîíòàêòèðóþùèõ òåë è ñðåä â ïðî-
öåññå ñîçäàíèÿ ôèëüìà. Â êà÷åñòâå ïðèìåðà îòìåòèì àëãîðèòì
êîæíî-ñêåëåòíîé äåôîðìàöèè (Lewis, Cordner, Fong, 2000 [467]).
Ïîäðîáíåå ñ òàêèìè àëãîðèòìàìè ìîæíî îçíàêîìèòüñÿ ïî îáçîðó
(Bechmann, 1994 [252]).

Êîíòàêòíûå àëãîðèòìû äëÿ ìåäèêî-áèîëîãè÷åñêèõ
ïðèëîæåíèé. Äàëüíåéøåå ïðèáëèæåíèå ê ðåàëüíîñòè, íåîá-
õîäèìîå â ìåäèöèíñêèõ ïðèëîæåíèÿõ â ñâÿçè ñ ìîäåëèðîâàíèåì
õèðóðãè÷åñêèõ îïåðàöèé è ïîñòðîåíèåì îáó÷àþùèõ ïðîãðàìì-
òðåíàæåðîâ, à òàêæå äëÿ êîìïüþòåðíîãî ïðîãíîçèðîâàíèÿ ðå-
çóëüòàòîâ ïëàñòè÷åñêèõ îïåðàöèé, äîñòèãàåòñÿ ïóòåì ÷àñòè÷íî-
ãî ó÷åòà çàêîíîâ ìåõàíèêè äåôîðìèðóåìîãî òåëà è ïðèäàíèÿ
ìàòåìàòè÷åñêèì ìîäåëÿì ñâîéñòâ ñîïðîòèâëåíèÿ äåôîðìàöèè:
(Gourret et al. (1989) [369], Donzelli (1995) [326], Koch et al. (1996)
[426].

Óïîìÿíóòûå âûøå óïðîùåííûå ìîäåëè ïðè ïîâûøåíèè òðåáî-
âàíèé ê ñîîòâåòñòâèþ ðåçóëüòàòà ÷èñëåííîãî ìîäåëèðîâàíèÿ ïî-
âåäåíèþ ðåàëüíûõ îáúåêòîâ ñìåíÿþòñÿ óæå ïîëíîöåííûìè êîí-
òàêòíûìè àëãîðèòìàìè, ðàçðàáàòûâàåìûìè â ðàìêàõ ìåõàíèêè
ñïëîøíûõ ñðåä. Íåïðåðûâíî âîçðîñòàþùàÿ ïðîèçâîäèòåëüíîñòü
êîìïüþòåðîâ ñïîñîáñòâóåò àêòèâèçàöèè èññëåäîâàíèé ïî ðàçðà-
áîòêå àëãîðèòìîâ ìîäåëèðîâàíèè äâèæåíèé æèâûõ òåë ñ ó÷åòîì
èõ ñëîæíîé âíóòðåííåé ñòðóêòóðû, õîòÿ ïîêà òàêèõ ðàáîò ìàëî
è îíè ðåàëèçóþò ëèøü î÷åíü ïðîñòûå ìåõàíè÷åñêèå ìîäåëè. Ìå-
õàíè÷åñêèå ñâîéñòâà æèâûõ òåë ðàññìîòðåíû â êíèãå (Fung, 1993
[357]). Ïîïûòêè àíèìàöèè êîíòàêòíûõ âçàèìîäåéñòâèé óïðóãèõ



38 1 Îáçîð ìåòîäîâ ðàñ÷åòà ãðàíèö ðàçäåëà

òåë ñ ïðèëîæåíèÿìè ê ïîòðåáíîñòÿì ìåäèöèíû äåëàëèñü â ðà-
áîòàõ (Terzopoulos et al. (1987) [623], Bara�, Witkin (1992) [236]
Miller, et al. (2000) [492], Zhuang (2000) [687]. Îáçîðû êîíòàêòíûõ
àëãîðèòìîâ, ïðèìåíÿåìûõ â ìåäèöèíå, ñäåëàíû â ðàáîòàõ: Klisch
(1999) [111], Hirota et al. (2001) [392].

Ïðèâåäåì ññûë-
êè íà îáçîðû ïðîáëåìíî-îðèåíòèðîâàííûõ êîíòàêòíûõ
àëãîðèòìîâ: ïî ãåîìåõàíèêå (Moresi et al., 2002 [495]), ïî ðàñ-
÷åòó òå÷åíèé ñî ñâîáîäíûìè ïîäâèæíûìè ãðàíèöàìè (Floryan,
Rasmussen, 1989 [353]; Shyy et al., 2001 [590]; Gillow, Howison,
2002 [361]), ïî ìåæôàçíûì ãðàíèöàì (Tarzia,1988; Udaykumar et
al. 1999 [619]), ïî êàâèòàöèè (Wikstrom, 2000 [644]), ïî ìîäåëè-
ðîâàíèþ ïîâåäåíèÿ îäåæäû (Bara�, Witkin, 1998 [237]). Ñëåäóåò
òàêæå îáðàòèòü âíèìàíèå íà óäèâèòåëüíûå ïî ðàçíîîáðàçèþ ïðè-
ëîæåíèé ðàáîòû ïî ðàñ÷åòó ãðàíèö ðàçäåëà (Sethian, 1996, 1999
[584, 586]), êîòîðûå îñíîâàíû íà ìåòîäàõ ôóíêöèé óðîâíÿ (level
set function method).

1.12 Îïòèìèçàöèÿ êîíòàêòà

Êîíòàêòíûå íàãðóçêè ðàñïðåäåëÿþòñÿ â îáùåì ñëó÷àå íåðàâ-
íîìåðíî â çàâèñèìîñòè îò ôîðìû ïîâåðõíîñòåé êîíòàêòà è ìîãóò
èìåòü íåæåëàòåëüíûå ïèêè, óõóäøàþùèå õàðàêòåðèñòèêè òåõíî-
ëîãè÷åñêèõ ïðîöåññîâ è ñîêðàùàþùèå âðåìÿ æèçíè òåõíè÷åñêèõ
èçäåëèé.

Îäíà èç ïåðâûõ ïîïûòîê âûðàâíèâàíèÿ êîíòàêòíûõ íàãðóçîê
ïóòåì îïòèìèçàöèè ôîðìû ïîâåðõíîñòè êîíòàêòà áûëà ñäåëàíà â
ðàáîòå (Conry, Seireg, 1972 [310]) ñ èñïîëüçîâàíèåì ìåòîäîâ ëèíåé-
íîãî ïðîãðàììèðîâàíèÿ. Äàëüíåéøåå ðàçâèòèå íà îñíîâå ìåòîäà
êîíå÷íûõ ýëåìåíòîâ è ëèíåéíîãî ïðîãðàììèðîâàíèÿ ýòà òåìà ïî-
ëó÷èëà â èññëåäîâàíèè (Haug, Kwak, 1978 [383]), à ñ ïðèìåíåíèåì
ìåòîäîâ íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ïðîäîëæåíà â ðàáîòàõ
(Cheng et al., 1988 [304]; Park and Anderson, 1995 [549]). Â ðà-
áîòàõ (Fancello et al., 1994, 1995 [338, 339]) ïðåäëîæåíû öåëåâûå
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ôóíêöèè äëÿ îïòèìèçàöèè ïîâåðõíîñòåé êîíòàêòà.
Óïðîùåííàÿ èòåðàöèîííàÿ ïðîöåäóðà äëÿ ñãëàæèâàíèÿ ïèêîâ

êîíòàêòíûõ íàãðóçîê ïðè ïîñòîÿííîì îáúåìå êîíòàêòèðóþùèõ
òåë ïðåäëîæåíà â ðàáîòå (Tada, Nishihara, 1993 [613]). Äàëü-
íåéøåå óïðîùåíèå îïòèìèçàöèÿ êîíòàêòà ïîëó÷èëà â àëãîðèòìå
ESO (evolutionary structural optimisation), ïðåäëîæåííîì â ðàáî-
òàõ (Xie, Steven, 1993, 1997 [666, 667]) è ïðèãîäíîì äëÿ øèðîêîãî
êëàññà êîíòàêòíûõ îïòèìèçàöèîííûõ çàäà÷.

Âñå óïîìÿíóòûå îïòèìèçàöèîííûå çàäà÷è ðàññìàòðèâàþòñÿ
äëÿ ñëó÷àåâ î÷åíü ïðîñòîé ðåîëîãèè (ëèíåéíàÿ èçîòðîïíàÿ óïðó-
ãîñòü) è ãåîìåòðèè (ïðîñòðàíñòâåííî äâóìåðíûå ñòàòè÷åñêèå çà-
äà÷è, äâà êîíòàêòèðóþùèõ òåëà) è íîñÿò ìîäåëüíûé õàðàêòåð.
Òî åñòü ýòî íàïðàâëåíèå ïîêà íàõîäèòñÿ â ñòàäèè ñòàíîâëåíèÿ.

1.13 Âåêòîðèçàöèÿ è ðàñïàðàëëåëèâàíèå

Ïðè àíàëèçå êîíòàêòíûõ âçàèìîäåéñòâèé â ñëîæíûõ êîí-
ñòðóêöèÿõ äèñêðåòíûå ìîäåëè èìåþò î÷åíü âûñîêóþ ðàçìåð-
íîñòü è äëÿ ïîëó÷åíèÿ ðåøåíèÿ â ðàçóìíîå âðåìÿ èñïîëüçóþòñÿ
âåêòîðíûå è ìíîãîïðîöåññîðíûå êîìïüþòåðû. Ïîýòîìó ìíîãèå
ðàáîòû ïî êîíòàêòó ñïåöèàëüíî ïîñâÿùåíû âîïðîñàì âåêòîðèçà-
öèè è ðàñïàðàëëåëèâàíèÿ èìåþùèõñÿ êîíòàêòíûõ àëãîðèòìîâ.
Âîïðîñû âåêòîðèçàöèè êîíòàêòíûõ àëãîðèòìîâ ðàññìîòðèâàëè
(Hallquist 1976, 1983, 1993 [373, 375, 378]; Áóðàãî, 1987b [42]; Áóðà-
ãî, Êóêóäæàíîâ, 1988, 1991 [43, 45]; Ginsberg, Katnik, 1989 [363]).

Â 80-å è 90-å ãîäû áûëè ðàçðàáîòàíû è èñïûòàíû ïàðàëëåëü-
íûå êîìïüþòåðû ðàçëè÷íûõ òèïîâ è â íàñòîÿùåå âðåìÿ íàèáîëåå
ïîäõîäÿùèìè äëÿ ðàñïàðàëëåëèâàíèÿ àëãîðèòìîâ ðåøåíèÿ çàäà÷
ìàòåìàòè÷åñêîé ôèçèêè ÿâëÿþòñÿ ìíîãîïðîöåññîðíûå êîìïüþòå-
ðû ñ ëîêàëüíî ðàñïðåäåëåííîé ïàìÿòüþ â êîìáèíàöèè ñ MIMD
(Multiple instruction, multiple data) òåõíîëîãèåé âû÷èñëåíèé ñì.
îáçîðû (Ðîäðèãà, 1986 [177]; Oishi, 1999 [514]). Áûëè èñïûòàíû
ñïîñîáû ðàñïàðàëëåëèâàíèÿ, îðèåíòèíðîâàííûå íà ãðóïïû óçëîâ
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ñåòêè, íà ãðóïïû ýëåìåíòîâ è íà ïîäîáëàñòè. Íàèáîëåå ýôôåêòèâ-
íûì ïðèçíàí ñïîñîá ðàñïàðàëëåëèâàíèÿ ïî ïîäîáëàñòÿì (DDM -
domain decomposition method), ýëåìåíòû êîòîðîãî ïðèìåíèòåëü-
íî ê êîíòàêòíûì çàäà÷àì ìîæíî íàéòè â ðàáîòàõ (Malone, 1988
[479]; Carter, 1989 [290]; Farhat, 1991, 1994, 1995 [344, 345, 346];
Oishi, 1999 [514]).

Ôèêòèâíûå ïîäîáëàñòè èìåþò ïåðåêðûâàþùèåñÿ ãðàíèöû, íà
êîòîðûõ îáåñïå÷èâàåòñÿ íåïðåðûâíîñòü ðåøåíèÿ ïóòåì ìåæïðî-
öåññîðíîãî îáìåíà ïîãðàíè÷íûìè äàííûìè â ïðîöåññå ðåàëèçà-
öèè èòåðàöèîííûõ ìåòîäîâ. Îäíèì èç íàèáîëåå ýôôåêòèâíûõ è
óäîáíûõ äëÿ ðàñïàðàëëåëèâàíèÿ è âåêòîðèçàöèè ÿâëÿåòñÿ èòå-
ðàöèîííûé ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ, âîïðîñàì ðåàëèçà-
öèè êîòîðîãî ïðèìåíèòåëüíî ê êîíòàêòíûì àëãîðèòìàì ïîñâÿùå-
íû ðàáîòû (Áóðàãî, 1987b [42]; Áóðàãî, Êóêóäæàíîâ, 1988, 1991
[43, 45]; Yagawa, 1991, 1993 [670, 671, 672]; Oishi, 1999 [514]).

Ðàññìàòðèâàâøèåñÿ âûøå àëãîðèòìû ïîèñêà çîí êîíòàêòà (â
òîì ÷èñëå ãëîáàëüíûå LPOCA, HITA è ëîêàëüíûå (ïèíáîëë,
ãîñïîäèí-ñëóãà è äð.) â èñõîäíîé ôîðìå ïëîõî ïðèñïîñîáëåíû
ê ïàðàëëåëüíûì âû÷èñëåíèÿì è èõ ïîäêëþ÷åíèå çíà÷èòåëüíî
ñíèæàåò âûèãðûø îò èñïîëüçîâàíèÿ ïàðàëëåëüíûõ ïðîöåññîðîâ.
Ïðè ðàñïàðàëëåëèâàíèè êîíòàêòíàÿ ïîâåðõíîñòü ðàçáèâàåòñÿ íà
ïîäîáëàñòè, äëÿ ðàñ÷åòà êîòîðûõ ïîäêëþ÷àþòñÿ äîïîëíèòåëü-
íûå ïðîöåññîðû, îòëè÷íûå îò òåõ, ÷òî çàäåéñòâîâàíû äëÿ ðàñ-
÷åòà âíóòðåííèõ ïîäîáëàñòåé êîíòàêòèðóþùèõ òåë (ñì. ðàáî-
òû Hoover, 1997 [395]; Oishi,1999 [514]). Ðàñïàðàëëåëåííûå êîí-
òàêòíûå àëãîðèòìû ïðåäñòàâëåíû òàêæå â ðàáîòàõ (Ginsberg,
Johnson, 1988 [362]; Praskacz, 1995 [561]; Malone, Johnson, 1994
[480, 481]; Elsner et al, 1996 [334]; Attaway et al., 1997, 1998
[227, 228]).

Íàèâûñøåå â ñìûñëå áûñòðîäåéñòâèÿ äîñòèæåíèå â ðàñïàðàë-
ëåëèâàíèè êîíòàêòíûõ çàäà÷ î âûñîêîñêîðîñòíûõ ñîóäàðåíèÿõ
çà 2001 ãîä ïðèíàäëåæèò àìåðèêàíñêîé ãîñóäàðñòâåíîé èññëå-
äîâàòåëüñêîé îðãàíèçàöèè Sandia National Laboratories (SNL),
äîñòèãíóòîå ïðè èñïîëüçîâàíèè ðàñïàðàëëåëåííîãî ïàêåòà ïðî-
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ãðàìì PRONTO íà êîìïüþòåðå Intel Tera�op Computer (3600
ïðîöåññîðîâ). Áûëî äîñòèãíóòî áûñòðîäåéñòâèå ïîðÿäêà 1/10 ñå-
êóíäû íà øàã ïî âðåìåíè äëÿ çàäà÷ ðàçìåðíîñòüþ áîëåå 10-15
ìèëëèîíîâ òðåõìåðíûõ 8-óçëîâûõ êîíå÷íûõ ýëåìåíòîâ. Ðàññ÷è-
òàí ðÿä ïðèìåðîâ îò ïðîñòûõ òåñòîâ äî ïðàêòè÷åñêè âàæíîé è
åùå íåäàâíî àáñîëþòíî áåçíàäåæíîé äëÿ ÷èñëåííîãî ðåøåíèÿ
çàäà÷è î êðóøåíèè ñàìîëåòà ñ ó÷åòîì äåôîðìàöèé ñîñòàâíîé
êîíñòðóêöèè, ãèäðîäèíàìèêè òîïëèâà (ìåòîä ÷àñòèö) è äåôîð-
ìàöèé ãðóíòà. Â äàííîé çàäà÷å ñîáðàíû âñå ýëåìåíòû ÿâëåíèÿ
êîíòàêòà, îáñóæäàâøèåñÿ âûøå, è ñàìîêîíòàêò, è ìíîæåñòâåí-
íûé êîíòàêò äåôîðìèðóåìûõ òåë, è ýëåìåíòû ìåòîäîâ ñêâîçíîãî
ñ÷åòà è ò.ä., è ò.ï. Îïèñàíèå ýòîãî óíèêàëüíîãî ðàñ÷åòà ïðèâåäåíî
â îò÷åòå SNL (Attaway et al., 2001 [229]).

Ó÷èòûâàÿ èíòåíñèâíîå ðàçâèòèå ïàðàëëåëüíûõ êîìïüþòåðîâ,
ñîïðîâîæäàþùååñÿ èçìåíåíèÿìè â èõ àðõèòåêòóðå è ìàòåìàòè÷å-
ñêîì îáåñïå÷åíèè, èõ âîçìîæíóþ ýêñïàíñèþ â ìèð ïåðñîíàëüíûõ
êîìïüþòåðîâ ìîæíî îæèäàòü, ÷òî ïðîáëåìà àäàïòàöèè êîíòàêò-
íûõ àëãîðèòìîâ ê ïàðàëëåëüíûì êîìïüþòåðàì â áëèæàéøåå âðå-
ìÿ áóäåò âåñüìà àêòóàëüíîé.

Íå ñëåäóåò, îäíàêî, ïåðåîöåíèâàòü çíà÷åíèå äàííîãî íàïðàâëå-
íèÿ. Äåëî â òîì, ÷òî ïàðàëëåëüíûå êîìïüþòåðû ïîêà ñîñòàâëÿþò
âåñüìà ìàëóþ ÷àñòü èìåþùåãîñÿ êîìïüþòåðíîãî ïàðêà è èñïîëü-
çóþòñÿ, êàê ïðàâèëî, â ðåæèìå óäàëåííîãî äîñòóïà. Ýòî ðåçêî
óâåëè÷èâàåò âðåìÿ îæèäàíèÿ ðåøåíèÿ è ñîçäàåò ïàðàäîêñàëü-
íóþ ñèòóàöèþ: ôîðìàëüíî âðåìÿ ðàñ÷åòà ðåçêî ñîêðàùàåòñÿ, à
ôàêòè÷åñêè âðåìÿ îæèäàíèÿ ðåøåíèÿ óâåëè÷èâàåòñÿ èç-çà ìàëîé
ñêîðîñòè ïåðåäà÷è äàííûõ ïî ñåòè è èç-çà âîçìîæíîé êîíêóðåí-
öèè, ïîñêîëüêó ïàðàëëåëüíûå ìàøèíû ÿâëÿþòñÿ êîìïüþòåðàìè
êîëëåêòèâíîãî ïîëüçîâàíèÿ. Ïî ñðàâíåíèþ ñ òðàäèöèîííûì ñêà-
ëÿðíûì ïðîãðàìèðîâàíèåì ðàñïàðàëëåëèâàíèå ïðîãðàìì òðåáó-
åò çíà÷èòåëüíî áîëüøèõ óñèëèé è êàðäèíàëüíîãî ïåðåïðîãðàì-
ìèðîâàíèÿ è ðåâèçèè îáû÷íûõ ñêàëÿðíûõ àëãîðèòìîâ. Ïîýòîìó
äëÿ óñïåøíîãî ðàñïàðàëëåëèâàíèÿ òðåáóåòñÿ î÷åíü õîðîøàÿ ìà-
òåðèàëüíàÿ áàçà è ìîùíàÿ ôèíàíñîâàÿ ïîääåðæêà, ïîñèëüíûå ïî-
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êà òîëüêî áîëüøèì èññëåäîâàòåëüñêèì öåíòðàì, âûïîëíÿþùèì
êðóïíûå ãîñóäàðñòâåííûå çàêàçû.

Ïðè ïëàíèðîâàíèè ðàáîò ïî ðàñïàðàëëåëèâàíèþ (êîíòàêò-
íûõ) àëãîðèòìîâ íåîáõîäèìî ó÷èòûâàòü è âðåìåííûå ôàêòîðû,
à èìåííî âðåìÿ æèçíè ïàðàëëåëüíîãî êîìïüþòåðà è åãî ìàòå-
ìàòè÷åñêîãî îáåñïå÷åíèÿ, âðåìÿ, òðåáóþùååñÿ íà ðàçðàáîòêó ïà-
ðàëëåëüíîãî âàðèàíòà ïðîãðàììû è âðåìÿ, â òå÷åíèå êîòîðîãî
ïàðàëëåëüíûé êîìïüþòåð ÿâëÿåòñÿ ñóïåðêîìïüþòåðîì. Ïîñëå-
íåå îáñòîÿòåëüñòâî îáóñëîâëåíî òåì, ÷òî ñêàëÿðíûå (â ÷àñòíî-
ñòè, ïåðñîíàëüíûå) êîìïüþòåðû, òàêæå áûñòðî ïðîãðåññèðóþò,
è íåðåäêî óñïåøíî êîíêóðèðóþò ïî âñåì ñòàòüÿì ñî ìíîãèìè
ïàðàëëåëüíûìè åùå íåäàâíî "ñóïåðêîìïüþòåðàìè". Íàïðèìåð,
ñðàâíåíèå ñîâðåìåííîãî ïåðñîíàëüíîãî Pentium/4 c 5-òè ëåòíåé
äàâíîñòè ïàðàëëåëüíûì "8-ãîëîâûì"Parsytec'îì áóäåò íå â ïîëü-
çó Parsytec'à.

1.14 Oöåíêè òî÷íîñòè è ñðàâíåíèå ìåòîäîâ

Ïðàêòè÷åñêè âñå êîíòàêòíûå àëãîðèòìû äàþò ëèøü ïðèáëè-
æåííûå ðåøåíèÿ. Âàæíîå, íî ïîêà íå î÷åíü ðàçâèòîå íàïðàâëåíèå
ðàáîò ïî êîíòàêòó ïîñâÿùåíî èññëåäîâàíèþ òî÷íîñòè êîíòàêò-
íûõ àëãîðèòìîâ è àïðèîðíîìó/àïîñòåðèîðíîìó àíàëèçó îøè-
áîê ÷èñëåííûõ ðåøåíèé. Îòìåòèì ðàáîòû ïî îöåíêå òî÷íîñòè
ëàãðàíæåâûõ àëãîðèòìîâ (Lee, Oden, Ainsworth, 1991 [460]; Lee,
Oden, 1993, 1994 [461, 462, 463]; Öâåòêîâà, 1995, 1996 [208, 209];
Twodzydlo et al., 1997 [633]; Sharif, Wiberg, 2001 [589]).

Ñðàâíèòåëüíûé àíàëèç ðàçëè÷íûõ ïîäõîäîâ îñëîæíÿåòñÿ òåì,
÷òî çíà÷èòåëüíîå âëèÿíèå íà óñïåõ ïðèìåíåíèÿ òîãî èëè èíîãî
êîíòàêòíîãî àëãîðèòìà îêàçûâàåò êà÷åñòâî ïðîãðàììíîé ðåàëè-
çàöèè è íåäîêóìåíòèðóåìûå îñîáåííîñòè àëãîðèòìîâ. Ê ñîæàëå-
íèþ, ïîêà î÷åíü ìàëî èìååòñÿ ðàáîò, â êîòîðûõ ñðàâíåíèå ðàç-
ëè÷íûõ ïîäõîäîâ ïðîâîäèòñÿ îäíèìè è òåìè æå àâòîðàìè. Ñðàâ-
íåíèÿ, êîòîðûå âûïîëíÿþòñÿ â óñëîâèÿõ îäíîé è òîé æå "êóõ-
íè", äàþò áîëåå ÿñíûå è îïðåäåëåííûå ðåçóëüòàòû. Äåëî â òîì,
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÷òî íåðåäêî íåçíà÷èòåëüíàÿ, íà ïåðâûé âçãëÿä, äåòàëü àëãîðèò-
ìà, íå óïîìèíàåìàÿ â ñòàòüÿõ è îò÷åòàõ, ìîæåò èãðàòü ðåøàþ-
ùóþ ðîëü â óñïåõå/íåóñïåõå àëãîðèòìà â öåëîì. Ýòî ïðîèñõî-
äèò íå ïî çëîìó óìûñëó àâòîðîâ, ñêðûâàþùèõ "ñåêðåò", à ÷àùå
âñåãî èç-çà îáèëèÿ ñîñòàâëÿþùèõ àëãîðèòìà è íåîäíîçíà÷íîñòè
åãî âîçìîæíûõ ôîðìóëèðîâîê. Êëàññè÷åñêèì îáðàçöîì ñðàâíè-
òåëüíîãî àíàëèçà êîíòàêòíûõ àëãîðèòìîâ ìîæåò ñëóæèòü ðàáîòà
(Rider, Kothe, 1995 [572]), â êîòîðîé êà÷åñòâî ÷èñëåííîãî ìîäåëè-
ðîâàíèÿ êîíòàêòíûõ ðàçðûâîâ ðàçëè÷íûìè ìåòîäàìè ñêâîçíîãî
ñ÷åòà îöåíèâàëîñü íà ÷åòûðåõ òåñòîâûõ çàäà÷àõ ïåðåíîñà íåêîòî-
ðîé ñïåöèàëüíûì îáðàçîì ðàñïðåäåëåííîé ñêàëÿðíîé ñóáñòàíöèè
â çàäàííûõ ïîñòîÿííûõ âî âðåìåíè ïîëÿõ ñêîðîñòè, îïèñûâàþ-
ùèõ ïðîñòóþ òðàíñëÿöèþ, âðàùåíèå æåñòêîãî òåëà, îòäåëüíûé
âèõðü è ïîëå ñëîæíîé äåôîðìàöèè. Èñïûòûâàëèñü ñëåäóþùèå
÷åòûðå ìåòîäà: 1) íàèáîëåå ñâåæàÿ âåðñèÿ àëãîðèòìà ìàðêåðîâ è
ÿ÷ååê, 2) ìåòîä æèäêîñòè â ÿ÷åéêàõ, 3) ìåòîä ôóíêöèé óðîâíÿ è
4) ìåòîäû óëàâëèâàíèÿ ñêà÷êîâ òèïà TVD è ENO.

Ïî êà÷åñòâó ðåçóëüòàòà îò ëó÷øåãî ê õóäøåìó ìåòîäû ðàñïðå-
äåëèëèñü â ïîðÿäêå ïðèâåäåííîãî ïåðå÷èñëåíèÿ. Ðåçóëüòàòû ïî
ìåòîäó íåïðåðûâíîãî ìàðêåðà áûëè óëó÷øåíû â ðàáîòå (Enright
et al., 2002 [336]) ñ ïîìîùüþ íîâîãî ìåòîäà HPLS (Hybrid Particle
Level Set method), êîòîðûé âîïëîùàåò òåõíèêó äèñêðåòíûõ è
íåïðåðûâíûõ ëàãðàíæåâûõ ìàðêåðîâ â åäèíîì àëãîðèòìå.

Ñðåäè îïóáëèêîâàííûõ ðàáîò, èìåþùèõ îòíîøåíèå ê êðèòè-
÷åñêîìó àíàëèçó êîíòàêòíûõ àëãîðèòìîâ, èìååòñÿ î÷åíü ëþáî-
ïûòíûé äîêëàä (N. Johnson, 1996 [410]), â êîòîðîì ïðèâåäåíà
èðîíè÷åñêàÿ êîëëåêöèÿ òèïè÷íûõ îáðàçöîâ àâòîðñêîé íåîáúåê-
òèâíîñòè â îöåíêàõ ðåàëüíûõ äîñòîèíñòâ èìåþùèõñÿ ÷èñëåííûõ
ìåòîäîâ è êîìïüþòåðíûõ ïðîãðàìì âû÷èñëèòåëüíîé ìåõàíèêè:

* Ïðîãðàììà ðåøèò Âàøó ïðîáëåìó áåç ìîäèôèêàöèé.
* Ðóêîâîäñòâî ñîäåðæèò âñå, ÷òî íóæíî, ÷òîáû çàïóñòèòü ïðî-

ãðàììó.
* Ñòàíäàðòíûé ãðàôè÷åñêèé âûâîä, ñîâìåñòèìûé ñ ëþáûìè

ïîñòïðîöåññîðàìè.
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* Ëåãêî èñïîëüçóåìàÿ ïðîãðàììà.
* Èñïîëíÿåìàÿ íà âñåõ êîìïüþòåðàõ áåç èçìåíåíèé.
* Óíèâåðñàëüíàÿ è òî÷íàÿ.
* Ïîêðûâàþùàÿ âñþ ôèçèêó.
* Èìåþùàÿ äðóæåñòâåííûé èíòåðôåéñ.
* Íå ñîäåðæàùàÿ îøèáîê, à òîëüêî íåäîêóìåíòèðîâàííûå îñî-

áåííîñòè.
* Âû ñìîæåòå çàïóñòèòü ïðîãðàììó áåç ðóêîâîäñòâà.
* Ìåòîä áûë âïåðâûå ðàçðàáîòàí çäåñü."
Óæå ñàì òîò ôàêò, ÷òî îäíîâðåìåííî ñîñóùåñòâóåò âåëèêîå

ìíîæåñòâî êîíòàêòíûõ àëãîðèòìîâ, ãîâîðèò î òîì, ÷òî îíè íå
èäåàëüíû. Ïðèâîäèìûå â ñòàòüÿõ ñàìîîöåíêè ïðåäëàãàåìûõ àë-
ãîðèòìîâ è ðåçóëüòàòîâ íàäî âîñïðèíèìàòü î÷åíü îñòîðîæíî.

1.15 Çàêëþ÷èòåëüíûå çàìå÷àíèÿ

Ê íàñòîÿùåìó âðåìåíè ìèðîâàÿ ëèòåðàòóðà ïî ÷èñëåííûì ìå-
òîäàì ðàñ÷åòà êîíòàêòíûõ âçàèìîäåéñòâèé äåôîðìèðóåìûõ òåë
íàñ÷èòûâàåò óæå ñîòíè íàèìåíîâàíèé ðàáîò, îïóáëèêîâàííûõ çà
ïîñëåäíèå 3-4 äåñÿòèëåòèÿ. Äëÿ îáçîðà áûëè îòîáðàíû òîëüêî õà-
ðàêòåðíûå ðàáîòû, ïîñâÿùåííûå èìåííî ðàçðàáîòêå àëãîðèòìîâ.
Åñëè áû â îáçîð áûëè âêëþ÷åíû åùå è èññëåäîâàíèÿ, ïîñâÿùåí-
íûå èçó÷åíèþ ôèçèêè êîíòàêòà è ðåøåíèþ îòäåëüíûõ çàäà÷, òî
ñ÷åò ðàáîò ïîøåë áû óæå íà òûñÿ÷è, à îáúåì îáçîðà ïðåâûñèë áû
ðàçóìíûå ðàìêè.

Ïðåäñòàâëåííûé îáçîð ðèñóåò âïå÷àòëÿþùóþ êàðòèíó èññëå-
äîâàíèé ïî ÷èñëåííîìó ìîäåëèðîâàíèþ êîíòàêòíûõ âçàèìîäåé-
ñòâèé, ïîçâîëÿåò ïîëó÷èòü ïðåäñòàâëåíèå î âîìîæíîñòÿõ, ïðåäî-
ñòàâëÿåìûõ êîíòàêòíûìè àëãîðèòìàìè äëÿ èññëåäîâàíèé ÿâëå-
íèÿ êîíòàêòà. Îáçîð ìîæåò áûòü èñïîëüçîâàí êàê ïóòåâîäèòåëü
ïî êîíòàêòíûì àëãîðèòìàì è îáëåã÷èòü âûáîð ïîäõîäÿùåãî àë-
ãîðèòìà, îöåíêó íîâèçíû è ïîäáîð ëèòåðàòóðû äëÿ èçó÷åíèÿ è
öèòèðîâàíèÿ.
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Íåñìîòðÿ íà îáèëèå ïðåäëîæåííûõ êîíòàêòíûõ àëãîðèòìîâ,
èõ îñíîâíûå èäåè âïîëíå îáîçðèìû è ïîääàþòñÿ êëàññèôèêàöèè.
Îäíà èç âîçìîæíûõ êëàññèôèêàöèé áûëà ïðåäñòàâëåíà â äàííîì
îáçîðå. Îíà íå îïòèìàëüíà, íî ïðîäèêòîâàíà ñîðòèðóåìûì ìàòå-
ðèàëîì. Äàííûé îáçîð îïóáëèêîâàí â ñîêðàùåííîì âàðèàíòå (250
ðàáîò) â ðàáîòå Bourago, 2002 [280] (íà àíãëèéñêîì ÿçûêå).



Ãëàâà 2

Oñíoâíûe óðaâíeíèÿ
Â íàñòîÿùåé ãëàâå ðàññìàòðèâàåòñÿ ïoñòaíoâêà oáùeé çaäa-

÷è ìeõaíèêè ñïëoøíoé ñðeäû äëÿ áeçìoìeíòíûõ ñïëoøíûõ ñðeä
äèôôeðeíöèaëüíoão òèïa, ëåæàùàÿ â îñíîâå íàñòîÿùåé ðàáîòû.
Äâèæåíèå è ýâîëþöèÿ òåðìîìåõàíè÷åñêîãî ñîñòîÿíèÿ ãàçà, æèä-
êîñòè è òâåðäûõ äåôîðìèðóåìûõ òåë îïèñûâàþòñÿ ñ åäèíûõ ïî-
çèöèé íà îñíîâå ïðîèçâîëüíîãî ýéëåðîâî-ëàãðàíæåâà ïîäõîäà, çà-
êîíîâ ñîõðàíåíèÿ è îáùèõ çàêîíîâ òåðìîäèíàìèêè. Ïðèìåíÿåòñÿ
òåðìîäèíàìè÷åñêèé ìåòîä ïîñòðîåíèÿ îïðåäåëÿþùèõ ñîîòíîøå-
íèé,îñíîâàííûé íà íåðàâåíñòâå äëÿ ñâîáîäíîé ýíåðãèè è êîíöåï-
öèè ïàðàìåòðîâ ñîñòîÿíèÿ. Ôîðìóëèðóåòñÿ ìîäèôèêàöèÿ ýòîãî
ìåòîäà, íå òðåáóþùàÿ, â îòëè÷èå îò òðàäèöèîííîé, äîïîëíèòåëü-
íûõ ýêñòðåìàëüíûõ ïðèíöèïîâ äëÿ ñêîðîñòè äèññèïàöèè. Ñ èñ-
ïîëüçîâàíèåì òåðìîäèíàìè÷åñêîãî ìåòîäà åäèíîîáðàçíî âûâåäå-
íû îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ èçâåñòíûõ ìîäåëåé ãàçîîá-
ðàçíûõ, æèäêèõ è òâåðäûõ äåôîðìèðóåìûõ ñðåä, à òàêæå ñî-
îòíîøåíèÿ äëÿ îïèñàíèÿ ïðîöåññîâ ðàçðóøåíèÿ è êîíñîëèäàöèè
óïðóãîâÿçêîïëàñòè÷åñêèõ ñðåä.

2.1 Ñîñòîÿíèå âîïðîñà

Ãëàâíûì ìîòèâîì äëÿ ïîñòðîåíèÿ íîâûõ îïðåäåëÿþùèõ ñîîò-
íîøåíèé ÿâëÿåòñÿ æåëàíèå òåîðåòè÷åñêè âîñïðîèçâåñòè ðåçóëüòà-
òû ôèçè÷åñêèõ ýêñïåðèìåíòîâ, êîòîðûå íå îïèñûâàþòñÿ âîîáùå
èëè îïèñûâàþòñÿ, íî íå äîñòàòî÷íî õîðîøî èìåþùèìèñÿ ñîîòíî-
øåíèÿìè. Íîâûå ñîîòíîøåíèÿ äîëæíû áûòü â ñîãëàñèè ñ èìåþ-
ùèìèñÿ â îáëàñòè ïàðàìåòðîâ, ãäå ñóùåñòâóþùèå ñîîòíîøåíèÿ
äàþò õîðîøèå ðåçóëüòàòû. Íàêîíåö, íîâûå ñîîòíîøåíèÿ äîëæ-
íû áûòü ôèçè÷åñêè è ìàòåìàòè÷åñêè êîððåêòíû. Ýòî îçíà÷àåò,
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÷òî îíè äîëæíû óäîâëåòâîðÿòü ôóíäàìåíòàëüíûì çàêîíàì òåð-
ìîäèíàìèêè, òåîðèè ðàçìåðíîñòè, ïðèíöèïàì èíâàðèàíòíîñòè è
îáúåêòèâíîñòè.

Ìàòåìàòè÷åñêè è ôèçè÷åñêè ÿñíûé ïîäõîä ê ïîñòðîåíèþ îïðå-
äåëÿþùèõ ñîîòíîøåíèé îñíîâàí íà êîíöåïöèè ïàðàìåòðîâ ñîñòî-
ÿíèÿ è òåðìîäèíàìè÷åñêîì íåðàâåíñòâå äëÿ ñâîáîäíîé ýíåðãèè
(ñì. íàïðèìåð, Ziegler, 1966; Malvern, 1969; Ñåäîâ, 1970; Èëüþ-
øèí, 1971; Christensen, 1971; Astarita, Marrucci, 1978; Êîëàðîâ,
Áàëòîâ, Áîí÷åâà, 1979; Êîíäàóðîâ, 1982; Êóêóäæàíîâ, 1985; Simo,
1986; Ëåâèòàñ, 1986; Òðóñîâ, 1986). Ââèäó òîãî, ÷òî ÷èñëî îïóá-
ëèêîâàííûõ ðàáîò, â êîòîðûõ äàííûé ïîäõîä ðàçâèâàëñÿ î÷åíü
âåëèêî è äàòü çäåñü ññûëêè íà âñå ðàáîòû íåâîçìîæíî, ññûëêè
äàíû òîëüêî íà òå ðàáîòû, êîòîðûå íåïîñðåäñòâåííî ñïîñîáñòâî-
âàëè âûðàáîòêå ïðåäëàãàåìîãî ìåòîäà. Â öèòèðîâàííûõ ðàáîòàõ
èìåþòñÿ äîïîëíèòåëüíûå ññûëêè.

Õîòÿ ðàññìàòðèâàåìûé ïîäõîä ðàçâèò âî ìíîæåñòâå èññëåäî-
âàíèé, íà÷èíàÿ ñ ïÿòèäåñÿòûõ ãîäîâ 20 âåêà è óæå ìîæåò ñ÷è-
òàòüñÿ òðàäèöèîííûì, èìååò ñìûñë âîñïðîèçâåñòè îñíîâíûå åãî
ïîëîæåíèÿ çäåñü. Äåëî â òîì, ÷òî â ëèòåðàòóðå îòñóòñòâóåò ïîñëå-
äîâàòåëüíîå èçëîæåíèå ýòîãî ïîäõîäà. Ïðåäëàãàåìàÿ ñõåìà òåð-
ìîäèíàìè÷åñêîãî âûâîäà îïðåäåëÿþùèõ ñîîòíîøåíèé (Áóðàãî,
1984; Áóðàãî, Êóêóäæàíîâ, 1988, 1991; Áóðàãî, 1995; Áóðàãî, 1999;
Áóðàãî, Ãëóøêî, Êîâøîâ, 2000) îòëè÷àåòñÿ îò òðàäèöèîííîé è
ïîëó÷åíà ïóòåì àíàëèçà áîëüøîãî ÷èñëà ðàáîò, ÷òîáû âûäåëèòü
îáùåå, óñòðàíèòü ïðîòèâîðå÷èÿ è âîñïîëíèòü ïðîáåëû. Êàê íàì
ïðåäñòàâëÿåòñÿ, ïîñëåäîâàòåëüíîå ïðèìåíåíèå ýòîãî ïîäõîäà ïîç-
âîëÿåò ïðîÿñíèòü ôèçè÷åñêèå è ìàòåìàòè÷åñêèå îñíîâû êàê óæå
èçâåñòíûõ, òàê è íîâûõ îïðåäåëÿþùèõ ñîîòíîøåíèé.

Òåðìîäèíàìè÷åñêèé àíàëèç ïîêàçûâàåò, ÷òî ðåîëîãè÷åñêèå
ñâîéñòâà ñïëîøíîé ñðåäû îïðåäåëÿþòñÿ íàáîðîì âíóòðåííèõ ïà-
ðàìåòðîâ ñîñòîÿíèÿ áåñêîíå÷íî ìàëîãî îáúåìà ñðåäû è çàâèñèìî-
ñòüþ ôóíêöèé ñâîáîäíîé ýíåðãèè è ñêîðîñòè äèññèïàöèè îò ýòèõ
ïàðàìåòðîâ. Îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ ýíòðîïèè, íàïðÿ-
æåíèé è òåïëîâûõ ïîòîêîâ, à òàêæå êèíåòè÷åñêèå óðàâíåíèÿ äëÿ
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ñòðóêòóðíûõ ïàðàìåòðîâ ñîñòîÿíèÿ ÿâëÿþòñÿ ïðè ýòîì ñëåäñòâè-
ÿìè.

2.2 Çàêîí äâèæåíèÿ

Çaêoí äâèæeíèÿ ìaòeðèaëüíoé ñïëoøíoé ñðeäû ïðèìeì â
ïaðaìeòðè÷eñêoì âèäe (Áóðàãî, 1984)

x = x(x̃, t) ,
o
x=

o
x (x̃, t) (2.1)

ãäe x - ðaäèóñ âeêòoð ìaòeðèaëüíoé òo÷êè ïðè t ≥ 0 , o
x - ðaäèóñ

âeêòoð ìaòeðèaëüíoé òo÷êè ïðè t = 0 è ñïðàâåäëèâî íà÷àëüíîå
óñëîâèå

t = 0 : x =
o
x

Íåçàâèñèìûå êðèâoëèíeéíûe êooðäèíaòû x̃ ìoãóò áûòü ño-
ïðÿæeíû ñ ía÷aëüíoé êoíôèãóðaöèeé x̃ = x̃(

o
x) , ñ àêòóàëüíîé

êoíôèãóðaöèeé x̃ = x̃(x) èëè, â îáùåì ñëó÷àå, õàðàêòåðèçîâàòü
ïðoèçâoëüíóþ ïîäâèæíóþ ïðoìeæóòo÷íóþ êoíôèãóðaöèþ.

Òàê, ñëó÷àé x̃ = x̃(x) îòâå÷àåò Ýéëeðoâoìó ïðeäñòaâëeíèþ
äâèæeíèÿ, ñëó÷àé x̃ = x̃(

o
x) îòâå÷àåò Ëaãðaíæeâoìó ïðeäñòaâëe-

íèþ äâèæeíèÿ, à â îáùåì ñëó÷àå èìååì ïðîèçâîëüíîå ýéëåðîâî-
ëàãðàíæåâî ïðåäñòàâëåíèå.

Ñêoðoñòü òî÷êè ñ êooðäèíaòàìè x̃ , íaçûâaeìûõ ïoäâèæíûìè,
oáoçía÷èì

w =
∂x

∂t
(2.2)

ãäå âðåìåííîå äèôôåðåíöèðîâàíèå âûïîëíÿåòñÿ ïðè x̃=const, òî
åñòü âäîëü òðàåêòîðèé ïîäâèæíûõ êîîðäèíàò.

Ñêîðîñòü ìaòeðèaëüíoé òî÷êè o
x ïî oïðåäåëåíèþ ðàâíà

u =
dx

dt
(2.3)
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ãäe âðåìåííîå äèôôåðåíöèðîâàíèå âûïîëíÿåòñÿ ïðè o
x=const, òî

åñòü âäîëü òðàåêòîðèé ìàòåðèàëüíûõ ÷àñòèö è îïåðàòîð
d

dt
=
∂

∂t
+ (u−w) · ∇

îáîçíà÷àåò ìaòeðèaëüíóþ âðeìeííóþ ïðoèçâoäíóþ, à ∇ eñòü
oïeðaòoð ïðoñòðaíñòâeííoão äèôôeðeíöèðoâaíèÿ â àêòóàëüíîé
êoíôèãóðaöèè. Âûïèñàííîå âûðàæåíèå ìàòåðèàëüíîé âðåìåííîé
ïðîèçâîäíîé ÿâëÿåòñÿ ñëåäñòâèåì ñîîòíîøåíèé (2.1)-(2.3) è ïðà-
âèëà äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè. Îíî âûâîäèòñÿ òàê:
ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè èìååì:

d

dt
=
∂

∂t
+
dx̃

dt
· ∇̃

òîãäà, ó÷èòûâàÿ ñâÿçü ∇̃ = (∇x̃)−1 · ∇ , ïîëó÷àåì
dx

dt
=
∂x

∂t
+
dx̃

dt
· ∇̃x − >

dx

dt
=
∂x

∂t
+
dx̃

dt
· (∇x̃)−1

îòêóäà ñ ó÷åòîì îïðåäåëåíèé ñêîðîñòåé u è w ïîëó÷àåì
dx̃

dt
= (u−w) · ∇x̃

÷òî è ïðèâîäèò ê èñêîìîìó âûðàæåíèþ äëÿ d/dt .

2.3 Äeôoðìaöèè

Äëÿ åäèíîîáðàçíîé ôîðìóëèðîâêè çàäà÷ íàèáîëåå óäîáíû
ïðoñòðaíñòâeííûå ïàðàìåòðû ñîñòîÿíèÿ ýëåìåíòàðíîãî îáúåìà
ñïëîøíîé ñðåäû. Ïðîñòðàíñòâåííûé òeíçoð äeôoðìaöèè (Àëü-
ìàíñè) ε è ñîîòâåòñòâóþùèé òåíçîð ñêîðîñòåé äåôîðìàöèé (Ýé-
ëåð) oïðeäeëÿþòñÿ ñëeäóþùèìè ñooòíoøeíèÿìè:

dx = F · d o
x , dxT · dx− d o

x
T ·d o

x= dxT · 2ε · dx

du = L · dx ,
d

dt

(
dxT · dx− d o

x
T ·d o

x

)
= dxT · 2e · dx
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ãäe F - òeíçoð ãðaäèeíòa äeôoðìaöèè, L òeíçoð ãðaäèeíòoâ
ñêoðoñòeé, ε - ïðîñòðàíñòâåííûé òåíçîð äåôîðìàöèè Àëüìàíñè
è e - ïðoñòðaíñòâeííûé (Ýéëåðîâ) òeíçoð ñêoðoñòè äeôoðìaöèè.

Ñooòíoøeíèÿ ìeæäó F ,L ,ε è e ÿâëÿþòñÿ ñëåäñòâèÿìè îïðå-
äåëåíèé ýòèõ âåëè÷èí:

L =
dF

dt
· F−1 , ε =

1

2
(I− F−T · F−1) ,

e =
1

2
(L−T + L) , e =

dε

dt
+ ε · L + L−T · ε (2.4)

ãäe I - åäèíè÷íûé òeíçoð.

2.4 Ïëoòíoñòü, íaïðÿæeíèÿ è òeïëoâûe ïoòoêè

Ïëoòíoñòü ρ , ïðoñòðaíñòâeííûé òeíçoð íaïðÿæeíèé Êoøè
σ è ïðoñòðaíñòâeííûè âeêòoð äèôôóçèoííoão ïoòoêa òeïëa q
oïðeäeëÿþòñÿ ñëeäóþùèìè ñooòíoøeíèÿìè

dm = ρdV , dP = σ · ndS , dQ = q · ndS
ãäe dm - ìañña áeñêoíe÷ío ìaëoão oáúeìa dV â àêòóàëüíîé
êoíôèãóðaöèè, dP - ñèëa, äeéñòâóþùaÿ ía áeñêoíe÷ío ìaëoé
ïëoùaäêe dS ñ eäèíè÷íoé íoðìaëüþ n , dQ - êoëè÷eñòâo òe-
ïëa äèôôóíäèðoâaâøeão ÷eòeç ïëoùaäêó dS â eäèíèöó âðeìeíè.
Eñëè â oïðeäeëeíèè òeïëoâoão ïoòoêa â ïðaâoé ÷añòè ðaâeíñòâa
ïoñòaâèòü çíaê ìèíóñ, òo âeêòoð q áóäeò óêaçûâaòü íaïðaâëeíèe,
oáðaòíoe ãðaäèeíòó òeìïeðaòóðû, ñoâïaäaþøee ñ íaïðaâëeíèeì
äèôôóçèè òeïëa. Ïëoòíoñòü ïoä÷èíeía çaêoíó ñoõðaíeíèÿ ìaññû
(óðaâíeíèþ íeðaçðûâíoñòè):

ρ
o
ρ

= det(F−1)

èëè
dρ

dt
+ ρ∇ · u = 0 (2.5)

ãäe
o
ρ - ía÷aëüíaÿ ïëoòíoñòü.
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2.5 Maòeðèaëüíûe è ïðîñòðàíñòâåííûå ìåðû

Äëÿ âûâîäà îïðåäåëÿþùèõ ñîîòíîøåíèé, òî åñòü ñâÿçåé ìåæ-
äó ïàðàìåòðàìè, õàðàêòåðèçóþùèìè ñîñòîÿíèå áåñêîíå÷íî ìàëî-
ãî îáúåìà ñïëîøíîé ñðåäû, áóäåì èñïîëüçîâàòü ìaòeðèaëüíûe
òeíçoðû äeôoðìaöèé o

ε (òåíçîð Ãðèíà) è ñêoðoñòeé äeôoðìaöèé
0
e , êîòîðûå oïðeäeëÿþòñÿ òaê

dxT · dx− d o
x
T ·d o

x= d
o
x
T ·2 o

ε ·d o
x

d

dt

(
dxT · dx− d o

x
T ·d o

x

)
= d

o
x
T ·2 o

e ·d o
x

Ñëåäñòâèåì ýòèõ îïðåäåëåíèé ÿâëÿþòñÿ ñâÿçè:

o
ε= FT · ε · F ,

o
e= FT · e · F ,

d
o
ε

dt
=
o
e (2.6)

Ìaòeðèaëüíûé òeíçoð íàïðÿæåíèé îïðåäåëÿåòñÿ ÷åðåç ìîù-
íîñòü íàïðÿæåíèé

o
σ:

o
e = σ : e

îòêóäà ñëåäóåò ôîðìóëà, ñâÿçûâàþùàÿ åãî ñ ïðîñòðàíñòâåííûì
òåíçîðîì:

o
σ= F−1 · σ · F−T (2.7)

Ñêîðîñòü èçìåíåíèÿ âî âðåìåíè ïðîñòðàíñòâåííûõ òåíçîðîâ õà-
ðàêòåðèçóåòñÿ îáúåêòèâíûìè òåíçîðíûìè âðåìåííûìè ïðîèç-
âîäíûìè, ó÷èòûâàþùèìè äåôîðìàöèþ è ïîâîðîò ýëåìåíòàðíî-
ãî îáúåìà. Ïðèìåðîì ìîæåò ñâÿçü ïðîñòðàíñòâåííûõ òåíçîðîâ
äåôîðìàöèè è ñêîðîñòè äåôîðìàöèè (ïîñëåäíåå èç ñîîòíîøå-
íèé (2.4)), ïðåäñòàâëÿþùàÿ âðåìåííóþ ïðîèçâîäíóþ Ðèâëèíà.
Ñêoðoñòè ìaòeðèaëüíûõ òeíçoðoâ oïðeäeëÿþòñÿ áoëee ïðoñòo -
ñ ïoìoùüþ îáû÷íîãî oïeðaòoða ìaòeðèaëüíoé âðeìeííoé ïðoèç-
âoäíoé, ïoýòoìó èìeíío ìaòeðèaëüíûe òeíçoðû èñïoëüçóþòñÿ
ïðè âûêëaäêaõ ïo âûâoäó oïðeäeëÿþùèõ ñooòíoøeíèé.
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Çaìeía ïeðeìeííûõ "ìaòeðèaëüíûe ìeðû" ía "ïðoñòðaí-
ñòâeííûe ìeðû" è oáðaòío äeëaeòñÿ äoñòaòo÷ío ïðoñòo, ïoýòo-
ìó ñoâñeì íe oáÿçÿòeëüío ïðè çaïèñè ôoðìóë èñïoëüçoâaòü èñ-
êëþ÷èòeëüío ìaòeðèaëüíûe èëè èñêëþ÷èòeëüío ïðoñòðaíñòâeí-
íûe ìeðû. Eñëè ýòo óäoáío, òo âïoëíe äoïóñòèìo èñïoëü-
çoâaòü ñoçíaòeëüío è ñìeøaííûe ôoðìû çaïèñè. ×òoáû oòëè÷èòü
ìaòeðèaëüíûe òeíçoða, íaä íèìè ñòaâèòñÿ "íóëèê".

2.6. Çaìe÷aíèe o íîòàöèÿõ è î âûáoðe òeíçoðoâ íaïðÿæe-
íèé è äeôoðìaöèé.

Oòìeòèì,
÷òo èñïoëüçóeìûé çäeñü "ýíåðãåòè÷åñêèé" ìaòeðèaëüíûé òeí-
çoð íaïðÿæeíèé ñâÿçaí ñ ñèììeòðè÷íûì òeíçoðoì íaïðÿæeíèé
Ïèoëû-Êèðõãoôa σπ òaê

σπ =

o
ρ

ρ

o
σ

Íaáoð âoçìoæíûõ ðaçëè÷íûõ òeíçoðoâ íaïðÿæeíèé è äeôoð-
ìaöèé áeñêoíe÷eí è êaêèe èç íèõ èñïoëüçoâaòü â ðañ÷eòaõ è ïðè
ôoðìóëèðoâêe çaäa÷ - ýòo âoïðoñ óäoáñòâa. Âïoëíe äoïóñòèìo èñ-
ïoëüçoâaíèe oäíoâðeìeíío íeñêoëüêèõ ðaçëè÷íûõ òeíçoðoâ, êaê
ýòo äeëaeòñÿ çäeñü. Âaæío, ÷òoáû ïðè ýòoì ñoáëþäaëèñü èõ ñâÿ-
çè ñ oáúeêòèâíûìè ôèçè÷eñêèìè õaðaêòeðèñòèêaìè, íe çaâèñÿ-
ùèìè oò âûáoða ýòèõ ìeð. Íaïðèìeð, òeíçoð íaïðÿæeíèé äoë-
æeí áûòü oïðeäeëeí ëèáo ÷eðeç ìoùíoñòü íaïðÿæeíèé â eäèíèöe
oáúeìa/ìaññû, ëèáo ÷eðeç âeêòoð ñèë ía ýëeìeíòe ïoâeðõíoñòè,
ëèáo ÷eðeç êaêoé ëèáo äðóãoé òeíçoð íaïðÿæeíèé, äëÿ êoòoðoão
ñâÿçè ñ ìoùíoñòüþ íaïðÿæeíèé èëè ñ âeêòoðoì ïoâeðõíoñòíûõ
ñèë èçâeñòíû. Â çaâèñèìoñòè oò òoão, êaêoâû ýòè ñâÿçè, ìoæío
ñóäèòü o òoì, ÷òo ýòo ça òeíçoð íaïðÿæeíèé.

Aíaëoãè÷ío, äëÿ òeíçoða äeôoðìa-
öèè äoëæía áûòü oïðeäeëeía eão ñâÿçü ñ äeôoðìaöèeé áeñêoíe÷ío
ìaëoão ìaòeðèaëüíoão âeêòoða â ñïëoøíoé ñðeäe, ëèáo eão ñâÿçü
ñ äðóãèì èçâeñòíûì òeíçoðoì äeôoðìaöèé.
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Èñêaòeëüñòâo "íaèëó÷øèõ" èëè "eäèíñòâeíío ïðaâèëüíûõ"
òeíçoðoâ, à òàêæå ïîèñê âåêòîðíûõ õàðàêòåðèñòèê íàïðÿæåíèÿ
è äåôîðìàöèè (ðåïåðû, òðèâåêòîðû), ïoëó÷èëî íeêoòoðoe ðañ-
ïðoñòðaíeíèe â ïoñëeäíèe äâe äeêaäû 20-ão âeêa â ñâÿçè ñ ðaç-
âèòèeì òeoðèè áoëüøèõ (óïðóão- ïëañòè÷eñêèõ) äeôoðìaöèé è
ñòðåìëåíèåì óïðîñòèòü èëè ñäåëàòü áîëåå íàãëÿäíûì ìàòåìà-
òè÷åñêèé àïïàðàò ÌÑÑ. Ïî ìíåíèþ àâòîðà, óäà÷ íà ýòîì ïóòè
ïîêà íå íàáëþäàëîñü è íåò ïîêàçàíèé äëÿ èõ îæèäàíèÿ. Â êî-
íå÷íîì ñ÷åòå âaæíû íe ôîðìû çàïèñè, à ôèçè÷åñêîå ñîäåðæàíèå
óðàâíåíèé, êîòîðûå ìoæío çaïèñûâàòü ðàçíûìè ñïîñîáàìè, íe
èçìeíÿÿ èõ ñìûñëa. Âàæíî, ÷òîáû ðàçíûå ôîðìû çàïèñè áûëè
áû ñîãëàñîâàíû ìåæäó ñîáîé è íå ïðîòèâîðå÷èëè áû äðóã äðóãó.

Â íàñòîÿùåé ðàáîòå ïðeäïo÷òeíèe oòäaío òðaäèöèoííûì òeí-
çoðaì. Êðîìå òîãî, ïðåäïî÷òåíèå îòäàíî àáñòðàêòíîé òåíçîð-
íîé íîòàöèè, íå ïðèâÿçàííîé ê êàêîé-ëèáî ñèñòåìå êîîðäèíàò â
îòëè÷èå, ñêàæåì, îò êîìïîíåíòíîé, èíäåêñíîé, ìàòðè÷íîé èëè
ðåïåðíî-òðèâåêòîðíîé íîòàöèé. Ïåðåõîä ê êîìïîíåíòíîé ôîðìå
óðàâíåíèé, èñïîëüçóåìîé ïðè ÷èñëåííîì ðåøåíèè êîíêðåòíûõ çà-
äà÷, äåëàåòñÿ â ñîîòâåòñòâèè ñ âûáîðîì ñèñòåìû êîîðäèíàò ïóòåì
ñêàëÿðíîãî óìíîæåíèÿ òåíçîðíûõ ñîîòíîøåíèé íà áàçèñíûå âåê-
òîðû.

2.6 Oïðeäeëÿþùèe ñooòíoøeíèÿ

Çaêoíû òeðìoäèíaìèêè äëÿ íeoáðaòèìûõ òeðìoìeõaíè÷eñêèõ
ïðoöeññoâ èìeþò âèä:

ρ
dU

dt
= σ : e +∇q + ρr = 0

ρ
dη

dt
−∇ ·

(q

T

)
− ρr

T
≥ 0,

ãäe âíóòðeííÿÿ ýíeðãèÿ U , âíeøíèe èñòo÷íèêè òeïëa r è ýí-
òðoïèÿ η oòíeñeíû ê eäèíèöe ìaññû; T - òeìïeðaòóða. Èñêëþ-
÷aÿ âíeøíèe èñòo÷íèêè òeïëa r è ââoäÿ ñâoáoäíóþ ýíeðãèþ
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ϕ = U − Tη ìoæío ïoëó÷èòü ñëeäñòâèe çaêoíoâ òeðìoäèíaìè-
êè - íeðaâeíñòâo ñâoáoäíoé ýíeðãèè:

−ρdϕ
dt
− ρηdT

dt
+

o
σ:
d
o
ε

dt
+

1

T
q · ∇T ≥ 0 (2.8)

Ýòo íeðaâeíñòâo ñoäeðæèò òoëüêo ïaðaìeòðû, õaðaêòeðèçóþùèe
âíóòðeííee òeðìoìeõaíè÷eñêoe ñoñòoÿíèe áeñêoíe÷ío ìaëoão oáú-
eìa ñïëoøíoé ñðeäû è äoëæío âûïoëíÿòüñÿ â ëþáoì òeðìo-
ìeõaíè÷eñêoì ïðoöeññe. Äëÿ åãî âûïîëíåíèÿ ïàðàìåòðû ñîñòîÿ-
íèÿ ýëåìåíòàðíîãî îáúåìà, à èìåííî, òåìïåðàòóðà, ïëîòíîñòü, äå-
ôîðìàöèÿ, ýíòðîïèÿ, íàïðÿæåíèå, òåïëîâîé ïîòîê, ñêoðoñòè èç-
ìeíeíèÿ ñâoáoäíoé ýíeðãèè, òeìïeðaòóðû è äeôoðìaöèè, a òaêæe
ãðaäèeíò òeìïeðaòóðû äoëæíû áûòü ïîä÷èíåíû ñîîòíîøåíèÿì,
íàçûâàåìûì îïðåäåëÿþùèìè ñîîòíîøåíèÿìè.

Ìèíèìàëüíûé íàáîð ïàðàìåòðîâ ñîñòîÿíèÿ ñîäåðæèò ïàðà-
ìåòðû, èçìåíåíèÿ êîòîðûõ âçàèìíî íåçàâèñèìû. Âûáîð òàêèõ
ïàðàìåòðîâ îïðåäåëÿåò êëàññ ðàññìàòðèâàåìûõ ñïëîøíûõ ñðåä.
Â îáùåì ñëó÷àå ÷èñëî ïàðàìåòðîâ ñîñòîÿíèÿ ìîæåò áûòü áåñ-
êîíå÷íûì, íàïðèìåð â ñëó÷àå âÿçêî-óïðóãèõ ñðåä èíòåãðàëüíîãî
òèïà (Christensen, 1971). Çäåñü ðàññìàòðèâàåòñÿ áîëåå ïðîñòîé
ñëó÷àé ñðåä ñ êîíå÷íûì ÷èñëîì ïàðàìåòðîâ ñîñòîÿíèÿ, à èìåííî,
ñëó÷àé áåçìîìåíòíûõ ñðeä äèôôeðeíöèaëüíoão òèïa.

Ðàññìîòðèâàåòñÿ ñëåäóþùèé íàáîð ïàðàìåòðîâ ñîñòîÿíèÿ:

π = (T,
o
ε,

o
χ,
dT

dt
,
o
e,
d

o
χ

dt
,∇T ) (2.9)

ãäå χ - ñòðóêòóðíûå ïàðàìåòðû ñîñòîÿíèÿ, îòâå÷àþùèå çà ïðî-
öåññû ïåðåñòðîéêè âíóòðåííåé ñòðóêòóðû ñðåäû òàêèå, êàê ïëà-
ñòè÷åñêîå òå÷åíèå, ðàçðóøåíèå èëè ñïåêàíèå. Ïoñêoëüêó oíè íe
ôèãóðèðóþò ÿâío â íeðaâeíñòâe ñâoáoäíoé ýíeðãèè, oíè òaêæe
íaçûâaþòñÿ íeÿâíûìè èëè ñêðûòûìè ïaðaìeòðaìè ñoñòoÿíèÿ.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî íàáîð ïàðàìåòðîâ ìè-
íèìàëåí. Ýòî îçíà÷àåò, ÷òî âñå îñòàëüíûå âíóòðåííèå ïåðåìåí-
íûå (ýíòðîïèÿ, íàïðÿæåíèÿ, òåïëîâûå ïîòîêè è ò.ä.) ÿâëÿþòñÿ
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ôóíêöèÿìè ýòèõ ïàðàìåòðîâ è, â ÷àñòíîñòè, ýòî îòíîñèòñÿ è ê
ñâîáîäíîé ýíåðãèè:

ϕ = ϕ(π) (2.10)

Èñïîëüçóÿ (2.9-2.10) ìîæíî ïåðåïèñàòü íåðàâåíñòâî (2.8):

−ρ(η +
∂ϕ

∂T
)
dT

dt
+ (

o
σ −ρ∂ϕ

∂
o
ε

) :
o
e −ρ ∂ϕ

∂
o
χ

:
d

o
χ

dt
+

1

T
q·∇T−

−ρ ∂ϕ
∂Tt

dTt
dt
− ρ∂ϕ

∂
o
e

:
d
o
e

dt
− ρ ∂ϕ

∂
o
χt

:
d

o
χt
dt
− ρ ∂ϕ

∂∇T ·
d∇T
dt
≥ 0 (2.11)

Ïðoèçâoäíûe dTt
dt , d

o
e
dt ,

d
o
χt
dt , d∇T

dt íe ïðèíaäëeæaò íaáoðó ïaða-
ìeòðoâ ñoñòoÿíèÿ (2.8), â òo âðeìÿ êaê ìíoæèòeëè ïðè ýòèõ
ïðoèçâoäíûõ ÿâëÿþòñÿ ôóíêöèÿìè oïðeäeëÿþùèõ ïaðaìeòðoâ,
ïoýòoìó ïðèñóòñòâèe ñoäeðæaùèõ ýòè ïðoèçâoäíûe ÷ëeíoâ íaðó-
øaeò íeðaâeíñòâo (2.11) è çaêoíû òeðìoäèíaìèêè. Ïoýòoìó

∂ϕ

∂Tt
= 0 ,

∂ϕ

∂
o
e

= 0 ,
∂ϕ

∂
o
χt

= 0 ,
∂ϕ

∂∇T = 0

è ôóíêöèÿ ñâoáoäíoé ýíeðãèè çaâèñèò òoëüêo oò ÷añòè íaáoða
ïaðaìeòðoâ ñoñòoÿíèÿ

ϕ = ϕ(π1) , π1 = (T,
o
ε,

o
χ)

Íeðaâeíñòâo ñâîáîäíîé ýíåðãèè ïðèíèìaeò ôoðìó, íaçûâaeìóþ
íeðaâeíñòâoì ñêoðoñòè äèññèïaöèè:

D = −ρ
(
η +

∂ϕ

∂T

)
dT

dt
+

(
o
σ −ρ∂ϕ

∂
o
ε

)
:
o
e −ρ ∂ϕ

∂
o
χ

:
o
χt + q · ∇T

T
≥ 0

ãäe ÷eòûðe ãðóïïû ñëaãaeìûõ ïðeäñòaâëÿþò oñíoâíûe äèññè-
ïaòèâíûe ïðoöeññû: íeoáðaòèìûé ðoñò ýíòðoïèè, äèôôóçèþ èì-
ïóëüña, ñòðóêòóðíóþ ïeðeñòðoéêó ñïëoùíoé ñðeäû è äèôôóçèþ
òeïëa.
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Oáùèì ðeøeíèeì íeðaâeíñòâa ñêoðoñòè äèññèïaöèè ÿâëÿþòñÿ
èñêîìûå îïðåäåëÿþùèå ñîîòíîøåíèÿ, èìåþùèå ñëåäóþùèé îá-
ùèé âèä:

−ρ(η +
∂ϕ

∂T
) = −ρηD(T,

o
ε,

o
χ, [

dT

dt
],
o
e,
d

o
χ

dt
,∇T )

o
σ −ρ∂ϕ

∂
o
ε

=
o
σD (T,

o
ε,

o
χ,
dT

dt
, [
o
e],
d

o
χ

dt
,∇T )

−ρ ∂ϕ
∂

o
χ

= XD(T,
o
ε,

o
χ,
dT

dt
,
o
e, [
d

o
χ

dt
],∇T )

1

T
q =

1

T
qD(T,

o
ε,

o
χ,
dT

dt
,
o
e,
d

o
χ

dt
, [∇T ]) (2.12)

ãäe êâaäðaòíûe ñêoáêè ïðè íeêoòoðûõ aðãóìeíòaõ íe oçíaaþò
êaêèõ- ëèáo ìaòeìaòè÷eñêèõ oïeðaöèé è èñïoëüçóþòñÿ äaëee.
Ôóíêöèè Z1 = ρηD , Z2 = σD , Z3 = XD , Z4 = qD/T íaçûâa-
þòñÿ äèññèïaòèâíûìè ïoòoêaìè èëè oáoáùeííûìè äèññèïaòèâ-
íûìè ñèëaìè è äoëæíû oáeñïe÷èâaòü âûïoëíeíèe íeðaâeíñòâa
ñêoðoñòè äèññèïaöèè, êoòoðoe óäoáío çaïèñaòü òeïeðü â òaêoì
âèäe

D =

4∑
i=1

Di ≥ 0 , Di = Ziπ
(2)
i (2.13)

ãäå π(2)
1 = dT

dt , π
(2)
2 = e , π(2)

3 = dχ
dt , π

(2)
4 = ∇T - îáîáùåííûå ñêîðî-

ñòè. Â ÷añòíoì ñëó÷ae oáðaòèìûõ ïðoöeññoâ ôóíêöèè ηD , σD ,
XD ,qD ðàâíû íóëþ è íeðaâeíñòâo (2.13) ñòaíoâèòñÿ ðaâeíñòâoì.

Ïîÿñíèì ëîãèêó âûâîäà îáùåé ôîðìû îïðåäåëÿþùèõ ñîîò-
íîøåíèé (2.12) íà ïðîñòîì "øêîëüíîì" ïðèìåðå. Íåðàâåíñòâî
ab > 0 èìååò ðåøåíèå: a > 0 è b > 0 èëè a < 0 è b < 0 . Åñëè
ðàññìàòðèâàòü b êàê àðãóìåíò, ìåíÿþùèéñÿ íåçàâèñèìî îò −∞
äî +∞ , òî èç ðåøåíèÿ íåðàâåíñòâà ñëåäóåò, ÷òî a åñòü íåêîòî-
ðàÿ ôóíêöèÿ îò b : a = a(b) . ßñíî, ÷òî ñóùåñòâóåò áåñ÷èñëåííîå
ìíîæåñòâî ôóíêöèé a(b) , óäîâëåòâîðÿþùèõ òàêîìó íåðàâåíñòâó.
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Åñëè æå çàäàòü ab = d(b) > 0 (àíàëîã äèññèïàöèè), òî ôóíêöèÿ
a(b) îïðåäåëèòñÿ îäíîçíà÷íî a(b) = d(b)b−1 . Âîò òàêîå ïðîñòîå
ñîîáðàæåíèå ëåæèò â îñíîâå âûâîäà.

Òàêèì îáðàçîì, äëÿ ïîëó÷åíèÿ îïðåäåëÿþùèõ ñîîòîøåíèé
íåîáõîäèìî êîíêðåòèçèðîâàòü íàáîð ïàðàìåòðîâ ñîñòîÿíèÿ è ïî-
ñòðîèòü äâå ôóíêöèè: ôóíêöèþ ñâîáîäíîé ýíåðãèè ϕ = ϕ(π(1)) è
ôóíêöèþ ñêîðîñòè äèññèïàöèè D = D(π(1), π(2)) , ðóêîâîäñòâóÿñü
ïðè ýòîì ôèçè÷åñêèìè ïðåäñòàâëåíèÿìè î ñâîéñòâàõ ðàññìàòðè-
âàåìîé ñðåäû.

Äèññèïaòèâíûe ïoòoêè èëè "ñèëû": ηD , σD , XD ,qD ñòðîÿò-
ñÿ îäíîâðåìåííî è ñîãëàñîâàííî ñ ôóíêöèåé ñêîðîñòè äèññèïà-
öèè òàê, ÷òîáû óäîâëåòâîðèòü íåðàâåíñòâó ñêîðîñòè äèññèïàöèè.
Òåì ñàìûì çàäà÷à ïîñòðîåíèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé çà-
ìûêàåòñÿ. Äëÿ âûïîëíåíèÿ òðåáîâàíèé ïðèíöèïîâ èíâàðèàíò-
íîñòè è îáúåêòèâíîñòè äîñòàòî÷íî óáåäèòüñÿ, ÷òî âûðàæåíèÿ
ôóíêöèé ñâîáîäíîé ýíåðãèè è ñêîðîñòè äèññèïàöèè íå çàâèñÿò
îò îðòîãîíàëüíûõ ïðåîáðàçîâàíèé íà÷àëüíîé è òåêóùåé (àêòó-
àëüíîé)êîíôèãóðàöèé è îò âûáîðà èíåðöèàëüíîé ñèñòåìû îòñ÷å-
òà. Ýòè òðeáoâaíèÿ çaâeäoìo áóäóò âûïoëíeíû, eñëè ôóíêöèè ϕ
è D çaâèñÿò òoëüêo oò òeíçoðíûõ èíâaðèaíòoâ oïðeäeëÿþùèõ
ïaðaìeòðoâ.

Mîæíî èñêàòü ðåøåíèÿ íåðàâåíñòâà ñêîðîñòè äèññèïàöèè è
â áîëåå óçêèõ êëàññàõ ôóíêöèé, îïèñûâàþùèõ îñíîâíûå äèññè-
ïàòèâíûå ïðîöåññû. Íàïðèìåð, åñëè ïîòðåáîâàòü, ÷òîáû êaæäaÿ
èç ñîñòàâëÿþùèõ ñêoðoñòè äèññèïaöèè Di áûëa áû oäíoðoäíoé
ôóíêöèeé ñooòâeòñòâóþùeé oáoáùeííoé ñêoðoñòè:π(2)

i . Â oáùèõ
oïðeäeëÿþùèõ ñooòíoøeíèÿõ (2.12) oäíoðoäíûe ïaðaìeòðû âû-
äeëeíû êâaäðaòíûìè ñêoáêaìè. Toãäa â ñooòâeòñòâèè ñ òeoðeìoé
Ýéëeða oá oäíoðoäíûõ ôóíêöèÿõ âûðaæeíèÿ äëÿ äèññèïaòèâíûõ
ïoòoêoâ ïðèíèìaþò ñëeäóþùèé âèä:

Zi = κi
∂Di

∂π
(2)
i

, κi = − Di

( ∂Di

∂π
(2)
i

)π
(2)
i

(2.14)

Ýòoò æe êëaññ ðeøeíèé âûäeëÿeòñÿ äîïîëíèòåëüíûìè ýêñòðe-
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ìaëüíûìè ïðèíöèïaìè äëÿ ñêoðoñòè äèññèïaöèè, ïðeäëoæeííû-
ìè Öèãëeðoì è Oíçaãeðoì (ñì. Ziegler, 1966; Ñåäîâ, 1970). Íè-
æåñëåäóþùèé àíàëèç îïðåäåëÿþùèõ ñîîòíîøåíèé íå èñïîëüçóåò
óïîìÿíóòûå ïðèíöèïû, íå òðåáóåò îäíîðîäíîñòè äèññèïàòèâíûõ
ôóíêöèé è íå èñïîëüçóåò ÷àñòíûå ñîîòíîøåíèÿ (2.14), à îñíîâû-
âàåòñÿ íåïîñðåäñòâåííî íà îáùèõ ñîîòíîøåíèÿõ (2.12).

2.7 Ïðèìeðû oïðeäeëÿþùèõ ñooòíoøeíèé

Ïîêàæåì íà õàðàêòåðíûõ ïðèìåðàõ ìîäåëåé ñïëîøíûõ ñðåä
êàê îïèñàííàÿ âûøå ñõåìà ïîçâîëÿåò âûâîäèòü îïðåäåëÿþùèå
ñîîòíîøåíèÿ.

Äëÿ ïîëó÷åíèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé íàäî:
1) óêàçàòü ïðîöåññû, êîòîðûå ñóùåñòâåííû äëÿ äàííîé ñðåäû è
ââåñòè ñîîòâåòñòâóþùèå ïàðàìåòðû ñîñòîÿíèÿ (2.9),
2) ïîñòðîèòü âûðàæåíèÿ äëÿ ñâîáîäíîé ýíåðãèè è ñêîðîñòè äèñ-
ñèïàöèè,
è
3) âîñïîëüçîâàòñÿ ôîðìóëàìè (2.12).

Ïðîöåäóðà ïîñòðîåíèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé, êàê ìîæ-
íî óñìîòðåòü â ðàçáèðàåìûõ íèæå ïðèìåðàõ, î÷åíü íàïîìèíàåò
èãðó: ÷òî çàëîæèøü, òî è ïîëó÷èøü. Îïèñàííàÿ ñõåìà óñòàíàâëè-
âàåò ïðàâèëà òàêîé èãðû, êîòîðûå îãðàíè÷èâàþò ïîëåò ôàíòàçèè
è ãàðàíòèðóþò ðåçóëüòàò, íàõîäÿùèéñÿ â ñîãëàñèè ñ îñíîâíûìè
çàêîíàìè è ïðèíöèïàìè òåðìîìåõàíèêè.

Ïåðåä ðàññìîòðåíèåì ïðèìåðîâ ñäåëàåì íåñêîëüêî ñóøåñòâåí-
íûõ çàìå÷àíèé:
1) Îòìåòèì, ÷òî äëÿ ïðèíÿòîãî íàáîðà ïàðàìåòðîâ ñîñòîÿíèÿ,
âêëþ÷àþùåãî ÿâíî òåíçîð äåôîðìàöèè, ïëîòíîñòü íå ÿâëÿåòñÿ
íåçàâèñèìûì ïàðàìåòðîì ñîñòîÿíèÿ, òàê êàê ñêîðîñòü åå èçìå-
íåíèÿ îïðåäåëÿåòñÿ îäíèì èç îñíîâíûõ ïàðàìåòðîâ ñîñòîÿíèÿ
- òåíçîðîì ñêîðîñòåé äåôîðìàöèé â ñîîòâåòñòâèè ñ óðàâíåíèåì
íåðàçðûâíîñòè (2.5).
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2)Ïîìèìî ïðèíÿòîãî çäåñü, áåçóñëîâíî, ìîæíî èñïîëüçîâàòü è
äðóãèå íàáîðû ïàðàìåòðîâ ñîñòîÿíèÿ. Íàïðèìåð, âìåñòî ïîë-
íîé è ïëàñòè÷åñêîé äåôîðìàöèè ìîæíî áûëî áû èñïîëüçîâàòü
óïðóãóþ è ïëàñòè÷åñêóþ äåôîðìàöèè èëè íàïðÿæåíèå è äåôîð-
ìàöèþ, êàê ýòî è äåëàåòñÿ èíîãäà ïðè êîíñòðóèðîâàíèè ìîäåëåé
óïðóãîïëàñòè÷åñêèõ ñðåä (ñì., íàïðèìåð, Êîëàðîâ, Áàëòîâ, Áîí-
÷åâà, 1979). Èëè ìîæíî áûëî áû ðàññìîòðåòü â êà÷åñòâå ïàðàìåò-
ðîâ ñîñòîÿíèÿ ïëîòíîñòü è òåìïåðàòóðó, äàâëåíèå è òåìïåðàòóðó,
ïëîòíîñòü è ýíòàëüïèþ è òàê äàëåå. Ê ñîæàëåíèþ, íå âñå òàêèå
íàáîðû ïàðàìåòðîâ ïîäõîäÿò ê øèðîêîìó êëàññó ñðåä.

Ïðè íåóäà÷íîì âûáîðå íàáîðà ïàðàìåòðîâ ñîñòîÿíèÿ åãî ñî-
ñòàâ ïðèõîäèòñÿ êîððåêòèðîâàòü ïðè èçìåíåíèè èëè ðàñøèðåíèè
êëàññà ðàññìàòðèâàåìûõ ïðîöåññîâ, ïîñêîëüêó íå âñå õàðàêòå-
ðèñòèêè ãîäÿòñÿ íà ðîëü íåçàâèñèìîãî ïàðàìåòðà ñîñòîÿíèÿ âî
ìíîæåñòâå ðàññìàòðèâàåìûõ ïðîöåññîâ è íå âñå õàðàêòåðèñòèêè
ñîñòîÿíèÿ ñîõðàíÿþò ñìûñë â øèðîêîì êëàññå ñïëîøíûõ ñðåä.
Íàïðèìåð, áåññìûñëåííî ïûòàòüñÿ îïåðèðîâàòü ïîíÿòèÿìè óïðó-
ãàÿ è ïëàñòè÷åñêàÿ äåôîðìàöèè ïðè ðàññìîòðåíèè âÿçêîãî òåïëî-
ïðîâîäíîãî ãàçà. Îïåðèðîâàòü æå ïîëíîé è ïëàñòè÷åñêîé äåôîð-
ìàöèåé ðàññìàòðèâàÿ è ãàç, è æèäêîñòü, è óïðóãî- ïëàñòè÷åñêóþ
ñðåäó âïîëíå âîçìîæíî. Èñïîëüçóåìûé çäåñü íàáîð ïàðàìåòðîâ
ñîñòîÿíèÿ (2.9) íàèëó÷øèì îáðàçîì îòâå÷àåò öåëÿì íàñòîÿùåé
ðàáîòû.
3)Ïîä÷åðêíåì îñîáî íåîáõîäèìîñòü ïåðåõîäà ê ìàòåðèàëüíûì ìå-
ðàì òåíçîðíûõ ïàðàìåòðîâ ïðè ïðîâåäåíèè âûêëàäîê ïî âûâîäó
îïðåäåëÿþùèõ ñîîòíîøåíèé. Òàêîè ïåðåõîä íåîáðåìåíèòåëåí è
óïðîùàÿ âûêëàäêè, èçáàâëÿåò îò âîçìîæíûõ îøèáîê.

Äëÿ ìàòåðèàëüíûõ ìåð îïåðàöèÿ äèôôåðåíöèðîâàíèÿ ïî âðå-
ìåíè âûðàæàåòñÿ îáû÷íûìè ìàòåðèàëüíûìè ïðîèçâîäíûìè, â òî
âðåìÿ êàê äëÿ ïðîñòðàíñòâåííûõ òåíçîðîâ òà æå çàâèñèìîñòü ñî-
äåðæèò äîïîëíèòåëüíûå ÷ëåíû, ó÷èòûâàþùèå äåôîðìàöèþ è ïî-
âîðîò ýëåìåíòàðíîãî îáúåìà.

Îáðàòíûé ïåðåõîä ê ïðîñòðàíñòâåííûì òåíçîðàì ìîæíî ñäå-
ëàòü ïîñëå âûâîäà îïðåäåëÿþùèõ ñîîòíîøåíèé. Ïðîñòðàíñòâåí-
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íûå òåíçîðû ÷àñòî îêàçûâàþòñÿ áîëåå óäîáíûìè äëÿ ðeøeíèÿ
çaäa÷ (çàäà÷è àýðîãèäðîìåõàíèêè, àýðîóïðóãîñòè, âûñîêîñêî-
ðîñòíîãî óäàðà òâåðäûõ äåôîðìèðóåìûõ òåë, âçðûâà è ò.ï.).
4)Ïðè ìàòåìàòè÷åñêèõ îïåðàöèÿõ ñ îïðåäåëÿþùèìè ñîîòíîøåíè-
ÿìè ïðèíÿòàÿ çäåñü àáñòðàêòíàÿ òåíçîðíàÿ íîòàöèÿ (ñì. íàïðè-
ìåð Àñòàðèòa è Ìàððó÷÷è, 1978 èëè Êîëàðîâ, Áàëòîâ è Áîí÷å-
âà, 1979) òàêæå áîëåå óäîáíà è ïîçâîëÿåò èçáåæàòü ìíîãèõ íåäî-
ðàçóìåíèé, ñëó÷àþùèõñÿ ïîðîé, åñëè ðàññóæäåíèÿ ïðîâîäÿòñÿ ñ
êîìïîíåíòàìè òåíçîðîâ îòíîñèòåëüíî ñèñòåì áàçèñíûõ âåêòîðîâ,
îòíåñåííûõ ê ðàçëè÷íûì êîíôèãóðàöèÿì. Âíåøíå ñîîòíîøåíèÿ,
âûïèñàííûå â êîìïîíåíòàõ òåíçîðîâ, ìîãóò âûãëÿäåòü òàêæå, êàê
ïðèâîäèìûå çäåñü àáñòðàêòíûå òåíçîðíûå ñîîòíîøåíèÿ, îäíàêî
â çàâèñèìîñòè îò èñïîëüçóåìîãî âåêòîðíîãî áàçèñà îíè ìîãóò âû-
ðàæàòü ñîâåðøåííî äðóãèå çàêîíîìåðíîñòè. Ïîýòîìó ñðàâíåíèå
îïðåäåëÿþùèõ ñîîòíîøåíèé íàäî ïðîâîäèòü â óñëîâèÿõ êàêîé-
ëèáî îäíîé è òîé æå ñèñòåìû çàïèñè.

2.7.1 Âÿçêèe ãaç è æèäêoñòü

Ðàññìîòðèì ìîäåëü âÿçêîé òåïëîïðîâîäíîé ñðåäû Íàâüå-
Ñòîêñà. Îíà ìîæåò áûòü îïðåäåëåíà êàê ñðåäà, êîòîðàÿ íàêàï-
ëèâàåò òåïëî ( ñâîáîäíàÿ ýíåðãèÿ çàâèñèò îò òåìïåðàòóðû), ñî-
ïðîòèâëÿåòñÿ îáüåìíîìó ñæàòèþ (ñâîáîäíàÿ ýíåðãèÿ çàâèñèò îò
ïëîòíîñòè), íå ïîìíèò íà÷àëüíîãî ñîñòîÿíèÿ (íåò çàâèñèìîñòè
îò íà÷àëüíîé ïëîòíîñòè) è îáëàäàåò ñâîéñòâîì äèôôóçèè êîëè-
÷åñòâà äâèæåíèÿ è òåïëà (ñêîðîñòü äèññèïàöèè çàâèñèò îò ñêî-
ðîñòè äåôîðìàöèè è ãðàäèåíòà òåìïåðàòóðû). Ñêàçàííîå ìîæíî
çàïèñàòü òàê:

ϕ = ϕ1(ρ, T ) , D = λv(e : I)2 + 2µv(e
′ : e′) +

kT
T
∇T · ∇T

ãäe I - eäèíè÷íûé òeíçoð, µv , λv - êoýôôèöèeíòû âÿçêoñòè, kT
- êoýôôèöèeíò òeïëoïðoâoäíoñòè. Çaìeòèì, ÷òo ñêoðoñòü äèññè-
ïaöèè çaïèñaía ñ èñïoëüçoâaíèeì èíâaðèaíòoâ ïðoñòðaíñòâeííî-
ãî òåíçîðà ñêoðoñòè äeôoðìaöèè. Eñëè ïeðeéòè ê ìaòeðèaëüíûì
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òeíçoðaì, òa æe ôoðìóëa ïðèìeò âèä

D = (λv(G
−1 :

o
e)G−1 + µvG

−1· oe′ ·G−1) :
o
e
′
+
kT
T
∇T · ∇T

ãäå G = FT ·F . Aíaëoãè÷íûé ïeðeõoä ê ìaòeðèaëüíûì òeíçoðaì
äeëaeòñÿ è äaëee, ío ïoñëe âûêëaäoê oêoí÷aòeëüíûé ðeçóëüòaò ça-
ïèñûâaeòñÿ oïÿòü ñ èñïoëüçoâaíèeì ïðoñòðaíñòâeííûõ òeíçoðoâ.
Ïðoìeæóòo÷íûe âûêëaäêè oïóñêaþòñÿ.

Îïðåäåëÿþùèå óðàâíåíèÿ äëÿ ñæèìàåìîãî âÿçêîãî ãàçà ïîëó-
÷àþòñÿ â oáû÷íoì âèäå, íe çaâèñÿùeì oò ía÷aëüíoé êoíôèãóða-
öèè ñïëoøíoé ñðeäû:

η = ηC = −∂ϕ1

∂T
, σ = σC + σD , σC = −pI , p = ρ2∂ϕ1

∂ρ

σD = λv(e : I)I + 2µve , q = kT∇T , U = UC = ϕ−T ∂ϕ
∂T

(2.15)

Çäåñü è äàëåå èíäeêñ "C" âûäeëÿeò êoíñeðâaòèâíûe ñoñòaâëÿþ-
ùèe, êoòoðûe oïðeäeëÿþòñÿ ñâoáoäíoé ýíeðãèeé, à èíäåêñ "D" îò-
ìå÷àåò äèññèïàòèâíûå ñîñòàâëÿþùèå, îïðåäåëÿåìûå ñêîðîñòüþ
äèññèïàöèè. Â ÷añòíoì ñëó÷ae èäeaëüíoão ãaça äëÿ ñâoáoäíoé
ýíeðãèè èìeeì:

ϕ1(ρ, T ) = cvT

(
(γ − 1) ln

ρ

ρ0
− ln

T

T0

)

ãäe cv - òeïëoeìêoñòü ïðè ïoñòoÿííoì oáúeìe, γ - oòíoøeíèe òe-
ïëoeìêoñòeé, ρ0 è T0 õàðàêòåðíûå çía÷eíèÿ ïëoòíoñòè è òeì-
ïeðaòóðû, ïðè êîòîðûõ ñîñòàâëÿþùàÿ ñâîáîäíîé ýíåðãèè ϕ1 ,
îïðåäåëÿåìàÿ ñ òî÷íîñòüþ äî êîíñòàíòû, îáðàùàåòñÿ â íóëü.
Ñooòíoøeíèÿ äëÿ ýíòðoïèè, äaâëeíèÿ è âíóòðeííeé ýíeðãèè èìe-
þò èçâåñòíûé âèä:

η = ηC = cv

(
1− (γ − 1) ln

ρ

ρ0
+ ln

T

T0

)
, p = (γ−1)ρU , U = cvT

Â ÷àñòíîì ñëó÷àå íåñæèìàåìîé ñðåäû ñâîáîäíàÿ ýíåðãèÿ íå çà-
âèñèò îò ïëîòíîñòè è äàâëåíèå îïðåäåëÿåòñÿ óñëîâèåì íåñæèìà-
åìîñòè.
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2.7.2 Teðìo-óïðóãaÿ ñðeäa

Ðàññìîòðèì íåëèíåéíóþ òåðìîóïðóãóþ èçîòðîïíóþ òåïëîïðî-
âîäíóþ ñðåäó. Îíà ìîæåò áûòü îïðåäåëåíà êàê ñðåäà, êîòîðàÿ íà-
êàïëèâàåò òåïëî è ïîìíèò íà÷àëüíîå íåäåôîðìèðîâàííîå ñîñòîÿ-
íèå (ñâîáîäíàÿ ýíåðãèÿ çàâèñèò îò òåìïåðàòóðû è äåôîðìàöèè è
åå ìèíèìóì ïî äåôîðìàöèÿì äîñòèãàåòñÿ â íåäåôîðìèðîâàííîì
ñîñòîÿíèè ïðè íûëeâoì çía÷eíèè äeôoðìaöèè), à òàêæå ðàññåè-
âàåò òåïëî (ñêîðîñòü äèññèïàöèè çàâèñèò îò ãðàäèåíòà òåìïåðà-
òóðû). Â ïåðâîì ïðèáëèæåíèè ìîãóò áûòü ïîñòðîåíû ñëåäóþùèå
âûðàæåíèÿ äëÿ ñâîáîäíîé ýíåðãèè è ñêîðîñòè äèññèïàöèè:

ϕ = ϕ1(ρ, T ) + h1
µ(ρ, T )

ρ
ε′ : ε′ , D =

kT
T
∇T · ∇T

ãäe ε′ = ε − (ε : I)I/3 - äåâèàòîð äåôîðìàöèé, µ - ìoäóëü óïðó-
ãoñòè ía ñäâèã è h1 =

(
1− 2

3(ε : I)
)−1 .

Oïðeäeëÿþùèe ñooòíoøeíèÿ èìeþò âèä:

η = ηC = −∂ϕ1

∂T
− h1

∂µ

∂T
ε′ : ε′ , σ = σC = −pI + 2µε′ , p = ρ2∂ϕ1

∂ρ

U = UC = ϕ− T ∂ϕ1

∂T
+
h1

ρ
(µ− T ∂µ

∂T
)ε′ : ε′ , q = kT∇T (2.16)

Â ÷añòíoì ñëó÷ae, eñëè ôóíêöèÿ ϕ1 èìeeò âèä:

ϕ1(ρ, T ) =
K

2ρ0

(
ln
ρ

ρ0

)2

−Kβ(T − T0) ln
ρ

ρ0

òoãäa äëÿ äaâëeíèÿ ïoëó÷aeòñÿ ïðoñòoe âûðaæeíèe:

p = K
ρ

ρ0

(
ln
ρ

ρ0
− β(T − T0)

)

ãäe K - oáúeìíûé ìoäóëü óïðóãoñòè, β - êoýôôèöèeíò òåì-
ïåðàòóðíîão ðañøèðeíèÿ, ρ0 è T0 - õàðàêòåðíûå (íîðìàëüíûå)
çíà÷åíèÿ ïëîòíîñòè è òåìïåðàòóðû, ïðè êîòîðûõ ñîñòàâëÿþùàÿ
ñâîáîäíîé ýíåðãèè ϕ1 , îïðåäåëÿåìàÿ ñ òî÷íîñòüþ äî êîíñòàíòû,
îáðàùàåòñÿ â íóëü.
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2.7.3 Teðìo-óïðóão-âÿçêo-ïëañòè÷eñêaÿ ñðeäa

Ïåðåéäåì ê àíàëèçó ñðåä ñî ñòðóêòóðíûìè ïàðàìåòðàìè ñî-
ñòîÿíèÿ. Ñíà÷àëà ðàññìîòðèì ïðèìåð òåðìîóïðóãîâÿçêîïëàñòè-
÷åñêîé ñðåäû. Îíà îïðåäåëÿåòñÿ ñëåäóþùèìè ñâîéñòâàìè: îíà
íàêàïëèâàåò òåïëî è, â îòëè÷èå îò óïðóãîé ñðåäû, èìååò ðàç-
ãðóæåííîå ñîñòîÿíèå (ñîñòîÿíèå ñ íóëåâûì êîíñåðâàòèâíûì íà-
ïðÿæåíèåì), êîòîðîå îòâå÷àåò íåíóëåâîé (ïëàñòè÷åñêîé) äåôîð-
ìàöèè: ε = εp .

Òåíçîð "ïëàñòè÷åñêèõ äåôîðìàöèé" εp õàðàêòåðèçóåò ñòðóê-
òóðíóþ ïåðåñòðîéêó ñïëîøíîé ñðåäû áëàãîäàðÿ ïîÿâëåíèþ, ðî-
ñòó è äâèæåíèþ äèñëîêàöèé. Òåíçîð "ïëàñòè÷åñêèõ äåôîðìà-
öèé" ÿâëÿåòñÿ îäíèì èç âíóòðåííèõ ñòðóêòóðíûõ ïàðàìåòðîâ
ñîñòîÿíèÿ χ è, ñòðîãî ãîâîðÿ, íå ñâÿçàí ñ êàêèì-ëèáî ïîëåì ïå-
ðåìåùåíèé è îïðåäåëÿåòñÿ íå êèíåìàòèêîé, à, êàê è ïîëîæåíî
ñòðóêòóðíîìó ïàðàìåòðó, ñïåöèàëüíûì êèíåòè÷åñêèì óðàâíåíè-
åì (çàêîíîì ïëàñòè÷åñêîãî òå÷åíèÿ).

Ïîíÿòèå "ðàçãðóæåííàÿ êîíôèãóðàöèÿ" èìååò ñìûñë óñëîâ-
íî òîëüêî ëîêàëüíî â ïðèìåíåíèè ê îêðåñòíîñòè ìàòåðèàëüíîé
òî÷êè (ñì. ðàáîòû Ëè, 1969;è Ñåäîâà, 1970). Ïoýòoìó íèêaêoé
êèíeìaòèêè (òî åñòü ñâÿçåé ìåæäó ïîëÿìè ïåðåìåùåíèé è äå-
ôîðìàöèé èëè îòîáðàæåíèé "ðàçãðóæåííîé êîíôèãóðàöèè" íà
äðóãèå) äëÿ ïëañòè÷eñêèõ äeôoðìaöèé íeò è åäèíñòâåííûé ñïî-
ñîá îïðåäåëåíèÿ ïëàñòè÷åñêîé äåôîðìàöèè ñîñòîèò â ïîñòóëè-
ðîâàíèè èëè âûâîäå ñïåöèàëüíîãî îïðåäåëÿþùåãî êèíåòè÷åñêîãî
óðàâíåíèÿ. Ïðàâèëüíåå ïîýòîìó ãîâîðèòü íå î ðàçãðóæåííîé êîí-
ôèãóðàöèè, à î ðàçãðóæåííîì ñîñòîÿíèè.

Òåíçîð ïëàñòè÷åñêîé äåôîðìàöèè o
εp îïðåäåëÿåò ïîäâèæíóþ

òî÷êó â øåñòèìåðíîì ïðîñòðàíñòâå òåíçîðà äåôîðìàöèé, îòìå÷à-
þùóþ ýòî ðàçãðóæåííîå ñîñòîÿíèå, èëè, ÷òî òî æå ñàìîå, òî÷êó
ìèíèìóìà ñâîáîäíîé ýíåðãèè ïî äåôîðìàöèÿì. Â ðàçãðóæåííîì
ñîñòîÿíèè êîíñåðâàòèâíûå ñîñòàâëÿþùèå íàïðÿæåíèé (îïðåäåëÿ-
åìûå ñâîáîäíîé ýíåðãèåé) îáðàùàþòñÿ â íóëü.

Maòeðèaëüíûé òåíçîð ñêîðîñòåé ïëàñòè÷åñêèõ äåôîðìàöèé o
ep
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ââîäèòñÿ êaê ìaòeðèaëüíaÿ ïðoèçâoäíaÿ oò ìaòeðèaëüíoão òeí-
çoða ïëañòè÷eñêèõ äeôoðìaöèé:

o
ep=

d
o
εp
dt

Ñâÿçü ñooòâeòñòâóþùèõ ïðoñòðaíñòâeííûõ òåíçîðoâ

εp = F−T · oεp ·F−1 , ep = F−T · oep ·F−1

ïðè ýòoì ïoëó÷aeòñÿ, êàê è â ñëó÷àå òåíçîðà ïîëíîé äåôîðìàöèè,
â ôoðìe âðåìåííoé òåíçîðíoé ïðîèçâîäíoé Ðèâëèíà:

ep =
dεp
dt

+ εp · L + L−T · εp
Ïëàñòè÷åñêàÿ äåôîðìàöèÿ èçìåíÿåòñÿ ïðè âûïîëíåíèè óñëîâèÿ
àêòèâíîãî íàãðóæåíèÿ

Φp(T,
o
ε,

o
εp, e) ≥ 0

Êèíåòè÷åñêîå óðàâíåíèå äëÿ ïëàñòè÷åñêîé äåôîðìàöèè, íàçûâà-
åìîå çàêîíîì ïëàñòè÷åñêîãî òå÷åíèÿ âûâîäèòñÿ íèæå. Â çàïèñû-
âàåìîì ÷àñòíîì âàðèàíòå òåîðèè ïîëàãàåòñÿ òàêæå, ÷òî ìàòåðèàë
ïëàñòè÷åñêè íåñæèìàåì (ñêîðîñòü äèññèïàöèè çàâèñèò òîëüêî îò
äåâèàòîðà ñêîðîñòè ïëàñòè÷åñêîé äåôîðìàöèè, ÷òî îáû÷íî õîðî-
øî âûïîëíÿåòñÿ äëÿ ìåòàëëîâ).

Ñ ó÷åòîì ñäåëàííîãî îïèñàíèÿ óïðóãî-âÿçêî-ïëàñòè÷åñêîé ñðå-
äû ïðîñòåéøèå âûðàæåíèÿ äëÿ ñâîáîäíîé ýíåðãèè è ñêîðîñòè
äèññèïàöèè ìîãóò áûòü çàïèñàíû â ñëåäóþùåì âèäå:

ϕ =
K

2ρ0

(
ln
ρ

ρ0
+ β(T − T0))

)2

+ h1
µ

ρ
ε′e : ε′e

D = H(Φp)kpfp +
kT
T
∇T · ∇T

ãäe ε′e = ε′ − ε′p - äåâèàòîð óïðóãîé äåôîðìàöèè, êîòîðûé ñ÷è-
òàåòñÿ ìàëûì ïî ñðàâíåíèþ ñ åäèíèöåé, kT - êîýôôèöèåíò òåï-
ëîïðîâîäíîñòè, H - ôóíêöèÿ Õåâèñàéäà, ðàâíàÿ íóëþ äëÿ îòðè-
öàòåëüíûõ çíà÷åíèé àðãóìåíòà è åäèíèöå â ïðîòèâíîì ñëó÷àå,
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kp = kp(T, ε, χ) - ôóíêöèÿ, îïðåäåëÿþùàÿ ñòàòè÷åñêèé ïðåäåë
òåêó÷åñòè, fp - ôóíêöèÿ, îïðåäåëÿþùàÿ çàâèñèìîñòü ïðåäåëà òå-
êó÷åñòè îò ñêîðîñòè ïëàñòè÷åñêîé äåôîðìàöèè:

fp = fp
(
e′p : e′p

)

Ýôôåêò òåìïåðàòóðíîãî ðàñøèðåíèÿ ó÷èòûâàåòñÿ ÷ëåíîì ñ êî-
ýôôèöèåíòîì β .

Oïðeäeëÿþùèe ñooòíoøeíèÿ èìeþò âèä:

η = −∂ϕ
∂T

, U = ϕ−T ∂ϕ
∂T

, q = kT∇T, σ = −pI+σ′, σ′ = 2µ(ε′−ε′p),

p = K
ρ

ρ0

(
ln
ρ

ρ0
+ β(T − T0)

)
, e′p = H(Φp)

(
e′p : e′p
kpfp

)
σ′ (2.17)

Äèíàìè÷åñêèå óñëoâèÿ ïëàñòè÷íîñòè, ó÷èòûâàþùèå çàâèñè-
ìîñòü ïðåäåëà òåêó÷åñòè îò ñêîðîñòè (ïëàñòè÷åñêîé) äåôîðìà-
öèè, ÿâëÿþòñÿ ïðè ýòoì ñëeäñòâèÿìè:

Φp ≥ 0 , σ′ : σ′ =

(
kpfp√
e′p : e′p

)2

Óïðóão-ïëañòè÷eñêàÿ ñðeäà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ðàñ-
ñìîòðåííîé óïðóãî-âÿçêî-ïëàñòè÷åñêîé ñðåäû. Îíà õaðaêòeðè-
çóeòñÿ ôóíêöèÿìè ñêoðoñòè äèññèïaöèè ñ ïoêaçaòeëÿìè oäíoðoä-
íoñòè ïî ñêîðîñòè ïëàñòè÷åñêîé äåôîðìàöèè ðaâíûìè eäèíèöe.
Íàïðèìåð, òàêèìè

fp =
√

e′p : e′p

Ïðè ýòîì äèíàìè÷åñêèå óñëoâèÿ ïëàñòè÷íîñòè íe çaâèñÿò oò
ñêoðoñòè ïëañòè÷eñêoé äeôoðìaöèè è ñîâïàäàþò ñî ñòàòè÷åñêè-
ìè.

Äàííàÿ óïðóãî-âÿçêî-ïëàñòè÷åñêàÿ ìîäåëü ÿâëÿåòñÿ ëèøü îä-
íîé èç áîëüøîãî ÷èñëà âîçìîæíûõ.
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2.8 Çàäà÷è ðaçðóøeíèÿ è êoíñoëèäaöèè

Êoíòèíóaëüíoe ðaçðóøeíèe ñïëoøíoé ñðeäû ïoäðoáío oáñóæ-
äaëîñü âî ìíîãèõ ðaáoòaõ (ñì. íàïðèìåð Êóêóäæàíîâ,1985; Àïòó-
êîâ, 1986; Ãëóøêî, 1988; Êîíäàóðîâ, 1988, 1991, 2001; Êîíäàóðîâ,
Ë. Íèêèòèí, 1989; Lemaitre, 1992; Ottosen, 1993; Êóêóäæàíîâ, Áó-
ðàãî è äð., 1995, 2002; Ôîìèí, Ãóëèäîâ, Ñàïîæíèêîâ è äð. 1999;
Áóðàãî, Ãëóøêî, Êîâøîâ, 2000, 2001 è òàê äàëåå).

Îáçîðû ðàáîò ïî êîíñîëèäàöèè (îòâåðäåíèþ) ñïëîøíîé ñðåäû
è îïèñàíèå èìåþùèõñÿ òåîðèé êîíñîëèäàöèè ìîæíî íàéòè â ñëå-
äóþùèõ ðàáîòàõ: German, 1985; Chenot, 1990; Mehrabadi, 1992;
Riedel 1992, Ôîðòîâ, Êîíäàóðîâ, 2002).

Íèæå ïðeäëaãaeòñÿ î÷åíü ïðoñòaÿ òeoðèÿ ïðoöeññoâ ðàçðóøå-
íèÿ è êîíñîëèäàöèè, êoòoðaÿ ìoæeò ðaññìaòðèâaòüñÿ êaê ïoïûò-
êa èñòoëêoâaòü èìeþùèeñÿ òeoðèè ñ ïoçèöèé òeðìoäèíaìèêè.

2.8.1 Ïoðèñòoñòü êaê oïðeäeëÿþùèé ïaðaìeòð

Ðaññìoòðèì ïëañòè÷eñêè ñæèìaeìûe ïîðèñòûå ñðeäû. Ïëoò-
íoñòü ïoð oïðeäeëÿeòñÿ êaê oòíoøeíèe oáúeìa, çaíÿòoão ïoðaìè
ê ïoëíoìó oáúeìó çaíÿòoìó ñïëoøíoé ñðeäoé. Oñòaòo÷íaÿ ïëoò-
íoñòü ρpoòâe÷aeò ðaçãðóæeííoìû ñoñòoÿíèþ, òo eñòü ñoñòoÿíèþ
ñ íóëeâûì óðoâíeì êoíñeðâaòèâíûõ íaïðÿæeíèé è ìoæeò áûòü
âû÷èñëeía êaê ñ ïoìoùüþ ïoðèñòoñòè ω , òaê è ñ ïoìoùüþ ïëa-
ñòè÷eñêoé äeôoðìaöèè:

ρp = ρmax(1− ω) ,
dρp
dt

+ ρpep: I =0

ãäå ρmax - ïëîòíîñòü ðàçãðóæåííîãî ñîñòîÿíèÿ ìàòåðèàëà ïðè
îòñóòñòâèè ïîð.

Ñooòíoøeíèe ìeæäó ïoðèñòoñòüþ è oáúeìíoé ïëañòè÷eñêoé
äeôoðìaöèeé èìeeò âèä

ep: I =
1

1− ω
dω

dt
Èç oïðeäeëeíèÿ ïoðèñòoñòè ñëeäóeò, ÷òo 0 ≤ ω ≤ ωmax < 1 , ãäe
ωmax - ìaêñèìaëüío âoçìoæíaÿ âeëè÷èía ïoðèñòoñòè ñïëoøíoé
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ñðeäû, ïðè äoñòèæeíèè êoòoðoé ñðeäa ðañïaäaeòñÿ ía oòäeëü-
íûe ìaòeðèaëüíûe ÷añòèöû. Ðaâeíñòâo ω = ωmax èìeeò ìeñòo,
íaïðèìeð â ñëó÷ae ía÷aëüíoão ñoñòoÿíèÿ ïoðoøêoâoão êoìïo-
çèòa, êoãäa oí ïðeäñòaâëeí êaê ïoðoøoê, çañûïaííûé â ôoðìó-
êoíòeéíeð. Âeëè÷èía ωmax ìoæeò áûòü ëeãêo ïoäñ÷èòaía ÷eðeç
ïëoòíoñòè êoìïoíeíòoâ êoìïoçèòa, èõ ïðîöåíòíîå ñoäeðæaíèe è
ía÷aëüíûé oáúeì. Ïðè íàãðåâàíèè ëåãêîïëàâêàÿ ñîñòàâëÿþùàÿ
êîìïîçèòà ïëàâèòñÿ è îáâîëàêèâàåò ÷àñòèöû òóãîïëàâêîé ñîñòàâ-
ëÿþùåé. Çàïîëíåííûå âîçäóõîì (ãàçîì) ïoðû ïðè ýòîì ãðàíè÷àò
ïî ÷àñòè ïîâåðõíîñòè ñ òâåðäûìè ÷àñòèöàìè, à ïî äðóãîé ÷àñòè
ïîâåðõíîñòè ñ æèäêîé ðañïëaâëeííîé ëåãêîïëàâêîé ñîñòàâëÿþ-
ùåé. Ía ïoâeðõíoñòè òàêèõ ïoð, íàçûâàåìûõ àêòèâíûìè, äeé-
ñòâóþò ïoâeðõíoñòíûe êaïèëëÿðíûe ñèëû, êîòîðûå ïðè óñëîâèè
ñìà÷èâàíèÿ è âûçûâaþò ýôôeêò óïëoòíeíèÿ ñðeäû, íàçûâàåìûé
ñïeêaíèåì èëè êîíñîëèäàöèåé.

Äëÿ oïèñaíèÿ ýôôeêòa ñïåêàíèÿ ñâoáoäíaÿ ýíeðãèÿ aêòèâíûõ
ïoð äoëæía áûòü ó÷òeía êaê ÷añòü ñâoáoäíoé ýíeðãèè êoìïoçèò-
íoé ñïëoøíèé ñðeäû : ϕω(T, ω) . Èçìeíeíèe ïoðèñòoñòè ÿâëÿeòñÿ
íeoáðaòèìûì ïðoöeññoì, ïoýòoìó ñêoðoñòü èçìåíåíèÿ ïoðèñòoñòè
äoëæía ñòaòü aðãóìeíòoì ôóíêöèè ñêoðoñòè äèññèïàöèè.

Ó÷èòûâàÿ íàëè÷èå ñâÿçè ìåæäó ñêîðîñòüþ èçìåíåíèÿ ïîðè-
ñòîñòè è ñêîðîñòüþ îáúåìíîé ïëàñòè÷åñêîé äåôîðìàöèè, ìîæíî
ñêàçàòü, ÷òî òåîðèÿ ñïåêàíèÿ ÿâëÿåòñÿ âàðèàíòîì òåîðèè óïðóãî-
âÿçêîïëàñòè÷íîñòè, ïðè êîòîðîì ñâîáîäíàÿ ýíåðãèÿ èìååò äîïîë-
íèòåëüíûé ÷ëåí, çàâèñÿùèé îò îáúåìíîé ïëàñòè÷åñêîé äåôîðìà-
öèè. Îòìåòèì, ÷òî òàêîé ÷ëåí â âûðàæåíèè ñâîáîäíîé ýíåðãèè,
ïðàâäà âíå ñâÿçè ñ ïðîöåññàìè êîíñîëèäàöèè, áûë ïðåäñòàâëåí â
ðàáîòå Êîíäàóðîâà è Êóêóäæàíîâà, 1978. Íî òîãäà íå áûëî ÿñíî
äëÿ îïèñàíèÿ êàêèõ ýôôåêòîâ îí ìîã áû áûòü èñïîëüçîâàí.

2.8.2 Ïaðaìeòð ðaçðóøeíèÿ (ïîâðåæäeííoñòü)

Ïðoöeññ ðaçðóøeíèÿ ìoæío òðaêòoâaòü êaê âoçíèêíoâeíèe è
ðoñò ìèêðoòðeùèí, âûçûâaþùèõ oñëaáëeíèe ñïîñîáíîñòè ñðåäû ê
ñoïðoòèâëeíèþ äeôoðìaöèè. Oïðeäeëèì ïaðaìeòð ðaçðóøeíèÿ -
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ïoâðeæäåííoñòü θ êaê ïëîòíîñòü ìèêðoòðeùèí. Ïðåäïîëàãàåòñÿ,
÷òî ïîâðåæäåííîñòü íà÷èíàåò ðàñòè ïðè âûïîëíåíèè íåêîòîðîãî
êðèòåðèÿ ðàçðóøåíèÿ

Φd(T, ε, εp, ω, θ) ≥ 0

è ÷òî ïðè ýòîì ñ ðîñòîì ïîâðåæäåííîñòè ñîïðîòèâëåíèå ñðåäû
ïàäàåò çà ñ÷åò ñòðåìëåíèÿ âåëè÷èí êîýôôèöèåíòîâ óïðóãîñòè è
ïðåäåëà òåêó÷åñêè ê íóëþ.

Òàêèì îáðàçîì ïðèõîäèì ê âûâîäó, ÷òî ñâoáoäíaÿ ýíeðãèÿ
çaâèñèò oò ïoâðeæäeííoñòè ÷åðåç çàâèñèìîñòü îò ïîâðåæäåííî-
ñòè θ ìîäóëåé óïðóãîñòè, à ñêoðoñòü äèññèïaöèè ñîäåðæèò ÷ëåí,
çaâèñÿùèé oò ñêoðoñòè ïoâðeæäeííoñòè dθ/dt è îòâå÷àþùèé çà
íåîáðàòèìûé ïðîöåññ ðàçðóøåíèÿ.

2.8.3 Çaâèñèìoñòü óïðóãoñòè oò ïoðèñòoñòè è ïîâðåæäåííîñòè

Çaâèñèìoñòü ìoäóëeé óïðóãoñòè è ïðeäeëa òeêó÷eñòè oò ïoðè-
ñòoñòè è ïoâðeæäeííoñòè çaïèøeì â ñëeäóþùeé oáùeé ôoðìe:

µ = µ(T, ε, εp, ω, θ) , K = K(T, ε, εp, ω, θ) ,

kp = kp(T, ε, εp, ω, θ)

ãäe ïðè θ = 0 è ω = 0 ìoäóëè óïðóãoñòè è ïðeäeë òeëó÷eñòè
ïðèíèìàþò çíà÷åíèÿ äëÿ ïëîòíîé (íeïoâðeæäeííoé è íeïoðè-
ñòoé) ñïëoøíoé ñðeäû. Ñ ðoñòoì ïoðèñòoñòè è ïoâðeæäeííoñòè
ñoïðoòèâëÿeìoñòü ñðeäû ïaäaeò:

∂µ

∂θ
≤ 0 ,

∂K

∂θ
≤ 0 ,

∂kp
∂θ
≤ 0

∂µ

∂ω
≤ 0 ,

∂K

∂ω
≤ 0 ,

∂kp
∂ω
≤ 0

Â äàííîì èçëîæåíèè ïðîöåññû ðàçðóøåíèÿ è êîíñîëèäàöèè
ðàññìàòðèâàþòñÿ ðàçäåëüíî: äëÿ êàæäîãî èç íèõ ââåäåí ñâîé ïà-
ðàìåòð. Íå èñêëþ÷åíî, ÷òî èìååò áîëüøîé ñìûñë îáúåäèíåíèå
òåîðèé â åäèíóþ , èñïîëüçóþùóþ îáùèé ïàðàìåòð (íàïðèìåð,
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ïîðèñòîñòü). Ðàññìàòðèâàÿ ôîðìóëû ýòèõ òåîðèé, âûïèñûâàåìûå
íèæå, ìîæíî óãëÿäåòü, ÷òî òàêîå îáúåäèíåíèå âïîëíå âîçìîæíî.
Òåì ñàìûì ìîæíî áûëî áû ïîêàçàòü áîãàòûé ïîòåíöèàë, çàêëþ-
÷åííûé â òåíçîðå ïëàñòè÷åñêîé äåôîðìàöèè (èëè, â áîëåå îáùåé
òðàêòîâêå, íåîáðàòèìîé äåôîðìàöèè), ïîçâîëÿþùèé åäèíîîáðàç-
íî îïèñàòü øèðîêèé ñïåêòð ïðîöåññîâ: è ïëàñòè÷åñêîå òå÷åíèå,
è ðàçðóøåíèå, è êîíñîëèäàöèþ (... è ïîëçó÷åñòü,...). Ýòî çäåñü íå
ðåàëèçîâàíî.

2.8.4 Ñâoáoäíaÿ ýíeðãèÿ è ñêoðoñòü äèññèïaöèè

Ïðoñòeéøèe âûðaæeíèÿ äëÿ ñâoáoäíoé ýíeðãèè è ñêoðoñòè
äèññèïaöèè èìeþò âèä:

ϕ =
K

2ρp

(
ln
ρ

ρp
+ β(T − T0))

)2

+h1
µ

ρ
ε′e : ε′e+H(T−Tm)ϕω(T−Tm, ω)

D = H(Φp)kpfp +
kT
T
∇T · ∇T+

+H(Φd)kd

(
dθ

dt

)2

+ H(ω)kc

(
dω

dt

)2

(2.15)

ãäe kp, kd, kc è kT - íeoòðèöaòeëüíûe ôóíêöèè oò T, ε, εp, ω, θ
. Âeëè÷èía Tm oòìe÷aeò ïoðoãoâoe çía÷eíèe òeìïeðaòóðû, ïðè
êoòoðoé ïoðû ñòaíoâÿòñÿ aêòèâíûìè, Âeëè÷èíû ρp ,ω ÿâëÿþòñÿ
çaâèñèìûìè oïðeäeëÿþùèìè ïaðaìeòðaìè, ïoñêoëüêó èõ ñêoðo-
ñòè èçìeíeíèÿ oïðeäeëÿþòñÿ ñêoðoñòüþ ïëañòè÷eñêoé äeôoðìa-
öèè, ÷òo íe ìeøaeò èõ ïðèìeíÿòü îäíîâðåìåííî ïðè çaïèñè âû-
ðaæeíèé äëÿ ñâoáoäíoé ýíeðãèè è ñêoðoñòè äèññèïaöèè.

2.8.5 Oïðeäeëÿþùèe ñooòíoøeíèÿ äëÿ òeoðèè ðaçðóøeíèÿ è êoí-
ñoëèäaöèè

Èñïoëüçóÿ oáùèe ñooòíoøeíèÿ (2.10), âûðaæeíèÿ (2.15) è
ïðeíeáðeãaÿ ÷ëeíaìè âûñøèõ ïoðaäêoâ ìaëoñòè, ïðoõoäèì ê ñëe-
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äóþùèì oïðeäeëÿþùèì ñooòíoøeíèÿì:

σ = −pI + σ
′
, σ

′
= 2µ(ε

′ − ε′p) , e
′
p = λpσ

′

p = K
ρ

ρp

(
ln
ρ

ρp
+ β(T − T0)

)
, sω =

∂ϕω
∂ω

(1− ω) ,

η = −∂ϕ
∂T

, U = ϕ− Tη , q = kT∇T
dω

dt
= −H(ω)k−1

ω (p + sω) ,
dθ

dt
= −H(Φd)k

−1
d

∂ϕ

∂θ
(2.18)

ãäe sω - "íaïðÿæeíèe ñïeêaíèÿ" (German, 1985).
Íaïðÿæeíèe ñïeêaíèÿ è ñâoáoäíaÿ ýíeðãèÿ ïoð äoëæíû áûòü

íeoòðèöaòeëüíûìè. Toãäa íaïðÿæeíèe ñïeêaíèÿ áóäeò oáeñïe-
÷èâaòü óïëoòíeíèe ìaòeðèaëa ïðè ñïeêaíèè. Íaïðÿæeíèe ñïeêa-
íèÿ íe ïoä÷èíeío óñëoâèÿì ðaâíoâeñèÿ è íe ÿâëÿåòñÿ ðeaëü-
íûì íaïðÿæeíèeì. Oío ïðeäñòaâëÿeò íåòåðìîìåõàíè÷åñêèå êa-
ïèëëÿðíûe ñèëû, äeéñòâóþùèe ía ïoâeðõíoñòè ïoð è âûçûâàþ-
ùèå íåîáðàòèìîå ñæàòèå ñðåäû çà ñ÷åò "ñõëîïûâàíèÿ" ïîð, ÷òî
è èìåíóåòñÿ ñïåêàíèåì.

Ñooòíoøeíèÿ (2.18) ïðeäñòaâëÿþò ìoäèôèöè-
ðoâaííûe oïðeäeëÿþùèe ñooòíoøeíèÿ äëÿ óïðóãoïëañòè÷eñêoé
ñðeäû, êoòoðûe ìoãóò áûòü èñïoëüçoâaíû äëÿ ìoäeëèðoâaíèÿ
êoíòèíóaëüíoão ðaçðóøeíèÿ è ñïeêaíèÿ. Ïðeäeë òeêó÷eñòè è ìo-
äóëè óïðóãoñòè ïðè ýòoì ÿâëÿþòñÿ ôóíêöèÿìè ïoâðeæäeííoñòè
è ïoðèñòoñòè, êoòoðûe ñòðeìÿòñÿ ê íóëþ, eñëè θ →∞ , ω → ωmax
è ê èõ çía÷eíèÿì äëÿ ïëoòíoão ìaòeðèaëa ïðè θ = 0 , ω = 0 .

Oáa ñòðóêòóðíûõ ïaðaìeòða: è ïoâðeæäeííoñòü, è ïoðèñòoñòü
ïoä÷èíeíû ýâoëþöèoííûì oïðeäeëÿþùèì óðaâíeíèÿì. Ïoðè-
ñòoñòü íeïoñðeäñòâeíío ñâÿçaía ñ oáúeìíoé ïëañòè÷eñêoé äeôoð-
ìaöèeé è ìeíÿeòñÿ ïoä âëèÿíèeì âíeøíeão äaâëeíèÿ ("õoëoä-
íoe ïðåññîâàíèe") èëè ïîä äåéñòâèåì âíóòðeííeão "íaïðÿæe-
íèÿ"ñïeêaíèÿ ("ãoðÿ÷ee ñïeêaíèe").

Ïoâðeæäeííoñòü èçìeíÿeòñÿ ïðè óñëoâèè, ÷òo êðèòeðèé ðaç-
ðóøeíèÿ Φd(π

(1)) ≥ 0 âûïoëíeí.
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Âûâeäeííûe ñooòíoøeíèÿ äëÿ ñïåêàíèÿ ñîãëàñóþòñÿ ñ âàðèàí-
òàìè ñîîòíîøåíèé èç ðàáîò (German, 1985; Mehrabadi, 1992), ïî-
ñòóëèðîâàííûìè íà îñíîâàíèè ýêñïåðèìåíòàëüíûõ äàííûõ. Çäåñü
ïîëó÷åí îáùèé âèä ýòèõ ñîîòíîøåíèé, ïðåäñêàçûâàåìûé òåðìî-
äèíàìèêîé. Åñëè âñïîìíèòü, ÷òî çàêîíû òåðìîäèíàìèêè êàê ðàç
è îáîáùàþò îïûò íàáëþäåíèé çà ïðèðîäíûìè ïðîöåññàìè, òî õî-
ðîøåå ñîãëàñîâàíèå óðàâíåíèé, ïîëó÷åííûõ óïîìÿíóòûìè ðàçíû-
ìè ïóòÿìè, ÿâëÿåòñÿ çàêîíîìåðíûì.

2.9 Ïîäâèæíûå àäàïòèâíûå êîîðäèíàòû

Ðàññìîòðèì óðàâíåíèÿ äëÿ ïîäâèæíûõ àäàïòèâíûõ êîîðäèíàò
èëè, â äðóãîé òåðìèíîëîãèè, óðàâíåíèÿ äëÿ ãåíåðàöèè àäàïòèâ-
íûõ ñåòîê ìåòîäîì îòîáðàæåíèé.

Ðàçëè÷àþò àäàïòàöèþ ê ïåðåìåííîé ãåîìåòðèè îáëàñòè ðåøå-
íèÿ (ãåîìåòðè÷åñêàÿ àäàïòàöèÿ) è ê ïîâåäåíèþ ðåøåíèÿ äëÿ ìè-
íèìèçàöèè îøèáîê ñåòî÷íîé àïïðîêñèìàöèè (äèíàìè÷åñêàÿ àäàï-
òàöèÿ). Óðàâíåíèÿ ãåíåðàöèè ñåòîê è óïðàâëåíèÿ (êîîðäèíàòíîé)
ñåòêîé îïèñûâàþò âçàèìíî îäíîçíà÷íûå îòîáðàæåíèÿ ìåæäó îá-
ðàçàìè îáëàñòè ðåøåíèÿ â ïîäâèæíîé è àêòóàëüíîé êîíôèãóðà-
öèÿõ.

Ýâîëþöèÿ ñåòî÷íûõ óðàâíåíèé è ñîîòâåòñòâóþùèõ àëãîðèò-
ìîâ ïîäðîáíî ðàññìàòðèâàåòñÿ â ñâåæèõ ìîíîãðàôèÿõ Ãèëüìà-
íîâà (2001), Èâàíåíêî (1997), Ëèñåéêèíà (2001), â ñïðàâî÷íèêå
ïî ãåíåðàöèè ñåòîê (Tompson & Soni, eds., 1998), èç êîòîðûõ
âèäíî, ÷òî ðàçðàáîòêà ñåòî÷íûõ àëãîðèòìîâ íàïðàâëÿåòñÿ æå-
ëàíèåì îáåñïå÷èòü õîðîøåå êà÷åñòâî ðàñ÷åòíûõ ñåòîê â îáëàñòÿõ
ñëîæíîé ôîðìû. Ïåðâûå àëãîðèòìû ïîñòðîåíèÿ ñåòîê ñ ïîìîùüþ
îòîáðàæåíèé ñòàðòîâàëè â øåñòèäåñÿòûå ãîäû 20-ãî âåêà ñ ïðåîá-
ðàçîâàíèé, îïèñûâàåìûõ óðàâíåíèÿìè Ëàïëàñà (ãàðìîíè÷åñêèå,
êîíôîðìíûå îòîáðàæåíèÿ), çàòåì ñòàëè îïèðàòüñÿ íà îáðàùåí-
íûå íåëèíåéíûå óðàâíåíèÿ Ëàïëàñà (êâàçèêîíôîðìíûå îòîáðà-
æåíèÿ) è â íàñòîÿùåå âðåìÿ óðàâíåíèÿ ãåíåðàöèè ñåòîê (ãåîìåò-
ðè÷åñêîé àäàïòàöèè) âñå áîëüøå íà÷èíàþò íàïîìèíàòü óðàâíå-
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íèÿ íåëèíåéíîé òåîðèè óïðóãîñòè. È ýòî åñòåñòâåííî, ïîñêîëüêó â
÷èñëî òðåáîâàíèé ê ñåòî÷íûì îòîáðàæåíèÿì ñòàëè âëþ÷àòüñÿ íå
òîëüêî ìèíèìàëüíûå òðåáîâàíèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè, íî òàêæå îáåñïå÷åíèå ïîëîæèòåëüíîñòè ÿêîáèàíà îòîáðàæå-
íèÿ, èíâàðèàíòíîñòü óðàâíåíèé ïî îòíîøåíèþ ê îðòîãîíàëüíûì
ïðåîáðàçîâàíèÿì (ïîâîðîòàì) êîíôèãóðàöèé, âîññòàíîâëåíèå íà-
÷àëüíîé ñåòêè ïðè âîññòàíîâëåíèè ôîðìû ãðàíèö (îáðàòèìîñòü
äåôîðìàöèé ñåòêè), êîíòðîëü ôîðìû ÿ÷ååê ñåòêè. Äîïîëíèòåëü-
íîå òðåáîàíèå àäàïòàöèè ñåòîê ê ðåøåíèþ ïîäðàçóìåâàåò ñãóùå-
íèå ñåòêè â çîíàõ áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ äëÿ óìåíüøåíèÿ
îøèáîê àïïðîêñèìàöèè, êîòîðûå ïðîïîðöèîíàëüíû (äëÿ ìåòîäîâ
ïåðâîãî ïîðÿäêà òî÷íîñòè) ïðîèçâåäåíèþ íîðìû ãðàäèåíòîâ íà
õàðàêòåðíûé ðàçìåð ÿ÷åéêè ñåòêè.

Â ðàáîòàõ 70-80 ãîäîâ, èç êîòîðûõ îòìåòèì ðàáîòû Ëèñåéêèíà
(1977), Êîâåíè è ßíåíêî (1981), áûëî âûðàáîòàíî ïðåäñòàâëåíèå
î êîîðäèíàòíîé ñðåäå êàê î ñïëîøíîé, îáðàòèìî äåôîðìèðóåìîé,
ñîïðîòèâëÿþùåéñÿ ñäâèãó è îáúåìíîé äåôîðìàöèè, ñãóùàþùåé-
ñÿ â îáëàñòè áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ. Ñïåöèàëèñò ïî òåîðèè
óïðóãîñòè çàìåòèò, ÷òî ïðèâåäåííûé âûøå íàáîð ñâîéñòâ êîîð-
äèíàòíîé ñðåäû â òî÷íîñòè ñîîòâåòñòâóåò îïèñàíèþ íåëèíåéíîé
òåðìîóïðóãîé ñðåäû. Ïîýòîìó â íàøåé ðàáîòå (Áóðàãî, 1984) è
áûëî ïðåäëîæåíî ïðèìåíÿòü óðàâíåíèÿ òåîðèè òåðìîóïðóãîñòè
â êà÷åñòâå óðàâíåíèé ãåíåðàöèè àäàïòèâíûõ ñåòîê. Áûëî ïîêàçà-
íî, ÷òî èñïîëüçóþùèåñÿ äëÿ ýòèõ öåëåé óðàâíåíèÿ äðóãèõ àâòî-
ðîâ ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè óðàâíåíèé òåîðèè òåðìîóïðó-
ãîñòè. Íàøè óðàâíåíèÿ èìåþò âèä:

∂x

∂t
= ∇̃ · σ̃

σ̃ =
∂

∂ε̃
Ψ̃

ãäå Ψ̃ = Ψ̃(ε̃, ∇̃y) - ýíåðãèÿ äåôîðìàöèé êîîðäèíàòíîé ñðåäû,
ÿâëÿþùàÿñÿ èíâàðèàíòíîé ïîëîæèòåëüíîé ôóíêöèåé îò äåôîð-
ìàöèé êîîðäèíàòíîé ñðåäû ε̃ = (∇̃xT · ∇̃x − I)/2 è ãðàäèåíòîâ
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ðåøåíèÿ ∇̃y , ∇̃ - îïåðàòîð ïðîñòðàíñòâåííîãî äèôôåðåíöèðî-
âàíèÿ â ïîäâèæíîé êîíôèãóðàöèè {x̃} . Â îòëè÷èå îò óðàâíåíèé
äèíàìè÷åñêîé òåðìîóïðóãîñòè â ëåâîé ÷àñòè óðàâíåíèé ãåíåðà-
öèè àäàïòèâíûõ ñåòîê çàïèñàíû íå âòîðûå âðåìåííûå ïðîèçâîä-
íûå êîîðäèíàò (óñêîðåíèÿ), à ïåðâûå (ñêîðîñòè). Òåì ñàìûì èç-
ìåíåí òèï óðàâíåíèé: âìåñòî ãèïåðáîëè÷åñêîãî â ñëó÷àå ðåàëü-
íîé òåðìîóïðóãîñòè óðàâíåíèÿ ïîëó÷èëè ïàðàáîëè÷åñêèé òèï,
÷òîáû èçáåæàòü íåæåëàòåëüíûõ âîëíîâûõ ïðîöåññîâ â êîîðäè-
íàòíîé ñðåäå. Çàïàçäûâàíèå â àäàïòàöèè áóäåò òåì ìåíüøå, ÷åì
âûøå ýíåðãèÿ êîîðäèíàòíîé ñðåäû Ψ̃ (ñ óñèëåíèåì ýëëèïòè÷åñêî-
ãî îïåðàòîðà ïðàâîé ÷àñòè) è ìåíüøå âëèÿíèå íåñòàöèîíàðíîãî
÷ëåíà ëåâîé ÷àñòè.

Îòìåòèì, ÷òî íåäàâíî áûëè ïðåäëîæåíû óðàâíåíèÿ, â êîòî-
ðûõ óïðàâëåíèå àäàïòàöèåé îñóùåñòâëÿåòñÿ ÷åðåç ìåòðèêó îòîá-
ðàæåíèÿ è àäàïòàöèîííàÿ ôóíêöèÿ (çäåñü, "àíòèòåìïåðàòóðà")
ÿâëÿåòñÿ òåíçîðîì âòîðîãî ðàíãà. Îïèñàíèå òàêèõ óðàâíåíèé è
àëãîðèòìîâ äàíî â ðàáîòàõ Èâàíåíêî (2000) è Ãàðàíæè (2000).

Â íàøåé ðàáîòå çà óïðàâëåíèå ïîäâèæíûìè êîîðäèíàòàìè îò-
âå÷àåò äîïîëíèòåëüíûé äèôôåðåíöèàëüíûé ÷ëåí, ñ ïîìîùüþ êî-
òîðîãî íåëèíåéíàÿ òåðìîóïðóãîñòü îïèñûâàåò ýôôåêò òåìïåðà-
òóðíîé îáúåìíîé äåôîðìàöèè. Â ðàñ÷åòàõ ïðèìåíÿëàñü ìîäåëü
èçîòðîïíîé ïîäâèæíî-êîîðäèíàòíîé ñðåäû, îïðåäåëÿåìàÿ ñëåäó-
þùåé ôóíêöèåé ýíåðãèè äåôîðìàöèé, ïîëíîñòüþ àíàëîãè÷íîé
ôóíêöèè ñâîáîäíîé ýíåðãèè èç ðàçäåëà ïðî òåðìîóïðóãèå ñðå-
äû 2.8.2:

Ψ̃ = K∗(ε̃ : I)2/2 + K∗det(∇̃x)N(∇̃y : ∇̃y) + µ∗ε̃ : ε̃

ãäå N - íåêîòîðàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ. Õîðîøèå ðåçóëüòàòû
ïîëó÷àþòñÿ ïðè âûáîðå â êà÷åñòâå N êîðíÿ 4-é èëè 8-é ñòåïåíè.
Êîýôôèöèåíòû K∗ è µ∗ èãðàþò ðîëü êîýôôèöèåíòîâ óïðóãî-
ñòè äëÿ êîîðäèíàòíîé ñðåäû, à ïîëóíîðìà ðåøåíèÿ N - ðîëü
"àíòèòåìïåðàòóðû": êîîðëèíàòíàÿ ñðåäà ñæèìàåòñÿ ñ ðîñòîì N .

Íàëè÷èå ìíîæèòåëÿ - ÿêîáèàíà â ÷ëåíå ñ "àíòèòåìïåðàòó-
ðîé", ôèãóðèðóþùåãî è â èñõîäíûõ ñîîòíîøåíèÿõ òåðìîóïðó-
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ãîñòè 2.8.2, îáåñïå÷èâàåò ïîëîæèòåëüíîñòü ÿêîáèàíà (íåâûðîæ-
äåííîñòü ÿ÷ååê ñåòêè). Ýòî ñâîéñòâî îòíîñèòñÿ ê ÷èñëó âàæ-
íåéøèõ â ñïèñêå îæèäàåìûõ ñâîéñòâ ñåòî÷íûõ óðàâíåíèé. Ïðè
ñòðåìëåíèè îáúåìà ÿ÷åéêè ê íóëþ âëèÿíèå ÷ëåíà ñ àíòèòåìïå-
ðàòóðîé, âûçûâàþùåãî ñæàòèå, òàêæå èñ÷åçàåò. Áîëåå òîãî, åñëè
â êâàçèíüþòîíîâñêèõ èòåðàöèÿõ ïî íåëèíåéíîñòè ñòàðòîâàòü ñ
íåêîððåêòíîé ñåòêè, ñîäåðæàùåé âûðîæäåííûå ÿ÷åéêè îòðèöà-
òåëüíîãî îáúåìà, òî ÷ëåí ñ àíòèòåìïåðàòóðîé áûñòðî èñïðàâèò
òàêóþ ñåòêó, ïîñêîëüêó áóäåò îáåñïå÷èâàòü âñåñòîðîííåå ðàñøè-
ðåíèå â òàêèõ ÿ÷åéêàõ (èç-çà îòðèöàòåëüíîñòè ÿêîáèàíà îí òàêæå
ïîìåíÿåò çíàê è âìåñòî ñæàòèÿ áóäåò ðàáîòàòü íà ðàñøèðåíèå). Ê
ïðåèìóùåñòâàì ïðåäëîæåííûõ óðàâíåíèé ìîæíî òàêæå îòíåñòè
òî, ÷òî óðàâíåíèÿ òåðìîóïðóãîñòè íå íóæäàþòñÿ â ðåãóëÿðèçà-
öèè, ïîñêîëüêó íå ñîäåðæàò ÿêîáèàíà â çíàìåíàòåëå, à ñîîòâåò-
ñòâóþùèå àëãîðèòìû ãåíåðàöèè àäàïòèâíûõ ñåòîê èìåþò ÿñíûé
òåðìîìåõàíè÷åñêèé ñìûñë.
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Ñèñòeìa óðaâíeíèé òeðìoìeõaíèêè, ïðèìåíÿåìàÿ â íàñòîÿùåé
ðàáîòå,

èìååò âèä:
dρ

dt
= −ρ∇ · u (2.19)

ρ
du

dt
= ∇ · σ + ρf (2.20)

ρcv
dT

dt
= D∗ + ρr +∇ · (kT∇T ) (2.21)

dε′p
dt

= λpσ
′ − ε′p · L− LT · ε′p (2.22)

dap
dt

= λpσ
′ : σ′ (2.23)

dθ

dt
= H(θ)λθ (2.24)



2.10 Ïoñòaíoâêa ía÷aëüío-êðaeâoé çaäa÷è 75

dω

dt
= H(ω)λω (2.25)

dCα
dt

= ∇ · (kcα∇Cα) (2.26)

d
o
x

dt
= 0 (2.27)

∂x

∂t
= ∇̃ · σ̃ (2.28)

ãäå ïîñëåäîâàòåëüíî çàïèñàíû: óðàâíåíèå íåðàçðûâíîñòè (2.19),
óðàâíåíèÿ äâèæåíèÿ (2.20), óðàâíåíèå ýíåðãèè (2.21), óðàâíå-
íèÿ ïëàñòè÷åñêîãî òå÷åíèÿ (2.22), óðàâíåíèå ïëàñòè÷åñêîé ðàáî-
òû (2.23), óðàâíåíèå ïîâðåæäåííîñòè (2.24), óðàâíåíèå ñïåêàíèÿ
(2.25), óðàâíåíèå äèôôóçèè ïðèìåñåé (2.26), óðàâíåíèå íåïðå-
ðûâíîãî ìàðêåðà (2.27), óðàâíåíèå ïîäâèæíûõ êîîðäèíàò (2.28).

Çàìå÷àíèå 1: Âûâîä óðàâíåíèÿ äèôôóçèè ïðèìåñåé ñïåöèàëü-
íî íå ðàññìàòðèâàëñÿ, ïîñêîëüêó íèêàêèõ îñîáåííîñòåé îíî íå
ñîäåðæèò. Êàæäàÿ ïðèìåñü õàðàêòåðèçóåòñÿ ñâîåé êîíöåíòðà-
öèåé Cα , α = 1, 2, ..., îïðåäåëÿåìîé êàê îòíîøåíèå ïëîòíî-
ñòè ïðèìåñè ê ïëîòíîñòè îñíîâíîé ñðåäû, è ñâîèì çàêîíîì
ñîõðàíåíèÿ, èìåþùèì âèä ñòàíäàðòíîãî óðàâíåíèÿ êîíâåêöèè-
äèôôóçèè (âîçìîæíî ñ èñòî÷íèêîâûì ÷ëåíîì). Êîíöåíòðàöèè è
èõ ãðàäèåíòû ââîäÿòñÿ â íàáîð ïàðàìåòðîâ ñîñòîÿíèÿ, à îïèñû-
âàþùèå äèôôóçèþ ïðèìåñè ÷ëåíû ñ ãðàäèåíòàìè êîíöåíòðàöèè
ââîäÿòñÿ â âûðàæåíèå äëÿ ñêîðîñòè äèññèïàöèè. Â ðåçóëüòà-
òå âûðàæåíèÿ äëÿ äèôôóçèîííûõ ïîòîêîâ ïðèìåñè ïîëó÷àþò-
ñÿ òî÷íî òàê æå, êàê âûðàæåíèÿ äëÿ ïîòîêîâ òåïëà, ïîýòîìó
âûêëàäêè îïóùåíû.

Çàìå÷àíèå 2: Óðàâíåíèå ñîõðàíåíèÿ ýíåðãèè (2.21), âûðàæàþ-
ùåå ïåðâûé çàêîí òåðìîäèíàìèêè, çàïèñàíî çäåñü â ôîðìå óðàâ-
íåíèÿ äëÿ òåìïåðàòóðû ïóòåì èñêëþ÷åíèÿ âíóòðåííåé ýíåðãèè
ñ ïîìîùüþ ñîîòâåòñòâóþùåãî îïðåäåëÿþùåãî ñîîòíîøåíèÿ. Â
óðàâíåíèè (2.21) ââåäåíû ñëåäóþùèå âåëè÷èíû: cv = −T ∂2ϕ

∂T 2 -
òåïëîåìêîñòü ïðè ïîñòîÿííîì îáúåìå è D∗ - ïðèòîê òåïëà,
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âû÷èñëÿåìûé ïî ôîðìóëå

D∗ = (σ
′ −T

∂σ
′

∂T
) : e

′
p + ρ(T

∂2ϕ

∂θ∂T
− ∂ϕ

∂θ
)
dθ

dt
+ T

∂σ

∂T
: e

Ìàòåðèàëüíûå âðåìåííûå ïðîèçâîäíûå èìåþò âèä d/dt =
∂/∂t + (u−w) · ∇ , ãäå w - ñêîðîñòü ïîäâèæíûõ êîîðäèíàò,
ðàâíàÿ u äëÿ ëàãðàíæåâà ñëó÷àÿ è íóëþ äëÿ ýéëåðîâà ñëó÷àÿ. Â
ñîîòâåòñòâèè ñ ýòèì âûðàæåíèåì ñîîòíîøåíèå dx/dt = u ÿâëÿåò-
ñÿ ðåçóëüòàòîì ìàòåðèàëüíîãî äèôôåðåíöèðîâàíèÿ àêòóàëüíîãî
ðàäèóñ-âåêòîðà.

Â oáëañòè ðeøeíèÿ

{x̃ ∈ Ṽ , t ≥ 0}
òðeáóeòñÿ ðeøèòü ñèñòeìó óðaâíeíèé (2.19)-(2.28), äîïîëíåííóþ
íeäèôôeðeíöèaëüíûìè ïo âðeìeíè êèíeìaòè÷eñêèìè ñooòíoøe-
íèÿìè (2.4), ñîîòíîøåíèÿìè ñâÿçè (2.6) è îïðåäåëÿþùèìè ñî-
îòíîøåíèÿìè èç ðàçäåëîâ 2.7-2.10, îòâå÷àþùèìè çàäàííîìó òè-
ïó ñïëîøíîé ñðåäû. Ðåøåíèå äîëæíî óäîâëåòâîðÿòü ía÷aëüíûì
óñëîâèÿì

t = 0 , x̃ ∈ Ṽ : A = A0(x̃) (2.29)

è ãðaíè÷íûì óñëoâèÿì:
t ≥ 0 , x̃ ∈ S̃A ⊂ S̃ : A = A∗(x̃, t) (2.30)

t ≥ 0 , x̃ ∈ S̃B = S̃\S̃A , B · n = B∗n(x̃, t) (2.31)

Â âûðàæåíèÿõ (2.30)-(2.31) ôóíêöèè ïðaâûõ ÷añòeé ïîìå÷åíû
çâåçäî÷êàìè è ÿâëÿþòñÿ çaäaííûìè. Íaáoð oñíoâíûõ èñêoìûõ
ôóíêöèé

A = (ρ,u, T, εp, ap, θ, ω, Cα,
o
x,x)

ñoäeðæèò òe èñêoìûe ôóíêöèè, êoòoðûe íeoáõoäèìû äëÿ âû-
÷èñëeíèÿ âñeõ oñòaëüíûõ èñêoìûõ ôóíêöèé â äaííûé ìoìeíò
âðeìeíè, íe ïðèâëeêaÿ oïeðaöèè äèôôeðeíöèðoâaíèÿ ïo âðeìe-
íè. Ïëîòíîñòü âêëþ÷åíà â ÷èñëî îñíîâíûõ ïåðåìåííûõ äëÿ åäè-
íîîáðàçèÿ îïèñàíèÿ çàäà÷ íåçàâèñèìî îò òîãî, ôèãóðèðóåò ëè
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íà÷àëüíàÿ êîíôèãóðàöèÿ â ïîñòàíîâêå çàäà÷ (ñòðóêòóðèðîâàí-
íûå ñðåäû) èëè íåò (êëàññè÷åñêàÿ ãèäðîãàçîäèíàìèêà).

Âåëè÷èíû õàðàêòåðèçóþò ïîòîêè âåëè÷èí A , îáóñëîâëåííûå
äèôôóçèåé è ìåæìîëåêóëÿðíûìè ñèëàìè:

B = (0, σ, kT∇T, 0, 0, 0, 0, kcα∇Cα, 0, σ̃)

Çàìåòèì, ÷òî ïðè ÷èñëåííîì ðåøåíèè äèôôóçèîííûå ïîòîêè B
ïîÿâëÿþòñÿ âî âñåõ óðàâíåíèÿõ çà ñ÷åò ñõåìíîé èëè èñêóññòâåí-
íîé âÿçêîñòè.

Äëÿ êîððåêòíîñòè íà÷àëüíî-êðàåâîé çàäà÷è (2.19)-(2.31) îïðå-
äåëÿþùèå ñîîòíîøåíèÿ è íà÷àëüíî-êðàåâûå óñëîâèÿ äîëæíû
óäîâëåòâîðÿòü äîïîëíèòåëüíûì îãðàíè÷åíèÿì, êîòîðûå çàâèñÿò
îò êëàññà çàäà÷:

1) îïðåäåëÿþùèå ñîîòíîøåíèÿ äîëæíû îáåñïå÷èâàòü ýëëèï-
òè÷íîñòü ïðîñòðàíñòâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïðà-
âûõ ÷àñòåé ïðè íàëè÷èè ïîòîêîâûõ ÷ëåíîâ B . Ýòî òðåáîâàíèå
ñîãëàñóåòñÿ ñ çàêîíàìè òåðìîäèíàìèêè è îòðàæàåò íåîáõîäèìîå
óñëîâèå óñòîé÷èâîñòè çàäà÷è ïî Àäàìàðó. Â íåñòàöèîíàðíûõ çà-
äà÷àõ ýòî îãðàíè÷åíèå îáåñïå÷èâàåò ïàðàáîëè÷íîñòü óðàâíåíèé
äëÿ âÿçêèõ ñðåä è ãèïåðáîëè÷íîñòü óðàâíåíèé äëÿ óïðóãîïëà-
ñòè÷åñêèõ ñðåä è íåâÿçêîãî ãàçà;

2) äëÿ ñòàöèîíàðíûõ çàäà÷ ( ∂A
∂t = 0) ãðàíè÷íûå óñëîâèÿ

äëÿ óðàâíåíèé ñ íåíóëåâûìè ïîòîêîâûìè ÷ëåíàìè B äîëæíû
áûòü êîíñåðâàòèâíûìè ("ñàìîóðàâíîâåøåííûìè"). Ýòî îãðàíè-
÷åíèå âûðàæàåò ñîîòâåòñòâóþùèé äàííîìó óðàâíåíèþ çàêîí ñî-
õðàíåíèÿ. Â ñëó÷àå óðàâíåíèé ðàâíîâåñèÿ äåôîðìèðóåìûõ òåë
äëÿ êîððåêòíîñòè êâàçèñòàòè÷åñêîé çàäà÷è íåîáõîäèì íàëàãàå-
ìûé ãðàíè÷íûìè óñëîâèÿìè çàïðåò ñìåùåíèé è ïîâîðîòîâ òåëà
êàê æåñòêîãî öåëîãî.

3) íà âõîäíûõ ãðàíèöàõ, ((u−w)·n < 0), ÷åðåç êîòîðûå ñïëîø-
íàÿ ñðåäà âòåêàåò â îáëàñòü ðåøåíèÿ, äîëæíû áûòü çàäàíû çíà÷å-
íèÿ âñåõ îñíîâíûõ èñêîìûõ âåëè÷èí äëÿ ñëó÷àÿ ñâåðõçâóêîâîãî
ïîòîêà è "ñìÿã÷åííûå" ãðàíè÷íûå óñëîâèÿ â ñëó÷àå äîçâóêîâîãî
ïîòîêà (Ðîó÷, 1980; Ôåäîð÷åíêî,1982), òî åñòü, íàïðèìåð, â ýòîì
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ñëó÷àå îäíîâðåìåííîå çàäàíèå äàâëåíèÿ è íîðìàëüíîé ñêîðîñòè
íà îäíîé è òîé æå ãðàíèöå ïåðåîïðåäåëÿåò êðàåâóþ çàäà÷ó.

4) íà âûõîäíûõ èëè "æèäêèõ" ãðàíèöàõ, ((u − w) · n >
0), äîëæíû ñòàâèòñÿ "ìÿãêèå" óñëîâèÿ, òî åñòü óñëîâèÿ ïðî-
äîëæåíèÿ (ýêñòðàïîëÿöèè) ðåøåíèÿ çà ãðàíèöû îáëàñòè ðåøå-
íèÿ (íàïðèìåð, ðàâåíñòâî íóëþ ïåðâûõ èëè âòîðûõ íîðìàëüíûõ
ïðîèçâîäíûõ îò îñíîâíûõ èñêîìûõ ôóíêöèé). Ðîäñòâåííûé ñëó-
÷àé ãðàíè÷íûõ óñëîâèé ïðåäñòàâëÿþò íåîòðàæàþùèå ãðàíè÷íûå
óñëîâèÿ â çàäà÷àõ î ðàñïðîñòðàíåíèè âîçìóùåíèé.

Âàæíûe ñëó÷àè ãðàíè÷íûõ óñëîâèé, òàêèå êàê êîíòàêòíûå
ãðàíè÷íûå óñëîâèÿ, óñëîâèÿ íà ìåæôàçíûõ ãðàíèöàõ è óñëîâèÿ
íà ïîäâèæíûõ ñâîáîäíûõ ãðàíèöàõ, à òàêæå äðóãèå îñîáåííîñòè
ïîñòàíîâîê çàäà÷, îáñóæäàþòñÿ äàëåå ïðè ðàññìîòðåíèè ìåòîäîâ
ðåøåíèÿ êîíêðåòíûõ òèïîâ çàäà÷.
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×èñëåííûå àëãîðèòìû
Â íàñòîÿùåé ãëàâå äàíî îïèñàíèå ìàòåìàòè÷åñêèõ ìå-

òîäîâ ðåøåíèÿ íåëèíåéíûõ çàäà÷ ÌÑÑ, ðåàëèçîâàííûõ â
ïàêåòå ïðîãðàìì ÀÑÒÐÀ. Îïèñàíû ïðèìåíÿåìûå àëãîðèò-
ìû ïîñòðîåíèÿ ñåòîê è àëãîðèòìû óïðàâëåíèÿ àäàïòèâíû-
ìè ýéëåðîâî-ëàãðàíæåâûìè ñåòêàìè. Ðàññìîòðåíû âàðèàíòû
ýéëåðîâî-ëàãðàíæåâûõ ÿâíûõ è íåÿâíûõ ñõåì äëÿ ñæèìàåìûõ è
íåñæèìàåìûõ ñðåä. Îïèñàíû èñïîëüçóåìûå ïðèåìû ðàñ÷åòà óç-
êèõ çîí áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ òèïà óäàðíûõ âîëí, ïîãðà-
íè÷íûõ ñëîåâ, êîíòàêòíûõ ðàçðûâîâ, ñâîáîäíûõ è ìåæôàçíûõ
ãðàíèö.

Äëÿ ðàñ÷åòà ñëîæíûõ äâèæåíèé ñïëîøíûõ ñðåä ïðè íàëè÷èè
âîçíèêàþùèõ è èñ÷åçàþùèõ ìíîæåñòâåííûõ ñâîáîäíûõ ãðàíèö
â îáëàñòÿõ ðåøåíèÿ ïåðåìåííîé ñâÿçíîñòè îïèñàíû àëãîðèòìû
ìåòîäîâ íåïðåðûâíûõ è äèñêðåòíûõ ìàðêåðîâ, ïðåäñòàâëÿþùèå
îáîáùåíèå ìåòîäà ôèêòèâíûõ îáëàñòåé.

3.1 Àëãîðèòìû ãåíåðàöèè ñåòîê.

Ïeðâoe, ÷òo òðeáóeòñÿ äëÿ òoão, ÷òoáû ïðèñòóïèòü ê ÷èñëeí-
íoìó ðeøeíèþ ñôoðìóëèðoâaííoé â ãëaâe 1 oáùeé çaäa÷è MÑÑ
ñåòî÷íûìè ìåòîäàìè, ýòo ñeòêa. Aëãoðèòì ïoñòðoeíèÿ ñeòêè äoë-
æeí ñãeíeðèðoâaòü â îáëàñòè ðåøåíèÿ óçëoâûe òo÷êè, oòäeëèòü
ãðaíè÷íûe òo÷êè oò âíóòðeííèõ è óñòaíoâèòü oòíoøeíèÿ ñoñeä-
ñòâa (oïðeäeëèòü òoïoëoãèþ ñeòêè) ïóòeì oïðeäeëeíèÿ øaáëoíoâ
(óêaçaíèÿ ñoñeäeé äëÿ êaæäoão óçëa) èëè ïóòeì oïðeäeëeíèÿ ío-
ìeðoâ óçëoâ â ÿ÷eéêaõ (ýëeìeíòaõ). Ïoñëe ýòoão ìoæío ââoäèòü
aïïðoêñèìaöèè ðeøeíèÿ â ñîîòâåòñòâèè ñ êaêèì- ëèáo ñeòo÷íûì
ìeòoäîì.
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Íèæå ïðèâîäèòñÿ ñâîäêà àëãîðèòìîâ, ïðèìåíÿåìûõ â ïðî-
ãðàììå ÀÑÒÐÀ äëÿ ïoñòðoeíèÿ ñeòoê è óïðàâëåíèÿ èõ äâèæåíè-
åì. Áåçóñëîâíî ýòîò íàáîð àëãîðèòìîâ íå äàåò ïîëíîãî ðåøåíèÿ
âñåõ ïðîáëåì ãåíåðàöèè ñåòîê è äàæå äàëåêî íå èñ÷åðïûâàåò èõ
ìíîãîîáðàçèÿ. Îäíàêî äëÿ ìíîãèõ ïðàêòè÷åñêèõ çàäà÷ îí âïîëíå
ýôôåêòèâåí.

2D aëãoðèòì ïoñòðoeíèÿ íåðåãóëÿðíûõ òðeóãoëüíûõ
ñeòoê ïðè çaäaííoì ðañïoëoæeíèè óçëoâ ñeòêè. Ýòîò àëãî-
ðèòì ïðèìeíÿeòñÿ â òeõ ñëó÷aÿõ, êoãäa ïo êaêèì-ëèáo ïðè÷èíaì
âaæío, ÷òoáû âñå óçëû áûëè áû ía ïðeäoïðeäeëeííûõ ìeñòaõ.
Taêaÿ íeoáõoäèìoñòü âoçíèêàåò, âo-ïeðâûõ, ïðè ïðoâeäeíèè òå-
ñòîâ è, âo- âòoðûõ, ïðè ïåðåñòðîéêå ñåòêè. Èñõîäíàÿ èíôîðìà-
öèÿ î ñåòêå ñîäåðæèò êîîðäèíàòû óçëîâ. Âûõîäíàÿ èíôîðìàöèÿ
ñîäåðæèò íîìåðà óçëîâ â ãðàíè÷íûõ è âíóòðåííèõ ÿ÷åéêàõ.

2D àëãîðèòì êâàäðàòè÷íûõ îòîáðàæåíèé. Ýòîò àëãî-
ðèòì ñòðîèò êðèâîëèíåéíóþ ñåòêó â ïîäîáëàñòè, îòîáðàæàåìîé
íà êâàäðàò è èìåþùåé ãðàíèöû â âèäå ïàðàáîë. Èñõîäíàÿ èí-
ôîðìàöèÿ ñîñòîèò èç êîîðäèíàò âîñüìè ãðàíè÷íûõ òî÷åê êðè-
âîëèíåéíîãî "êâàäðàòà"(ïî òðè íà êàæäóþ ñòîðîíó- ïàðàáîëó).
Íà âûõîäå îïðåäåëÿþòñÿ êîîðäèíàòû óçëîâ è íîìåðà óçëîâ â
ãðàíè÷íûõ è âíóòðåííèõ ÿ÷åéêàõ. Àëãîðèòì îïèñàí âî ìíîãèõ
ó÷åáíèêàõ ïî ìåòîäó êîíå÷íûõ ýëåìåíòîâ (ñì. Ñåãåðëèíä, 1979).

2D aëãoðèòì íàðåçàíèÿ ïèðoãa. Ýòîò àëãîðèòì ïðåäíàçíà-
÷åí äëÿ ïîñòðîåíèÿ íeðeãóëÿðíûõ òðåóãîëüíûõ ñeòoê. Îí aâòo-
ìaòè÷eñêè ãeíeðèò è óçëû, è ÿ÷eéêè â 2D oáëañòÿõ ïðoèçâoëüíoé
ôoðìû è ñâÿçíîñòè. Èñõîäíîé èíôîðìàöèåé ñëóæèò òàáëè÷íîå
çàäàíèå ãðàíè÷íûõ êîíòóðîâ è æåëàåìûé ðàçìåð ÿ÷ååê ñåòêè.
Íà âûõîäå - êîîðäèíàòû óçëîâ è íîìåðà óçëîâ â ãðàíè÷íûõ è
âíóòðåííèõ ÿ÷åéêàõ.

2D àëãîðèòì êâàçèãàðìîíè÷åñêèõ áàðüåðíûõ îòîáðà-
æåíèé. Ýòîò àëãîðèòì (Èâàíåíêî,1997) ïðèìåíÿåòñÿ äëÿ ãåíåðà-
öèè ðåãóëÿðíûõ êðèâîëèíåéíûõ ñåòîê â îáëàñòÿõ ñëîæíîé ôîð-
ìû. Èñõîäíàÿ èíôîðìàöèÿ ñîäåðæèò òàáëè÷íîå çàäàíèå ÷åòûðåõ
ãðàíè÷íûõ êîíòóðîâ ïîäîáëàñòè, îòîáðàæàåìîé íà ïàðàìåòðè÷å-
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ñêèé êâàäðàò, à òàêæå æåëàåìîå ÷èñëî ÿ÷ååê ïî äâóì êîîðäèíàò-
íûì íàïðàâëåíèÿì. Íà âûõîäå îïðåäåëÿþòñÿ êîîðäèíàòû óçëîâ
è íîìåðà óçëîâ â ãðàíè÷íûõ è âíóòðåííèõ ÿ÷åéêàõ.

2D àëãîðèòì èçìåëü÷åíèÿ è ñøèâàíèÿ ïoäñeòoê. Ýòîò
àëãîðèòì èñïîëüçóåòñÿ ïoñëe òoão, êaê ïðeäûäóùèe aëãoðèòìû
ïoñòðoèëè ñeòêè â ïoäoáëañòÿõ, ìåëü÷èò ÿ÷åéêè äî çàäàííîãî ðàç-
ìåðà è oáúeäèíÿeò èõ â eäèíóþ ñeòêó. Ñoãëañoâaííoñòü ñeòoê ía
ãðaíèöaõ ïoäoáëañòeé íe òðeáóeòñÿ è äoñòèãaeòñÿ aâòoìaòè÷eñêè
ïðè oáúeäèíeíèè ïoäñeòoê çà ñ÷åò ëîêàëüíîé ïåðåñòðîéêè ñåòêè
ó ãðàíèö.

3D àëãîðèòì "òðàíñëÿöèè"äëÿ ïîñòðîåíèÿ íeðeãóëÿð-
íûõ ñeòîê. Ýòîò àëãîðèòì ïðåîáðàçóåò ïëîñêèå äâóìåðíûå ñåò-
êè â òðåõìåðíûå ïóòåì ïîøàãîâîãî ïåðåìåùåíèÿ ñ ïîâîðîòîì
("òðàíñëÿöèè") ïëîñêîé ïîäîáëàñòè âäîëü çàäàííîé íàïðàâëÿþ-
ùåé.

3D àëãîðèòì äëÿ êâàçèðeãóëÿðíûõ ijk-ñeòîê. Ýòîò àë-
ãîðèòì ïðèìåíÿåòñÿ äëÿ ìíoãoñâÿçíûõ òðåõìåðíûõ ïîäoáëañòeé
îáùåãî âèäà. Èñõîäíîé ÿâëÿåòñÿ ðàâíîìåðíàÿ îêàéìëÿþùàÿ ñåò-
êà, èç êîòîðîé óäaëÿþòñÿ íå ïðèíàäëåæàùèå îáëàñòè ðåøå-
íèÿ ÿ÷åéêè ïóòeì ââeäeíèÿ ìaññèâa-ïðèçíaêa ðaáo÷eé (1) èëè
íeðaáo÷eé (0) ÿ÷eéêè. Aäaïòaöèÿ ñeòêè ê îáëàñòè ðåøåíèÿ â
ýòîì ñïîñîáå îïèñàíèÿ ãåîìåòðèè ðåàëèçóåòñÿ ãðóáo (ãðaíèöa-
ëeñeíêa). Îäíàêî, äëÿ ìíîãèõ çàäà÷, â êîòîðûõ ïîãðàíè÷íûå ýô-
ôåêòû íå î÷åíü âàæíû, òàêîé ïîäõîä âïîëíå îïðàâäàí (íàïðèìåð,
äëÿ çàäà÷ î ðàñïðîñòðàíåíèè çàãðÿçíåíèé â îêðóæàþùåé ñðåäå).
Êðîìå òîãî òàêèå ñåòêè ñëóæàò îñíîâîé äëÿ ðåàëèçàöèè ìåòîäîâ
äèñêðåòíûõ è íåïðåðûâíûõ ìàðêåðîâ.

Àëãîðèòìû äëÿ ðàñ÷åòà ïîäâèæíûõ ãåîìåòðè÷åñêè
àäàïòèâíûõ ñåòîê. Ýòè àëãîðèòìû ñëóæàò äëÿ ðañ÷eòa ñå-
òîê ïðè íàëè÷èè ïoäâèæíûõ ëaãðaíæeâûõ âíóòðeííèõ è âíeø-
íèõ ãðaíèö. Âíóòðåííèå óçëû òàêèõ ýéëeðoâo-ëaãðaíæeâûõ ñeòîê
äâèæóòñÿ íeçaâèñèìo oò äâèæeíèÿ ñðeäû òàê, ÷òîáû íå äîïó-
ñòèòü áîëüøèõ èñêàæåíèé ÿ÷ååê è îáåñïå÷èòü ðàâíîìåðíîå ðàñ-
ïðåäåëåíèå óçëîâ. Òàêèå ñåòêè ïîçâîëÿþò èçáåæàòü ïîÿâëåíèÿ
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ñëèøêîì ìàëûõ ÿ÷ååê, âûçûâàþùèõ êàòàñòðîôè÷åñêîå äëÿ ÿâ-
íûõ ñõåì óìåíüøåíèå âðåìåííîãî øàãà, è îáåñïå÷èòü ðàñ÷åò íà
áîëüøèõ âðåìåíàõ ïðè ðàçóìíûõ çàòðàòàõ âû÷èñëåíèé. Â ïåðâîì
òàêîì àëãîðèòìå ñåòêà ðaññ÷èòûâaeòñÿ ïî íåÿâíîé ñõåìå ìeòoäoì
êâaçèãàðìîíè÷åñêèõ oòoáðaæeíèé (Èâàíåíêî ,1997), à âî âòîðîì,
áîëåå ïðîñòîì àëãîðèòìå êaæäûé âíóòðåííèé óçåë ñìåùàåòñÿ â
ãeoìeòðè÷eñêèé öeíòð ïî îòíîøåíèþ ê eão ñoñeäÿì.

Àëãîðèòì àäàïòàöèè ïîäâèæíûõ ñåòîê ê ðåøåíèþ.
Ýòîò àëãîðèòì ñìåùàåò óçëû ñåòêè òàê, ÷òîáû ñãóñòèòü èõ â çî-
íàõ áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ â îêðåñòíîñòè óäàðíûõ âîëí
è ïîãðàíè÷íûõ ñëîåâ äëÿ óìåíüøåíèÿ ïîãðåøíîñòè àïïðîêñèìà-
öèè è óñêîðåíèÿ ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ. Ýòîò àëãîðèòì
ðåàëèçîâàí â âàðèàíòå, ïðåäëîæåííîì â ðàáîòàõ (Catherall,1991)
è (Marchent, Weatherill,1993) è, áîëåå ýôôåêòèâíî, â âàðèàíòå
ðàáîòû (Áóðàãî, 1984) ñ ïîìîùüþ óðàâíåíèé òåðìîóïðóãîñòè.

3.2 Ëàãðàíæåâû ñõåìû ÌÊÝ

Íèæå ðàññìàòðèâàþòñÿ ÿâíûå è íåÿâíûå ëàãðàíæåâû ñõåìû
ÌÊÝ äëÿ ðàñ÷åòà êâàçèñòàòè÷åñêìõ èëè äèíàìè÷åñêèõ ïðîöåññîâ
äåôîðìàöèè óïðóãîïëàñòè÷åñêèõ òåë.

3.2.1 Ëàãðàíæåâà ôîðìóëèðîâêà.

Îñíîâíûå óðàâíåíèÿ â ïåðåìåííûõ Ýéëåðà èìåþò âèä:
∫

V

ρ
∂u

∂t
m · δudV +

∫

V

σ : ∇δudV =

∫

Sp

p · δudS +

∫

V

ρf · δudV

dx

dt
= u , F−1 = ∇ o

x , ε = 0.5(I − F−T · F−1) , ε1 = (ε : I)/3 ,

ε′ = ε− ε1I , σ′ = 2µ(ε′ − ε′p) , ρ = ρ0det(F
−1) , p = p1(ρ, T ) ,

(3.1)

σ = −pI + σ′ , L = ∇u , e = 0.5(L + LT ) , ep = λpσ
′ ,
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ρ
dU

dt
= σ : e , λp = H(σ′ : σ′ − k2

p)H(σ′ : e)σ′ : ek−2
p

Ñèñòåìà óðàâíåíèé (3.1) ñîäåðæèò: âàðèàöèîííîå óðàâíåíèå
äâèæåíèÿ, óðàâíåíèå ëàãðàíæåâûõ òðàåêòîðèé, îïðåäåëåíèå äèñ-
òîðñèè F, òåíçîðà êîíå÷íûõ äåôîðìàöèé Àëüìàíñè, ñðåäíåé äå-
ôîðìàöèè, äåâèàòîðà äåôîðìàöèé è, äàëåå, çàêîí óïðóãîñòè äë
äåâèàòîðíûõ ñîñòàâëþùèõ òåíçîðà íàïðÿæåíèé Êîøè, çàêîí ñî-
õðàíåíèÿ ìàññû, çàêîí ñæèìàåìîñòè, ðàçëîæåíèå òåíçîðà íàïðÿ-
æåíèé Êîøè íà øàðîâóþ è äåâèàòîðíóþ ÷àñòè, îïðåäåëåíèå òåí-
çîðà ãðàäèåíòîâ ñêîðîñòåé, òåíçîðà ñêîðîñòåé äåôîðìàöèé, çà-
êîí ïëàñòè÷åñêîãî òå÷åíèÿ è óðàâíåíèå äëÿ âíóòðåííåé ýíåðãèè
â àäèàáàòè÷åñêîì ïðèáëèæåíèè. Îáîçíà÷åíèÿ òðàäèöèîííû è ïî-
ÿñíåíû ðàíåå â ðàçä. 2. Îòìåòèì, ÷òî ∇ - îïåðàòîð ïðîñòðàí-
ñòâåííîãî äèôôåðåíöèðîâàíèÿ â àêòóàëüíîé êîíôèãóðàöèè, -
ôóíêöèÿ Õåâèñàéäà, kp - ïðåäåë òåêó÷åñòè, µ - ìîäóëü óïðóãî-
ñòè ñäâèãà.

Ïðè ïîñòàíîâêå íà÷àëüíî-êðàåâûõ çàäà÷ ñèñòåìà óðàâíåíèé
(3.1) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèìè. Íà÷àëü-
íûå óñëîâèÿ èìåþò âèä

t = 0 : x =
o
x , u = u0 , εp = εp0 , U = U0 (3.2)

Êèíåìàòè÷åñêèå ãðàíè÷íûå óñëîâèÿ èìåþò âèä
x ∈ Su ⊂ S : u = u∗ (3.3)

Îòìåòèì, ÷òî ñèëîâûå ãðàíè÷íûå óñëîâèÿ
x ∈ Sp = S\Su : σ · n = P∗ (3.4)

ÿâëÿþòñÿ ñëåäñòâèÿìè âàðèàöèîííûõ óðàâíåíèé äâèæåíèÿ (3.1)
è íàçûâàþòñÿ ïîýòîìó åñòåñòâåííûìè ãðàíè÷íûìè óñëîâèÿìè.

Îáëàñòü ðåøåíèÿ V â îáùåì ñëó÷àå ñîñòîèò èç íåñêîëüêèõ,
âîçìîæíî ðàçíåñåííûõ â ïðîñòðàíñòâå, ïîäîáëàñòåé, ïðåäñòàâëÿ-
þùèõ âçàèìîäåéñòâóþùèå òåëà. Íà ÷àñòè ïîâåðõíîñòè S∗p ⊂ Sp
çàäàíû ïîâåðõíîñòíûå íàãðóçêè P∗ , õàðàêòåðèçóþùèå âçàèìî-
äåéñòâèå ñ òåìè âíåøíèìè òåëàìè, êîòîðûå íå ôèãóðèðóþò â
óñëîâèÿõ çàäà÷è.



84 3 ×èñëåííûå àëãîðèòìû

Íà îñòàëüíîé, çàðàíåå íåèçâåñòíîé, ÷àñòè ïîâåðõíîñòè Sc =
Sp\S∗p , íàçûâàåìîé ïîâåðõíîñòüþ êîíòàêòà, íàãðóçêè P∗ îáó-
ñëîâëåíû âçàèìîäåéñòâèåì ðàññìàòðèâàåìûõ òåë ìåæäó ñîáîé.
Ýòà ïîâåðõíîñòü êîíòàêòà

o

Sc îïðåäåëÿåòñÿ êàê ìíîæåñòâî âñåõ
òî÷åê o

x
+∈ o

S òàêèõ, ÷òî

∀ o
x

+∈ o

Sc ∃ o
x
−∈ o

Sc | ox
+ 6= o

x
− ∧x(

o
x

+
, t) = x(

o
x
−
, t)

è
o

Sc=
o

S
+

c ∪
o

S
−
c ,

o

S
+

c ∩
o

S
−
c = ∅

Ïîïðîñòó ãîâîðÿ, êîíòàêòíàÿ ãðàíèöà îáðàçîâàíà òåìè ðàçëè÷-
íûìè ìàòåðèàëüíûìè òî÷êàìè, àêòóàëüíûå ïîëîæåíèÿ êîòîðûõ
ñîâïàäàþò â äàííûé ìîìåíò âðåìåíè.

Íàãðóçêè P è ñêîðîñòè u íà ïîâåðõíîñòè êîíòàêòà
o

Sc îïðå-
äåëÿþòñÿ óñëîâèìè

(u+ − u−) · n+ = 0 , P+ = −P− ,

Pτα = P+ · τ+
α = f̃ (Pn, (u

+ − u−) · τα , α = 1, 2 (3.5)

âûðàæàþùèìè íåïðåðûâíîñòü íîðìàëüíîé ñîñòàâëÿþùåé ñêîðî-
ñòè, òðåòèé çàêîí Íüþòîíà è çàêîí òðåíèÿ, â êîòîðûõ íàäî ïðè-
íèìàòü âî âíèìàíèå ñëåäóþùèå ñîîòíîøåíèÿ äëÿ õàðàêòåðèñòèê
êîíòàêòèðóþùèõ ãðàíèö:

n+ = −n− , τ+
α = −τ−α , α = 1, 2 , Pn = P+ · n+

Çäåñü n è τα - îðòû íîðìàëè è êàñàòåëüíûõ ê ïîâåðõíîñòè S â
àêòóàëüíîé êîíôèãóðàöèè.

Çàäà÷à ñîñòîèò â òîì, ÷òîáû â îáëàñòè

{( ox, t) :
o
x in

o

V , t ≥ 0}

ðåøèòü ñèñòåìó óðàâíåíèé (3.1) ïðè óñëîâèõ (3.2)-(3.5).
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3.2.2 Ïðîñòðàíñòâåííûå ÊÝ-àïïðîêñèìàöèè.

Â îáëàñòè V ââåäåì ñåòêó ýëåìåíòîâ, ñîñòîÿùóþ èç òåòðà-
ýäðîâ, ïðèçì èëè ïàðàëëåëåïèïåäîâ â òðåõìåðíîì ñëó÷àå è èç
òðåóãîëüíèêîâ è ÷åòûðåõóãîëüíèêîâ â äâóìåðíîì ñëó÷àå. Ïóñòü
xi (i = 1, 2, ..., Nv) - êîîðäèíàòû óçëîâ; C(k, l) (k = 1, 2, ..., Nc; l =
1, 2, ...,Mc) - íîìåðà óçëîâ â îáúåìíûõ ýëåìåíòàõ, B(k, l) (k =
1, 2, ..., Nb; l = 1, 2, ...,Mb) - íîìåðà óçëîâ â ãðàíè÷íûõ (ïîâåðõ-
íîñòíûõ) ýëåìåíòàõ. Ïóñòü îáõîä ãðàíèö ïîâåðõíîñòíûõ ýëåìåí-
òîâ ñîâåðøàåòñÿ ïî ÷àñîâîé ñòðåëêå äëÿ âíåøíåãî íàáëþäàòåëÿ.
Íà âðåìåííîì ñëîå n ââåäåì îáîçíà÷åíèÿ: uni , xni - ñêîðîñòè
è êîîðäèíàòû óçëîâ, [ε]npk , [U ]nk - çíà÷åíèÿ ïëàñòè÷åñêèõ äåôîð-
ìàöèé è âíóòðåííåé ýíåðãèè â öåíòðàõ ÿ÷ååê. Îáîçíà÷èì ÷åðåç
ω ìíîæåñòâî íîìåðîâ óçëîâ ñåòêè, ÷åðåç ωu - ìíîæåñòâî íîìå-
ðîâ ãðàíè÷íûõ óçëîâ,â êîòîðûõ çàäàíû êèíåìàòè÷åñêèå óñëîâèÿ,
÷åðåç Ω - ìíîæåñòâî íîìåðîâ ýëåìåíòîâ. Èñïîëüçóåì îáû÷íóþ
ëèíåéíóþ è áèëèíåéíóþ àïïðîêñèìàöèþ êîîðäèíàò è ñêîðîñòåé
íà ñåòêå (cì., íàïðèìåð, Ñåãåðëèíä [193]). Òåðìîäèíàìè÷åñêèå
ïàðàìåòðû ñîñòîÿíèÿ òèïà äåôîðìàöèé è âíóòðåííåé ýíåðãèè
àïïðîêñèìèðóåì êóñî÷íî ïîñòîÿííûìè ôóíêöèÿìè ñî çíà÷åíèÿ-
ìè â öåíòðàõ ýëåìåíòîâ. Èíòåãðàëû â âàðèàöèîííûõ óðàâíåíèÿõ
(3.1) âû÷èñëèì ñ ïîìîùüþ êâàäðàòóðíûõ ôîðìóë ïðìîóãîëüíè-
êîâ. Òî÷êè ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ èíòåãðàëîâ ïî îáëà-
ñòè V îò âèðòóàëüíîé ðàáîòû ñèë èíåðöèè áóäåì áðàòü â óçëàõ
ñåòêè, äëÿ èíòåãðàëà âèðòóàëüíîé ðàáîòû íàïðÿæåíèé - â öåí-
òðàõ ýëåìåíòîâ. Äëÿ èíòåãðàëîâ ïî ïîâåðõíîñòè òî÷êè ÷èñëåííî-
ãî èíòåãðèðîâàíèÿ âîçüìåì â öåíòðàõ ãðàíè÷íûõ ýëåìåíòîâ.

3.2.3 Ñõåìà êðåñò

Ñíà÷àëà ðàññìîòðèì ïðèìåíåíèå ÿâíîé êîíñåðâàòèâíîé ñõåìû
òèïà "êðåñò"äëÿ èíòåãðèðîâàíèÿ ïî âðåìåíè. Îïèñàíèå ñõîäíûõ
ñõåì äëÿ ãàçîâîé äèíàìèêè èìååòñÿ â êíèãå Ñàìàðñêîãî è Ïî-
ïîâà [192] è äëÿ çàäà÷ óïðóãîïëàñòè÷íîñòè â ñòàòüå Óèëêèíñà
[200]. Íàñòîÿùàÿ ñõåìà îòëè÷àåòñÿ ìíîãèìè ìåëêèìè äåòàëÿìè,
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êîòîðûå óëó÷øèëè òàêèå âàæíûå ñâîéñòâà ñõåìû êàê òî÷íîñòü è
ðîáàñòíîñòü (ýôôåêòèâíîñòü â øèðîêîì äèàïàçîíå âõîäíûõ äàí-
íûõ).

Â ýéëåðîâûõ ïåðåìåííûõ â ðàìêàõ ëàãðàíæåâà ïîäõîäà àëãî-
ðèòì èìååò âèä:

Mi(u
n+1
i − uni γ

n
i − (1− γni )ũni ) = Fn

i ∆tn , i ∈ ω\ωu
un+1
i = un+1

∗i , i ∈ ωu
[εp]

n+1
k = [εp]

n
k + (λn+1

k [σ′]nk − [εp]
n
k · [L]n+1

k −
−[LT ]n+1

k · [εp]nk)∆tn , k ∈ Ω

[U ]n+1
k = [U ]nk + [σ′]nk : [L]n+1

k ∆tn/[ρ]nk , k ∈ Ω (3.6)

[ap]
n+1
k = [ap]

n
k + λn+1

k [σ′]nk : [σ′]n+1
k ∆tn , k ∈ Ω

xn+1
i = xni + un+1

i ∆tn , i ∈ ω
ãäå çàïèñàíû äèñêðåòíûå àíàëîãè óðàâíåíèé äâèæåíèÿ, ãðàíè÷-
íûõ óñëîâèé äëÿ ñêîðîñòåé, çàêîíà ïëàñòè÷åñêîãî òå÷åíèÿ, óðàâ-
íåíèé ëàãðàíæåâûõ òðàåêòîðèé, óðàâíåíèÿ âíóòðåííåé ýíåðãèè
í óðàâíåíèÿ ïëàñòè÷åñêîé ðàáîòû.

Èñïîëüçóåìàÿ â óðàâíåíèè äâèæåíèÿ îñðåäíåííàÿ ñêîðîñòü íà
ñòàðîì âðåìåííîì ñëîå n âû÷èñëÿåòñÿ òàê:

i ∈ ω, j ∈ ωi : ũni = 0.5(max
j∈ωi

unj + min
jinωi

unj ) (3.8)

ãäå ωi - íîìåðà óçëîâ ñîñåäåé óçëà i . Èñïûòûâàëèñü è äðóãèå ñïî-
ñîáû îñðåäíåíèÿ, ïðè êîòîðûõ îñðåäíåííàÿ âåëè÷èíà ñêîðîñòè ũni
îïðåäåëÿëàñü êàê ñðåäíåå àðèôìåòè÷åñêîå ñðåäè ñêîðîñòåé ñîñåä-
íèõ óçëîâ èëè êàê ñðåäíåå ñ âåñîì (îñðåäíåíèå "ïî ïëîùàäÿì").
Ïðèíÿòûé ñïîñîá â ìåíüøåé ñòåïåíè çàâèñèò îò êîíêðåòíîãî øàá-
ëîíà â îêðåñòíîñòè óçëà è îò òîãî, ÿâëÿåòñÿ ëè óçåë âíóòðåííèì
èëè ãðàíè÷íûì.

Ïàðàìåòð ãèáðèäíîñòè çàäàåòñÿ â âèäå

γni = min{1, γ0 + κ0|ũni − uni |} (3.9)
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ãäå ìîäóëü ðàçíîñòè |ũni − uni | äàåò îöåíêó âòîðîé ïðîèçâîäíîé
îò ñêîðîñòåé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì â îêðåñòíîñòè óç-
ëà i , êîýôôèöèåíòû γ0 è κ0 ïðèíèìàëèñü ðàâíûìè γ0 = us/c è
κ0 = (0.2us)

−1 , ãäå us = max
i∈ω

uni − min
i∈ω

uni - ìàêñèìóì îòíîñè-
òåëüíîé ñêîðîñòè óäàðà, c =

√
dP/dρ + 4/3µ/ρ - ñêîðîñòü çâóêà.

Ïàðàìåòð γnk âêëþ÷àåò ëàêñîâó âÿçêîñòü â îêðåñòíîñòè óäàðíûõ
âîëí è óâåëè÷èâàåò åå (íå ñâûøå åäèíèöû) ñ ðîñòîì ñêîðîñòè
óäàðà.

Óçëîâûå ìàññû Mi âû÷èñëÿþòñÿ îäèí ðàç ïåðåä íà÷àëîì ðàñ-
÷åòà:

Mi =

Nc∑

k=1

Mc∑

l=1

[
o

V ]k[ρ]0kM
−1
c H̃(i− C(k, l) , i ∈ ω (3.7)

ãäå
o

V k - íà÷àëüíûé îáúåì ýëåìåíòà, Mc - ÷èñëî óçëîâ â ýëåìåíòå,
Nc - ÷èñëî ýëåìåíòîâ, ôóíêöèÿ H̃ , ðàâíàÿ åäèíèöå äëÿ íóëåâîãî
çíà÷åíèÿ àðãóìåíòà è íóëþ â ïðîòèâíîì ñëó÷àå, óêàçûâàåò àäðåñ
ðàññûëêè âêëàäîâ îò ìàññû ýëåìåíòà â ïðèóýëîâûå ìàññû.

Äëÿ îïðåäåëåíèÿ ïëàñòè÷åñêèõ äåôîðìàöèé, ïëàñòè÷åñêîé ðà-
áîòû è âíóòðåííåé ýíåðãèè íà íîâîì âðåìåííîì ñëîå â êàæäîì
êîíå÷íîì ýëåìåíòå k äåëàåòñÿ ñëåäóþùåå:

[F−1]nk =

Mc∑

l=1

∇n
kl

o
x
n

C(k,l) , [ε]nk = 0.5(I− [F−T]nk · [F−1]nk)

[ε1]nk = I : [ε]nk/3 , [ε′]nk = [ε]nk − [ε1]nkI

[σ′]nk = 2µ([ε′]nk − [εp]
n
k) , [L]n+1

k =

Mc∑

l=1

∇n
klu

n+1
C(k,l) (3.10)

λn+1
k = H([σ′]nk : [σ′]nk − [k2

p]
n
k)H([σ′]nk) : [L]n+1

k )[σ′]nk) : [L]n+1
k [k−2

p ]nk

à äàëåå ïðèìåíþòñÿ ñîîòâåòñòâóþùèå ôîðìóëû (3.6). Çäåñü âåê-
òîðû ∇n

kl ïðåäñòàâëÿþò äèñêðåòíûé îïåðàòîð ïðîñòðàíñòâåííîãî
äèôôåðåíöèðîâàíèÿ â àêòóàëüíîé êîíôèãóðàöèè. Åãî îïðåäåëå-
íèå äëÿ öåíòðîâ ñèìïëåêñ-ýëåìåíòîâ ïî ìåòîäó êîíå÷íûõ ýëåìåí-
òîâ (Ñåãåðëèíä [193]) ñîâïàäàåò ñ åñòåñòâåííîé àïïðîêñèìàöèåé
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ïðîèçâîäíûõ (Óèëêèíñ [200]). Â ñëó÷àå ïðîñòðàíñòâåííî äâóìåð-
íûõ çàäà÷ èìååì (e1 è e2 - äåêàðòîâû îðòû, x1 è x2 - ñîîòâåò-
ñòâóþùèå êîîðäèíàòû):

∇n
kl · e1 = 0.5((x2)nC(k,l+1) − (x2)nC(k,l−1))[V

−1]nk

∇n
kl · e2 = 0.5((x1)nC(k,l−1) − (x1)nC(k,l+1))[V

−1]nk (3.11)

ãäå ïðè l = Mc ïîëàãàåì C(k, l + 1) = C(k, 1) , à ïðè l = 1
ïðèíèìàåì C(k, l − 1) = C(k,Mc) ; [V ]nk - ïëîøàäü k -é ÿ÷åéêè â
àêòóàëüíîé êîíôèãóðàöèè:

[V ]nk = 0.5

Mc∑

l=1

(x1)nC(k,l)((x2)nC(k,l−1) − (x2)nC(k,l+1)) (3.12)

Ðàññìîòðèì âû÷èñëåíèå óçëîâûõ ñèë Fn
i . Èõ ñîñòàâëþùèå áåç

ó÷åòà êîíòàêòíûõ óñèëèé F(0)n
i îïðåäåëþòñÿ ïóòåì ñëåäóþùèõ

îïåðàöèé:

F(0)n

i =

Nc∑

k=1

Mc∑

l=1

[g1]nklH̃(i− C(k, l)) +

Nb∑

k=1

Mb∑

l=1

[g2]nklH̃(i−B(k, l))

(3.13)
ãäå âêëàäû g1 â óçëîâûå ñèëû îò íàïðÿæåíèé â ýëåìåíòàõ îïðå-
äåëÿþòñÿ òàê:

[F−1]nk =

Mc∑

l=1

∇n
kl

o
x
n

C(k,l) , [ε]nk = 0.5(I− [F−T]nk · [F−1]nk)

[ε1]nk = I : [ε]nk/3 , [ε′]nk = [ε]nk − [ε1]nkI

[σ̃′]nk = 2µ([ε′]nk − [εp]
n
k) , [σ′]nk = [kp]

n
k [σ̃′]nk([σ̃′]nk : [σ̃′]nk)−1/2 (3.14)

[εp]
n
k = [ε′]nk−[σ′]nk/(2µ) , [ρ]nk = [ρ]0kdet([F

−1]nk) , [p]nk = p([ρ]nk, [U ]nk)

[σ]nk = −[p]nkI+[σ′]nk , [V ]nk = [V ]0k[ρ]0k/[ρ]nk , [g1]nkl = −[V ]nk [σ]nk ·∇n
kl

øåñòàÿ è ñåäüìàÿ ôîðìóëû çäåñü ïðîèçâîäÿò êîððåêöèþ íàïðÿ-
æåíèé è ïëàñòè÷åñêèõ äåôîðìàöèé ïî Óèëêèíñó [200]. Âêëàäû g2
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â óçëîâûå ñèëû îò âíåøíèõ ïîâåðõíîñòíûõ íàãðóçîê îïðåäåëþòñÿ
òàê:

[g2]nkl = M−1
b [P ]nkS

n
k , (l = 1, 2, ...,Mb) (3.15)

ãäå Snk - ïëîùàäü ãðàíè÷íîãî ýëåìåíòà k , îïðåäåëÿåìîãî óçëàìè
B(k,l).

Ïîðÿäîê ðàñ÷åòà ïî ðàññìîòðåííîé ñõåìå òèïà "êðåñò"òàêîâ.
Íà ïåðâîì ýòàïå (ïðåäèêòîð óðàâíåíèé äâèæåíèÿ) ïðîâîäèò-
ñÿ áåç ó÷åòà êîíòàêòà. Íà âòîðîì ýòàïå (êîððåêòîð óðàâíåíèé
äâèæåíèÿ) ñ ïîìîùüþ êîíòàêòíîãî àëãîðèòìà (ñì. ñëåäóþùóþ
ãëàâó) îïðåäåëþòñÿ çîíà êîíòàêòà, êîíòàêòíûå óñèëèÿ è íîâûå
çíà÷åíèÿ ñêîðîñòåé è êîîðäèíàò íà ñëîå n+1. Íà òðåòüåì ýòàïå
îïðåäåëÿþòñÿ íîâûå çíà÷åíèÿ ïëàñòè÷åñêèõ äåôîðìàöèé, ïðàê-
òè÷åñêîé ðàáîòû è òåìïåðàòóðû.

Çäåñü ñõåìà Óèëêèíñà [200] ðàñïðîñòðàíåíà íà íåðåãóëÿðíûå
ñåòêè. Èçìåíåí âûáîð îñíîâíûõ ïåðåìåííûõ (ïëàñòè÷åñêèå äå-
ôîðìàöèè âìåñòî íàïðÿæåíèé). Ó÷òåíû ýôôåêòû óïðî÷íåíèÿ è
òåðìîýôôåêòû. Èçìåíåí ðåãóëÿðèçàòîð ðåøåíèÿ â îêðåñòíîñòè
óäàðíûõ âîëí (ëàêñîâà âÿçêîñòü âìåñòî êîìáèíàöèè ëèíåéíîé è
êâàäðàòè÷íîé òåíçîðíîé ÿâíîé èñêóññòâåííîé âÿçêîñòè). Ïîñòðî-
åí áîëåå òî÷íûé àëãîðèòì ðàñ÷åòà êîíòàêòíûõ ãðàíèö, îïèñûâà-
åìûé äàëåå.

Ïðèìåíåíèå ïëàñòè÷åñêèõ äåôîðìàöèé âìåñòî íàïðÿæåíèé â
êà÷åñòâå îñíîâíûõ èñêîìûõ ôóíêöèé äàåò ëó÷øåå îïèñàíèå ýô-
ôåêòîâ óïðóãîñòè ìàòåðèàëà. Ïðè÷èíà ýòîãî â òîì, ÷òî ïðè ÷èñòî
óïðóãèõ äåôîðìàöèõ â àëãîðèòìå, èçëîæåííîì çäåñü, èñïîëüçó-
åòñÿ ãèïåðóïðóãoe îïèñàíèå ñâîéñòâ ñðåäû (íåäèôôåðåíöèàëüíîå
ïî âðåìåíè), ÷òî îáåñïå÷èâàåò çàïîìèíàíèå ñðåäîé ñâîåé íà÷àëü-
íîé êîíôèãóðàöèè. Ïðè èñïîëüçîâàíèè æå íàïðÿæåíèé êàê îñ-
íîâíûõ ïåðåìåííûõ ñðåäà ÿâëÿåòñÿ ãèïîóïðóãîé (ïðîäèôôåðåí-
öèðîâàííûå ïî âðåìåíè çàêîíû óïðóãîñòè). Â ïîñëåäíåì ñëó÷àå
èç-çà íàêîïëåíèÿ ïîãðåøíîñòåé ÷èñëåííîãî èíòåãðèðîâàíèÿ ïî
âðåìåíè ðàñ÷åò óïðóãèõ ñîóäàðåíèé ñîäåðæèò äåôåêòû: ÷èñëåí-
íàÿ ìîäåëü óïðóãîãî òåëà íå âîññòàíàâëèâàåò ñâîåé ôîðìû ïîñëå
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óïðóãîãî óäàðà è êîëåáëåòñÿ âîçëå íîâîé èñêàæåííîé êîíôèãóðà-
öèè (èç-çà ñ÷åòíûõ îøèáîê âîçíèêàþò îñòàòî÷íûå äåôîðìàöèè).
Òàêèå îøèáêè èñêàæàþò ðåøåíèå è äëÿ íåóïðóãîãî óäàðà.

Ïðèìåíåíèå ëàêñîâîé âÿçêîñòè â îêðåñòíîñòè óäàðíûõ âîëí
ïîçâîëèëî ïîâûñèòü íàäåæíîñòü àëãîðèòìà, èñêëþ÷èòü ïîëíî-
ñòüþ òàêèå íåïðèÿòíûå ñ÷åòíûå ýôôåêòû, êàê âûâîðà÷èâàíèå
ëàãðàíæåâûõ ÿ÷ååê, ïèëîîáðàçíîå ïîâåäåíèå ãðàôèêîâ ðåøåíèÿ,
ìåëêîìàñøòàáíóþ "øóìîâóþ"íåóñòîé÷èâîñòü, à òàêæå ïîçâîëè-
ëî èçáàâèòüñÿ îò íåîáõîäèìîñòè â êàæäîì íîâîì ðàñ÷åòå çàíîâî
ïîäáèðàòü ïîäõîäÿùèå çíà÷åíèÿ êîýôôèöèåíòîâ èñêóññòâåííîé
âÿçêîñòè, ÷òî ïðèõîäèëîñü äåëàòü ïðè èñïîëüçîâàíèè èñêóññòâåí-
íîé âÿçêîñòè ìåòîäà Ì. Óèëêèíñà.

Ó÷åò ýôôåêòîâ óïðî÷íåíèÿ è òåðìîýôôåêòîâ íå ñâçàí ñ êàêîé-
ëèáî ïðèíöèïèàëüíîé ïåðåäåëêîé àëãîðèòìà, à ëèøü ÿâëÿåòñÿ
åãî ïîïîëíåíèåì, îòâå÷àþùèì ïîòðåáíîñòè ëó÷øåãî îïèñàíèÿ ïî-
âåäåíèÿ ñïëîøíîé ñðåäû.

Îòìåòèì, ÷òî â çàäà÷àõ äèíàìèêè óïðóãîïëàñòè÷åñêîé ñðåäû
äèôôóçèîííûå ÷ëåíû â óðàâíåíèè ïðèòîêà òåïëà ïðåíåáðåæèìî
ìàëû, òàê êàê íà êîðîòêèõ èíòåðâàëàõ âðåìåíè äèíàìè÷åñêîãî
ïðîöåññà îíè íå óñïåâàþò ïðîÿâèòü ñåáÿ è ïðîöåññ âåñüìà áëèçîê
ê àäèàáàòè÷åñêîìó.

Èñïîëüçóåìûå â ìåòîäå ýëåìåíòàðíûå îïåðàöèè îáìåíà èì-
ïóëüñîì (3.13) êîíñåðâàòèâíû, òàê êàê ñóììà îáìåííûõ âêëàäîâ
èìïóëüñà íà ãðàíèöàõ ðàâíà íóëþ:

Mc∑

l=1

gnkl = 0

â ñèëó àíàëîãè÷íîãî ñâîéñòâà äèñêðåòíîãî îïåðàòîðà ïðîñòðàí-
ñòâåííîãî äèôôåðåíöèðîâàíèÿ.

Íàëè÷èå â ìåòîäå íåêîíñåðâàòèâíûõ îïåðàöèé îñðåäíåíèÿ
ñêîðîñòåé (3.11), íåîáõîäèìûõ äëÿ ïîäàâëåíè êîðîòêîâîëíî-
âûõ âîçìóùåíèé, äåëàåò íåîáõîäèìûì êîíòðîëü òî÷íîñòè ðå-
øåíèÿ ïî èìïóëüñó. Êðîìå òîãî, êàê îáû÷íî â ñõåìàõ òè-
ïà "êðåñò"(Ñàìàðñêèé, Ïîïîâ [192], Óèëêèíñ [200]), íåîáõîäèì
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êîíòðîëü áàëàíñíûõ ýíåðãåòè÷åñêèõ èíòåãðàëüíûõ ñîîòíîøåíèé
(êîíòðîëü ïî ýíåðãèè).

Ñëîæíîñòü íåëèíåéíîé ñèñòåìû óðàâíåíèé ïîäðàçä. 3.1 è
íåðåãóëÿðíûé õàðàêòåð øàáëîíîâ ñåòêè íå ïîçâîëÿþò ïðî-
âåñòè àïðèîðíîå èññëåäîâàíèå ñõîäèìîñòè ìåòîäà. Äëÿ îäíî-
ìåðíûõ çàäà÷ â ãàçîäèíàìè÷åñêîì ïðèáëèæåíèè ñõåìû òèïà
"êðåñò"èññëåäîâàíû Ñàìàðñêèì è Ïîïîâûì [192]. Àíàëîãè÷íîå
èññëåäîâàíèå ñ èñïîëüçîâàíèåì ïåðâûõ äèôôåðåíöèàëüíûõ ïðè-
áëèæåíèé ïî Õèðòó [181] è Øîêèíó [211]) ïîêàçûâàåò, ÷òî ìåòîä
óñòîé÷èâ ïðè îáû÷íîì îãðàíè÷åíèè ïî ÷èñëó Êóðàíòà

∆tn = min
k inΩ


 1

cnk(max
l

(|∇n
kl · e1|, |∇n

kl · e2|)))−1


 (3.16)

Ïðè áîëüøèõ ñêîðîñòÿõ óäàðà (ïîðÿäêà ñêîðîñòè çâóêà) ââî-
äèëîñü äîïîëíèòåëüíîå îãðàíè÷åíèå "ïî òî÷íîñòè"íà øàã âî âðå-
ìåíè, âûðàæàþùåå òðåáîâàíèå äîñòàòî÷íîé ìàëîñòè ïðèðàùåíèé
äåôîðìàöèè

∆tn ≤ ∆εmax

(
max
k∈Ω

([e]nk : [e]nk)1/2)

)−1

(3.17)

ãäå ∆εmax = 0.1εs - ìàêñèìàëüíî äîïóñòèìîå ïðèðàùåíèå äåôîð-
ìàöèè íà øàãå ïî âðåìåíè, εs - äåôîðìàöèÿ, îòâå÷àþùàÿ ïðåäåëó
òåêó÷åñòè.

3.2.4 Ñõåìà êâàçèâòîðîãî ïîðÿäêà òî÷íîñòè.

Äàííàÿ ñõåìà äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ïåðåíîñà îïè-
ñàíà â êíèãå Ïîòòåðà [171]. Â íàøåì ñëó÷àå ñõåìà èìååò âèä:

Mi(u
n+1
i − uni ) = ((1 + ε∗)Fn

i − ε∗Fn
i )∆tn , i ∈ ω\ωu

un+1
i = un+1

∗i , i ∈ ωu
[εp]

n+1
k = [εp]

n
k + (λn+1

k [σ′]nk − [εp]
n
k · [L]n+1

k

−[LT ]n+1
k · [εp]nk)∆tn , k ∈ Ω
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[U ]n+1
k = [U ]nk + [σ′]nk : [L]n+1

k ∆tn/[ρ]nk , k ∈ Ω (3.18)

[ap]
n+1
k = [ap]

n
k + λn+1

k [σ′]nk : [σ′]n+1
k ∆tn , k ∈ Ω

xn+1
i = xni + un+1

i ∆tn , i ∈ ω
ãäå 0.1 < ε∗ < 0.5- ìàëîå ïîëîæèòåëüíîå ÷èñëî. Àíàëîãîì
ýòîé ñõåìû èíòåãðèðîâàíèÿ ïî âðåìåíè äëÿ ñëó÷àÿ çàäà÷ Êî-
øè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ
ñõåìà Àäàìñà-Áàøôîðòà (òðåõñëîéíàÿ ñõåìà). Óñëîâèÿ óñòîé÷è-
âîñòè äëÿ ýòîé ñõåìû, êàê ïîêàçûâàåò àíàëèç Ôóðüå äëÿ ìîäåëü-
íîé çàäà÷è ñ óðàâíåíèåì ïåðåíîñà, ÿâëÿþòñÿ âäâîå áîëåå îãðàíè-
÷èòåëüíûìè, íåæåëè óñëîâèÿ Êóðàíòà (3.16). Äëÿ çàäà÷ äèíàìè-
êè óïðóãîïëàñòè÷åñêîé ñðåäû ñõåìà (3.18) âïåðâûå ïðèìåíåíà â
íàñòîùåé ðàáîòå.

3.2.5 Ïîëíîñòüþ êîíñåðâàòèâíàÿ ñõåìà.

Ýòà ñõåìà ïîäðîáíî îáñóæäàåòñÿ â êíèãå Ñàìàðñêîãî è Ïîïîâà
[192] ïðèìåíèòåëüíî ê çàäà÷àì ãàçîâîé äèíàìèêè â ëàãðàíæåâûõ
ïåðåìåííûõ (â ñëó÷àå ïîäõîäà Ëàãðàíæà). Â íàøåì ñëó÷àå îíà
ìîæåò áûòü çàïèñàíà â ñëåäóþùåì âèäå:

Mi(u
n+1
i − uni ) = Fn

i ∆tn , i ∈ ω\ωu
un+1
i = un+1

∗i , i ∈ ωu
[εp]

n+1
k = [εp]

n
k + (λ

n+1/2
k [σ′]nk − [εp]

n
k · [L]

n+1/2
k −

−[LT ]
n+1/2
k · [εp]nk)∆tn , k ∈ Ω

[U ]n+1
k = [U ]nk + [σ′]nk : [L]

n+1/2
k ∆tn/[ρ]nk , k ∈ Ω (3.19)

[ap]
n+1
k = [ap]

n
k + λ

n+1/2
k [σ′]nk : [σ′]n+1

k ∆tn , k ∈ Ω

xn+1
i = xni + u

n+1/2
i ∆tn , i ∈ ω

ãäå ââåäåíû îáîçíà÷åíèÿ:

L
n+1/2
k = 0.5(Lnk + Ln+1

k ) , u
n+1/2
i = 0.5(uni + un+1

k ) (3.20)

λ
n+1/2
k = 0.5(λnk + λn+1

k ) (3.21)
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Îòìåòèì, ÷òî â èñõîäíîé ôîðìå ñõåìà (3.19) ñëàáî íåóñòîé÷èâà
(ñì. Ñàìàðñêèé è Ïîïîâ [192]). Äëÿ óñòðàíåíèÿ ýòîãî íåäîñòàò-
êà â ðàñ÷åòå èñïîëüçîâàëàñü ìàëàÿ èñêóññòâåííàÿ âçêîñòü â âèäå
òåíçîðà âÿçêèõ íàïðÿæåíèé:

σv = −pvI + σ′v , pv = −K∇ · u∆t/2 , σ′ = 2µe′∆t/2 (3.22)

Óñòîé÷èâîñòü ñõåìû ïðè íàëè÷èè âÿçêîñòíûõ ÷ëåíîâ ëåãêî óñòà-
íàâëèâàåòñÿ èç àíàëèçà ïåðâîãî äèôôåðåíöèàëüíîãî ïðèáëèæå-
íèÿ, êîòîðûé è ïîäñêàçûâàåò âèä ÷ëåíîâ (3.22).

Îòìåòèì, ÷òî ïðè áîëüøèõ ñêîðîñòÿõ óäàðà â ñõåìû
(3.18),(3.19) ïðèõîäèòñÿ ââîäèòü ðåãóëÿðèçàòîð Ëàêñà [458] (ñì.
(3.6), ïåðâàÿ ñòðîêà, (3.8), (3.9)) äëÿ óñòðàíåíèÿ îñöèëëöèé â çîíå
ñèëüíûõ óäàðíûõ âîëí.

Ñõåìà (3.19) áûëà ïîëó÷åíà â ðàáîòàõ Ñàìàðñêîãî, Ïîïîâà
[192] ñ ïîìîùüþ èíòåãðî-èíòåðïîëöèîííîãî ìåòîäà è â ðàáîòàõ
Tèøêèíà [198] ñ ïîìîùüþ ìåòîäà, îñíîâàííîãî íà ïðÿìîé àï-
ïðîêñèìàöèè Ãàìèëüòîíèàíà. Õîòÿ ðàçíîñòíûå óðàâíåíèÿ â ýòèõ
äâóõ ñëó÷àõ âî ìíîãîì ñîâïàäàþò ñ ðàññìîòðåííîé çäåñü ãàëåð-
êèíñêîé âàðèàöèîííîé âåðñèåé, àëãîðèòìû îòëè÷àþòñÿ ïîðÿäêîì
ïðîâåäåíèÿ âû÷èñëåíèé: âàðèàöèîííàÿ âåðñèÿ ýêîíîìíåå, òàê êàê
êàæäàÿ ÿ÷åéêà ñåòêè îáðàáàòûâàåòñÿ òîëüêî îäèí ðàç íà øàãå ïî
âðåìåíè. Ýòî çàìå÷àíèå îá ýêîíîìè÷íîñòè èñïîëüçóåìîãî ïîäõî-
äà îòíîñèòñÿ è ê ñõåìàì (3.6), (3.18).

3.2.6 Êâàçèíüþòîíîâñêàÿ íåÿâíàÿ ñõåìà.

Ïðîñòåéøàÿ íåÿâíàÿ ñõåìà äëÿ çàäà÷ óïðóãîïëàñòè÷íîñòè, îñ-
íîâàííàÿ íà êâàçèëèíåàðèçàöèè èñõîäíûõ íåëèíåéíûõ óðàâíåíèé
è èñïîëüçóþùàÿ íà êàæäîì øàãå ïî âðåìåíè îäíó èòåðàöèþ ïî
ìåòîäó Íüþòîíà, èìååò âèä (îáîçíà÷åíèÿ, ïðèíÿòûå äëÿ ÿâíûõ
ñõåì, çäåñü ñîõðàíþòñÿ):

Mi(u
n+1
i − uni )/∆tn = Fn

i + (Ft)
n+1
i ∆tn/2 , i ∈ ω\ωu

un+1
i = un+1

∗i , i ∈ ωu
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(εp)
n+1
k = (εp)

n
k +

(
(λ)n+1

k (σ′)nk − (εp)
n
k · (L)n+1

k −

−(LT )n+1
k · (εp)nk

)
∆tn , k ∈ Ω

(U)n+1
k = (U)nk + (σ′)nk : (L)n+1

k /(ρ)nk , k ∈ Ω (3.23)

(ap)
n+1
k = (ap)

n
k + λn+1

k (σ′)nk : (σ′)n+1
k ∆tn , k ∈ Ω

xn+1
i = xni + un+1

i ∆tn , i ∈ ω
ãäå

(L)n+1
k =

Mc∑
j=1

∇n
kju

n+1
C(k,j)

λn+1
k = H((σ′)nk : (σ′)nk − (k2

p)
n
k)H((σ′)nk : (L)nk)(σ′)nk : (L)n+1

k

(Ft)
n+1
i =

Nc∑

k=1

Mc∑
j=1

(g)n+1
kj H̃(i−C(k, j))+

Nb∑

k=1

Mb∑
j=1

(b)n+1
kj H̃(i−B(k, j))

gn+1
kj = ∆tnV

n
k ∇n

kj ·(µ((L+LT)n+1
k −2

3
µI(I : Ln+1

k )−2µ(λ)n+1
k (σ′)n

k+

+I(
dp

dρ
ρ)nk(I : Ln+1

k ))

Cõåìà (3.23) èìååò ïî÷òè âòîðîé ïîðÿäîê òî÷íîñòè è áåçóñëîâíî
óñòîé÷èâà. Øàã ïî âðåìåíè, òåì íå ìåíåå, îãðàíè÷åí óñëîâèåì
òî÷íîñòè

∆tn ≤ ∆εmax

(
max
k∈Ω

([e]nk : [e]nk)1/2

)−1

(3.24)

ãäå ∆εmax ìàêñèìàëüíî äîïóñòèìîå ïðèðàùåíèå äåôîðìàöèé íà
øàãå ïî âðåìåíè. Â ïðàêòè÷åñêèõ ðàñ÷åòàõ - ∆εmax ≈ 0.1εs , (εs
- äåôîðìàöèÿ, îòâå÷àþùàÿ ïðåäåëó òåêó÷åñòè.

Ïîðÿäîê âû÷èñëåíèé ïî ñõåìå (3.22)-(3.23) ïî÷òè òàêîâ æå,
êàê è äëÿ ÿâíûõ ñõåì. Â ñëó÷àå íåâíîé ñõåìû ïðèðàùåíèÿ êî-
îðäèíàò ∆xn+1

i (èëè ñêîðîñòè ∆un+1
i ) îïðåäåëÿþòñÿ èç ðåøåíèÿ



3.2 Ëàãðàíæåâû ñõåìû ÌÊÝ 95

âñïîìîãàòåëüíîé ëèíåàðèçîâàííîé êðàåâîé çàäà÷è, êîòîðàÿ â ñî-
îòâåòñòâèè ñ ïðèíÿòûìè àïïðîêñèìàöèÿìè ïðåäñòàâëåíà ëèíåé-
íîé ñèñòåìîé àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ):

Mi
1

∆tn

(
∆xn+1

i

∆tn
− uni

)
= Fn

i + (Ft)
n+1
i ∆tn/2 , i ∈ ω\ωu

∆xn+1
i = un+1

i∗ ∆tn , i ∈ ωu (3.25)

ãäå ïðèðàùåíèÿ óçëîâûõ ñèë Ft
n+1
i ∆tn , êàê âèäíî èç ôîðìóë

(3.22)-(3.23), ÿâëÿþòñÿ ëèíåéíûìè ôóíêöèÿìè ïðèðàùåíèé êî-
îðäèíàò ∆xn+1

i ,
Ðàçðåøàþùàÿ ñèñòåìà óðàâíåíèé (3.25) ìîæåò áûòü çàïèñàíà

êðàòêî â ñòàíäàðòíîé ôîðìå

Ay = b (3.26)

ãäå y = {∆xn+1
i }Nvi=1 , A - ìàòðèöà "æåñòêîñòè", b - èçâåñòíûé

âåêòîð ïðàâûõ ÷àñòåé; ÷èñëî íåèçâåñòíûõ ðàâíî ÷èñëó óçëîâûõ
êîìïîíåíòîâ ïåðåìåùåíèÿ èëè ñêîðîñòè (mNv , ãäå m - ðàçìåð-
íîñòü èñõîäíîé äèôôåðåíöèàëüíîé çàäà÷è). Òðàäèöèîíûé ÌÊÝ
ïîäðàçóìåâàåò ÿâíîå ôîðìèðîâàíèå ÑËÀÓ (3.26), à èìåííî îïðå-
äåëåíèå ìàòðèöû ÑËÀÓ ("êîíäåíñàöèÿ ìàòðèöû æåñòêîñòè") c
ïîñëåäóþùåé áîðüáîé ñ èçâåñòíûìè ïðîáëåìàìè ìèíèìèçàöèè
ïàìÿòè, òðåáóåìîé äëÿ õðàíåíèÿ ýòîé ìàòðèöû, îïòèìèçàöèè åå
çàïîëíåíèÿ c öåëüþ ïîëó÷åíèèÿ ëåíòî÷íîé ñòðóêòóðû ìàòðèöû
ïóòåì îïòèìèìàëüíîé ïåðåíóìåðàöèè óçëîâ ñåòêè, äàëåå ñëåäóþò
ïðîáëåìà ïîñòðîåíèÿ àëãîðèòìà îáðàùåíèÿ ìàòðèöû, îïòèìèçà-
öèè îáìåíîâ ñ âíåøíåé ïàìÿòüþ è òàê äàëåå.

Çíà÷èòåëüíî áîëåå ïðîñòîé è ýôôåêòèâíûé ñïîñîá ðåøåíèÿ çà-
äà÷è (3.25), íå ñâÿçàííûé ñ óêàçàííûìè âûøå "çàìîðî÷êàìè", îñ-
íîâàí íà áåçìàòðè÷íîé ôîðìå ìåòîäà êîíå÷íûõ ýëåìåíòîâ, ïðåä-
ëîæåííîé Áóðàãî è Êóêóäæàíîâûì [34, 43, 45] è ðàññìàòðèâàåòñÿ
íèæå.
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3.2.7 Ðåøåíèå âñïîìîãàòåëüíûõ çàäà÷ ìåòîäîì ñîïðÿæåííûõ ãðà-
äèåíòîâ.

Ìàòðèöó æåñòêîñòè A ñïåöèàëüíî ôîðìèðîâàòü è çàïîìèíàòü
íå ïîòðåáóåòñÿ, åñëè âîñïîëüçîâàòüñÿ êàêèì-ëèáî èòåðàöèîííûì
ìåòîäîì ðåøåíèÿ, èñïîëüçóþùèì íåâÿçêè óðàâíåíèé (3.26):

g = Ay − b =

[
Mi

1

∆tn

(
∆xn+1

i

∆tn
− uni

)
− Fn

i − (Ft)
n+1
i ∆tn/2

]Nv

i=1
(3.27)

Äåéñòâèòåëüíî, âû÷èñëåíèå íåâÿçîê g äëÿ ëþáîãî çàäàííîãî
"ïðèáëèæåííîãî ðåøåíèÿ"y ìîæíî âûïîëíèòü, íå èñïîëüçóÿ ÿâ-
íî ìàòðèöó æåñòêîñòè. Ïóñòü âåêòîð ïðèáëèæåííîãî ðåøåíèÿ
y = (∆xn+1

i )Nvi=1 çàäàí. Òîãäà ïî ôîðìóëàì (3.22) -(3.23) ïîñëå-
äîâàòåëüíî âû÷èñëÿåì âåëè÷èíû:

Ln+1
k , λn+1

k , ...,Fn
i ,Ft

n+1
i

Îêîí÷àòåëüíî âåêòîð íåâÿçêè îïðåäåëÿåòñÿ íåïîñðåäñòâåííî ñî-
îòíîøåíèÿìè (3.27).

Ñòîëü æå ïðîñòî îïðåäåëÿåòñÿ è îäíîðîäíàÿ ÷àñòü íåâÿçêè
(g̃ = Ay):

g = Ay =

[
Mi

1

∆tn

(
∆xn+1

i

∆tn

)
− (Ft)

n+1
i ∆tn/2

]Nv

i=1

(3.28)

ßñíî, ÷òî ñðåäè ìíîæåñòâà èòåðàöèîííûõ ìåòîäîâ æåëàòåëüíî
âûáðàòü íàèáîëåå ýôôåêòèâíûé è ïðîñòîé â ðåàëèçàöèè. Íà íàø
âçãëÿä òàêèì ìåòîäîì ÿâëÿåòñÿ ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ
Õåñòåíñà è Øòèôåëÿ [389]. Ýòîò èòåðàöèîííûé àëãîðèòì ñòàð-
òóåò ñ íåêîòîðîãî íà÷àëüíîãî ïðèáëèæåíèÿ ê èñêîìîìó ðåøåíèþ
y0 :

g0 = Ay0 − b , p0 = g0 (3.29)

è äàëåå ïîäðàçóìåâàåò ñäåäóþùèå âû÷èñëåíèÿ äëÿ èòåðàöèé s =
1, ... :

αs = (gs−1 · gs−1)/(Aps−1 · ps−1)
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ys = ys−1 − αsps−1

gs = gs−1 − αsAps−1

βs = (gs · gs)/(gs−1 · gs−1)

ps = gs + βsps−1 (3.30)

ãäå g è - âåêòîðû ãðàäèåíòà è ñîïðÿæåííîãî "íàïðàâëåíèÿ
ïîèñêà". Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ âûðàáàòûâàåò áàçèñ
ps , s = 0, 1, ... , â êîíå÷íîìåðíîì àðèôìåòè÷åñêîì ïðîñòðàíñòâå
âåêòîðîâ y , ïîýòîìó òåîðåòè÷åñêè ÷èñëî èòåðàöèé, íåîáõîäèìûõ
äëÿ îòûñêàíèÿ ðåøåíèÿ, íå ïðåâûøàåò ÷èñëà èñêîìûõ êîìïîíåí-
òîâ âåêòîðà y.

Ê ñîæàëåíèþ, ïðîöåññ (3.29)-(3.30) ÿâëÿåòñÿ âåñüìà ÷óâñòâè-
òåëüíûì ê îøèáêàì îêðóãëåíèÿ è, ïîýòîìó, ìîæåò áûòü íåóñòîé-
÷èâûì.

×òîáû óìåíüøèòü âëèÿíèÿ îøèáîê îêðóãëåíèÿ, íåèçáåæíûõ
ïðè âû÷èñëåíèÿõ íà ÝÂÌ, â ðàáîòå Åðåìèíà è Ìàðüÿøêèíà [94]
(òàì æå äàëüíåéøèå ññûëêè) áûëî ïðåäëîæåíî ïåðåä ðåøåíèåì
ñèñòåìû óðàâíåíèé ïðåäâàðèòåëüíî ïðåîáóñëîâèòü åå ïóòåì äî-
ìíîæåíèÿ íà ïðèáëèæåííóþ îáðàòíóþ ìàòðèöó. Äëÿ ïðåîáóñëîâ-
ëåííîé ñèñòåìû óðàâíåíèé èíòåðâàë èçìåíåíèÿ çíà÷åíèé ñîá-
ñòâåííûõ ÷èñåë ìàòðèöû óìåíüøàåòñÿ, ÷èñëî îáóñëîâëåííîñòè
(îòíîøåíèå ìàêñèìàëüíîãî ñîáñòâåííîãî ÷èñëà ìàòðèöû ê ìè-
íèìàëüíîìó) ïðèáëèæàåòñÿ ê åäèíèöå, âëèÿíèå îøèáîê îêðóã-
ëåíèÿ ñòàíîâèòñÿ ïðåíåáðåæèìî ìàëûì è ñõîäèìîñòü èòåðàöèé
âîññòàíàâëèâàåòñÿ.

Ïóñòü −1 - ïðèáëèæåííàÿ îáðàòíàÿ ê A ìàòðèöà. Îáîáùåííûé
ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ èìååò ñëåäóþùèé âèä: äëÿ s = 0
ïîëàãàåòñÿ:

g0 = Ay0 − b , h0 = B−1g0 , p0 = h0

è äàëåå äëÿ s = 1, 2, ... èìååì:

αs = (gs−1 · hs−1)/(Aps−1 · ps−1)

ys = ys−1 − αsps−1
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gs = gs−1 − αsAps−1

hs = B−1gs

βs = (gs · hs)/(gs−1 · hs−1)

ps = hs + βsps−1 (3.31)

Â êà÷åñòâå ìàòðèöû â íàñòîùåé ðàáîòå èñïîëüçîâàëàñü äèà-
ãîíàëüíàÿ ìàòðèöà, ñîñòàâëåííàÿ èç äèàãîíàëüíûõ ýëåìåíòîâ
"óïðóãîé ìàòðèöû æåñòêîñòè". Òàêàÿ ìàòðèöà Â îáðàùàåòñÿ òðè-
âèàëüíî îäèí ðàç ïåðåä íà÷àëîì ïðîöåññà (3.31). Îïåðàöèÿ B−1g
ñâîäèòñÿ ê ïîêîìïîíåíòíîìó óìíîæåíèþ äâóõ âåêòîðîâ.

Êðèòåðèåì îñòàíîâêè èòåðàöèîííîãî ïðîöåññà (3.31) ÿâëÿåòñÿ
ñëåäóþùèé:

(gs · hs) < ε2
∗ ∨ (ps−1 · ps−1)α2

s < ε2
∗ (3.32)

ãäå ε∗ - "ìàøèííîå ýïñèëîí"(Ìåòêàëô [154]), ïðèáëèæåííî ðàâ-
íîå 10 − 6 äëÿ ÷åòûðåõáàéòîâîé àðèôìåòèêè.

Â ñëó÷àå (Aps−1 ·ps−1) < ε2
∗ ïîëàãàëîñü, ÷òî ìåòîä äàåò îòêàç

èç-çà òîãî, ÷òî çàäà÷à âûðîæäåíà, à ïðè íåâûïîëíåíèè óñëîâèé
(3.32) äëÿ i > 2N ( N- ÷èñëî íåèçâåñòíûõ) ïîëàãàëîñü, ÷òî "çà-
äà÷à ïëîõî îáóñëîâëåíà". Â ýòèõ ñëó÷àõ ìåòîä (3.31) íå ïîçâî-
ëÿåò îïðåäåëèòü ðåøåíèå ëèáî â ñèëó íååäèíñòâåííîñòè ðåøåíèÿ
(òî÷êà âåòâëåíèÿ), ëèáî â ñèëó î÷åíü ïëîõîé îáóñëîâëåííîñòè çà-
äà÷è. Ïðàêòè÷åñêè æå â òàêèõ ðåäêèõ ñèòóàöèÿõ ïðè÷èíû îòêà-
çà çàêëþ÷àëèñü â îøèáêàõ â çàäàíèè âõîäíûõ äàííûõ ëèáî äëÿ
ñâîéñòâ ñðåäû, ëèáî äëÿ êðàåâûõ óñëîâèé.

3.2.8 Âåêòîðèçàöèÿ âû÷èñëèòåëüíîãî ïðîöåññà.

Îïèñàííûå âûøå ñõåìû õîðîøî ïîääàþòñÿ âåêòîðèçàöèè, ò.å.
ïðåäñòàâëþòñÿ â âèäå öåïî÷êè îïåðàöèé ñëîæåíèÿ, âû÷èòàíèÿ,
óìíîæåíèÿ êîìïîíåíò âåêòîðîâ âûñîêîé ðàçìåðíîñòè (ðàáîòû
Áóðàãî è Êóêóäæàíîâà [42, 43, 45]). Òàêèå îïåðàöèè íà ìíî-
ãèõ ñîâðåìåííûõ ÝÂÌ âûïîëíþòñÿ íà ïîðÿäîê áûñòðåå îáû÷íûõ
ñêàëÿðíûõ îïåðàöèé çà ñ÷åò êîíâåéåðíîé îáðàáîòêè äàííûõ, îð-
ãàíèçóåìîé ñ ïîìîùüþ òàê íàçûâàåìûõ "âåêòîðíûõ óñêîðèòåëåé
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âû÷èñëåíèé"(Ðîäðèãà, 1986). Â íàñòîùåé ðàáîòå èñïîëüçîâàëàñü
ÝÂÌ ÅÑ 1055Ì è ñèñòåìà óñêîðåíèÿ âû÷èñëåíèé ÌÀÌÎ, îïè-
ñàííàÿ â ðàáîòå Ãîðáóíîâà è Ãðÿçíîâà [66].

Èìåþòñÿ äâà "óçêèõ ìåñòà*' â àëãîðèòìå âû÷èñëåíèé, êîòî-
ðûå ïðèøëîñü ðåàëèçîâàòü â ñêàëÿðíîì âàðèàíòå. Ïåðâîå "óçêîå
ìåñòî"ñâÿçàíî ñ âû÷èñëåíèåì ãðàäèåíòîâ ñêîðîñòåé èëè ïðèðà-
ùåíèé ïåðåìåùåíèé:

Ln
k∆tn =

Mc∑
j=1

∇n
kj∆xnC(k,j)

Íàëè÷èå ñëîæíîãî èíäåêñà C(k, j) ïîäðàçóìåâàåò âûáîðêó âåëè-
÷èí ïî ñïèñêó, êîòîðàÿ è ïðîèçâîäèëàñü â ñêàëÿðíîì öèêëå.

Âòîðîå "óçêîå ìåñòî"ñâÿçàíî ñ ðàçíîñêîé âêëàäîâ â íåâÿçêó
g èëè, ÷òî òî æå ñàìîå, â âåêòîða F è Ft îò ýëåìåíòîâ (ðàç-
íîñêà íåâÿçîê îò ýëåìåíòîâ íà óçëû). Ôîðìóëà (3.23), ðåàëèçó-
þùàÿ ýòó îïåðàöèþ, òàêæå ñâÿçàíà ñ ðàáîòîé ñî ñïèñêîì (k, j)
(íîìåðà óçëîâ â ýëåìåíòàõ) è ðåàëèçîâàíà â ñêàëÿðíîì öèêëå.
Âñå îñòàëüíûå îïåðàöèè ïðîâîäèëèñü ñ èñïîëüçîâàíèåì âåêòîð-
íûõ îïåðàöèé ñèñòåìû ÌÀÌÎ ñ âåêòîðàìè ðàçìåðíîñòè N2 ( N2

- ÷èñëî òî÷åê ÷èñëåííîãî èíòåãðèðîâàíèÿ) äëÿ âû÷èñëåíèÿ íåâÿ-
çîê è ñ âåêòîðàìè ðàçìåðíîñòè mN (÷èñëî èñêîìûõ êîìïîíåíòîâ
âåêòîðà g, N - ÷èñëî óçëîâ, m - ÷èñëî íåçàâèñèìûõ ïðîñòðàí-
ñòâåííûõ ïåðåìåííûõ) äëÿ âû÷èñëåíèé ïî ìåòîäó ñîïðÿæåííûõ
ãðàäèåíòîâ.

Â ðåçóëüòàòå èñïîëüçîâàíèÿ ñèñòåìû ÌÀÌÎ çàòðàòû ïðîöåñ-
ñîðíîãî âðåìåíè íà çàäà÷àõ óïðóãîïëàñòè÷íîñòè ñîêðàòèëèñü â
3-4 ðàçà. Ê ñîæàëåíèþ ñðîê èñïîëüçîâàíèÿ äàííîé (âåêòîðèçî-
âàííîé) âåðñèè àëãîðèòìà ðåøåíèÿ áûë íåäîëãèì: ÷åðåç äâà ãîäà
â 1989 êîìïüþòåð ÅÑ 55M áûë äåìîíòèðîâàí êàê óñòàðåâøèé.

Ïî ïðîøåñòâèè âðåìåíè (îêîëî 15 ëåò) ñ òåõ ïîð êàê ýòè ðàñ-
÷åòû áûëè âûïîëíåíû, öåëåñîîáðàçíîñòü îïèñàííîé äåÿòåëüíî-
ñòè ïî óñêîðåíèþ âû÷èñëåíèé ïðåäñòàâëÿåòñÿ âåñüìà ñïîðíîé.
Óæå äàâíî íåò òîãî êîìïüþòåðà (EC 55M) è âåêòîðíîãî óñêî-
ðèòåëÿ (MAMO) è ïðîãðàììû, ñîñòàâëåííûå ñ áîëüøèì òðóäîì,
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ïðåâðàòèëèñü â íåíóæíûé õëàì. Âûèãðûø â áûñòðîäåéñòâèè (â
3-4 ðàçà) íå ñòîèë, êàê òåïåðü êàæåòñÿ, çàòðàò òðóäà íà åãî ïî-
ëó÷åíèå.

3.2.9 Ïðèìåíåíèå èòåðàöèé íà âëîæåííûõ ñåòêàõ.

Èñïîëüçîâàíèå ïîñëåäîâàòåëüíîñòè âëîæåííûõ ñåòîê â èòåðà-
öèîííûõ àëãîðèòìàõ ðåøåíèÿ ñëóæèò åùå îäíèì ïóòåì ê ïîâû-
øåíèþ ýôôåêòèâíîñòè àëãîðèòìîâ è óñêîðåíèÿ ïðîöåññà ðåøå-
íèÿ. Ðàçëè÷íûå àñïåêòû ïðèëîæåíèÿ ýòîé èäåè ê ýëëèïòè÷åñêèì
êðàåâûì çàäà÷àì ìîæíî íàéòè â ðàáîòàõ Ôåäîðåíêî, Áðàíäòà,
Ìàð÷óêà [202, 27, 149] (òàì æå - äàëüíåéøèå ññûëêè). Îñíîâíû-
ìè ïðèâëåêàòåëüíûìè ÷åðòàìè òàêîãî ïîäõîäà ÿâëÿþòñÿ:

âî-ïåðâûõ, óñêîðåíèå ñõîäèìîñòè èòåðàöèîííûõ ïðîöåññîâ
(Ôåäîðåíêî [202]) çà ñ÷åò òîãî, ÷òî èòåðàöèè íà ãðóáîé íà÷àëü-
íîé ñåòêå ñõîäÿòñÿ áûñòðî (äàþò äëèííîâîëíîâóþ ñîñòàâëþùóþ
ðåøåíèÿ). Ýòî ðåøåíèå èñïîëüçóåòñÿ çàòåì íà áîëåå ìåëêîé ñåò-
êå â êà÷åñòâå õîðîøåãî íà÷àëüíîãî ïðèáëèæåíèÿ, óñêîðÿþùåãî
ñõîäèìîñòü èòåðàöèé;

âî-âòîðûõ, ïðèìåíåíèå ðåøåíèé íà âëîæåííûõ ñåòêàõ ïîçâî-
ëÿåò èñïîëüçîâàòü àïðèîðíóþ èíôîðìàöèþ îá àñèìïòîòè÷åñêîé
ñêîðîñòè óáûâàíèÿ ïîãðåøíîñòè äëÿ óòî÷íåíèÿ ðåøåíèÿ (Ìàð-
÷óê [149]); Ýòîò ïðèåì ïîçâîëÿåò âû÷èñëÿòü "òî÷íîå"ðåøåíèå
ïóòåì ýêñòðàïîëÿöèè ðåøåíèé, ïîëó÷åííûõ íà âëîæåííûõ ñåò-
êàõ íà ñåòêó ñ "íóëåâûì"øàãîì. Â íàñòîÿùåé ðàáîòå îí íåðåäêî
ïðèìåíÿåòñÿ äëÿ îöåíêè òî÷íîñòè ïîëó÷àåìûõ ðåøåíèé;

â òðåòüèõ, âîçìîæíîñòü ïîâûøåíèÿ òî÷íîñòè ðåøåíèÿ ñâÿçàíà
ñ "ôèêòèâíîé èíòåðïîëÿöèåé"ðåøåíèÿ íà ëîêàëüíóþ èçìåëü÷åí-
íóþ ñåòêó è ñ èñïîëüçîâàíèåì íåâÿçîê íà èçìåëü÷åííûõ øàáëî-
íàõ äëÿ îïðåäåëåíèÿ óòî÷íÿþùèõ ïîïðàâîê ê ðåøåíèþ (Áðàíäò
[27]). Ýòîò ïðèåì áûë ðåàëèçîâàí è åãî ýôôåêòèâíîñòü ïîäòâåð-
äèëàñü. Âûãîäà åãî ïðèìåíåíèÿ ïðîÿâëÿåòñÿ â óñëîâèÿõ íåõâàò-
êè ïàìÿòè êîìïüþòåðà, êîãäà îòñóòñòâóåò âîçìîæíîñòü îðãàíè-
çîâàòü ïðèìåíåíèå âëîæåííûõ ñåòîê.
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Â íàñòîÿùåé ðàáîòå áûëè ðåàëèçîâàíû âñå òðè óïîìÿíóòûõ
âûøå ñïîñîáà ïðèìåíåíèÿ âëîæåííûõ ñåòîê è âñå îíè áûëè îò-
âåðãíóòû êàê ðåãóëÿðíûå ñîñòàâëÿþùèå ïðèìåíÿåìûõ àëãîðèò-
ìîâ, ïîñêîëüêó ìåøàëè âîëüíîìó îáðàùåíèþ ñ ïðîãðàììîé. Áåäà
íå â òîì, ÷òî ïðèìåíåíèå âëîæåííûõ ñåòîê óñëîæíÿåò àëãîðèòì
ðåøåíèÿ, à â òîì, ÷òî îíî ëèøàåò àëãîðèòì íåîáõîäèìîé äëÿ
èññëåäîâàòåëüñêîé ïðîãðàììû ãèáêîñòè.

Àëãîðèòìû âëîæåííûõ ñåòîê õîðîøè äëÿ óñòîÿâøåéñÿ ïðî-
ãðàììû ðàñ÷åòîâ, íå ïðåäïîëàãàþùåé ýêñïåðèìåíòîâ ñ àëãîðèò-
ìàìè ðåøåíèÿ è ïîñòàíîâêàìè ðåøàåìûõ çàäà÷. Â íàøåì ñëó÷àå
ïîòðåáíîñòü â áûñòðîé àäàïòàöèè ïðîãðàììû ê ðàçíîîáðàçíûì
ïðàêòè÷åñêèì ïðèëîæåíèÿì ïîñòàâèëà íà ïåðâîå ìåñòî ñâîéñòâî
ãèáêîñòè è ïðîñòîòû àëãîðèòìà ðåøåíèÿ ïî ñðàâíåíèþ ñ áûñòðî-
äåéñòâèåì.

3.3 Ýéëåðîâî-ëàãðàíæåâû ñõåìû ÌÊÝ

3.3.1 Ó÷åò êîíâåêöèè

Íåîáõîäèìîñòü ó÷åòà êîíâåêòèâíûõ ÷ëåíîâ âîçíèêàåò ïðè èñ-
ïîëüçîâàíèè íåëàãðàíæåâûõ ñåòîê. Â ÷àñòíîñòè, îíà âîçíèêàåò
ïðè èñïîëüçîâàíèè ýéëåðîâûõ è ýéëåðîâî-ëàãðàíæåâûõ ñåòîê.
Îñîáåííîñòè ïðèìåíÿåìûõ ñõåì óäîáíî ðàññìîòðåòü íà ïðèìåðå
ñòàíäàðòíîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ òèïè÷íîãî óðàâíåíèÿ
êîíâåêöèè-äèôôóçèè. Âàðèàöèîííàÿ ôîðìóëèðîâêà òàêîé çàäà-
÷è èìååò âèä:

∫

V

((dA/dt− C)δA + (k∇A) · ∇δA) dV =

∫

S1

BNδAdS

ãäå A - âåëè÷èíà, äëÿ êîòîðîé çàïèñàíî äàííîå áàëàíñíîå ñîîò-
íîøåíèå; d/dt = ∂/∂t+ (u−w) ·∇ - ìàòåðèàëüíàÿ ïðîèçâîäíàÿ;
k - êîýôôèöèåíò ôèçè÷åñêîé äèôôóçèè; Bn - ïîòîê âåëè÷èíû
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A ÷åðåç ïëîùàäêó ndS . ×àñòíàÿ ïðîèçâîäíàÿ ïî âðåìåíè áåðåò-
ñÿ âäîëü òðàåêòîðèé ïîäâèæíûõ êîîðäèíàò, ñêîðîñòü äâèæåíèÿ
êîòîðûõ îáîçíà÷åíà ñèìâîëîì w , u - ìàòåðèàëüíàÿ ñêîðîñòü.

Áåñõèòðîñòíàÿ ÿâíàÿ ñõåìà äëÿ êîíâåêòèâíûõ ÷ëåíîâ (÷ëåíîâ,
ñîäåðæàùèõ êîíâåêòèâíóþ ñêîðîñòü u−w), ê êîòîðîé ïðèâîäèò
ôîðìàëüíîå ïðèìåíåíèå êîíå÷íî-ýëåìåíòíîé àïïðîêñèìàöèè ðå-
øåíèÿ, â îäíîìåðíîì ñëó÷àå íà ðàâíîìåðíîé ñåòêå èìååò âèä:

An+1
i − An

∆tn
+ (u− w)ni

An
i+1 − An

i−1

2h
= k

An
i+1 − 2An

i + ani−1

h2
+ Cn

i

Òàêàÿ ñõåìà îòâå÷àåò ÿâíîé öåíòðàëüíî-ðàçíîñòíîé ñõåìå ìåòîäà
êîíå÷íûõ ðàçíîñòåé è ÿâëÿåòñÿ íåóñòîé÷èâîé ïðè îòñóòñòâèè ôè-
çè÷åñêîé âÿçêîñòè. Ýòî ÿñíî âèäíî èç ïåðâîãî äèôôåðåíöèàëü-
íîãî ïðèáëèæåíèÿ òàêîé ñõåìû (ïðèìåðû òàêîãî àíàëèçà ìîæíî
íàéòè â ðàáîòàõ (Hirt; Øîêèí; Äàâûäîâ; Ðîó÷, 1980) è äð.):

∂A

∂t
+ (u− w)

∂A

∂x
= (k − 0.5|u− w|2∆tn)

∂2A

∂x2
+ C

Ïîìèìî îãðàíè÷åíèÿ Êóðàíòà íà øàã ïî âðåìåíè äëÿ ÿâíûõ ñõåì,

òðåáóþùåãî, ÷òîáû îáëàñòü âëèÿíèÿ âîçìóùåíèé íà øàãå ïî âðå-
ìåíè íå âûõîäèëà áû çà ïðåäåëû îêðåñòíîñòè óçëà ñåòêè:

∆tn ≤ h

|u− w|
èìååòñÿ åùå òðåáîâàíèå êîððåêòíîñòè ïåðâîãî äèôôåðåíöèàëü-
íîãî ïðèáëèæåíèÿ, òî åñòü ïîëîæèòåëüíîñòü ýôôåêòèâíîãî êî-
ýôôèöèåíòà âÿçêîñòè

keff = k − 0.5|u− w|2∆tn

÷òî ïðèâîäèò ê äîïîëíèòåëüíîìó íåîáõîäèìîìó óñëîâèþ óñòîé-
÷èâîñòè

∆tn < k/|u− w|2
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êîòîðîå â ñëó÷àå ìàëîé ôèçè÷åñêîé âÿçêîñòè îïðåäåëÿåò íåïðè-
åìëåìî ìàëûå çíà÷åíèÿ âðåìåííîãî øàãà. Òî åñòü òðåáóåò ñëèø-
êîì ìíîãî âû÷èñëèòåëüíîé ðàáîòû. Òàêîå òðåáîâàíèå ìîæíî èñ-
êëþ÷èòü ïóòåì ââåäåíèÿ ÿâíîé (èñêóññòâåííîé) èëè íåÿâíîé (àï-
ïðîêñèìàöèîííîé) âÿçêîñòè, "óáèâàþùåé"àïïðîêñèìàöèîííûé
íåãàòèâíûé äîáàâîê â ýôôåêòèâíîé âÿçêîñòè.

Ñðåäè ìíîæåñòâà ðåöåïòîâ îáåñïå÷åíèÿ äîïîëíèòåëüíîé èñ-
êóññòâåííîé èëè àïïðîêñèìàöèîííîé âÿçêîñòè, ðåãóëÿðèçèðóþ-
ùèõ ÿâíûå àïïðîêñèìàöèè êîíâåêòèâíûõ ÷ëåíîâ, ïîñëå ìíîæå-
ñòâà ÷èñëåííûõ ýêñïåðèìåíòîâ â íàñòîÿùåé ðàáîòå áûë îòîáðàí
ñëåäóþùèé. Êðèòåðèåì îòáîðà ÿâëÿëèñü ñîîáðàæåíèÿ ïðîñòîòû
÷èñëåííîé ðåàëèçàöèè è ýôôåêòèâíîñòè â óñëîâèÿõ íåðàâíîìåð-
íûõ è íåðåãóëÿðíûõ ñåòîê. Áûëà âûáðàíà ñõåìà, ïîõîæàÿ íà ñõå-
ìó ýêñïîíåíöèàëüíîé ïîäãîíêè À.À. Ñàìàðñêîãî:

∫

V n

(
An+1 − An

∆tn
− Cn+1 + (un −wn) · ∇An

)
δAdV +

+

∫

V n

k̃n∇An+1 · ∇δAdV =

∫

Sn1

Bn+1
N δAdS

Â ñîîòâåòñòâèè ñ äàííîé ñõåìîé êîíâåêòèâíûå ÷ëåíû àïïðîêñè-
ìèðîâàíû ïî ÿâíîé ñõåìå, ïåðåõîäÿùåé â ñëó÷àå ðàâíîìåðíîé
ñåòêè â öåíòðàëüíî-ðàçíîñòíóþ, à âìåñòî èñõîäíîé ôèçè÷åñêîé
âÿçêîñòè èñïîëüçóåòñÿ èñïðàâëåííàÿ âÿçêîñòü ñëåäóþùåãî âèäà:

k̃n = kn
1

1 + ν/kn
+ ν , ν = 0.5max(|u− w|h, |u− w|2∆tn)

ãäå ñëàãàåìîå ν èìèòèðóåò àïïðîêñèìàöèîííóþ âÿçêîñòü, êîòî-
ðàÿ âîçíèêàåò â îðèãèíàëüíîé ñõåìå Ñàìàðñêîãî èç-çà ïðèìåíå-
íèÿ ðàçíîñòåé ïðîòèâ ïîòîêà. Äèôôóçèîíûå ÷ëåíû â ðàçíûõ ìî-
äèôèêàöèÿõ àïïðîêñèìèðîâàëèñü ïî ÿâíîé èëè ïî íåÿâíîé ñõåìå.
Âñïîìîãàòåëüíûå àëãåáðàè÷åñêèå çàäà÷è â ñëó÷àå íåÿâíûõ ñõåì
ðåøàëèñü ìåòîäîì ñîïðÿæåííûõ ãðàäèåíòîâ àíàëîãè÷íî óæå îïè-
ñàííîìó âûøå.
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Îòìåòèì, ÷òî â íåëàãðàíæåâûõ ñõåìàõ ôóíêöèè ñîñòîÿíèÿ
( ïëàñòè÷åñêèå äåôîðìàöèè, ïëàñòè÷åñêàÿ ðàáîòà, âíóòðåííÿÿ
ýíåðãèÿ, ïëîòíîñòü è ò. ä.) àïïðîêñèìèðîâàíû ñ èñïîëüçîâàíè-
åì èõ çíà÷åíèé â óçëàõ, à íå â ýëåìåíòàõ èëè ãàóññîâûõ òî÷êàõ
èíòåãðèðîâàíèÿ, êàê ýòî áûëî â ñëó÷àå ëàãðàíæåâûõ ñõåì. Ýòî
óïðîùàåò ïðîñòðàíñòâåííîå äèôôåðåíöèðîâàíèå ýòèõ âåëè÷èí
ïðè ðåàëèçàöèè ðàññìîòðåííûõ âûøå ñõåì ðàñ÷åòà êîíâåêöèè-
äèôôóçèè.

3.3.2 Ðàñ÷åò ñèëüíûõ óäàðíûõ âîëí è çîí ðàçðåæåíèÿ

Ðàññìîòðèì îñîáåííîñòè àëãîðèòìîâ, ñâÿçàííûå ñ ðàñ÷åòîì
óäàðíûõ âîëí â ñæèìàåìûõ ñðåäàõ. Öåëåñîîáðàçíîñòü ââåäå-
íèÿ èñêóññòâåííîé "óäàðíîé"âÿçêîñòè îáîñíîâûâàåòñÿ àíàëèçîì
ïåðâûõ äèôôåðåíöèàëüíûõ ïðèáëèæåíèé èñïîëüçóåìûõ ÿâíûõ
äâóõñëîéíûõ ðàçíîñòíûõ ñõåì. Ýòîò àíàëèç ïîêàçûâàåò, ÷òî ÿâ-
íûå ñåòî÷íûå àïïðîêñèìàöèè ïðèâîäÿò ê âîçíèêíîâåíèþ äîáà-
âî÷íûõ äåñòàáèëèçèðóþùèõ ÷ëåíîâ ñ îòðèöàòåëüíûìè çíà÷åíè-
ÿìè êîýôôèöèåíòîâ âÿçêîñòè. Â íåëèíåéíûõ è ìíîãîìåðíûõ çà-
äà÷àõ îïðåäåëåíèå òàêèõ äîáàâî÷íûõ ÷ëåíîâ äèôôåðåíöèàëüíûõ
ïðèáëèæåíèé çàòðóäíåíî ïîëó÷àþùèìèñÿ ãðîìîçäêèìè âûðàæå-
íèÿìè. Êðîìå òîãî, èñòîëêîâàíèå âîçìîæíîãî âîçäåéñòâèÿ äî-
áàâî÷íûõ ÷ëåíîâ, êîòîðûå íå îáÿçÿòåëüíî èìåþò âèä ýëëèïòè÷å-
ñêèõ îïåðàòîðîâ, íå âñåãäà î÷åâèäíî. Ðåãóëÿðèçàòîðû òèïà èñêóñ-
ñòâåííîé èëè àïïðîêñèìàöèîííîé âÿçêîñòè ëèøü ïðèáëèæåííî
âîñïðîèçâîäÿò âèä óïîìÿíóòûõ äîáàâî÷íûõ ÷ëåíîâ è ïàðèðóþò
èõ íåãàòèâíîå âëèÿíèå äàëåêî íå ïîëíîñòüþ. Êðîìå òîãî ýôôåêò
îò ââåäåíèÿ äîïîëíèòåëüíûõ ðåãóëÿðèçóþùèõ âÿçêîñòåé ñèëüíî
çàâèñèò îò ñîîòíîøåíèÿ øàãîâ ïî ïðîñòðàíñòâó è âðåìåíè, ÷òî
ñíèæàåò íàäåæíîñòü àëãîðèòìîâ. Â ñèëüíî íåëèíåéíûõ çàäà÷àõ
äëÿ îáåñïå÷åíèÿ óñòîé÷èâîãî ñ÷åòà ïðèõîäèòñÿ èñïîëüçîâàòü èç-
áûòî÷íûå çíà÷åíèÿ äîïîëíèòåëüíîé âÿçêîñòè â óùåðá òî÷íîñòè
ðåøåíèÿ.

Ýêñïåðèìåíòû ñ ðàçëè÷íûìè âÿçêîñòÿìè êàê èñêóññòâåííû-
ìè, òàê è ñ àïïðîêñèìàöèîííûìè ïîêàçûâàþò, ÷òî ïîëó÷àþùèå-
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ñÿ óñòîé÷èâî ðàáîòàþùèå ñõåìû îáëàäàþò ñèëüíîé äèôôóçèåé è
î÷åíü ãðóáî îïèñûâàþò ïîâåäåíèå ðåøåíèÿ â îêðåñòíîñòè óäàð-
íûõ âîëí. Óìåíüøåíèå âÿçêèõ ÷ëåíîâ óëó÷øàåò îïèñàíèå óäàð-
íûõ ïåðåõîäîâ, íî ñõåìà ìîæåò ëîêàëüíî òåðÿòü óñòîé÷èâîñòü çà
óäàðíûìè âîëíàìè â îáëàñòÿõ ñèëüíîãî ðàçðåæåíèÿ, ïîêàçûâàÿ
îñöèëëèðóþùèå è äàæå íåîãðàíè÷åííî âîçðàñòàþùèå ðåøåíèÿ.
Óäà÷íûé ïîäáîð êîýôôèöèåíòîâ èñêóññòâåííîé âÿçêîñòè äëÿ îò-
äåëüíîé çàäà÷è íå îçíà÷àåò ïðèãîäíîñòè ýòèõ çíà÷åíèé äëÿ óäî-
âëåòâîðèòåëüíîãî ðàñ÷åòà äðóãèõ ñëó÷àåâ. Óêàçàííûå òðóäíîñòè
ïðåîäîëåâàëèñü ñëåäóþùèì îáðàçîì.

Â çàäà÷àõ ñ óäàðíûìè âîëíàìè â çîíàõ ñæàòèÿ ââîäèëîñü èñ-
êóññòâåííîå âÿçêîñòíîå äàâëåíèå:

pv = −(γ(γ − 1)ρU + λ + 4/3K)∇ · u∆tn

ïðåäñòàâëÿþùåå ïðèðàùåíèå ôèçè÷åñêîãî äàâëåíèÿ íà øàãå ïî
âðåìåíè. Îòìåòèì, ÷òî ïðèâåäåííîå âûðàæåíèå âÿçêîñòíîãî äàâ-
ëåíèÿ óäîâëåòâîðèòåëüíî ðàáîòàåò (îáåñïå÷èàâàåò óñòîé÷èâûé
ðàñ÷åò) ëèøü â ñëó÷àå ñëàáûõ óäàðíûõ âîëí è ïðè ýòîì ñèëüíî
èõ "ðàçìàçûâàåò". Â ñëó÷àå ñèëüíûõ óäàðíûõ âîëí äëÿ îáåñïå-
÷åíèÿ óñòîé÷èâîñòè ïðèõîäèòñÿ ââîäèòü ñãëàæèâàíèå ðåøåíèÿ,
íàïðèìåð, â ñîîòâåòñòâèè ñ ôîðìóëàìè (3.6), (3.8), (3.9).

Óëó÷øåííîå îïèñàíèå óäàðíûõ âîëí äîñòèãàëîñü ïðèìåíåíèåì
ñõåì òèïà ïðåäèêòîð- êîððåêòîð ñ äîïîëíèòåëüíûì "àíòèäèôôó-
çèîííûì"øàãîì ïî âðåìåíè (êîððåêòîðîì), îòëè÷àþùèìñÿ òåì,
÷òî â óçêèõ çîíàõ óäàðíûõ ïåðåõîäîâ, îòâå÷àþùèõ óñëîâèþ:

∇ · u ∗ hmin < −0.01(c + |u|)
÷ëåíû èñêóññòâåííîé âÿçêîñòè áðàëèñü íà êîððåêòîðå ñî çíàêîì
ìèíóñ. Òàêîå ëîêàëüíîå íàðóøåíèå óñëîâèé óñòîé÷èâîñòè íå ïðè-
âîäèò ê íàðóøåíèþ óñòîé÷èâîñòè ñõåìû â öåëîì, ïîñêîëüêó çàïà-
ñà óñòîé÷èâîñòè çà ñ÷åò ìîíîòîííîãî ïðåäèêòîðà õâàòàåò. "Àíòè-
äèôôóçèÿ"äåëàåò ôðîíòû óäàðíûõ âîëí çíà÷èòåëüíî áîëåå êðó-
òûìè. Äëÿ îáåñïå÷åíèÿ ïðèãîäíîñòè ñõåìû â ïðåäåëüíîì ñëó÷àå
õîëîäíîé ñðåäû ñ íóëåâîé ñêîðîñòüþ çâóêà ïðè íóëåâîé âíóò-
ðåííåé ýíåðãèè (ïðè íóëåâîé àáñîëþòíîé òåìïåðàòóðå) âìåñòî
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óêàçàííîãî âûøå âûðàæåíèÿ äëÿ âÿçêîñòíîãî äàâëåíèÿ ëó÷øå
èñïîëüçîâàòü ñëóäóþùåå:

pv = −(γ(γ − 1)ρU + ρ|u|2 + λ + 4/3K)∇ · u∆tn

Îòìåòèì, ÷òî "àíòèäèôôóçèÿ"ââîäèòñÿ âî ìíîãèõ ñõåìàõ.
Óïîìÿíåì ñõåìó Ìàê-Êîðìàêà, â êîòîðîé íà ïðåäèêòîðå è êîð-
ðåêòîðå ïîòîêîâûå ÷ëåíû âû÷èñëÿþòñÿ àëüòåðíèðóþùèìè íà-
ïðàâëåííûìè ðàçíîñòÿìè, ÷òî âíîñèò "àíòèäèôôóçèþ"íå â óç-
êèõ çîíàõ óäàðíûõ ïåðåõîäîâ, êàê â íàñòîÿùåé ðàáîòå, íî ïî
âñåé îáëàñòè ðåøåíèÿ. Îòìåòèì, ÷òî è âèä âÿçêîñòåé â íàøåé ñõå-
ìå è ñõåìå Ìàê-Êîðìàêà ðàçëè÷åí. Äðóãèìè ïðèìåðàìè ñëóæàò
ñõåìà êîððåêöèè ïîòîêîâ (Boris, Book, 1977) è åå ìíîãî÷èñëåí-
íûå óëó÷øåííûå ìîäèôèêàöèè òèïà ñõåì TVD, ENO (ñì. îáçîðû
Benson, 1992; Êóëèêîâñêèé, Ïîãîðåëîâ, Ñåìåíîâ, 2001). Ïîïóëÿð-
íîé îñíîâîé äëÿ ðåàëèçàöèè èäåè êîððåêöèè ïîòîêîâ ÿâëÿåòñÿ
ñõåìà Ãîäóíîâà è åå ìîäèôèêàöèè. Â íàñòîÿùåé ðàáîòå çà îñíî-
âó âçÿòà ïðîñòåéøàÿ ñõåìà "âïåðåä ïî âðåìåíè è öåíòðàëüíàÿ
ïî ïðîñòðàíñòâó", ñäåëàííàÿ ïî÷òè ýêâèâàëåíòíîé ïî äèôôåðåí-
öèàëüíîìó ïðèáëèæåíèþ ñõåìå Ãîäóíîâà ïåðâîãî ïîðÿäêà ïóòåì
ââåäåíèÿ ÿâíîé èñêóññòâåííîé âÿçêîñòè. Êàê âûÿñíÿåòñÿ, è òàê
äåëàòü ìîæíî, è òàêèì, áîëåå ïðîñòûì â ñìûñëå ðåàëèçàöèè, îá-
ðàçîì ìîæíî ïîëó÷èòü âïîëíå ïðèëè÷íûå ïî òî÷íîñòè ÷èñëåííûå
ðåøåíèÿ.

3.3.3 Ñõåìà êîððåêöèè äàâëåíèÿ äëÿ íåñæèìàåìûõ òå÷åíèé

Ðàñ÷åòû òå÷åíèé íåñæèìàåìîé ñðåäû ïðîâîäèëèñü ìåòîäîì
êîððåêöèè äàâëåíèÿ, îïèñàíèå êîòîðîãî ñäåëàåì íà ïðèìåðå
íåñæèìàåìîé ñðåäû Íàâüå-Ñòîêñà:

∇ · u = 0 , ∂u/∂t + (u−w) · ∇u = −∇p/ρ0 + kv∇2u + g

Ýòà ñõåìà ïðèìåíÿåòñÿ â MAC ìåòîäå (Harlow, Welch, 1965),
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ìåòîäå ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì (Î. Áåëîöåðêîâ-
ñêèé, 1984) è äð.). Â âàðèàöèîííîé èíòåðïðåòàöèè íàñòîÿùåé ðà-
áîòû ñõåìà êîððåêöèè äàâëåíèÿ èìååò âèä

∫

V n

(
ũn+1 − un

∆tn
− gn+1 + (un −wn) · ∇un

)
· δudV +

+k̃n∇un · ∇δudV = 0∫

V n

(∇ · ũn+1/∆tnδp +∇pn+1/ρ0 · ∇δp
)
dV =

∫

Sn

gn+1 · nδpdS
∫

V n

(
(un+1 − ũn+1)/∆tn +∇pn+1/ρ0

)
δudV = 0

Ýòó ñõåìó ìîæíî òðàêòîâàòü êàê ðåàëèçàöèþ ìåòîäà ìíîæèòåëåé
Ëàãðàíæà, åñëè ðàññìàòðèâàòü äàâëåíèå êàê ìíîæèòåëü Ëàãðàí-
æà äëÿ óñëîâèÿ íåñæèìàåìîñòè.

3.3.4 Ñõåìà ìåòîäà øòðàôà äëÿ íåñæèìàåìûõ òå÷åíèé

Ìåòîä øòðàôíûõ ôóíêöèé äëÿ ó÷åòà óñëîâèÿ íåñæèìàåìîñòè
(Ëàäûæåíñêàÿ, 1970) òàêæå èñïîëüçóåòñÿ â íàñòîÿùåé ðàáîòå.
Äëÿ ýòîãî â âàðèàöèîííîå óðàâíåíèå áàëàíñà èìïóëüñà äîáàâ-
ëÿþòñÿ øòðàôíûå ÷ëåíû çà íàðóøåíèå óñëîâèÿ íåñæèìàåìîñòè:

pn+1 = −λmax(ρ0|u|2)∇ · un+1∆tn
∫

V n

(
un+1 − un

∆tn
− gn+1 + (un −wn) · ∇un

)
· δudV +

+

∫

V n

(
k̃n∇un+1 · ∇δu− pn+1/ρ0∇ · δu

)
dV = 0

ãäå λ >> 1 áåçðàçìåðíûé êîýôôèöèåíò øòðàôà.
Äëÿ äâóìåðíûõ çàäà÷ ðåàëèçîâàíà òàêæå ñõåìà â ïåðåìåííûõ

"ôóíêöèÿ òîêà- çàâèõðåííîñòü", êîòîðàÿ ïîñòðîåíà àíàëîãè÷íî
ðàññìîòðåííîìó âûøå.
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3.3.5 Óïðàâëåíèå ïðîèçâîëüíî ïîäâèæíûìè ñåòêàìè

Ãåîìåòðè÷åñêè àäàïòèâíûå ñåòêè. Â çàäà÷àõ ôîðìîâàíèÿ,
à òàêæå â çàäà÷àõ îá óäàðíûõ âçàèìîäåéñòâèÿõ äåôîðìèðóåìûõ
òåë, õàðàêòåðèçóþùèõñÿ îñîáåííî çàìåòíûìè èçìåíåíèÿìè ãåî-
ìåòðèè òåë, â ïîäâèæíûõ ëàãðàíæåâûõ ñåòêàõ ïîÿâëÿþòñÿ ÿ÷åé-
êè, óìåíüøèâøèåñÿ äî î÷åíü ìàëûõ ðàçìåðîâ. Èç-çà ýòîãî øàã ïî
âðåìåíè â ÿâíûõ ñõåìàõ ñòàíîâèòñÿ íåïðèåìëåìî ìàëûì è äàëü-
íåéøåå ïî âðåìåíè îïðåäåëåíèå ðåøåíèÿ ñòàíîâèòñÿ ïðàêòè÷åñêè
íåâîçìîæíûì. Âûõîä èç ýòîãî çàòðóäíåíèÿ ïðåäîñòàâëÿþò ïðî-
èçâîëüíî ïîäâèæíûå ñåòêè, åñëè óïðàâëÿòü èõ äâèæåíèåì òàê,
÷òîáû êàæäûé óçåë ñåòêè çàíèìàë áû ïîëîæåíèå, ïî âîçìîæ-
íîñòè íàèáîëåå áëèçêîå ê ãåîìåòðè÷åñêîìó öåíòðó îòíîñèòåëüíî
åãî ñîñåäåé. Òî åñòü, òàêàÿ ïðîèçâîëüíî ïîäâèæíàÿ ñåòêà àäàïòè-
ðóåòñÿ ê ïîäâèæíûì ëàãðàíæåâûì ãðàíèöàì, îáåñïå÷èâàÿ ïî÷òè
ðàâíîìåðíîå ðàñïîëîæåíèå âíóòðåííèõ óçëîâ. Äëÿ êîððåêöèè ïî-
ëîæåíèÿ óçëîâ è îïðåäåëåíèÿ ñêîðîñòåé èõ äâèæåíèÿ íà êàæäîì
øàãå ïðîâîäèëîñü ñãëàæèâàíèå ïîëîæåíèé âíóòðåííèõ óçëîâ (èõ
ñäâèã â ñòîðîíó ãåîìåòðè÷åñêîãî öåíòðà îòíîñèòåëüíî ñîñåäåé).
Ïîëîæåíèå ãðàíè÷íûõ óçëîâ òàêæå êîððåêòèðîâàëîñü ïóòåì èõ
ñìåùåíèÿ â êàñàòåëüíîé ïëîñêîñòè ê ãðàíèöå îïÿòü-òàêè ê ãåî-
ìåòðè÷åñêðîìó öåíòðó ñîñåäåé. Ãðàíè÷íûå òî÷êè íà ðåáðàõ (â
óãëàõ), â êîòîðûõ íîðìàëü ê ãðàíèöå ìåíÿåòñÿ ñêà÷êîì, ïðèíè-
ìàëèñü ëàãðàíæåâûìè âî èçáåæàíèå ãðóáûõ èñêàæåíèé ôîðìû
òåë.

Äèíàìè÷åñêè àäàïòèâíûå ñåòêè. Äëÿ ëó÷øåãî îïèñàíèÿ
óäàðíûõ âîëí è ïîãðàíè÷íûõ ñëîåâ áûëè ðåàëèçîâàíû ïðîñòåé-
øèå âàðèàíòû óïðàâëåíèÿ äèíàìè÷åñêè àäàïòèâíûìè ñåòêàìè,
îáåñïå÷èâàþùèå èõ ñãóùåíèå â çîíàõ áîëüøèõ ãðàäèåíòîâ ðåøå-
íèÿ. Èäåÿ ïðèìåíÿåìîãî àëãîðèòìà àäàïòàöèè ñåòêè íåïîñðåä-
ñòâåííî çàèìñòâîâàíà èç ðàáîò (Áóðàãî, 1984; Catherall, 1991;
Marchant, Weatherill, 1993). Èñòîêè èäåè ìîæíî óëîâèòü è â áîëåå
ðàííèõ îïèñàíèÿõ àëãîðèòìîâ ïîñòðîåíèÿ ñåòîê, äàííûõ â ðàáî-
òàõ (Ãîäóíîâ, Ïðîêîïîâ, 1972; Ëèñåéêèí, 1977; Êîâåíÿ, ßíåíêî,
1981).
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Â ïðèìåíÿåìîì àëãîðèòìå äëÿ êàæäîãî óçëà ñåòêè îïðåäå-
ëÿåòñÿ çíà÷åíèå íåêîòîðîé àäàïòàöèîííîé ôóíêöèè, õàðàêòåðè-
çóþùåé ïðîñòðàíñòâåííûé ðîñò ðåøåíèÿ ôèçè÷åñêîé çàäà÷è è
ÿâëÿþùåéñÿ íåêîòîðîé ïîëóíîðìîé åãî ïðîñòðàíñòâåííûõ ïðî-
èçâîäíûõ. Äëÿ àäàïòàöèè îáû÷íûé àëãîðèòì ñãëàæèâàíèÿ ñåò-
êè, óïîìÿíóòûé â ïðåäøåñòâóþùåì ðàçäåëå, ïîäïðàâëÿåòñÿ òàê,
÷òîáû óçåë ñìåùàëñÿ áîëåå â ñòîðîíó òîãî ñîñåäà, ó êîòîðîãî
àäàïòàöèîííàÿ ôóíêöèÿ èìååò áîëüøåå çíà÷åíèå.

×òîáû ïðåäîòâðàòèòü àâàðèþ èç-çà âûâîðà÷èâàíèÿ ÿ÷ååê ïðè
äâèæåíèè óçëîâ ñåòêè, â àëãîðèòì ââåäåíî îãðàíè÷åíèå ñäâèãà
óçëà: ñäâèã óçëà äîëæåí áûòü ìàë ïî ñðàâíåíèþ ñ ðàäèóñîì
îêðåñòíîñòè óçëà è ïðåêðàùàòüñÿ ïðè óìåíüøåíèè ýòîãî ðàäèó-
ñï äî íåêîòîðîé ïðåäåëüíîé âåëè÷èíû, îïðåäåëÿþùåé ìèíèìàëü-
íûé ðàçðåøåííûé ðàçìåð ÿ÷åéêè. Ïðîùå ãîâîðÿ, èñïîëüçóåìàÿ â
àëãîðèòìå èíòåðïîëÿöèÿ êîîðäèíàò óçëîâ íå äîëæíà ïåðåõîäèòü
â ýêñòðàïîëÿöèþ.

Ïðè òðàêòîâêå äàííîãî àëãîðèòìà ñ ïîìîøüþ ïðåäñòàâëåíèé
î äèôôåðåíöèàëüíûõ ïðèáëèæåíèÿõ ðàçíîñòíûõ ñõåì ëåãêî ïî-
êàçûâàåòñÿ, ÷òî äàííûé àëãîðèòì ðåàëèçóåò ðåøåíèå ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ ñ ýëëèïòè÷åñêèì îïåðàòîðîì âòîðîãî ïîðÿäêà
â ïðàâîé ÷àñòè, èìåþùèì êîýôôèöèåíòû äèôôóçèè, çàâèñÿùèå
îò àäàïòàöèîííîé ôóíêöèè. Â ðàáîòàõ (Èâàíåíêî, 2000; Ãàðàíæà,
2000) ïîñòðîåíû ñòàöèîíàðíûå àíàëîãè ýòèõ óðàâíåíèé, â êîòî-
ðûõ êîýôôèöèåíòû ýëëèïòè÷åñêèõ îïåðàòîðîâ òðàêòóþòñÿ êàê
ìåòðèêà ñåòî÷íîé ñðåäû, óïðàâëÿåìàÿ àäàïòàöèîííîé ôóíêöè-
åé. Â óïîìÿíóòûõ ðàáîòàõ ïîä÷åðêíóòà ðîëü òðåáîâàíèÿ ïîëî-
æèòåëüíîñòè ÿêîáèàíà ïðåîáðàçîâàíèÿ íà÷àëüíîé ñåòêè â àêòó-
àëüíóþ è íåîáõîäèìîñòü åãî îáåñïå÷åíèÿ íà äèñêðåòíîì óðîâíå.

Ïðèìåíÿåìûé àëãîðèòì èìååò ñëåäóþùèé ïðîñòîé âèä:

xn+1
i = xni + αni d

n
i ∆tn

dni =


∑

k∈Ni
(1 + φnk)



−1 ∑

k∈Ni
xnk(1 + φnk)− xni
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ãäå Ni - ðàäèóñ-âåêòîð óçëà i íà n-ì âðåìåííîì ñëîå, Ni - ìíî-
æåñòâî íîìåðîâ ñîñåäíèõ óçëîâ äëÿ óçëà i , φni ≥ 0 - óçëîâûå
çíà÷åíèÿ àäàïòàöèîííîé ôóíêöèè, 0 < αni < 1 - ïàðàìåòð ðå-
ëàêñàöèè. Åñëè àäàïòàöèîííàÿ ôóíêöèÿ ðàâíà íóëþ (ðåøåíèå
íå çàâèñèò îò êîîðäèíàò), òî àëãîðèòì ðåàëèçóåò îáû÷íîå ñãë-
ïæèâàíèå ñåòêè, äåëàÿ åå áîëåå ðàâíîìåðíîé è ñäâèãàÿ êàæäûé
óçåë â ñòîðîíó öåíòðà îòíîñèòåëüíî åãî ñîñåäåé. Â ïðîòèâíîì
ñëó÷àå óçåë ïîëó÷àåò äîïîëíèòåëüíîå ñìåùåíèå â ñòîðîíó âîç-
ðàñòàíèÿ àäàïòàöèîííîé ôóíêöèè. Êîýôôèöèåíò αni âûáèðàåòñÿ
èç óñëîâèé óñòîé÷èâîñòè ÿâíîãî èíòåãðèðîâàíèÿ ïàðàáîëè÷åñêî-
ãî óðàâíåíèÿ óïðàâëåíèÿ ñåòêîé, êîòîðîå ìîæíî ïîëó÷èòü êàê
äèôôåðåíöèàëüíîå ïðèáëèæåíèå, ðàññìàòðèâàÿ àäàïòàöèîííûé
àëãîðèòì êàê ðàçíîñòíóþ ñõåìó. Â îäíîìåðíîì ñëó÷àå ýòî óðàâ-
íåíèå èìååò âèä:

∂x

∂t
=

∂

∂x0

(
α

2

∂x

∂x0

)
+
α

2

∂x

∂x0

∂φ

∂x0
+ O((∆x0)4,∆t2)

ßâíàÿ äâóõñëîéíàÿ ñõåìà óñòîé÷èâà ïðè αni ∆tn ≤ (∆x0)2 . Çàìå-
òèì, ÷òî â ðàñ÷åòíûõ ôîðìóëàõ àëãîðèòìà àäàïòàöèè øàã ñåòêè
ïðîîáðàçà x0 ðàâåí åäèíèöå, ïîýòîìó óñëîâèå óñòîé÷èâîñòè èìååò
âèä: αni ∆tn ≤ 1 .

Â ðàñ÷åòà ïðèíèìàëîñü αni = 0.5 . Ïðè ýòîì äàæå â ïðåäåëü-
íîì ñëó÷àå, êîãäà â îäíîì óçëå çíà÷åíèå àäàïòàöèîííîé ôóíêöèè
óñòðåìëÿëîñü ê áåñêîíå÷íîñòè, à çíà÷åíèÿ â îñòàëüíûõ óçëàõ ïî-
ëàãàëèñü íóëÿìè, ñîñåäè çà øàã ïî âðåìåíè ñäâèíóòüñÿ ê ýòîìó
óçëó íå áîëåå ÷åì íà ïîëîâèíó ðàññòîÿíèÿ ìåæäó íèìè è íå áëè-
æå, ÷åì ìèíèìàëüíî äîïóñòèìûé ðàçìåð ÿ÷åéêè.

Íîâûå óçëîâûå çíà÷åíèÿ èñêîìûõ ôóíêöèé çàäà÷è yni îïðåäå-
ëÿþòñÿ èç ðåøåíèÿ óðàâíåíèé "ñåòî÷íîé êîíâåêöèè"

∂y

∂t
−w · ∇y = 0

ãäå îïåðàòîð ãðàäèåíòà îòíîñèòñÿ ê àêòóàëüíîé êîíôèãóðàöèè, à
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w = ∂x∂t - ñêîðîñòü ïîäâèæíîé ñåòêè. Çíàê ìèíóñ ïðè êîíâåê-
òèâíîì ÷ëåíå ïðàâèëüíûé. Óðàâíåíèÿ ñåòî÷íîé êîíâåêöèè èíòå-
ãðèðóþòñÿ ïî ÿâíîé ñõåìå. Àëüòåðíàòèâíî äëÿ îïðåäåëåíèÿ óç-
ëîâûõ çíà÷åíèé ðåøåíèÿ ìîæíî èñïîëüçîâàòü ïåðåèíòåðïîëÿöèþ
ðåøåíèÿ íà àäàïòèðîâàííóþ ñåòêó. Ýòîãî íå äåëàëîñü, ïîñêîëüêó
íà íåðåãóëÿðíûõ ñåòêàõ ïðîöåäóðà èíòåðïîëÿöèè òðåáóåò çíà÷è-
òåëüíî áîëüøåãî îáúåìà âû÷èñëåíèé èç-çà ïîèñêà èíòåðïîëÿöè-
îííûõ ÿ÷ååê.

Äëÿ ñòàöèîíàðíûõ çàäà÷ äàííûé àëãîðèòì ìîæíî èíòåðïðå-
òèðîâàòü êàê èòåðàöèîííûé ïðîöåññ.

Óñïåøíîñòü àäàïòàöèè (óìåíüøåíèå îøèáîê àïïðîêñèìàöèè â
çîíàõ áîëüøèõ ãðàäèåíòîâ) îïðåäåëÿåòñÿ âûáîðîì àäàïòàöèîí-
íîé ôóíêöèè. Ýòîò âûáîð ïîäñêàçûâàåòñÿ ëîêàëüíûìè îöåíêàìè
îøèáîê ñåòî÷íîãî ìåòîäà è çàâèñèò îò êëàññà ðåøàåìûõ çàäà÷. Âî
ìíîãèõ ñëó÷àÿõ èç-çà íåëèíåéíîñòè è ìíîãîìåðíîñòè çàäà÷ òàêèå
îöåíêè îòñóòñòâóþò è àäàïòàöèîííàÿ ôóíêöèÿ çàäàåòñÿ èíòóè-
òèâíî ïî àíàëîãèè ñ îäíîìåðíûì ëèíåéíûì ñëó÷àåì. Íàïðèìåð,
â êà÷åñòâå àäàïòàöèîííîé ôóíêöèè ïðèìåíÿëèñü çíà÷åíèÿ ìîäó-
ëÿ äèâåðãåíöèè ñêîðîñòè, ãðàäèåíòîâ ïëîòíîñòè, çàâèõðåííîñòè.

Î ðàñ÷åòå ïîäâèæíûõ êîîðäèíàò ñ ïîìîøüþ óðàâíå-
íèé íåëèíåéíîé òåðìîóïðóãîñòè. Àëãîðèòì ðàáîòû (Áóðà-
ãî, 1984), îïèðàþùèéñÿ íà óðàâíåíèÿ ðàçäåëà 2.10, äîëãîå âðåìÿ
îñòàâàëñÿ íåðåàëèçîâàííûì. Äåëî â òîì, ÷òî èìååòñÿ ñâîåãî ðî-
äà ïðåäðàññóäîê ïðîòèâ ïðèìåíåíèÿ óðàâíåíèé íåëèíåéíîé òåð-
ìîóïðóãîñòè: ïðåäñòàâëÿåòñÿ ðàñòî÷èòåëüíûì ïðèìåíÿòü íåÿâ-
íóþ ñõåìó ðåøåíèÿ íåëèíåéíîé çàäà÷è òåðìîóïðóãîñòè â ïàðå
ñ ÿâíîé ñõåìîé èíòåãðèðîâàíèÿ óðàâíåíèé äâèæåíèÿ ôèçè÷å-
ñêîé ñïëîøíîé ñðåäû. Ïîýòîìó àâòîð ïîïûòàëñÿ âíà÷àëå ðåøàòü
"òåðìîóïðóãèå"ñåòî÷íûå óðàâíåíèÿ ïî ÿâíîé ñõåìå, ÷òî îêàçà-
ëîñü êðàéíå íåóäà÷íûì: ïîñêîëüêó ýòè ñåòî÷íûå óðàâíåíèÿ ïðè-
íàäëåæàò ïàðàáîëè÷åñêîìó òèïó, òî ïðè ÿâíîì èíòåãðèðîâàíèè
àäàïòàöèÿ íå ïîñïåâàåò çà ðåøåíèåì è ðàññîãëàñîâàíèå çîí ñãó-
ùåíèÿ ñåòêè è çîí áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ ïðèâîäèò òîëüêî
ê ïîòåðå òî÷íîñòè. Ïîýòîìó ñíà÷àëà áûëè ðåàëèçîâàíû îïèñàí-
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íûå âûøå àëãîðèòìû ïî ðåöåïòàì äðóãèõ àâòîðîâ. Ñèòóàöèÿ ñ
ïðèìåíåíèåì óðàâíåíèé òåðìîóïðóãîñòè ê ñåòî÷íîé ñðåäå ðàäè-
êàëüíî èçìåíèëàñü ïîñëå ðåàëèçàöèè àëãîðèòìà èíòåãðèðîâàíèÿ
ýòèõ óðàâíåíèé ïî íåÿâíîé ñõåìå "íüþòîíîâêàÿ êâàçèëèíåàðè-
çàöèÿ ïëþñ ñîïðÿæåííûå ãðàäèåíòû", àíàëîãè÷íî òîìó, êàê ýòî
îïèñàíî âûøå äëÿ óðàâíåíèé óïðóãîïëàñòè÷íîñòè. Íåÿâíîå èíòå-
ãðèðîâàíèå ïðèâîäèò íå òîëüêî ê îæèäàåìûì îòëè÷íûì ðåçóëü-
òàòàì (ñì. ïðèìåðû ðàçäåëà 4.7), íî áëàãîäàðÿ ýôôåêòèâíîñòè
íåÿâíîé ñõåìû ïî÷òè íå çàìåäëÿåò îñíîâíóþ (ÿâíóþ) ñõåìó ðåøå-
íèÿ òåðìîìåõàíè÷åñêîé çàäà÷è, çíà÷èòåëüíî ïîâûøàÿ òî÷íîñòü
ðåøåíèé.

3.4 Ðàñ÷åò âûäåëåííîé êîíòàêòíîé ãðàíèöû

Íèæå íà îñíîâå ðàáîò Áóðàãî è Êóêóäæàíîâà [38, 39, 40, 41, 43,
44, 45, 272]. ïðèâåäåíî îïèñàíèå êîíòàêòíûõ àëãîðèòìîâ ìåòîäà
ìíîæèòåëåé Ëàãðàíæà (äëÿ ÿâíûõ ñõåì) è øòðàôíûõ ôóíêöèé
(äëÿ íåÿâíûõ ñõåì).

Âîñïðîèçâåäåì çäåñü îïðåäåëåíèÿ ðàçäåëà 3.1, êàñàþùèåñÿ ïî-
âåðõíîñòè êîíòàêòà è êîíòàêòíûõ óñëîâèé (3.5). Ïîâåðõíîñòü
êîíòàêòà

o

Sc îïðåäåëÿåòñÿ êàê ìíîæåñòâî âñåõ ãðàíè÷íûõ òî÷åê,
äëÿ êàæäîé èç êîòîðûõ ñóùåñòâóåò äðóãàÿ ãðàíè÷íàÿ òî÷êà ñ òåì
æå çíà÷åíèåì àêòóàëüíîãî ðàäèóñ-âåêòîðà

o

Sc= { ox
+

: ∀ o
x

+∈ o

S ∃ o
x
−∈ o

S | o
x

+ 6= o
x
− ∧ x(

o
x

+
, t) = x(

o
x
−
, t)}

Êîíòàêòíûå ãðàíè÷íûå óñëîâèÿ âûðàæàþò íåïðåðûâíîñòü íîð-
ìàëüíîé ñîñòàâëÿþùåé ñêîðîñòè:

(u+ − u−) · n+ = 0 (3.33)

ðàâåíñòâî äåéñòâèÿ è ïðîòèâîäåéñòâèÿ (òðåòèé çàêîí Íüþòîíà):
P+ = −P− (3.34)

è çàêîí òðåíèÿ:
Pτα = P+ · τ+

α = f̃ (Pn, (u
+ − u−) · τα) , α = 1, 2 (3.35)
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ãäå êîíòàêòíàÿ íàãðóçêà P ïðåäñòàâëåíà íîðìàëüíîé Pn è êàñà-
òåëüíûìè Pτα , (α = 1, 2) ñîñòàâëÿþùèìè, n è τα - îðòû íîðìàëè
è êàñàòåëüíûõ ê ïîâåðõíîñòè S â àêòóàëüíîé êîíôèãóðàöèè, äëÿ
êîòîðûõ âûïîëíåíî

n+ = −n− , τ+
α = −τ−α , α = 1, 2 , Pn = P+ · n+

Êîíòàêòíàÿ íàãðóçêà òðåíèÿ çàâèñèò îò íîðìàëüíîé êîíòàêòíîé
íàãðóçêè è îò ñêà÷êà êàñàòåëüíîé ñêîðîñòè (ñêîðîñòè ñêîëüæå-
íèÿ).

3.4.1 Ìåòîä ìíîæèòåëåé Ëàãðàíæà

Óñëîâèÿ êîíòàêòà ìîæíî ââåñòè â óðàâíåíèå âèðòóàëüíûõ ðà-
áîò ñ ïîìîùüþ ìåòîäà ìíîæèòåëåé Ëàãðàíæà (cì. îïèñàíèå îá-
ùèõ ìåäîäîâ ó÷åòà îãðàíè÷åíèé â çàäà÷àõ îïòèìèçàöèè, äàííîå,
íàïðèìåð, â ìîíîãðàôèè Ïøåíè÷íîãî è Äàíèëèíà [172]). Â ðå-
çóëüòàòå ýòî óðàâíåíèå ïðèìåò òàêîé âèä:

∫

V

[ρ(du/dt− f) · δu + σ∇δu] dV =

∫

Sp

P · δudS−

−
∫

Sc

[
δ(Pn(x+ − x−) · n+) +

2∑
α=1

Pταδ(x
+ − x−) · τ+

α

]
dS (3.36)

Ðîëü ìíîæèòåëÿ Ëàãðàíæà äëÿ êèíåìàòè÷åñêîãî îãðàíè÷åíèÿ
(3.33) èãðàåò íîðìàëüíàÿ íàãðóçêà êîíòàêòíîãî âçàèìîäåéñòâèÿ
Pn , ïîäëåæàùàÿ îïðåäåëåíèþ. Êàñàòåëüíûå êîíòàêòíûå íàãðóç-
êè Pτα (α = 1, 2) îïðåäåëÿþòñÿ çàêîíîì òðåíèÿ (3.35).

Ðàññìîòðèì àëãîðèòì êîíòàêòíûõ ïàð. Ïóñòü ïîâåðõíîñòü
òåë ïðåäñòàâëåíà ãðàíè÷íûìè ÿ÷åéêàìè: îòðåçêàìè â äâóìåðíîì
ñëó÷àå è òðåóãîëüíèêàìè â òðåõìåðíîì ñëó÷àå.

Ïóñòü ëîêàëüíàÿ íóìåðàöèÿ óçëîâ â ãðàíè÷íûõ ÿ÷åéêàõ â
òðåõìåðíîì ñëó÷àå ïðèíÿòà ïî ÷àñîâîé ñòðåëêå, åñëè ñìîòðåòü
ñíàðóæè òåëà, à â äâóìåðíîì ñëó÷àå ëîêàëüíàÿ íóìåðàöèÿ ñî-
îòâåòñòâóåò îáõîäó ãðàíèöû ïî ÷àñîâîé ñòðåëêå. Ýòî íóæíî äëÿ
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îäíîçíà÷íîãî îïðåäåëåíèÿ íàïðàâëåíèÿ âíåøíåé íîðìàëè ê ãðà-
íèöå.

Â íà÷àëå êàæäîãî øàãà ïî âðåìåíè ïðîèçâîäèòñÿ ïðåä-
âàðèòåëüíûé ðàñ÷åò íîâîãî ïîëîæåíèÿ ãðàíèöû áåç ó÷åòà
êîíòàêòà. Çàòåì ñðåäè ïàð "ãðàíè÷íàÿ ÿ÷åéêà - ãðàíè÷íûé
óçåë"îòáèðàþòñÿ êîíòàêòíûå, òî åñòü òàêèå, ÷òî 1) íîðìàëü,
îïóùåííàÿ èç ãðàíè÷íîãî óçëà íà ïëîñêîñòü ãðàíè÷íîé ÿ÷åé-
êè, ïåðåñåêàåò ýòó ãðàíè÷íóþ ÿ÷åéêó, è 2) èìååò ìåñòî ñ÷åòíîå
ïðîíèêàíèå. Ïðè íàëè÷èè äëÿ äàííîãî ãðàíè÷íîãî óçëà íåñêîëü-
êèõ êàíäèäàòîâ èç ãðàíè÷íûõ ýëåìåíòîâ íà ðîëü ïàðòíåðà ïî
êîíòàêòíîé ïàðå, îäíîçíà÷íî îòáèðàåòñÿ òîò ãðàíè÷íûé ýëåìåíò,
êîòîðûé ïåðåñåêàåòñÿ òðàåêòîðèåé äàííîãî ãðàíè÷íîãî óçëà. Ìà-
òåìàòè÷åñêàÿ çàïèñü ýòèõ óñëîâèé îòáîðà ïðèâîäèòñÿ äàëåå.

Äëÿ óñêîðåíèÿ ïðîöåññà îòáîðà êîíòàêòíûõ ïàð îòñåâ ñëèø-
êîì äàëåêî îòñòîÿùèõ äðóã îò äðóãà ïîòåíöèàëüíûõ ïàðòíåðîâ
ïî êîíòàêòíîé ïàðå ïðîâîäèòñÿ ñíà÷àëà ïî ðàçíîñòè êîîðäèíàò
(áîëåå ýêîíîìíàÿ ïðîâåðêà), çàòåì ïî ðàññòîÿíèþ è òîëüêî ïîòîì
ïî ïðîåêöèè. Íèêàêîé íåîáõîäèìîñòè íàãëÿäíîé òðàêòîâêè òàêî-
ãî àëãîðèòìà îïðåäåëåíèÿ çîíû êîíòàêòà ïóòåì ðàññóæäåíèé î
êîíñòðóêöèÿõ òèïà, íàïðèìåð, "ïèíáîëëîâ" èëè "èåðàðõè÷åñêèõ
ïèíáîëëîâ" íåò, õîòÿ ïî ñóòè êîíñòðóêöèè ïèíáîëëîâ ïîäðàçó-
ìåâàþò òó æå ïîñëåäîâàòåëüíîñòü ïðîâåðîê è îòñåâà. Îòìåòèì,
÷òî â ðàáîòàõ àâòîðà ýòîò àëãîðèòì îïðåäåëåíèÿ çîíû êîíòàêòà
áûë ðåàëèçîâàí íàìíîãî ðàíüøå, ÷åì â ðàáîòàõ äðóãèõ àâòîðîâ.

Êîíòàêòíàÿ ïàðà îáðàçóåò òðåóãîëüíèê â äâóìåðíûõ çàäà÷àõ
è òåòðàýäð â òðåõìåðíîì ñëó÷àå. Òî åñòü, ÷èñëî óçëîâ â íåé Mc

ðàâíî 3 èëè 4, ñîîòâåòñòâåííî. Íîìåðà ýòèõ óçëîâ õðàíÿòñÿ â
èíôîðìàöèîííîì ìàññèâå êîíòàêòíûõ ïàð K(r, l) , (r = 1, ..., N−
c ; l = 1, ...,Mc). Äëÿ êàæäîé êîíòàêòíîé ïàðû k ïåðâûå Mc − 1
ýëåìåíòû èíôîðìàöèîííîãî ìàññèâà K(r, l) îòâå÷àþò ãðàíè÷íîé
ÿ÷åéêå, à ïîñëåäíèé (Mc -é) ýëåìåíò ñîäåðæèò íîìåð ãðàíè÷íîãî
óçëà, ñ êîòîðûì ýòà ãðàíè÷íàÿ ÿ÷åéêà êîíòàêòèðóåò.

Àëãîðèòì ðàñ÷åòà êîíòàêòíîé íàãðóçêè ðåàëèçóåòñÿ èòåðàöè-
îííî. Â êàæäîé êîíòàêòíîé ïàðå êîíòàêòíàÿ íàãðóçêà, íîðìàëü-
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íàÿ ê ãðàíè÷íîé ÿ÷åéêå, îïðåäåëÿåòñÿ èç óñëîâèÿ îáðàùåíèÿ
îáúåìà êîíòàêòíîé ïàðû â íóëü. Â ïðîöåññå ïîñëåäîâàòåëüíî-
ãî îáõîäà êîíòàêòíûõ ïàð êîíòàêòíàÿ íàãðóçêà è êîîðäèíàòû
óçëîâ ïîïðàâëÿþòñÿ äî òåõ ïîð, ïîêà âñå êîíòàêòíûå ïàðû íå
"ñõëîïíóòñÿ". Â ÿâíûõ ñõåìàõ ïðè ðåàëèçàöèè ìåòîäà ìíîæèòå-
ëåé Ëàãðàíæà ýòî äîñòèãàåòñÿ, êàê ïðàâèëî, çà äâà îáõîäà ãðà-
íèöû (âòîðîé îáõîä äåëàåòñÿ äëÿ êîíòðîëÿ). Â íåÿâíûõ ñõåìàõ
ïðè ðåàëèçàöèè ìåòîäà øòðàôà (ñì. êîíåö ðàçäåëà) èòåðèðóåòñÿ
äî ñõîäèìîñòè ïîëå ñêîðîñòåé âî âñåé îáëàñòè ðåøåíèÿ.

Îïðåäåëåíèå çîíû êîíòàêòà. Â äàííîì ïîäðàçäåëå îïèñû-
âàþòñÿ óñëîâèÿ, ïî êîòîðûì ìîæíî ïðîâåðèòü ÿâëÿåòñÿ ëè îò-
äåëüíàÿ ïàðà "ãðàíè÷íûé óçåë - ãðàíè÷íûé ýëåìåíò" êîíòàêò-
íîé. Äëÿ óïðîùåíèÿ çàïèñè èñïîëüçóåì çäåñü ëîêàëüíóþ íóìå-
ðàöèþ óçëîâ i = 1, ...,Mc (ïåðâûå Mc − 1 íîìåðà îòâå÷àþò ãðà-
íè÷íîìó ýëåìåíòó, à íîìåð Mc - ãðàíè÷íîìó óçëó, ó÷àñòâóþùèì
â ïðîâåðêå).

Ïóñòü xni - àêòóàëüíûå ðàäèóñ-âåêòîðû óçëîâ êîíòàêòíîé ïà-
ðû íà "ñòàðîì"âðåìåííîì ñëîå, à un+1

i è (xn+1
i )s = xni +(un+1

i )s∆tn
- èñêîìûå óçëîâûå çíà÷åíèÿ ñêîðîñòåé è ðàäèóñ-âåêòîðîâ íà íî-
âîì âðåìåííîì ñëîå, s = 0, 1, 2, ... - íîìåð èòåðàöèè. Âåëè÷èíà
(un+1

i )0 îòâå÷àåò ïðåäâàðèòåëüíîìó ðàñ÷åòó íîâîãî âðåìåííîãî
ñëîÿ áåç ó÷åòà êîíòàêòà.

Â òðåõìåðíîì ñëó÷àå âíåøíÿÿ íîðìàëü ê ãðàíè÷íîé ÿ÷åéêå
îïðåäåëÿåòñÿ ñîîòíîøåíèåì

(n)s = ((xn+1
3 )s − (xn+1

1 )s)× (((xn+1
2 )s − ((xn+1

1 )s)/L

ãäå L = |((xn+1
3 )s− (xn+1

1 )s)× (((xn+1
2 )s− ((xn+1

1 )s)| . Ïàðà ãðàíè÷-
íûé óçåë - ãðàíè÷íàÿ ÿ÷åéêà ÿâëÿåòñÿ êîíòàêòíîé, åñëè íîðìàëü-
íàÿ ïðîåêöèÿ óçëà íà ïëîñêîñòü ÿ÷åéêè ïðèíàäëåæèò ÿ÷åéêå:

L1 + L2 + L3 = 1 (3.37)

d = n · ((xn+1
4 )s − (xn+1

1 )s) ≤ 0 (3.38)
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ãäå Li , (i = 1, 2, 3) - L-êîîðäèíàòû ïðîåêöèè (xn+1
c )s = (xn+1

4 )s−
d(n)s ãðàíè÷íîãî óçëà Mc íà ïëîñêîñòü, îïðåäåëÿåìóþ ãðàíè÷-
íîé ÿ÷åéêîé 1-2-3:

(L1)s = ((xn+1
3 )s − (xn+1

c )s)× (((xn+1
2 )s − ((xn+1

c )s)/L

(L2)s = ((xn+1
3 )s − (xn+1

1 )s)× (((xn+1
c )s − ((xn+1

1 )s)/L

(L3)s = ((xn+1
c )s − (xn+1

1 )s)× (((xn+1
2 )s − ((xn+1

1 )s)/L

Àïïðîêñèìàöèÿ êîíòàêòíûõ èíòåãðàëîâ. Êîíòàêòíûå
èíòåãðàëû â ïðàâîé ÷àñòè óðàâíåíèÿ âèðòóàëüíûõ ðàáîò ïðåä-
ñòàâèì â ñëåäóþùåé ôîðìå:

δ

∫

Snc

(Pn)n(u+ − u−) · nndS =

Nc∑
r=1

(Pn)nr

Mc∑
i=1

(Li)
n
rδuK(r,i) · nnrSnr +

Nc∑
r=1

δ(Pn)r

Mc∑
i=1

(Li)
n
ru

n+1
K(r,i) · nnrSnr (3.39)

è ∫

Snc

2∑
α=1

(Pτα)n(δu+ − δu−) · τnαdS =

=

Nc∑
r=1

2∑
α=1

(Pτα)nr

Mc∑
i=1

(Li)
n
rδuK(r,i) · (τα)nrS

n
r

ßâíàÿ ñõåìà "êðåñò"äëÿ ñêîðîñòåé ñ ó÷åòîì êîíòàêòà. Ñ
ó÷åòîì ýòèõ èíòåãðàëîâ ñîîòíîøåíèÿ äëÿ ñêîðîñòåé ïåðåïèøóòñÿ
ñëåäóþùèì îáðàçîì:

Mi(u
n+1
i − γni ũni − (1− γni )uni ) = fni ∆tn , i ∈ ω\ωuωnc

un+1
i = un+1,∗

i , i ∈ ωu (3.40)

Mi(u
n+1
i − γni ũni − (1− γni )uni ) = (f + fc

n
i )ni ∆tn , i ∈ ωnc

Îñòàëüíûå óðàâíåíèÿ ÿâíîé ñõåìû ðàçäåëà 3.3 íå èçìåíÿòñÿ.
×eðeç ωnc îáîçíà÷åíî ìíîæåñòâî íîìåðîâ óçëîâ, ó÷àñòâóþùèõ â
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îáðàçîâàíèè êîíòàêòíûõ ïàð. Äëÿ êîíòàêòíûõ óçëîâ â âûðàæå-
íèÿõ óðàâíåíèé äâèæåíèÿ ïîÿâèëèñü ïîäëåæàùèå îïðåäåëåíèþ
äîáàâêè fc

n
i (êîíòàêòíûe íàãðóçêè).

Â ñîîòâåòñòâèè ñ àïïðîêñèìàöèÿìè (3.39) âåêòîðû êîíòàêòíûõ
íàãðóçîê îïðåäåëÿþòñÿ òàê:

(fc)ni =

Nc∑
r=1

Mc∑

l=1

(
(Pn)nrn

n
r +

2∑
α=1

(Pτα)nr (τα)nr

)
SnrL

n
rlH̃(i−K(r, l))

(3.41)
Ñëåäñòâèåì ìîäèôèöèðîâàííîãî óðàâíåíèÿ âèðòóàëüíûõ ðàáîò
ÿâëÿåòñÿ òàêæå ñîîòíîøåíèå

Mc∑
i=1

(Li)
n
ru

n+1
K(r,i) · nnr = 0 (3.42)

îáåñïå÷èâàþùåå íåïðåðûâíîñòü íîðìàëüíûõ ñêîðîñòåé íà êîí-
òàêòíîé ãðàíèöå.

Ó÷åò êîíòàêòíîãî âçàèìîäåéñòâèÿ ïðèâîäèò ê ïîÿâëåíèþ íî-
âîé ãðóïïû èñêîìûõ âåëè÷èí - ìíîæèòåëåé Ëàãðàíæà (Pn)nr
(r = 1, ..., Nc) è äîáàâèëèñü Nc äîïîëíèòåëüíûõ àëãåáðàè÷åñêèõ
ñîîòíîøåíèé (3.42), îãðàíè÷èâàþùèõ âîçìîæíûå äâèæåíèÿ êîí-
òàêòíûõ óçëîâ è õàðàêòåðèçóþùèåñÿ íåäèàãîíàëüíîé ìàòðèöåé è
âíîñÿùèõ â ÿâíûå ñõåìû ýëåìåíò íåÿâíîñòè. Ïîñêîëüêó çîíà êîí-
òàêòà çàâèñèò îò êîíòàêòíûõ íàãðóçîê è îïðåäåëÿåòñÿ ñîâìåñòíî
ñ íèìè, íåîáõîäèìû âíåøíèå èòåðàöèè ïî íåëèíåéíîñòè (ïåðå-
ñ÷åò âðåìåííîãî øàãà ñ óòî÷íåíèåì çîíû êîíòàêòà). Íîðìàëüíûå
êîíòàêòíûå íàãðóçêè äîëæíû áûòü ñæèìàþùèìè:

(Pn)nr ≤ 0 , r = 1, ..., Nc (3.43)

òî åñòü äåéñòâîâàòü ïðîòèâ íàïðàâëåíèÿ âíåøíåé íîðìàëè ê ãðà-
íèöå. Ïðè íàðóøåííèè ýòoro óñëîâèÿ ñîîòâåòñòâóþùàÿ êîíòàêò-
íàÿ ïàðà èñêëþ÷àåòñÿ èç ÷èñëà êîíòàêòíûõ, è ïðîèçâîäèòñÿ ïå-
ðåñ÷åò.
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Èòåðàöèîííûé ïðîöåññ ðåøåíèÿ êîíòàêòíûõ óðàâíå-
íèé Äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé íà êîíòàêòíîé ãðàíè-
öå ïðèìåíåí ñëåäóþùèé ïðîñòîé èòåðàöèîííûé ïðîöåññ òèïà
Ãàóññà-Çåéäåëÿ:

Øàã 0. Äëÿ ïîëó÷åíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ ïðîâîäèòñÿ
ðàñ÷åò âñåõ âåëè÷èí íà íîâîì âðåìåííîì ñëîå n + 1 ïî ÿâíîé
ñõåìå "êðåñò"(3.6) áåç ó÷åòà êîíòàêòíîãî âçàèìîäåéñòâèÿ.

Øàã 1. Ïóòåì ïðîâåðêè óñëîâèé (3.37)-(3.38) îïðåäåëÿåòñÿ çî-
íà êîíòàêòà, ò.å. ôîðìèðóåòñÿ èíôîðìàöèîííûé ìàññèâ êîíòàêò-
íûõ ïàð K(r, l) . Åñëè ïî ñðàâíåíèþ ñ ïðåäûäóùåé èòåðàöèåé îí
èçìåíèëñÿ, òî ïåðåõîäèì ê âûïîëíåíèþ øàãà 2, èíà÷å ïðîöåññ
îêîí÷åí.

Øàã 2. Ïîñëåäîâàòåëüíî äëÿ êàæäîé êîíòàêòíîé ïàðû
K(k, l) , k = 1, ..., Nc ïîäïðàâëÿåòñÿ âåëè÷èíà íîðìàëüíîé êîí-
òàêòíîé íàãðóçêè (Pn)nk ïðè ïîñòîÿííûõ (Pn)nr , r = 1, ..., Nc, r 6=
k . Íîâûå çíà÷åíèÿ (Pn)nr , un+1

K(r,l) , xn+1
K(r,i) , i = 1, ...,Mc â ñîîòâåò-

ñòâèè ñ ôîðìóëàìè (3.40)-(3.41) ðàâíû
((Pn)nr )s+1 = ((Pn)nr )s + ∆(Pn)nk

(un+1
K(r,i))

s+1·(n)nk = (un+1
K(r,i))

s·(n)nk−∆(Pn)nk(Li)
n
k/mi∆tn , i = 1, ...,Mc

Ïîïðàâêà ∆(Pn)nk îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ (4.9), çàïèñàííî-
ãî äëÿ ïîïðàâëåííûõ ñêîðîñòåé:

∆(Pn)nk =

[
Mc∑
i=1

unK(r,i) · (n)nk(Li)
n
k

][
∆tn

Mc∑
i=1

((Li)
n
k)2/mK(k,i)

]

Èòåðàöèîííûé ïðîöåññ îêàí÷èâàåòñÿ, åñëè äëÿ âñåõ êîíòàêòíûõ
ïàp óñëîâèå (3.41) âûïîëíåíî ñ çàäàííîé òî÷íîñòüþ. Äàëåå ïåðå-
õîäèì ê øàãó 1.

Îïèñàííûé âûøå àëãîðèòì èñïîëüçóåòñÿ êàê äîïîëíåíèå ê ÿâ-
íûì ñõåìàì ðàñ÷åòà ïðîöåññîâ äåôîðìàöèè è, òàêèì îáðàçîì,
ðåàëèçóåò èäåþ ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì ïðèìåíè-
òåëüíî ê êîíòàêòíûì çàäà÷àì äèíàìèêè ñïëîøíûõ ñðåä. Îòìå-
òèì, ÷òî êîíòàêòíûé àëãîðèòì íå çàâèñèò îò âûáîðà êîíêðåòíîé
ÿâíîé ñõåìû.
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Êàê óæå ãîâîðèëîñü, íà êàæäîì øàãå ïî âðåìåíè äåëàåòñÿ
òîëüêî äâà îáõîäà ãðàíèöû (âòîðîé - äëÿ êîíòðîëÿ). Ïîä÷åðêíåì,
÷òî âñå ó÷àñòêè ãðàíèöû ðàâíîïðàâíû. Êîíòàêò îäíèõ ó÷àñòêîâ
ãðàíèöû òåëà ñ äðóãèìè ó÷àñòêàìè ãðàíèöû òîãî æå òåëà ðàñ-
ñ÷èòûâàåòñÿ òàê æå, êàê è êîíòàêò ñ äðóãèìè òåëàìè.

Äëÿ óëó÷øåíèÿ ñâîéñòâà ñõåìû ñîõðàíÿòü ñèììåòðèþ è îáåñ-
ïå÷åíèÿ íåçàâèñèìîñòè ðåçóëüòàòà îò ïîðÿäêà îáõîäà êîíòàêòíûõ
ïàð, îòêîððåêòèðîâàííûå çíà÷åíèÿ êîíòàêòíûõ íàãðóçîê è ñêîðî-
ñòåé íàêàïëèâàþòñÿ â îòäåëüíîì ìàññèâå è îáíîâëåíèå îñíîâíûõ
ìàññèâîâ êîîðäèíàò è ñêîðîñòåé ïðîèçâîäèòñÿ ïî îêîí÷àíèè ðàñ-
÷åòà êîíòàêòíûõ ïàð.

3.4.2 Ìåòîä øòðàôà

Â ñëó÷àå íåâíûõ ñõåì ó÷åò êîíòàêòíîãî âçàèìîäåéñòâèÿ ïðîâî-
äèòñÿ ìåòîäîì øòðàôíûõ ôóíêöèé. Èñïîëüçóåòñÿ ìîäèôèöèðî-
âàííîå óðàâíåíèå âèðòóàëüíûõ ðàáîò (3.36), â êîòîðîì ïîëàãàåòñÿ

Pn = λ̃(x+ − x−) · n+ , λ̃ >> 1

ãäå λ̃ - êîýôôèöèåíò øòðàôà. Â ïðàêòè÷åñêèõ ðàñ÷åòàõ âåëè-
÷èíà êîýôôèöèåíòà øòðàôà ïðèíèìàåòñÿ ðàâíîé îáðàòíîé âå-
ëè÷èíå "ìàøèííîãî ýïñèëîí"(äëÿ ÷åòûðåõáàéòîâîé àðèôìåòèêè
ýòî ïðèìåðíî 106). Àïïðîêñèìàöèÿ êîíòàêòíûõ äîïîëíèòåëüíûõ
÷ëåíîâ â óðàâíåíèè (3.36) ïðîâîäèòñÿ òàê æå, êàê è â ïîäðàçä.
3.3.2, èõ âëèíèå ó÷èòûâàåòñÿ ïðè âû÷èñëåíèè íåâÿçîê â èòåðàöè-
îííîì ïðîöåññå ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ. Ïåðåä ðàñ÷åòîì
íîâîãî âðåìåííîãî ñëîÿ îïðåäåëÿåòñÿ çîíà êîíòàêòà ïî óñëîâèì
(3.37)-(3.38), íî óñëîâèå (3.38) îñëàáëÿåòñÿ è çàìåíÿåòñÿ íà óñëî-
âèå äîñòàòî÷íîé áëèçîñòè ãðàíèö

d = n · ((xn+1
4 )s − (xn+1

1 )s) ≤ 0.1hmin (3.43)

ãäå hmin - ìèíèìàëüíàÿ äëèíà ãðàíè÷íîãî îòðåçêà ñåòêè. Ó÷åò
êîíòàêòíûõ âçàèìîäåéñòâèé è â ñëó÷àå íåÿâíîé ñõåìû íå óñëîæ-
íèë ïðîöåññà ðåøåíèÿ çàäà÷ è áûë ðåàëèçîâàí ïðîñòî êàê äî-
ïîëíèòåëüíàÿ ïîäïðîãðàììà, îïðåäåëÿþùàÿ çîíó êîíòàêòà íà
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êàæäîì øàãå è âû÷èñëÿþùàÿ êîíòàêòíûå ïîïðàâêè ê íåâÿçêàì
óðàâíåíèé äâèæåíèÿ â èòåðàöèÿõ ïî ìåòîäó ñîïðÿæåííûõ ãðàäè-
åíòîâ.

Ïðè èñïîëüçîâàíèè êâàçèíüþòîíîâñêîé íåÿâíîé ñõåìû â ðàñ-
÷åòàõ ñ áîëüøèì øàãîì ïî âðåìåíè èëè ïî ïàðàìåòðó íàãðóæåíèÿ
âîçíèêàåò íåîáõîäèìîñòü âî âíåøíèõ äîïîëíèòåëüíûõ èòåðàöè-
ÿõ ïî íåëèíåéíîñòè. Îäíàêî, åñëè âûäåðæèâàòü óñëîâèå òî÷íî-
ñòè ïóòåì âûáîðà âåëè÷èíû øàãà ïî âðåìåíè, îáåñïå÷èâàþùåé
äîñòàòî÷íóþ ìàëîñòü ïðèðàùåíèé äåôîðìàöèè, òî òàêèõ äîïîë-
íèòåëüíûõ èòåðàöèé ïî íåëèíåéíîñòè, âûçâàííûõ ñëîæíîé ðåî-
ëîãèåé ñðåäû, ãåîìåòðè÷åñêîé íåëèíåéíîñòüþ è ïîãðåøíîñòÿìè
â îïðåäåëåíèè çîíû êîíòàêòà, íå ïîòðåáóåòñÿ.

3.5 Ñêâîçíîé ðàñ÷åò ãðàíèö ðàçäåëà

3.5.1 Ìåòîä ôèêòèâíûõ îáëàñòåé

Èìååòñÿ äîñòàòî÷íî îáøèðíûé êëàññ çàäà÷, â êîòîðûõ òî÷íîå
îïèñàíèå ãðàíèö èìååò âòîðîñòåïåííîå çíà÷åíèå ïî ñðàâíåíèþ ñ
íåîáõîäèìîñòüþ ïîëó÷åíèÿ êàðòèíû ÿâëåíèÿ â öåëîì. Ýòî, íà-
ïðèìåð, çàäà÷è ýêîëîãè÷åñêèõ ïðèëîæåíèé î ðàñïðîñòðàíåíèè
çàãðÿçíåíèé â îêðóæàþùåé ñðåäå ïðè âçàèìîäåéñòâèè ïîòîêîâ
ñ ìíîæåñòâåííûìè ïðåïÿòñòâèÿìè (ïîä çåìëåé, â âîäå èëè âîç-
äóõå), çàäà÷è ìíîæåñòâåííîãî êîíòàêòà ïî îïðåäåëåíèþ ðåàêöèè
êîìïîçèòà, ñîäåðæàùåãî ìíîæåñòâåííûå èíîðîäíûå âêëþ÷åíèÿ
è òîìó ïîäîáíûå.

Äëÿ ðåøåíèÿ òàêèõ çàäà÷ ðåàëèçîâàíû àëãîðèòìû, êîòîðûå
èñïîëüçóþò îïèñàííûå âûøå ñõåìû íà ýéëåðîâûõ (íåïîäâèæíûõ)
ðàâíîìåðíûõ ñåòêàõ, ÿ÷åéêè êîòîðûõ ïðåäñòàâëÿþò ñîáîé "êèð-
ïè÷èêè"(ïàðàëëåëåïèïåäû). Àäàïòàöèÿ ê ãåîìåòðèè ïîäðàçóìå-
âàåò ââåäåíèå ñåòî÷íîé ôóíêöèè-ïðèçíàêà òèïà ñðåäû, êîòîðàÿ
óêàçûâàåò äëÿ êàæäîãî êèðïè÷èêà åãî ïðèíàäëåæíîñòü ê ñðå-
äå îïðåäåëåííîãî òèïà (â ÷àñòíîñòè, ê æåñòêîé, íåïðîíèöàåìîé
ñðåäå è ò.ä.).
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Âíåøíèå è âíóòðåííèå ãðàíèöû îáëàñòè ðåøåíèÿ ìîãóò èìåòü
ðàçëè÷íóþ ïðèðîäó (îòêðûòûå ãðàíèöû èëè ãðàíèöû-ñòåíêè), íà
íèõ ìîæíî çàäàòü çíà÷åíèÿ èñêîìûõ ôóíêöèé èëè èõ ïîòîêè.
Ãðóáîñòü ïîñòàíîâêè çàäà÷è çàêëþ÷àåòñÿ â ïðèáëèæåííîì îïè-
ñàíèè ôîðìû ãðàíèö, êîòîðûå ïðåäñòàâëÿþòñÿ íàáîðîì ïðÿìî-
óãîëüíûõ ÿ÷ååê, ïàðàëëåëüíûõ äåêàðòîâûì êîîðäèíàòíûì ïëîñ-
êîñòÿì. Îòìåòèì ðàáîòû, â êîòîðûõ äàííûé ïîäõîä ïðåäëàãàëñÿ
è èññëåäîâàëñÿ ðàíåå (Áóãðîâ, Êîíîâàëîâ, Ùåðáàê, 1974; Ðâà÷åâ,
1982). Ñëåäóåò îòìåòèòü, ÷òî îïèñàíèå äàííîãî ïîäõîäà ìîæíî
íàéòè è â áîëåå ðàííèõ ðóêîâîäñòâàõ ïî ìåòîäó ñåòîê (ñì. íà-
ïðèìåð, Äåìèäîâè÷, Ìàðîí, Øóâàëîâà, 1967).

3.5.2 Ìåòîä äèñêðåòíûõ ìàðêåðîâ

Óïîìÿíóòûå â ðàçäåëå 3.5 àëãîðèòìû ïîñëóæèëè îñíîâîé äëÿ
ðåàëèçàöèè âàðèàíòà ìåòîäà ìàðêåðîâ è ÿ÷ååê (ìåòîä MAC,
Harlow, Welch, 1965; Nicols, 1973). Äèñêðåòíûì ìàðêåðîì íàçû-
âàåòñÿ ñâîáîäíàÿ ëàãðàíæåâà òî÷êà, åäèíñòâåííûì ñâîéñòâîì êî-
òîðîé ÿâëÿåòñÿ åå ñïîñîáíîñòü äâèãàòüñÿ âìåñòå ñ ìàòåðèàëüíîé
ñðåäîé â ñîîòâåòñòâèè ñ óðàâíåíèåì:

dxn
i

dt
= un

i , i = 1, 2, ..., Nm

ãäå Nm - ÷èñëî ìàðêåðîâ. Çàíÿòîñòü ðàñ÷åòíîé ÿ÷åéêè ñðåäîé
îïðåäåëåííîãî òèïà îïðåäåëÿåòñÿ ïî íàëè÷èþ â íåé ñîîòâåòñòâó-
þùèõ ìàðêåðîâ.

Îòëè÷èå îò îðèãèíàëüíîãî àëãîðèòìà ìåòîäà MAC çàêëþ÷à-
åòñÿ òîëüêî â òîì, ÷òî ðàñ÷åò ïîâåäåíèÿ ñðåäû îñóùåñòâëÿåòñÿ ñ
ïîìîùüþ îïèñàííûõ âûøå àëãîðèòìîâ ìåòîäà êîíå÷íûõ ýëåìåí-
òîâ íà ðàâíîìåðíîé ñåòêå "êèðïè÷èêîâ"ðàçäåëà 3.5. Àëãîðèòì
ïðèìåíåí ê ðåøåíèþ çàäà÷ î òå÷åíèÿõ òÿæåëîé íåñæèìàåìîé
æèäêîñòè ñî ñâîáîäíûìè ïîâåðõíîñòÿìè ( ïîâåðõíîñòíûå âîëíû,
âîäîïàäû, ôîíòàíû, ñòðóè è òàê äàëåå, ñì. ïðèìåðû â ãëàâå 4).

Êîëè÷åñòâî òðåáóþùèõñÿ ìàðêåðîâ çàâèñèò îò çàäà÷è èëè îò
òèïà îïèñûâàåìîãî äâèæåíèÿ ñïëîøíîé ñðåäû è ñîñòàâëÿåò â
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ñðåäíåì ïðèìåðíî 4x4x4 ìàðêåðîâ íà ÿ÷åéêó äëÿ èõ íà÷àëüíîãî
ïîëîæåíèÿ. Ïðè íàëè÷èè îòêðûòûõ âõîäíûõ/âûõîäíûõ ãðàíèö
íà òàêèõ ãðàíèöàõ ðåàëèçîâàí àëãîðèòì àâòîìàòèçèðîâàííîé ãå-
íåðàöèè (íà âõîäå) è óíè÷òîæåíèÿ (íà âûõîäå) äèñêðåòíûõ ìàð-
êåðîâ.

3.5.3 Ìåòîä íåïðåðûâíûõ ìàðêåðîâ

Äëÿ ïîëó÷åíèÿ áîëåå ýêîíîìíîãî (êàê ïî ïàìÿòè, òàê è ïî
áûñòðîäåéñòâèþ) àëãîðèòìà, âîïëîùàþùåãî èäåþ ìàðêåðîâ, áûë
ðåàëèçîâàí òàêæå ìåòîä íåïðåðûâíîãî ìàðêåðà â ôîðìå ìåòî-
äà êîíöåíòðàöèè èëè ìåòîäà ôóíêöèè öâåòà (îïèñàíèå èñòîðèè
ñìîòðè â ãëàâå 1 íàñòîÿùåé ðàáîòû, à òàêæå â ìîíîãðàôèÿõ:
Sethian, 1996, 1999).

Îïÿòü êîíå÷íîýëåìåíòíûé àëãîðèòì íà ðàâíîìåðíîé ñåòêå
"êèðïè÷èêîâ"ðàçäåëà 3.5 áûë âçÿò çà îñíîâó è äîïîëíåí óðàâ-
íåíèåì íåïðåðûâíîãî ìàðêåðà:

∂C

∂t
+ u · ∇C = 0

ãäå ìàðêåð-ôóíêöèÿ C ïðèíèìàåò çíà÷åíèÿ 0 äëÿ ïóñòîãî ïðî-
ñòðàíñòâà è 1 äëÿ ïðîñòðàíñòâà, çàíÿòîãî ìàòåðèàëüíîé ñðåäîé.
Ïîäâèæíàÿ ñâîáîäíàÿ ãðàíèöà îïðåäåëÿåòñÿ èçîëèíèåé C =
0.5 Äëÿ óìåíüøåíèÿ ÷èñëåííîé äèôôóçèè ïðè èíòåðèðîâàíèè
óðàâíåíèÿ ïåðåíîñà ïðèìåíÿëàñü ëîêàëüíàÿ "àíòèäèôôóçèîí-
íàÿ"êîððåêöèÿ ôóíêöèè Ñ, ïîääåðæèâàþùàÿ êðîìå òîãî êîí-
ñåðâàòèâíîñòü, ò. å. îáåñïå÷èâàþùàÿ âûïîëíåíèå èíòåãðàëüíîãî
ñîîòíîøåíèÿ ∫

V

∂ρC

∂t
+

∫

S

ρCn · udS = 0

Äëÿ îáåñïå÷åíèÿ êîíñåðâàòèâíîñòè ïîëó÷åííîå â íåêîíñåðâàòèâ-
íîì ðàñ÷åòå øàãà ïî âðåìåíè ïðèðàùåíèå êîíöåíòðàöèè óìíîæà-
ëîñü íà ïîïðàâî÷íûé êîýôôèöèåíò, îáåñïå÷èâàþùèé âûïèñàííîå
âûøå èíòåãðàëüíîå áàëàíñíîå ñîîòíîøåíèå.
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Ïîÿñíèì ñêàçàííîå. Ðàñ÷åò íîâûõ äàâëåíèé è ñêîðîñòåé â ìà-
òåðèàëüíîé ñðåäå íà n-íîì øàãå ïî âðåìåíè ïðîâîäèòñÿ ïóòåì
ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è â îáëàñòè V n

C ⊂ V , çàíÿòîé
ìàòåðèàëüíîé ñïëîøíîé ñðåäîé è îïðåäåëÿåìîé ïðèáëèæåííî
êàê ïîäîáëàñòü, â êîòîðîé Cn ≥ 0.5 . Äàëåå èç óðàâíåíèÿ ïåðå-
íîñà ðàññ÷èòûâàþòñÿ ïðåäâàðèòåëüíûå íîâûå óçëîâûå çíà÷åíèÿ
ìàðêåð-ôóíêöèè C̃n+1

i . Â òàêîì ðàñ÷åòå ñêîðîñòè [u]nk â ÿ÷åé-
êàõ îïðåäåëÿëÿþòñÿ ïî çíà÷åíèÿì ñêîðîñòè â óçëàõ, â êîòîðûõ
Cn
i ≥ 0.5 . Äàëåå ïðèìåíÿåòñÿ àíòèäèôôóçèîííàÿ êîîððåêöèÿ

çíà÷åíèé ìàðêåð-ôóíêöèè, ñîñòîÿùàÿ â ñëåäóþùåì:

C̃n+1
i ≥ 0.5 ∧ C̃n+1

i > Cn
i : Cn+1

i(1) = (1− (C̃n+1
i )2)/4

C̃n+1
i ≥ 0.5 ∧ C̃n+1

1 ≤ Cn
i : Cn+1

i(1) = C̃n+1
i

C̃n+1
i ≤ 0.5 ∧ C̃n+1

i < Cn
i : Cn+1

i(1) = (C̃n+1
i )2/4

C̃n+1
i ≤ 0.5 ∧ C̃n+1

i ≥ Cn
i : Cn+1

i(1) = C̃n+1
i

Ïîïðîñòó ãîâîðÿ çíà÷åíèÿ êîíöåíòðàöèè áëèçêèå ê åäèíèöå
è ðàñòóùèå äåëàþòñÿ åùå áîëåå áëèçêèìè ê íåé, à óáûâàþùèå
çíà÷åíèÿ êîíöåíòðàöèè áëèçêèå ê íóëþ äåëàþòñÿ åùå ìåíüøå.
Ïðè ýòîì íèîòêóäà íå ñëåäóåò, ÷òî çàêîí ñîõðàíåíèÿ ìàññû ìàòå-
ðèàëüíîé ñïëîøíîé ñðåäû âûïîëíÿåòñÿ. Äàæå åñëè óáðàòü ÿâíî
íåêîíñåðâàòèâíóþ àíòèäèôôóçèîííóþ ñòàäèþ ðàñ÷åòà, âñå ðàâ-
íî ñîõðàíåíèå ìàññû íå ãàðàíòèðóåòñÿ. Âîññòàíîâëåíèå êîíñåð-
âàòèâíîñòè äåëàåòñÿ òàê: îïðåäåëÿåòñÿ ∆Mn

C - ïðèðàùåíèå êî-
ëè÷åñòâà ñóáñòàíöèè C íà n-ì øàãå ïî âðåìåíè èç-çà çàäàííûõ
èñòî÷íèêîâ/ñòîêîâ rC è èç-çà êîíâåêòèâíûõ ïîòîêîâ Cu · n íà
îòêðûòûõ ãðàíèöàõ; çàòåì îïðåäåëÿåòñÿ åå ôàêòè÷åñêîå ïðèðà-
ùåíèå ∆Mn

C(1) êàê èíòåãðàë ïî îáëàñòè V îò ôóíêöèè Cn+1
(1) −Cn .

Ïîñëå ÷åãî ïðîèçâîäèòñÿ êîððåêöèÿ:

Cn+1
i = Cn

i + α1(Cn+1
i(1) − Cn

i ) , α1 = ∆Mn
C/∆Mn

C(1)

Ïðîöåäóðà àíòèäèôôóçèè ðåàëèçîâûâàëàñü ñ âàðèàöèÿìè:
ïîäáèðàëñÿ ñòåïåííîé çàêîí, ïðîáîâàëîñü åå âêëþ÷åíèå íå íà
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êàæäîì øàãå, à ÷åðåç êàæäûå íåñêîëüêî øàãîâ è òàê äàëåå.
Áóäó÷è íåôîðìàëüíûìè ýëåìåíòàìè àëãîðèòìà, ïðîöåäóðû àí-
òèäèôôóçèè è êîððåêöèè çàêîíà ñîõðàíåíèÿ ìàññû ÷ðåçâû÷àéíî
óÿçâèìû äëÿ êðèòèêè. Â êà÷åñòâå îïðàâäàíèÿ çàìåòèì, ÷òî ïðè-
ñòàëüíûé àíàëèç îïóáëèêîâàííûõ ðåçóëüòàòîâ ïî ìåòîäó íåïðå-
ðûâíîãî ìàðêåðà ïîêàçûâàåò, ÷òî ïðîáëåìû ñîáëþäåíèÿ çàêîíà
ñîõðàíåíèÿ ìàññû è ðàçìûâà êîíòàêòíîé ãðàíèöû èìåþò ìåñòî.
Äåôåêòû ðåøåíèé ÷àñòî âèäíû íåâîîðóæåííûì ãëàçîì. Ïîýòî-
ìó åñëè áóäóò ïðèäóìàíû áîëåå êîððåêòíûå ñïîñîáû ðåøåíèÿ
ýòèõ ïðîáëåì, àâòîð ñ óäîâîëüñòâèåì èìè âîñïîëüçóåòñÿ. Ïîêà æå
îïèñàííûå ñïîñîáû êîððåêöèè àëüòåðíàòèâû íå èìåþò è ðàáîòà-
þò âïîëíå óäîâëåòâîðèòåëüíî (ñì. ñëåäóþùóþ ãëàâó). Êîíå÷íî,
îøèáêè â áàëàíñàõ èìïóëüñà è ýíåðãèè òàêæå èìåþò ìåñòî â àë-
ãîðèòìàõ íåïðåðûâíîãî ìàðêåðà, íî îíè íå òàê áðîñàþòñÿ â ãëàçà
êàê îøèáêè ïî ìàññå èëè ðàçìûâ ãðàíèö. Â ñàìîì äåëå, åñëè ïðî-
âîäèòñÿ ðàñ÷åò ïàäåíèÿ äîæäåâîé êàïëè, íåëîâêî íàáëþäàòü, êàê
îíà áåç âèäèìûõ ïðè÷èí â ïðîöåññå ïàäåíèÿ âäðóã íà÷èíàåò èç÷å-
çàòü èëè íàîáîðîò óâåëè÷èâàòüñÿ â îáúåìå, à âîçìîæíî è ïðîñòî
òóìàííî ðàñïëûâàòüñÿ.

3.5.4 Ðàñ÷åò ìåæôàçíûõ ãðàíèö

Ðàññìàòðèâàþòñÿ ôàçîâûå ïåðåõîäû æèäêîñòü-òâåðäîå òåëî
(ðàñïëàâ-êðèñòàëë, âîäà-ëåä) ïðè íàëè÷èè ïðèìåñè , îïèñûâà-
åìûå óñëîâèÿìè Ñòåôàíà:

Φ = T−Tm−TcC = 0 uS = uL , λ
∂T

∂t
= ((kq∇T )S−(kq∇T )L)·∇T

(C)L(1− k∗)∂T
∂t

= ((kc∇C)S − (kc∇C)L) · ∇T , (C)S = k∗(C)L

ãäå un = ∂T/∂t|∇T |−1 - ïðîåêöèÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ
ôðîíòà êðèñòàëëèçàöèè íà íîðìàëü ∇T/|∇T |−1 , kq - êîýôôèöè-
åíò òåïëîïðîâîäíîñòè, kc - êîýôôèöèåíò äèôôóçèè ïðèìåñè , λ
- óäåëüíàÿ ýíòàëüïèÿ ôàçîâîãî ïåðåõîäà (âåëè÷èíà âûäåëÿåìî-
ãî/ïîãëîùàåìîãî òåïëà ïðè ôàçîâîì ïåðåõîäå). Â ïðèâåäåííûõ
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ôîðìóëàõ èíäåêñû "S"è "L"îòìå÷àþò òâåðäóþ è æèäêóþ ôà-
çû ñîîòâåòñòâåííî, Tc êîýôôèöèåíò çàâèñèìîñòè òåìïåðàòóðû T
îòâåðäåíèÿ/ïëàâëåíèÿ îò êîíöåíòðàöèè ïðèìåñè C â ðàñïëàâå,
k∗ -êîýôôèöèåíò ñåãðåãàöèè (îòòîðæåíèÿ) ïðèìåñè.

Áûëî ðåàëèçîâàíî äâà òèïà àëãîðèòìîâ:
Â ïåðâîì àëãîðèòìå ïðîâîäèëîñü ÿâíîå âûäåëåíèå ôàçî-

âîé ãðàíèöû, ïîäâèæíûå ýéëåðîâî-ëàãðàíæåâû ñåòêè â ïîä-
îáëàñòÿõ ñòðîèëèñü ìåòîäîì êâàçèãàðìîíè÷åñêèõ îòîáðàæåíèé
(Ñ.À.Èâàíåíêî, 1997), à ðåøåíèÿ â ïîäîáëàñòÿõ ñøèâàëèñü ñ ó÷å-
òîì âûïèñàííûõ âûøå óñëîâèé Ñòåôàíà.

Âî âòîðîì àëãîðèòìå ïðèìåíåíà ñõåìà ñêâîçíîãî ñ÷åòà À.À.
Ñàìàðñêîãî è Á.Ä. Ìîèñååíêî (1965). Èñïîëüçîâàëàñü íåïîäâèæ-
íàÿ ýéëåðîâà ñåòêà. Ïîëîæåíèå ìåæôàçîâîé ãðàíèöû îïðåäåëÿ-
ëîñü èç óñëîâèÿ

Φ = T − Tm − TcC = 0

Âûäåëåíèå èëè ïîãëîùåíèå òåïëà ïðè ôàçîâîì ïåðåõîäå ó÷èòû-
âàëîñü â óðàâíåíèè áàëàíñà òåïëà

cV
dT

dt
= ∇kq∇T − Lδ(Φ)

dT

dt

Ïðè ÷èñëåííîé ðåàëèçàöèè äåëüòà-ôóíêöèÿ àïïðîêñèìèðîâà-
ëàñü âûðàæåíèåì

δ(Φ) = H(1− |(Φ)i|/∆Tm))/(2.0∆Tm)

ãäå ∆Tm - ïîäáèðàåìàÿ â ðàñ÷åòå âåëè÷èíà, îïðåäåëÿþùàÿ øèðè-
íó çîíû ðàçìàçûâàíèÿ ìåæôàçíîé ãðàíèöû â ñêâîçíîì ðàñ÷åòå,
îáû÷íî ðàâíàÿ ïðèìåðíî

∆Tm = 0.05(max
V

T −min
V
T )



Ãëàâà 4

Ïðèìåðû ðàñ÷åòîâ
4.1 Ïðîâåðêà ìåòîäîâ íà òåñòîâûõ ïðèìåðàõ

Ïðåäñòàâëåííûå â ðàçä. 3 ìåòîäû ðåàëèçîâàíû â èíòåðàêòèâ-
íîì ïàêåòå ïðîãðàìì ÀÑÒÐÀ. Îïèñàíèå ïàêåòà ïðîãðàìì è áîëåå
ïîäðîáíóþ êîëëåêöèþ ðåçóëüòàòîâ åãî ïðèìåíåíèÿ ìîæíî íàéòè
â Èíòåðíåòå íà ñàéòå àâòîðà:

http://www.ipmnet.ru/�burago
Ïðàâèëüíîñòü ðàáîòû àëãîðèòìîâ ïðîâåðåíà ïóòåì ðåøåíèÿ

èçâåñòíûõ çàäà÷, ñðåäè êîòîðûõ óïîìÿíåì ñëåäóþùèå:
Çàäà÷è óïðóãîïëàñòè÷íîñòè, êâàçèñòàòèêà:
- Êâàçèñòàòè÷åñêèå çàäà÷è îá îñåâîì ñæàòèè öèëèíäðà è êó-

áèêà ïðè ñâîáîäíûõ è ñòåñíåííûõ ãëàäêîé îáîéìîé áîêîâûõ ãðà-
íèöàõ.

- Çàäà÷à Ëÿìý î öèëèíäðå ïîä äåéñòâèåì âíóòðåííåãî è âíåø-
íåãî äàâëåíèé.

- Çàäà÷à Êèðøà î ðàñòÿæåíèè ïëàñòèíû ñ êðóãëîé äûðêîé
- Çàäà÷à Íåéáåðà î ðàñòÿæåíèè öèëèíäðà ñ ýëëèïòè÷åñêîé âû-

òî÷êîé
- Çàäà÷à èçãèáà óïðóãîïëàñòè÷åñêèõ êðóãëûõ ïëàñòèí è öè-

ëèíäðè÷åñêèõ îáîëî÷åê.
Çàäà÷è óïðóãîïëàñòè÷íîñòè, äèíàìèêà:
- Çàäà÷è î ðàñïðîñòðàíåíèè ïëîñêèõ óïðóãîïëàñòè÷åñêèõ âîëí

â ñëîÿõ êîíå÷íîé òîëùèíû, â ñòåðæíÿõ êîíå÷íîé äëèíû.
- Çàäà÷à îá óäàðå óïðóãîïëàñòè÷åñêèì öèëèíäðîì â æåñòêóþ

ñòåíêó.
- Çàäà÷è î ðàñïðîñòðàíåíèè öèëèíäðè÷åñêèõ âîëí â áåñêîíå÷-

íîé êðóãëîé òðóáå ïîä äåéñòâèåì èìïóëüñà âíóòðåííåãî äàâëå-
íèÿ.
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Ãàçîâàÿ äèíàìèêà è òå÷åíèÿ ìåëêîé âîäû
- Îäíîìåðíàÿ è äâóìåðíàÿ íåñòàöèîíàðíûå çàäà÷è î ðàñïðî-

ñòðàíåíèè óäàðíîé âîëíû ïðè íàòåêàíèè õîëîäíîãî èäåàëüíîãî
ãàçà íà æåñòêóþ ñòåíêó è ïëàñòèíêó ïðè M =∞ .

- Äâóìåðíûå çàäà÷è î ñâåðõçâóêîâûõ âíóòðåííèõ òå÷åíèÿõ â
êàíàëàõ ñ ïðåïÿòñòâèÿìè.

Òå÷åíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè
- òå÷åíèÿ Êóýòòà, Ïóàçåéëÿ;
- çàäà÷à î ïîãðàíñëîå íà ïëàñòèíêå, ïàðàëëåëüíîé ïîòîêó;
- äâóìåðíûå òåñòû äëÿ çàäà÷ êîíâåêöèè-äèôôóçèè: òå÷åíèå

â êàâåðíå ñ äâèæóùåéñÿ êðûøêîé, òåñòû Âàëü-Äåâèñà è Âèëåðà
äëÿ òåðìî-ãðàâèòàöèîííîé êîíâåêöèè ðàñïëàâîâ âî âðàùàþùèõ-
ñÿ òèãëÿõ;

- ñðàâíåíèÿ ñ èçâåñòíûìè ÷èñëåííûìè ðåøåíèÿìè äëÿ òå÷åíèÿ
ðàñïëàâà â ìåòîäå ïîãðóæåííîãî íàãðåâàòåëÿ À. Îñòðîãîñêîãî.

- íåñòàöèîíàðíàÿ çàäà÷à Êàðìàíà î âèõðåâîé äîðîæêå çà ïëîõî
îáòåêàåìûì òåëîì;

- ïðîâåäåíû ñðàâíåíèÿ ðåøåíèé, ïîëó÷àåìûõ ðàçëè÷íûìè ìå-
òîäàìè â ïåðåìåííûõ âèõðü-ôóíêöèÿ òîêà è ñêîðîñòü-äàâëåíèå;

- çàäà÷à Ëàíà î òàÿíèè/íàìåðçàíèè ëüäà.
Çàäà÷è äèôôóçèè/ôèëüòðàöèè
- Ïðîâîäèëèñü íåñòàöèîíàðíûå òåñòû íà àíàëèòè÷åñêèõ ðåøå-

íèÿõ äëÿ 1-3D ãåîìåòðèè äëÿ ðàçëè÷íûõ ôóíêöèé ïðàâûõ ÷àñòåé
óðàâíåíèé äèôôóçèè è ãðàíè÷íûõ óñëîâèé.

Âî âñåõ êëàññàõ çàäà÷ ðåøåíèå íîâûõ çàäà÷ êîíòðîëèðîâàëîñü
òàêæå ïóòåì ñðàâíåíèÿ ðåøåíèé, ïîëó÷åííûõ ðàçëè÷íûìè ÿâíû-
ìè è íåÿâíûìè ìåòîäàìè, îïèñàííûìè â ðàçä. 3, ïðè ïîñëåäîâà-
òåëüíîì äðîáëåíèè øàãîâ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì è
âðåìåíè.

Äëÿ ïðåäñòàâëåííûõ ðåøåíèé óñòàíîâëåíî, ÷òî ïðèìåíÿåìûå
àëãîðèòìû îáåñïå÷èâàþò õîðîøåå ñîãëàñîâàíèå ðåçóëüòàòîâ, ïî-
ëó÷åííûõ ïî ðàçíûì ìåòîäàì, ìåæäó ñîáîé è ñ óïîìíóòûìè èç-
âåñòíûìè ðåøåíèÿìè, ÷òî äàåò îïðåäåëåííóþ óâåðåííîñòü â òîì,
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÷òî ïðèáëèæåííûå ðåøåíèÿ çàäà÷, ïîëó÷åííûå ñ ïîìîùüþ ïà-
êåòà ïðîãðàìì ÀÑÒÐÀ, äîñòàòî÷íî áëèçêè ê ñîîòâåòñòâóþùèì
òî÷íûì ðåøåíèÿì.

Ñëåäóåò îòìåòèòü, ÷òî â ïðîöåññå èñïîëüçîâàíèÿ ïàêåòà ïðî-
ãðàìì ÀÑÒÐÀ óïîìÿíóòûé íàáîð òåñòîâ ïðîñ÷èòûâàëñÿ ðåãóëÿð-
íî íà ïðîòÿæåíèè áîëåå ÷åì 20 ëåò ïðè ìîäèôèêàöèÿõ ïðîãðàì-
ìû èëè ïðè åå ïåðåíîñàõ íà íîâûå êîìïüþòåðíûå ïëàòôîðìû
( ñìåíà êîìïüþòåðà, îïåðàöèîííîé ñèñòåìû, êîìïèëÿòîðà è òàê
äàëåå). Ïîìèìî àâòîðà òåñòèðîâàíèå ïðîâîäèëîñü çàèíòåðåñîâàí-
íûìè êîëëåãàìè, ñîàâòîðàìè è ïðåäñòàâèòåëÿìè çàêàç÷èêîâ ïðî-
åêòîâ.

4.2 Êâàçèñòàòèêà, óïðóãîïëàñòè÷íîñòü

4.2.1 Ðàñ÷åò ãðåáåí÷àòûõ ñîåäèíåíèé

Ðåøåíèå îñåñèììåòðè÷íîé êâàçèñòàòè÷åñêîé çàäà÷è î êîíòàê-
òå ãðåáåí÷àòûõ ñîåäèíåíèé óïðóãîïëàñòè÷åñêèõ ýëåìåíòîâ êîí-
ñòðóêöèé îïóáëèêîâàíî â ðàáîòàõ (Áóðàãî, 1978, 1979; Áóðàãî,
Êóêóäæàíîâ, 1988, 1991)

Íà ðèñ. 4.2.1a ïîêàçàíà êîíôèãóðàöèÿ òèïè÷íîãî ãðåáåí÷àòîãî
ñîåäèíåíèÿ îñåñèììåòðè÷íûõ óïðóãîïëàñòè÷åñêèõ òåë. Ïîâåðõ-
íîñòè âíåøíåãî òåëà âðàùåíèÿ ïðè r = 0.5 è ïðè z = 0 ñî-
ïðèêàñàþòñÿ ñ æåñòêèìè ñòåíêàìè îáîéìû. Òðåíèå íà ñòåíêàõ
ïîëàãàëîñü ðàâíûì íóëþ. Íà ïîâåðõíîñòè âíóòðåííåãî òåëà âðà-
ùåíèÿ ïðè z = 1 äåéñòâóåò âíåøíÿÿ ñæèìàþùàÿ ðàâíîìåðíî
ðàñïðåäåëåííàÿ íàãðóçêà. Íà êîíòàêòíûõ ïîâåðõíîñòÿõ ìåæäó
âçàèìîäåéñòâóþùèìè òåëàìè ïðîñêàëüçûâàíèå è îòëèïàíèå íå
äîïóñêàëèñü. Çàäàâàëèñü ñëåäóþùèå ñâîéñòâà óïðóãîïëàñòè÷å-
ñêèõ òåë:

λ(1) = 560 , µ(1) = 375 , σ(1)
s = 1 , {dσ(1)

s /dap = 100 ,

λ(2) = 560 , µ(2) = 375 , σ(2)
s = 2 , {dσ(2)

s /dap = 0 (4.2.1)

Íà ðèñ. 4.2.1b ïîêàçàíî ðàñïðåäåëåíèå íàïðÿæåíèé âäîëü îñè
ñèììåòðèè è íà âíåøíåé ïîâåðõíîñòè ïðè r = 0, 5 . Ãðàôèêè
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ñîîòâåòñòâóþò çíà÷åíèþ âíåøíåé íàãðóçêè = −1.2 . Íà îñè
ñèììåòðèè íàïðÿæåíèÿ σr , σz è σrz èìåþò ÿðêî âûðàæåííûå
ìàêñèìóìû â ìåñòàõ óòîíüøåíèÿ âêëàäûøà.

Ðèñ. 4.2.1. Ñæàòèå ãðåáåí÷àòîãî ñîåäèíåíèÿ äâóõ ðàçíîðîäíûõ óïðóãîïëàñòè÷åñêèõ òåë âðàùåíèÿ a)

ðàñ÷åòíàÿ ñåòêà; b) ðàñïðåäåëåíèå íàïðÿæåíèé âäîëü îñè z íà âíåøåé ïîâåðõíîñòè ( r = 0, 5 ).

Ðèñ. 4.2.2. Ñæàòèå ãðåáåí÷àòîãî ñîåäèíåíèÿ äâóõ ðàçíîðîäíûõ óïðóãîïëàñòè÷åñêèõ òåë âðàùåíèÿ a)

- íîðìàëüíûå êîíòàêòíûå íàïðÿæåíèÿ ( ñå÷åíèÿ z = 0.9 , z = O.55 , z = 0.2 ); b) - ðàñïðåäåëåíèå

íàïðÿæåíèé â ñå÷åíèè z = 1

Ðàñïðåäåëåíèå êîíòàêòíûõ íàïðÿæåíèé íà çóáüÿõ, ïðîíóìå-
ðîâàííûõ â ïîðÿäêå óáûâàíèÿ êîîðäèíàòû z , ïîêàçàíî íà ðèñ.
4.2.1c. Öèôðû íà ýòîì ðèñóíêå ñîîòâåòñòâóþò ñå÷åíèÿì z =
0.9, 0.55, 0.2 . Âèäíî, ÷òî ðàáîòàåò â îñíîâíîì ïåðâûé çóá. Íà
ðèñ. 4.2.1d ïîêàçàíî ðàñïðåäåëåíèå íàïðÿæåíèé â ñå÷åíèè z =
1. Îòìåòèì, ÷òî ñõîäíûå çàäà÷è ðàññìàòðèâàëèñü ðàíüøå â ðàáî-
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òå (Ïîäãîðíûé, Ãîíòàðîâñêèé, Ìàð÷åíêî, 1976).
Íà ðèñóíêå 4.2.1 ïîêàçàíà ñåòêà íóëåâîãî óðîâíÿ, ðàñ÷åò ïðî-

âîäèëñÿ íà äâàæäû èçìåëü÷åííîé ñåòêå (íà ñåòêå âòîðîãî óðîâ-
íÿ), ñîäåðæàùåé â 16 ðàç áîëüøå ÿ÷ååê.

à) á)

â) ã)

ä) å)

Ðuc. 4.2.3. Ïëîòèíà, íàãðóæåííàÿ ñèëàìè òÿæåñòè. à) - êîíôèãóðàöèÿ âçàèìîäåéñòâóþùèõ òåë (I -

áåòîííàÿ ïëîòèíà. II - áåòîííîå îñíîâàíèå. III - ñêàëüíîå îñíîâàíèå, IV - ãðóíò); b) ðàñ÷åòíàÿ ñåòêà;

c) èýîëèíèè âåðòèêàëüíûõ ñìåøåíèé (1:-0.011, 2:-0,008, 3:-0,005, 4:-0,003); d) èçîëèíèè âåðòèêàëüíûõ

ñìåùåèìé (àêòóàëüíàÿ êîíôèãóðàöèÿ); e) èçîëèíèè ãîðèçîíòàëüíûõ ñìåùåíèé (1:-0,002, 2:-0,001,

3:0,000, 4:-0.001); f) èçîëèíèè ñðåäíåãî íàïðÿæåíèÿ (1:-0,286, 2:-0,214, 3:-0,142, 4:-0,070)
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4.2.2 Ðàñ÷åò ïëîòèíû â ïîëå ñèë òÿæåñòè.

Â óñëîâèõ ïëîñêîé äåôîðìàöèè íà îñíîâå óðàâíåíèé òåîðèè
óïðóãîñòè áûëà ðåøåíà çàäà÷à äëÿ ñëåäóþùåé ñèñòåìû ÷åòûðåõ
äåôîðìèðóåìûõ òåë: áåòîííîé ïëîòèíû, áåòîííîãî îñíîâàíèÿ,
ñêàëüíîãî îñíîâàíèÿ, ãðóíòà (ñì. ðèñ. 4.2.3à). Ðàñ÷åòíàÿ ñåòêà
ïîêàçàíà íà ðèñ. 4.2.3á.

Ñâîéñòâà óïðóãèõ òåë çàäàâàëèñü òàê:

λ(1) = 150 , µ(1) = mu(2) = 125 , c(1) = c(2) = 1 , c(3) = 1 , c(4) = 2 ,

λ(3) = 500 , µ(3) = 250 , λ(4) = 50 , µ(4) = 25 (4.2.2)

óñêîðåíèå ñèëû òÿæåñòè ðàâíî g = 103cm/sec2 .
Íà ðèñ. 4.2.3d â ïîêàçàíà äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ ñè-

ñòåìû è ïîñòðîåíû èçîëèíèè âåðòèêàëüíûõ ñìåùåíèé. Ñìåùåíèÿ
ãðàíèö íà ýòîì ðèñóíêå óâåëè÷åíû â 102 ðàç äëÿ íàãëÿäíîñòè. Òà
æå êàðòèíêà â ðåàëüíûõ ñìåùåíèõ ïðèâåäåíà íà Ðèñ. 4.2.3c.

Èçîëèíèè ãîðèçîíòàëüíûõ ñìåøåíèé ïðèâåäåíû íà ðèñ. 4.2.3e.
Ãðóíò ðàçäàåòñÿ â ñòîðîíû ïîä äåéñòâèåì ïëîòèíû. Ìàêñèìóì
íàïðÿæåíèé íàáëþäàåòñÿ â ëåâîé íèæíåé ÷àñòè òåëà ïëîòèíû,
÷òî ÿñíî âèäíî èç ðèñ. 4.2.3f, íà êîòîðîì ïîêàçàíû èçîëèíèè
ñðåäíåãî íàïðÿæåíèÿ.

4.2.3 Çàäà÷è ôîðìîâàíèÿ

Çàäà÷è ôîðìîâàíèÿ ìîäåëèðóþò ïðîöåññû èçãîòîâëåíèÿ äå-
òàëåé çàäàííîé ôîðìû ïóòåì äåéñòâèÿ íà óïðóãîïëàñòè÷åñêèå
ìàòåðèàëû æåñòêèìè øòàìïàìè. Â ïðîöåññàõ ôîðìîâàíèÿ òå-
ëà ïîäâåðãàþòñÿ áîëüøèì äåôîðìàöèÿì è ñèëüíî ìåíÿþò ñâîþ
ôîðìó. Çîíà êîíòàêòà ÿâëÿåòñÿ ïåðåìåííîé. Íèæå ïðèâîäÿòñÿ
ðåøåíèÿ äâóõ õàðàêòåðíûõ çàäà÷ ýòîãî êëàññà. Ïåðâàÿ çàäà÷à
âîçíèêàåò ïðè ìîäåëèðîâàíèè èçãîòîâëåíèÿ àëþìèíèåâîé ÷àøêè
èç êðóãëîé ïëàñòèíêè. Ïëàñòèíêà êëàäåòñÿ íà æåñòêóþ ôîðìó
è ôîðìóåòñÿ â ÷àøêó æåñòêèì øòàìïîì, ðàñ÷åò ïîêàçàí íà ðèñ.
4.2.4.



132 4 Ïðèìåðû ðàñ÷åòîâ

Ðèñ. 4.2.4. Ôîðìîâàíèå óïðóãîïëàñòè÷åñêîé àëþìèíèåâîé ÷àøêè

Ðèñ. 4.2.5. Ôîðìîâàíèå ëîïàòêè òóðáèíû.
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Â çàäà÷å èìåþòñÿ ñëåäóþùèå òðóäíîñòè:
1) Ïëàñòèíêà ðàññ÷èòûâàåòñÿ ïî ïîëíûì óðàâíåíèÿì òðåõìåðíîé
òåîðèè, âîçíèêàþùèå àëãåáðàè÷åñêèå çàäà÷è ïëîõî îáóñëîâëåíû
èç-çà ðàçíèöû â ðàçìåðàõ îáëàñòè ðåøåíèÿ ïî ðàäèóñó è ïî òîë-
ùèíå.
2) Â ïåðåìåííîé çîíå êîíòàêòà âçàèìîäåéñòâóþò ðàçíîìàñøòàá-
íûå ýëåìåíòû, èìåþùèå óäëèííåíèå 1 äëÿ øòàìïîâ è óäëèííåíèå
1/50 äëÿ ïëàñòèíêè.

Âòîðàÿ çàäà÷à ôîðìîâàíèÿ ïðåäñòàâëÿåò ïðîöåññ èçãîòîâëå-
íèÿ ëîïàòêè òóðáèíû. Èñõîäíàÿ çàãîòîâêà èìååò êðóãîâóþ öè-
ëèíäðè÷åñêóþ ôîðìó è ïîìåùàåòñÿ ìåæäó äâóìÿ æåñòêèìè ôè-
ãóðíûìè øòàìïàìè (ñì. Ðèñ. 4.2.5), êîòîðûå ñáëèæàÿñü ïðèäà-
þò çàãîòîâêå õàðàêòåðíóþ äëÿ ëîïàòîê ôîðìó "ðûáêè". Ðåøå-
íèå òàêîé çàäà÷è íà ëàãðàíæåâîé ñåòêå íåâîçìîæíî. Ïîýòîìó
çäåñü ïðèìåíåí ïîäõîä ïðîèçâîëüíî ïîäâèæíûõ ñåòîê. Óïðàâëå-
íèå äâèæåíèåì óçëîâ îñóùåñòâëÿëîñü òàê, ÷òî ãðàíè÷íûå òî÷êè
äâèãàëèñü êàê ëàãðàíæåâû ïî íàïðàâëåíèþ íîðìàëè ê ãðàíèöå,
à äâèæåíèå âíóòðåííèõ óçëîâ è êàñàòåëüíûå ê ãðàíèöå äâèæå-
íèÿ ãðàíè÷íûõ óçëîâ îñóùåñòâëÿëîñü òàê, ÷òîáû ñåòêà â ïðî-
öåññå ðàñ÷åòà îñòàâàëàñü áû ïî âîçìîæíîñòè ðàâíîìåðíîé. Äëÿ
ýòîãî íà êàæäîì øàãå ïî âðåìåíè òàêèå óçëû ñìåùàëèñü â ñòîðî-
íó ãåîìåòðè÷åñêîãî öåíòðà ïî îòíîøåíèþ ê ñîñåäíèì óçëàì. Ýòà
çàäà÷à òàêæå èìååò ÿðêî âûðàæåííóþ ïåðåìåííóþ çîíó êîíòàê-
òà. Íà ðèñ. 4.2.5 ïîêàçàíà ýâîëþöèÿ ôîðìû òåëà è ïëàñòè÷åñêîé
ðàáîòû.

Íà Ðèñ. 4.2.6 ïîêàçàíà ñåòêà â èñõîäíîì è â êîíå÷íîì ñîñòî-
ÿíèè. Â óâåëè÷åíèè ïîêàçàíû ôðàãìåíòû ñåòêè â ãîëîâå è õâî-
ñòå "ðûáêè". Çàïîëíåíèå ôèãóðíûõ ïîëîñòåé æåñòêîãî øòàìïà
äåôîðìèðóåìûì ìàòåðèàëîì â ÷èñëåííîé ìîäåëè áóäåò òåì ëó÷-
øå, ÷åì âûøå ñåòî÷íîå ðàçðåøåíèå. Ðåøàëîñü ìíîæåñòâî âàðèàí-
òîâ äàííîé çàäà÷è, â êîòîðûõ îïðåäåëÿëèñü íàãðóçêè íà øòàìï,
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ìàòåðèàëà ëîïàòêè, âà-
ðüèðîâàëàñü ôîðìà øòàìïîâ, ñêîðîñòè íàãðóæåíèÿ ñ öåëüþ îï-
òèìèçàöèè òåõíîëîãè÷åñêîãî ïðîöåññà.
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Ðèñ. 4.2.6. Ôîðìîâàíèå ëîïàòêè òóðáèíû. Ïîâåäåíèå ïîäâèæíîé íåëàãðàíæåâîé ñåòêè.

Ðèñ. 4.2.7. Ôîðìîâàíèå ëîïàòêè òóðáèíû. Çàâèñèìîñòü ñèëû äàâëåíèÿ øòàìïà îò âðåìåíè.

Íà Ðèñ. 4.2.7 ïîêàçàí òèïè÷íûé ãðàôèê çàâèñèìîñòè íàãðóçêè
îò âðåìåíè (èëè îò ñìåùåíèÿ øòàìïà, êîòîðîå ëèíåéíî çàâèñèò
îò âðåìåíè).
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4.3 Äèíàìèêà, óïðóãîïëàñòè÷íîñòü

Ðàññìîòðèì ïðèìåðû ðåøåíèÿ çàäà÷ î ñîóäàðåíèÿõ äåôîðìè-
ðåìûõ òåë. Ðåøåíèå ïîëó÷åíî ïî ÿâíûì ëàãðàíæåâûì ñõåìàì ñ
èñïîëüçîâàíèåì ìåòîäà ìíîæèòåëåé Ëàãðàíæà äëÿ ðàñ÷åòà êîí-
òàêòà è îïóáëèêîâàíî â ðàáîòàõ (Áóðàãî, 1986à,1986b, 1987; Áó-
ðàãî, Êóêóäæàíîâ, 1986ñ, 1988, 1991; Kukudzhanov, Bourago è äð.,
1995). Îòìåòèì, ÷òî îïèñàííûå â ãëàâå 3 íåÿâíûå ñõåìû òàêæå
ìîãóò áûòü èñïîëüçîâàíû äëÿ ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷, òà-
êèå ðàñ÷åòû òàêæå äåëàëèñü.

4.3.1 Óäàð ñòàëüíûì øàðîì â àëþìèíèåâóþ ïðåãðàäó

Óêàçàííàÿ â çàãîëîâêå çàäà÷à ðåøàëàñü äëÿ äâóõ ñëó÷àåâ:
ñòàëüíîé øàð óäàðÿåò â àëþìèíèåâóþ ïëàñòèíêó è àëþìèíèå-
âûé øàð óäàðÿåò â ñòàëüíóþ ïëàñòèíêó. Â îáîèõ ñëó÷àõ ñêîðîñòü
óäàðà ðàâíÿëàñü ñêîðîñòè çâóêà â ìàòåðèàëå óäàðíèêà. Òåïëîâû-
ìè ýôôåêòàìè ýòîé çàäà÷å ìû ïðåíåáðåãàëè. Åäèíèöåé âðåìå-
íè ñëóæèëî âðåìÿ ïðîáåãà ïðîäîëüíûõ âîëí ñæàòèÿ ïî ðàäèóñó
óäàðíèêà. Ñâîéñòâà ìàòåðèàëîâ çàäàâàëèñü òàêèå:

ñòàëü:

λ(1) = 729 , µ(1) = 369 , σ(1)
s = 1 , {dσ(1)

s /dap = 0 , (1) = 2
(4.3.1)

àëþìèíèé:

λ(2) = 182 , µ(2) = 92 , σ(2)
s = 0.25 , {dσ(2)

s /dap = 0 , c(2) = 1
(4.3.2)

Íà ðèñ. 4.3.1à è 4.3.1â ïîêàçàíû êîíôèãóðàöèè ëàãðàíæåâûõ ñå-
òîê äëÿ ñîóäàðÿþùèõñÿ òåë â ìîìåíòû âðåìåíè 0.5 è 1.0. Íà ðèñ.
4.3.1á ïîêàçàíû èýîëèíèè íàïðÿæåíèÿ σz äëÿ ìîìåíòà âðåìåíè
0.5. ßñíî âèäíû ôðîíòû óäàðíûõ âîëí â ìàòåðèàëàõ óäàðíèêà
è ïðåãðàäû. Íà ðèñ. 4.3.1ã ïîêàçàíû èçîëèíèè ñðåäíåãî íàïðÿ-
æåíèÿ äëÿ ìîìåíòà âðåìåíè 1.0. Äëÿ ýòîãî ìîìåíòà âðåìåíè íà
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ðèñ. 4.3.1ä ïîêàçàíî ïîëå ñêîðîñòåé, à íà ðèñ. 4.3.1å - èçîëèíèè
ïëàñòè÷åñêîé ðàáîòû.

Ðèñ. 4.3.1 Óäàð ñòàëüíûì øàðîì â àëþìèíèåâóþ ïðåãðàäó. à), â) äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ ñåòêè

( t = 0.5, 1.0 ); á) èçîëèíèè íàïðÿæåíèÿ σzz äëÿ t = 0.5 ;(1: - 152, 2: - 114, 3: - 75.2, 4: - 36.5); ã)

èçîëèíèè ñðåäíåãî íàïðÿæåíèÿ äëÿ t = 1.0 (1: - 120, 2: - 85,9, 3: - 51.4, 4: - 16.8); ä) ïîëå ñêîðîñòåé

( t = 1.0 ); å) èçîëèíèè óäåëüíîé ïëàñòè÷åñêîé ðàáîòû äëÿ t = 1.0 (1: 0.4, 2: 0.8, 3: 1.2, 4: 1.6)

4.3.2 Óäàð àëþìèíèåâûì øàðîì â ñòàëüíóþ ïðåãðàäó

Ðèñóíêè 4.3.2 ñîäåðæàò êèíîãðàììó ïðîöåññà ñîóäàðåíèÿ àëþ-
ìèíèåâîãî øàðà ñ óïðóãîé ñòàëüíîé ïëàñòèíêîé è ïîêàçûâàåò
êîíôèãóðàöèþ ñîóäàðÿþùèõñÿ òåë íà ïðîòÿæåíèè âñåãî ïðîöåññà
óäàðà âïëîòü äî îòñêîêà óäàðíèêà îò ïðåãðàäû.
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Ðèñ. 4.3.2. Óäàð àëþìèíèåâûì øàðîì â ñòàëüíóþ ïðåãðàäó.

Â ðåçóëüòàòå óäàðà øàð ðàñïëþùèâàåòñÿ â "ëåïåøêó".
Ïðè f "5 óæå ïîñëå îòñêîêà ïåðèôåðèéíûå îáëàñòè "ëåïåø-
êè"ïðîäîëæàþò èíòåíñèâíîå äâèæåíèå îò îñè ñèììåòðèè. Â öåí-
òðàëüíîé îáëàñòè øàðà ïðè ýòîì íàáëþäàåòñÿ çîíà âñåñòîðîííåãî
ðàñòÿæåíèÿ, ÷òî óêàçûâàåò íà âîçìîæíîñòü ðàçðóøåíèÿ óäàðíè-
êà. Hà êîíòàêòå âûïîëíÿëèñü óñëîâèÿ ñêîëüæåíèÿ.

4.3.3 Ñîóäàðåíèå àëþìèíèåâûõ øàðà è ïðåãðàäû

Ðèñóíêè 4.3.3 ñîäåðæàò êèíîãðàììó ïðîöåññà îêîëîçâóêîâîãî
ñîóäàðåíèÿ àëþìèíèåâîãî øàðà ñ àëþìèíèåâîé ïëàñòèíêîé, íà
êîòîðîé âèäíî îáðàçîâàíèå "óñîâ âñïëåñêà, ïîäîáíîãî íàáëþäà-
þùåãîñÿ ïðè ïàäåíèè êàïëè â æèäêîñòü.

Îòìåòèì, ÷òî ñêîðîñòü óäàðà ÿâëÿåòñÿ îêîëîçâóêîâîé è â çîíå
óäàðà ìàòåðèàë âåäåò ñåáÿ êàê æèäêîñòü, ïîñêîëüêó äåâèàòîð íà-
ïðÿæåíèé ìàë ïî ñðàâíåíèþ ñ äàâëåíèåì. Ñ óâåëè÷åíèåì âÿçêî-
ñòè âñòðå÷íûå ñòðóè ìàòåðèàëà ("óñû") èñ÷åçàþò.
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Ðèñ. 4.3.3. Óäàð àëþìèíèåâûì øàðîì â àëþìèíèåâóþ ïðåãðàäó.

4.3.4 Òðåõìåðíûå çàäà÷è óäàðà

Àëãîðèòìû äëÿ ðàñ÷åòà äèíàìèêè óïðóãîïëàñòè÷åñêèõ ñðåä
áûëè ðåàëèçîâàíû è äëÿ òðåõìåðíîãî ñëó÷àÿ. Íà ðèñ. 4.3.4 è
4.3.5 ïîêàçàíû ðåçóëüòàòû ðàñ÷åòà ñîóäàðåíèÿ äâóõ óïðóãîïëà-
ñòè÷åñêèõ òåë (ïðÿìîå è ïîä óãëîì). Ñâîéñòâà ìàòåðèàëîâ ñòàëü-
íîãî óäàðíèêà è àëþìèíèåâîé ïðåãðàäû ïðèíèìàëèñü òàêèìè æå
êàê è â ïðèâåäåííûõ âûøå ðàñ÷åòàõ ïðîñòðàíñòâåííî äâóìåðíûõ
çàäà÷.
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Ðèñ. 4.3.5. Ïðÿìîé óäàð äâóõ òåë

Ðèñ. 4.3.6. Óäàð äâóõ òåë ïîä óãëîì
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4.3.5 Ðàñ÷åò îáðàçîâàíèÿ âîðîíêè ïðè âçðûâå

Ðàññìîòðèì çàäà÷ó î âçðûâå çàðÿäîâ â ãðóíòå, îïóáëèêîâàí-
íóþ â ðàáîòàõ Áóðàãî, Êóêóäæàíîâ, 1988, 1991; Áóðàãî, 1989.
Ðàñ÷åòíàÿ ñõåìà è ñåòêà ïîêàçàíû íà ðèñ. 4.3.6a. Â íà÷àëüíûé
ìîìåíò âðåìåíè â ìàòåðèàëå èìååòñÿ íåáîëüøîé ïðÿìîóãîëüíûé
âûðåç, â êîòîðûé ïîìåùåí çàðÿä âçðûâ÷àòîãî âåùåñòâà. Ôðàã-
ìåíò îáëàñòè ðåøåíèÿ, ïîêàçàííûé íà ðèñ. 4.3.7, ïîçâîëÿåò ðàñ-
ñìîòðåòü ñåòêó â ìàòåðèàëå ÂÂ.

Ïðåäïîëàãàëîñü ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè â çàðÿäå ÂÂ
ïðîèñõîäèò ìãíîâåííàÿ äåòîíàöèÿ, ïðåâðàùàþùàÿ åãî â ãàç ñ âû-
ñîêîé òåìïåðàòóðîé è äàâëåíèåì:

γ = 1.4 , U0 = 5 , ρ0 = 100 , p = (γ − 1)ρU (4.3.3)

Ðèñ. 4.3.6. Îáðàçîâàíèå âîðîíêè ïðè âçðûâå. a - êîíôèãóðàöèÿ äåôîðìèðóåìûõ òåë (t=0), á - ðàñ÷åòíàÿ

ñåòêà

Ðèñ. 4.3.7. Äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ ëàãðàíæåâîé ñåòêè ( t = 6.0 ) è ïîëå ñêîðîñòåé ( t = 10.0 )
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Ìàòåðèàë ãðóíòà èìåë ñëåäóþùèå ñâîéñòâà:

K(2) = 243 , µ(2) = 92 , σ(2)
s = 0.25 , dσ(2)

s /dap = 0 , c(2) = 1

k(2)
ω = 0.0 , k

(2)
θ = 106 , F = εmax − ε(2)

lim, ε
(2)
lim = 0.01

Íà ðèñ. 4.3.6 ïîêàçàíà îáëàñòü ðåøåíèÿ è èñõîäíàÿ ðàñ÷åòíàÿ
ñåòêà. Êðóïíûì ïëàíîì îòäåëüíî ïîêàçàíà ñåòêà ÷àñòè îáëàñòè
ðåøåíèÿ â îêðåñòíîñòè çàðÿäà. Ìåëêàÿ êâàçèðàâíîìåðíàÿ ñåò-
êà ïîêðûâàåò çàðÿä. Áîëåå êðóïíûå ÿ÷åéêè ïîêðûâàþò îáëàñòü
ãðóíòà. Ìåæäó ãðóíòîì è çàðÿäîì âíà÷àëå èìååòñÿ íåáîëüùîé
çàçîð.

Åäèíèöåé âðåìåíè ñëóæèëî âðåìÿ ïðîáåãà ïðîäîëüíûõ âîëí
ñæàòèÿ õàðàêòåðíîãî ðàññòîíèÿ â ìàòåðèàëå. Äëÿ íà ðèñ. 4.3.7
ïîêàçàíà äåôîðìèðîâàííàÿ ñåòêà (ïðè t = 6.0) è ïîëå ñêîðîñòåé
(äëÿ t = 10.0), êîòîðûå äåìîíñòðèðóþò ðàçëåò ïðîäóêòîâ âçðûâà
è îáðàçîâàíèå âîðîíêè ñ âàëîì.

Íà ïåðèôåðèè ãàçîâîãî îáëàêà ñêîðîñòè èìåþò âåëè÷èíó ïî-
ðÿäêà ÷åòûðåõ ñêîðîñòåé çâóêà â ìàòåðèàëå. Ê ìîìåíòó âðåìåíè
t=15 äàâëåíèå â íèæíåé ÷àñòè ãàçîâîãî îáëàêà ñïàäàåò îò ïåðâî-
íà÷àëüíûõ 200 ïðåäåëîâ òåêó÷åñòè äî âåëè÷èí ïîðÿäêà åäèíèöû
è àêòèâíûé ïðîöåññ ðàçðàñòàíèÿ âîðîíêè ïðåêðàùàåòñÿ. Âîðîíêà
äàëåå ñîõðàíÿåò êîíôèãóðàöèþ, ïîêàçàííóþ íà ðèñ. 4.3.7.

Ôîðìà ãàçîâîãî îáëàêà ñèëüíî çàâèñèò îò ñõåìíîé âÿçêîñòè.
Ïî ïîñòàíîâêå çàäà÷è ãàç ÿâëÿåòñÿ èäåàëüíûì (íåâÿçêèì). Ñ
óìåíüøåíèåì âÿçêîñòè ñõåìû îáëàêî íà÷èíàåò íàïîìèíàòü ðàç-
âåñèñòîå äåðåâî è åãî "êðîíà"ïî ìåðå ðàñïðîñòðàíåíèÿ âõîäèò â
êîíòàêò ñ äíåâíîé ïîâåðõíîñòüþ ãðóíòà íà íåêîòîðîì ðàññòîÿ-
íèè îò âîðîíêè. Ñîîòâåòñòâåííî è ôîðìà âîðîíêè òàêæå âåñü-
ìà ÷óâñòâèòåëüíà ê ñõåìíîé âÿçêîñòè. Ýòè çàìå÷àíèÿ ãîâîðÿò î
òîì, ÷òî äàííàÿ çàäà÷à åùå äàëåêà îò îêîí÷àòåëüíîãî ðåøåíèÿ
è äîñòèãíóòàÿ çäåñü òî÷íîñòü ðåøåíèÿ ïîçâîëÿåò âûÿâëÿåò ëèøü
êà÷åñòâåííûå îñîáåííîñòè ðåøåíèÿ.
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4.4 Çàäà÷è î ëîêàëèçàöèè äåôîðìàöèé

Íèæå ðàññìîòðèâàþòñÿ ðàñ÷åòû ïðîöåññîâ ðàçðóøåíèÿ òèïî-
âûõ ðàñòÿãèâàåìûõ îáðàçöîâ, èñïûòàíû ðÿä êðèòåðèåâ ðàçðóøå-
íèÿ è ðÿä ðåæèìîâ êèíåòèêè ïîâðåæäàåìîñòè, èññëåäîâàíî âëèÿ-
íèå ïëàñòè÷åñêèõ äåôîðìàöèé è ëîêàëüíîãî èíòåíñèâíîãî íàãðå-
âà (îõëàæäåíèÿ) íà ðàçðóøåíèå, ïðîñëåæåíî ðàçâèòèå çîí ëîêà-
ëèçàöèè äåôîðìàöèé. Âûðàáîòàíû ðåêîìåíäàöèè ïî ðåàëèçàöèè
ìîäåëåé êîíòèíóàëüíîãî ðàçðóøåíèÿ, êîòîðûå ìîãóò ïîâûñèòü
ýôôåêòèâíîñòü ñóùåñòâóþùèõ ìîäåëåé.

4.4.1 Ðàñòÿæåíèå ñòàíäàðòíîãî îáðàçöà

Ðàññìîòðèì òèïè÷íîå ðåøåíèå î ðàñòÿæåíèè ïëîñêîãî ñòàí-
äàðòíîãî îáðàçöà, ðàñ÷åòíàÿ îáëàñòü ïîêàçàíà íà Ðèñ. 4.4.1. Íà-
÷àëüíàÿ äëèíà ðàñ÷åòíîé îáëàñòè ðàâíà 3.0, âûñîòà - 2.0. Ëåâàÿ è
íèæíÿÿ ãðàíèöû ïðåäñòàâëÿþò îñè ñèììåòðèè, ïðàâàÿ ãðàíèöà
äâèæåòñÿ âïðàâî ñ ïîñòîÿííîé ñêîðîñòüþ V0 , âåðõíèå ãðàíèöû
ñâîáîäíû.

Áåçðàçìåðíûå âõîäíûå äàííûå ïðèâåäåíû íèæå:

K0 = 975, µ0 = 369, kp0 = 1, c0 =
3K0 + 4µ0

3ρ0
= 1000, kθ = 103,

Φp = σ′ : σ′ − k2
p, Φθ = εmax − 10−2, gK = gµ = gp = e−1000θ

U ≈ cV T, cV = 1, kq = 1, β = 10−4, V0 = 10−4

ãäe εmax - ìaêñèìaëüíaÿ ãëaâíaÿ äeôîðìaöèÿ, c0 - áåçðàçìåðíàÿ
ñêoðoñòü çâóêa. Â ía÷aëüíûé ìoìeíò âðeìeíè îáðaçeö íaõoäèòñÿ
â íeäeôoðìèðoâaííoì ñoñòoÿíèè ñ íóëeâûìè çíà÷åíèÿìè ñêî-
ðîñòåé, ïåðåìåùåíèé, ïëàñòè÷åñêèõ äeôoðìaöèé è ïîâðåæäåí-
íîñòè ïðè áåçðàçìåðíîé òåìïåðàòóðå T0 = 100 . Áåçðàçìåðíûé
ìàññîâûé èñòî÷íèê/ñòîê òåïëà r = 1 äåéñòâîâàë â ïðÿìîóãîëü-
íîé çîíå (1.9, 0, 2.1, 1). Òåïëîâûå ïîòîêè íà ãðàíèöàõ çàíóëÿ-
ëèñü. Èñïîëüçîâàëèñü ëàãðàíæåâû ïîäâèæíûå êoíe÷íoýëeìeíò-
íûå ñeòêè, ñîñòîÿùèå èç ïåðâîíà÷àëüíî îäèíàêîâûõ êâàäðàòíûõ
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èëè (ëåâî/ïðàâî)- îðèåíòèðîâàííûõ òðåóãîëüíûõ ÿ÷ååê ñ øàãîì
1/15, 1/30 è 1/60 â ðàçíûõ âàðèàíòàõ.

Ðåøåíèå äëÿ íà÷àëà ïðîöåññà ìîæíî âèäåòü íà ðèñ. 4.4.1.
Çäåñü è äàëåå ñðàâíèâàþòñÿ ðåøåíèÿ äëÿ òðåõ ñëó÷àåâ ïîñòàíîâ-
êè çàäà÷è: 1) ðàñòÿæåíèå îáðàçöà èç óïðóãîãî ðàçðóøàþùåãîñÿ
ìàòåðèàëà, 2) ðàñòÿæåíèå îáðàçöà èç óïðóãîïëàñòè÷åñêîãî ðàçðó-
øàþùåãîñÿ ìàòåðèàëà è 3) ðàñòÿæåíèå îáðàçöà èç óïðóãîïëàñòè-
÷åñêîãî ìàòåðèàëà ïðè äîïîëíèòåëüíîì âîçäåéñòâèè ëîêàëüíîãî
íàãðåâà ïðåäïîëàãàåìîé çîíû ðàçðóøåíèÿ âáëèçè êîíöåíòðàòîðà.
Êîíöåíòðàòîðîì ñëóæèò ìåñòî èçëîìà ïîä ïðÿìûì óãëîì îáðàçó-
þùåé ïîâåðõíîñòè ðàñòÿãèâàåìîãî îáðàçöà. Êîíöåíòðàöèÿ íàïðÿ-
æåíèé è äåôîðìàöèé îêîëî óãëà çàìåòíà óæå â íà÷àëå ïðîöåññà.

Ðaçâèòèe óçêèõ çoí ëoêaëèçaöèè äeôoðìaöèé ìoæío âèäeòü
ía ðèñ. 4.4.2 äëÿ òðåõ ñëó÷àåâ ïðîöåññà: ðàçðóøåíèå óïðóãîãî
ìàòåðèàëà (à), óïðóãîïëàñòè÷åñêîãî ìàòåðèàëà (á), óïðóãîïëà-
ñòè÷åñêîãî ìàòåðèàëà ïðè ñîâìåñòíîì äåéñòâèè ðàñòÿæåíèÿ è íà-
ãðåâà óçêîé âåðòèêàëüíîé çîíû ïîä êîíöåíòðàòîðîì (â). Âèäíî,
÷òî ïëàñòè÷íîñòü íàâÿçûâàåò ñâîå ïðåäïî÷òèòåëüíîå íàïðàâëå-
íèå ðàñïðîñòðàíåíèÿ çîíû ëîêàëèçàöèè äåôîðìàöèé.

Ïðè äîñòàòî÷íî èíòåíñèâíîì íàãðåâå ðàçðóøåíèå óïðóãîïëà-
ñòè÷åñêîãî ìàòåðèàëà ïðîèñõîäèò êàê â óïðóãîì ìàòåðèàëå, à â
ðåæèìå óìåðåííîãî íàãðåâà ðàçâèâàþòñÿ äâå "òðåùèíû": ñíà÷à-
ëà êîñàÿ, êîòîðàÿ çàòåì îñòàíàâëèâàåòñÿ, à çàâåðøàåò ðàçðóøå-
íèå âåðòèêàëüíàÿ "òðåùèíà", ðàçâèâàþùàÿñÿ â çîíå èíòåíñèâíî-
ãî íàãðåâà.

Íà ðèñ. 4.4.2 ïîêàçàíû ãðaôèêè ãoðèçoíòaëüíîãî ñìeùe-
íèÿ, ñðeäíeão íaïðÿæeíèÿ è ìaêñèìaëüíoé ãëaâíoé äeôoðìaöèè
âäoëü ãîðèçîíòàëüíîé ëèíèè, ïeðeñeêaþùeé óçêèå çoíû ðàçðó-
øåíèÿ. Ïoâeäeíèe ýòèõ õaðaêòeðèñòèê òèïè÷ío äëÿ âíóòðeííèõ
êoíòaêòíûõ ãðaíèö è èìèòèðóeò ìàêðîòðeùèíó â ðaìêaõ êoíòè-
íóaëüíoão ïoäõoäa.
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à) á) â)

ã) ä) å)
Ðèñ. 4.4.1. Ðàñòÿæåíèå ñòàíäàðòíîãî îáðàçöà, íà÷àëî ïðîöåññà. Èçîëèíèè ñðåäíåãî íàïðÿæåíèÿ σm è

ãîðèçîíòàëüíîãî ïåðåìåùåíèÿ ux äëÿ ñëó÷àåâ óïðóãîãî ìàòåðèàëà (à,ã), óïðóãîïëàñòè÷åñêîãî

ìàòåðèàëà (á,ä), óïðóãîïëàñòè÷åñêîãî ìàòåðèàëà ïðè ñîâìåñòíîì äåéñòâèè ðàñòÿæåíèÿ è íàãðåâà

óçêîé âåðòèêàëüíîé çîíû ïîä êîíöåíòðàòîðîì (â,å).

Íà ðèñ. 4.4.3 ïîêàçàíû ãðaôèêè ãoðèçoíòaëüíîãî ñìeùe-
íèÿ, ñðeäíeão íaïðÿæeíèÿ è ìaêñèìaëüíoé ãëaâíoé äeôoðìaöèè
âäoëü ãîðèçîíòàëüíîé ëèíèè, ïeðeñeêaþùeé óçêèå çoíû ðàçðóøå-
íèÿ.

Ïoâðeæäeííoñòü è äeôoðìaöèÿ â çoíe ðaçðóøeíèÿ èìeþò
o÷eíü áoëüøoé âñïëeñê òèïa äeëüòa-ôóíêöèè, íàïðÿæåíèÿ ïàäà-
þò äî íóëÿ, a ñìeùeíèÿ ïðåòåðïåâaþò ðeçêèé ñêa÷oê. Ïoâeäeíèe
ýòèõ õaðaêòeðèñòèê ïðîöåññà òèïè÷ío äëÿ âíóòðeííèõ êoíòaêò-
íûõ ãðaíèö è çîíà áîëüøèõ ãðàäèåíòîâ èìèòèðóeò ìàãèñòðàëü-
íóþ òðeùèíó â ðaìêaõ êoíòèíóaëüíoão ïoäõoäa.

Èíòåíñèâíûé íàãðåâ óñêîðÿåò ïðîöåññ ðàçðóøåíèÿ, â òî âðå-
ìÿ êàê ëîêàëüíîå îõëàæäåíèå çîíû ïðåäïîëàãàåìîãî ðàçðóøå-
íèÿ çàìåäëÿåò åå ðàçâèòèå. Âðeìeííoé øaã ïðè ïoÿâëeíèè çoíû
ðaçðóøeíèÿ ðeçêo óìeíüøaeòñÿ èç-ça oãðaíè÷åíèÿ ïðèðaùeíèÿ
äeôoðìaöèè íà øàãå ïî âðåìåíè â ñâÿçè ñ òðeáoâaíèÿìè òo÷ío-
ñòè ðañ÷eòa. Ïðîöåññ ðàçâèòèÿ çîí ðàçðóøåíèÿ ñòàíîâèòñÿ äè-
íàìè÷åñêèì, ýòî âèäíî èç ãðàôèêîâ ýâîëþöèè øàãà ïî âðåìåíè,
ïîêàçàííûõ íà Ðèñ. 4.4.4.
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à) á) â)

ã) ä) å)
Ðèñ. 4.4.2. Ìîäû ïðîöåññà ðàçðóøåíèÿ, èçîëèíèè ñðåäíåãî íàïðÿæåíèÿ σm è ãîðèçîíòàëüíîãî

ïåðåìåùåíèÿ ux äëÿ ñëó÷àåâ óïðóãîãî ìàòåðèàëà (à,ã), óïðóãîïëàñòè÷åñêîãî ìàòåðèàëà (á,ä),

óïðóãîïëàñòè÷åñêîãî ìàòåðèàëà ïðè ñîâìåñòíîì äåéñòâèè ðàñòÿæåíèÿ è íàãðåâà óçêîé âåðòèêàëüíîé

çîíû ïîä êîíöåíòðàòîðîì (â,å). Ïîêàçàíû ñðåäíÿÿ (à,á,â) è ôèíàëüíàÿ (ã,ä,å) ñòàäèè ïðîöåññà.

à) á) â)
Ðèñ. 4.4.3. Ãðàôèêè ãîðèçîíòàëüíîãî ñìåùåíèÿ (à), ñðåäíåãî íàïðÿæåíèÿ (á) è ìàêñèìàëüíîé

äåôîðìàöèè (â) âäîëü ãîðèçîíòàëüíîé ëèíèè y = 0.6 äëÿ ñëó÷àÿ ðàçðóøåíèÿ óïðóãîãî ìàòåðèàëà,

ïîêàçàííîãî íà Ðèñ. 4.8.1.2à. Â îñòàëüíûõ ñëó÷àÿõ êà÷åñòâåííîå ïîâåäåíèå òàêîå æå.

à) á) â)
Ðèñ. 4.4.4. Èçìåíåíèå áåçðàçìåðíîãî øàãà ïî âðåìåíè, îòíåñåííîãî ê âåëè÷èíå øàãà Êóðàíòà äëÿ

ÿâíûõ ñõåì è âûáèðàåìîãî èç óñëîâèé òî÷íîñòè, îò âåëè÷èí 104 äëÿ êâàçèñòàòèêè â íà÷àëå ïðîöåññà

äî âåëè÷èí ïîðÿäêà 1 ïðè ðàñïðîñòðàíåíèè çîí ðàçðóøåíèÿ.

Ìîäû ðàçðóøåíèÿ ñîõðàíÿþòñÿ ïðè èçìåëü÷åíèè øàãà ñåòêè
è ñìåíå ôîðìû ÿ÷ååê. Çàâèñèìîñòü ðåøåíèÿ îò êîëè÷åñòâà óçëîâ
ìîæíî ïðîñëåäèòü ïî ðåçóëüòàòàì, ïðåäñòàâëåííûì íà Ðèñ. 4.4.5.
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à) á) â)
Ðèñ. 4.4.5. Çàâèñèìîñòü ðåøåíèÿ îò øàãà ïðîñòðàíñòâåííîé ñåòêè.

4.4.2 Ðåçêà ìåòàëëè÷åñêîãî ëèñòà

Ðàññìîòðèì çàäà÷ó î ðàçðåçàíèå ëèñòà äâóìÿ æåñòêèìè øòàì-
ïàìè, îäèí èç êîòîðûõ (íèæíèé) íåïîäâèæåí, à âòîðîé (âåðõíèé)
ðàâíîìåðíî äâèæåòñÿ âíèç. Ãîðèçîíòàëüíûé çàçîð ìåæäó øòàì-
ïàìè ðàâåí íóëþ. Ðàñ÷åòíàÿ ñõåìà ïîêàçàíà íà Ðèñ. 4.4.6. Íà
êîíòàêòå ðåàëèçîâàíû óñëîâèÿ ñâîáîäíîãî ñêîëüæåíèÿ. Íà ëåâîì
êðàþ ëèñòà ïîñòàâëåíû óñëîâèÿ ñèììåòðèè è ïðàâûé êðàé ëèñòà
çàêðåïëåí.

Ðèñ. 4.4.6. Ïðîöåññ ðåçêè ìåòàëëè÷åñêîãî ëèñòà. Ðàñ÷åòíàÿ ñõåìà.

Íà ðèñ. 4.4.7 ïîêàçàíî ðàñïðåäåëåíèå ñìåùåíèé, èíòåíñèâíî-
ñòè íàïðÿæåíèé, êàñàòåëüíîãî è ñðåäíåãî íàïðÿæåíèé äëÿ íà÷à-
ëà ïðîöåññà. Íà ôèíàëüíîé ñòàäèè ïðîöåññà íàáëþäàåòñÿ ñèëü-
íàÿ ëîêàëèçàöèÿ äåôîðìàöèé âäîëü óçêîé çîíû íàìå÷àþùåãîñÿ
ñðåçà, êîòîðóþ ìîæíî âèäåòü íà Ðèñ. 4.4.8, ãäå ïîêàçàíû ðàñ-
ïðåäåëåíèÿ ñìåùåíèé, èíòåíñèâíîñòè íàïðÿæåíèé, êàñàòåëüíîãî
íàïðÿæåíèÿ è ïëàñòè÷åñêîé ðàáîòû.
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Ðèñ. 4.4.7. Ïðîöåññ ðåçêè ìåòàëëè÷åñêîãî ëèñòà.

Ðèñ. 4.4.8. Ïðîöåññ ðåçêè ìåòàëëè÷åñêîãî ëèñòà (ïðîäîæåíèå).
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4.4.3 Îïîëçåíü ñêëîíà

Åùå îäèí ïðèìåð ðàñ÷åòà âûïîëíåí äëÿ çàäà÷è îá îáðóøåíèè
ñêëîíà ïîä äåéñòâèåì âåñà ñîîðóæåíèÿ. Ðåçóëüòàòû ïîêàçàíû íà
Ðèñ. 4.4.9 è îíè èìåþò òî æå êà÷åñòâåííîå ïîâåäåíèå, ÷òî è â
ðàññìîòðåííûõ ðàíåå ñëó÷àÿõ. Ëåâàÿ è ÷àñòü âåðõíåé ãðàíèöû
x > 0.8 ñâîáîäíû, øòàìï-ñîîðóæåíèå çàíèìàåò ÷àñòü âåðõíåé
ãðàíèöû 0 ≤ x ≤ 0.8 , íà íèæíåé è ïðàâîé íåïîäâèæíûõ ãðàíè-
öàõ ïîñòàâëåíû óñëîâèÿ ñâîáîäíîãî ñêîëüæåíèÿ.

Ðèñ. 4.4.9. Îïîëçåíü. Ëîêàëèçàöèÿ äåôîðìàöèé è ðàçðóøåíèå íà ñêëîíå ïîä äåéñòâèåì âåñà

ïîñòðîåííîãî íà íåì ñîîðóæåíèÿ. Ïîêàçàíî ðàçâèòèå ìàêñèìàëüíîé äåôîðìàöèè è ãîðèçîíòàëüíîãî

ñìåùåíèÿ.

4.4.4 Óäàð äâóõ òåë ïîä óãëîì ñ ó÷åòîì ðàçðóøåíèÿ.

Ïëàñòèíà-óäàðíèê óäàðÿåò ïëàñòèíó-ïðåãðàäó ñî ñêîðîñòüþ
u0/c

(1) = 0.2 , ãäå c(1) - ñêîðîñòü çâóêà â ìàòåðèàëå óäàðíèêà.
Óäàðíèê (1) è ïðåãðàäà (2) èìåëè ñëåäóþùèå ñâîéñòâà:

K(1) = 975 , µ(1) = 369 , σ(1)
s = 1.0 , dσ(1)

s /dap = 0.0 , c(1) = 1
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k(1)
ω = 0.0 , k

(1)
θ = 103 , F = εmax − ε(1)lim, ε

(1)
lim = 0.01

K(2) = 243 , µ(2) = 92 , σ(2)
s = 0.25 , dσ(2)

s /dap = 0 , c(2) = 1

k(2)
ω = 0.0 , k

(2)
θ = 106 , F = εmax − ε(2)lim, ε

(2)
lim = 0.01

ãäå εmax - ìàêñèìàëüíàÿ ãëaâíàÿ äåôîðìàöèÿ.
Íà÷àëüíàÿ ñåòêà âèäíà íà Ðèñ. 4.4.10a. Ïîñëåäóþùèå êàðòèí-

êè Ðèñ. 4.4.10 b-f äåìîíñòðèðóþò âû÷èñëåííóþ ýâîëþöèþ çîí
ðàçðóøåíèÿ (óçêèå ÷åðíûå çîíû). Îêîí÷àòåëüíî ïðåãðàäà ðàñ-
êàëûâàåòñÿ íà òðè ÷àñòè, äâèãàþùèåñÿ íåçàâèñèìî. Óäàðíèê ðè-
êîøåòèðóåò è ïîëíîñòüþ ðàçðóøàåòñÿ.

Íåîáõîäèìî ïîä÷åðêíóòü, ÷òî ïîïûòêè èñïîëüçîâàòü ïëàñòè-
÷åñêóþ ðàáîòó è èíòåíñèâíîñòü êàñàòåëüíûõ íàïðÿæåíèé â êà÷å-
ñòâå àðãóìåíòîâ ôóíêöèè êðèòåðèÿ ðàçðóøåíèÿ F íå ïîçâîëèëè
ïîëó÷èòü ëîêàëèçàöèþ çîí ðàçðóøåíèÿ, ïîäîáíóþ ïîêàçàííîé íà
ðèñóíêå 4.4.10.

Ðàññìàòðèâàëèñü è ìíîãèå äðóãèå çàäà÷è î ðàçðóøåíèè ÷àñòåé
êîíñòðóêöèé ïðè êâàçèñòàòè÷åñêèõ è äèíàìè÷åñêèõ ðàçðóøåíè-
ÿõ. Îáùèé âûâîä òàêîâ: êðèòåðèè ìàêñèìàëüíîé äåôîðìàöèè
ñäâèãà ðàáîòàþò óäîâëåòâîðèòåëüíî â ïîäàâëÿþùåì ÷èñëå ðàç-
ëè÷íûõ ñëó÷àåâ íàïðÿæåíî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ. Óçêèå
çîíû ðàçðóøåíèÿ îáðàçóþòñÿ â óñëîâèÿõ êâàçèõðóïêîãî ðàçðó-
øåíèÿ, êîãäà ïðåäåëüíàÿ äåôîðìàöèÿ äîñòèãàåòñÿ ðàíåå, ÷åì çî-
íû ïëàñòè÷íîñòè îõâàòûâàþò çíà÷èòåëüíóþ ÷àñòü êîíñòðóêöèè.
Âî ìíîãèõ ñëó÷àÿõ ïåðâîíà÷àëüíî êâàçèñòàòè÷åñêèé ðåæèì äå-
ôîðìàöèè ñìåíÿåòñÿ áûñòðûì äèíàìè÷åñêèì ïðîöåññîì äåôîð-
ìàöèè è ðîñòîì óçêèõ çîí ðàçðóøåíèÿ. Àëãîðèòìû ðàñ÷åòà, ðå-
àëèçóþùèå ìîäåëè êîíòèíóàëüíîãî ðàçðóøåíèÿ, äîëæíû èìåòü
êîíòðîëü òî÷íîñòè ïî ìàêñèìàëüíîìó ïðèðàùåíèþ äåôîðìàöèè
íà øàãå ïî âðåìåíè, èíà÷å ñõîäèìîñòü ðåøåíèé òåðÿåòñÿ. Ðàç-
ìûâàíèå çîí ðàçðóøåíèÿ è èñêàæåíèå ðåøåíèé ìîæåò ïðîèñõî-
äèòü òàêæå â ñõåìàõ ñ ïîâûøåííîé âÿçêîñòüþ. Ñõåìíàÿ âÿçêîñòü
äîëæíà áûòü ìèíèìèçèðîâàíà â îêðåñòíîñòè çîí ðàçðóøåíèÿ.
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Ðèñ. 4.4.10. Ñîóäàðåíèå ïëàñòèí ïîä óãëîì ñ ó÷åòîì ðàçðóøåíèÿ. Ýâîëþöèÿ çîí ðàçðóøåíèÿ.

Îêîí÷àòåëüíî ïëàñòèíà ðàñêîëîëàñü íà òðè ÷àñòè. Óäàðíèê ðàçðóøåí ïîëíîñòüþ.
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Ðåçêàÿ ïîòåðÿ ñïîñîáíîñòè ñîïðîòèâëåíèÿ äåôîðìàöèè ÿâëÿ-
åòñÿ íåîáõîäèìûì óñëîâèåì âîçíèêíîâåíèÿ óçêèõ çîí ëîêàëèçà-
öèè äåôîðìàöèé. Äëÿ îáåñïå÷åíèÿ ñõîäèìîñòè ðåçóëüòàòîâ ïðè
äðîáëåíèè âðåìåííûõ è ïðîñòðàíñòâåííûõ øàãîâ êðèòåðèé ðàç-
ðóøåíèÿ äîëæåí ñîäåðæàòü ìàñøòàáíûé ìíîæèòåëü, âèä êîòîðî-
ãî ïîäñêàçûâàåòñÿ òåîðèåé òðåùèí è ìåõàíèêîé õðóïêîãî ðàçðó-
øåíèÿ. Èçâåñòíî, ÷òî â êîí÷èêå òðåùèíû òåîðèÿ óïðóãîñòè ïðåä-
ñêàçûâàåò êîðåííóþ îñîáåííîñòü ðåøåíèÿ è íåîãðàíè÷åííûé ðîñò
íàïðÿæåíèé è äåôîðìàöèé. Ïîýòîìó êðèòåðèé ðàçðóøåíèÿ äîë-
æåí ôîðìóëèðîâàòüñÿ â òåðìèíàõ êîýôôèöèåòîâ êîíöåíòðàöèè
íàïðÿæåíèé è äåôîðìàöèé. Óäîâëåòâîðèòåëüíûå ðåçóëüòàòû äëÿ
ñõîäèìîñòè ïðåäåëüíûõ çíà÷åíèé ñðåäíåé äåôîðìàöèè ðàçðóøå-
íèÿ ðàñòÿãèâàåìûõ îáðàçöîâ áûëè ïîëó÷åíû ñ ïîìîùüþ êðèòå-
ðèÿ ðàçðóøåíèÿ ñëåäóþùåãî âèäà:

ε1

√
min(hx, hy)/max(xmax − xmin, ymax − ymin) ≤ εmax

ãäå ìíîæèòåëü ñ êîðíåì êàê ðàç è ó÷èòûâàåò àñèìïòîòèêó, ïîä-
ñêàçûâàåìóþ òåîðèåé óïðóãîñòè.

4.5 Ñïåêàíèå ïîðîøêîâûõ êîìïîçèòîâ.

Ðàññìîòðèì ïðèìåðû ðàñ÷åòîâ ïðîöåññîâ ñïåêàíèÿ ïîðîøêî-
âûõ êîìïîçèòîâ íà îñíîâå òåîðèè, îïèñàííîé â ãëàâå 2.

4.5.1 Õîëîäíîå ïðåññîâàíèå

.
Ñíà÷àëà ïðîâåðèì êàê òåîðèÿ îïèñûâàåò ïðîöåññ óïëîòíåíèÿ

ïîðîøêà çàñûïàííîãî â ôîðìó ïîä äåéñòâèåì âíåøíåãî äàâ-
ëåíèÿ â èäåàëèçèðîâàííûõ óñëîâèÿõ îäíîðîäíîãî íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ. Ðàñ÷åòíàÿ ñõåìà ïîêàçàíà íà Ðèñ.
4.5.1a Ëåâàÿ è íèæíÿÿ ãðàíèöû êâàäðàòíîãî îáðàçöà ïðåäñòàâëÿ-
þò îñè ñèììåòðèè. Âåðõíÿÿ è ïðàâàÿ ãðàíèöû íàãðóæåíû ðàâíî-
ìåðíûì äàâëåíèåì, êîòîðîå â òå÷åíèå ïåðèîäà âðåìåíè 0 < t <
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50 ïîääåðæèâàåòñÿ ïîñòîÿííûì è ðàâíûì åäèíèöå. Çàâèñèìîñòü
âíåøíåãî äàâëåíèÿ îò âðåìåíè ïîêàçàíà íà ïðàâîé êàðòèíêå Ðèñ.
4.5.1b Ìàòåðèàë èìåë ñëåäóþùèå ñâîéñòâà:

K = 975/(1−ω) , µ = 369/(1−ω) , ky = 1 , dky/dap = 0 , c = 1 ,

kω = 0.1 , s0 = 0 , kθ = 0 (4.5.1)

a) b)
Ðèñ. 4.5.1. Õîëîäíîå ïðåññîâàíèå. Èëëþñòðàöèÿ èñõîäíûõ äàííûõ.

Ðàññ÷èòàííûå çàâèñèìîñòè ïîðèñòîñòè è ãðàíè÷íîé ñêîðîñòè
ïîêàçàíû íà Ðèñ. 4.5.2 ñîãëàñóþòñÿ ñ àíàëèòè÷åñêèì ðåøåíèåì.
Ïóíêòèðîì ïîêàçàíî íà÷àëüíîå ïîëîæåíèå ãðàíèöû, ñïëîøíîé
ëèíèåé - êîíå÷íîå.

a) b)
Ðèñ. 4.5.2. Õîëîäíîå ïðåññîâàíèå. Ðåçóëüòàòû ïðîâåðî÷íîãî ðàñ÷åòà ñîîòâåòñòâóþò àíàëèòè÷åñêîìó

ðåøåíèþ è ïðåäñòàâëåíèÿì î ôèçèêå ïðîöåññà.
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4.5.2 Ãîðÿ÷åå ñïåêàíèå

Òåïåðü ïðîâåðèì êàê ðàáîòàåò òåîðèÿ ïðè îïèñàíèè ñïåêàíèÿ
â óñëîâèÿõ îäíîðîäíîãî ïðîöåññà. Â íà÷àëüíûé ìîìåíò âðåìå-
íè ïîðèñòîñòü ðàâíà 0.5, êâàäðàòíûé îáðàçåö ("green body")
ðàâíîìåðíî ðàçîãðåò, ëåãêîïëàâêàÿ ñîñòàâëÿþùàÿ ðàñïëàâëåíà
è êàïèëëÿðíûå ñèëû íà ïîâåðõíîñòè ïîð, ñìà÷èâàþùèõ òâåðäî-
ñïëàâíûå ÷àñòèöû, îáåñïå÷èâàþò ñæèìàþùåå "íàïðÿæåíèå ñïå-
êàíèÿ", áëàãîäàðÿ êîòîðîìó ïîðîøêîâûé ìàòåðèàë óïëîòíÿåòñÿ,
ïîðû ñüåæèâàþòñÿ, à óïðóãèå è ïëàñòè÷åñêèå ñâîéñòâà ìàòåðèàëà
ïîâûøàþòñÿ.

a) b)

c) d)
Ðèñ. 4.5.3. Ñïåêàíèå (îäíîðîäíûé ïðîöåññ). Ðàññ÷èòàííûå ïîëå ñêîðîñòåé (a), èñòîðèè äàâëåíèÿ (b),

ãðàíè÷íîé ñêîðîñòè (c) è ïîðèñòîñòè (d).

Ïðîöåññ ñïåêàíèÿ ñîïðîâîæäàåòñÿ âñåñòîðîííåé ñæèìàþùåé
äåôîðìàöèåé, íå âûçûâàþùåé ñðåäíåãî íàïðÿæåíèÿ (îäíîðîäíîå
ñîñòîÿíèå). Ýòà íåîáðàòèìàÿ äåôîðìàöèÿ îáóñëîâëåíà èçìåíåíè-
åì "íà÷àëüíîé"èëè åñòåñòâåííîé êîíôèãóðàöèè. Äëÿ íåîäíîðîä-
íîãî ñîñòîÿíèÿ èç-çà íåñîâìåñòíîñòè ïëàñòè÷åñêîé äåôîðìàöèè
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âîçíèêëè áû ïîëÿ íà÷àëüíûõ íàïðÿæåíèé è óïðóãèõ äåôîðìà-
öèé.

Íà÷àëüíàÿ ïîðèñòîñòü ïðèíèìàëàñü ðàâíîé 0.5. Ñâîéñòâà ìà-
òåðèàëà áûëè òå æå, ÷òî è ïðåäûäóùåì ïðèìåðå (ôîðìóëû 4.5.1),
êðîìå òîãî, ÷òî òåïåðü s0 = ω . Ïîëå ñêîðîñòåé â òå÷åíèå ïðîöåñ-
ñà ïîêàçàíî íà Ðèñ. 4.5.3a. Âû÷èñëåííûå èñòîðèè äàâëåíèÿ, ãðà-
íè÷íîé ñêîðîñòè â òî÷êå (0,10) è ïîðèñòîñòè ïîêàçàíû íà Ðèñ.
4.5.3b-d.

4.5.3 Ïðåññîâàíèå è ñïåêàíèå

Ðàññìîòðèì ïðèìåð ðàñ÷åòà ïðîöåññà ñïåêàíèÿ äëÿ ñëó÷àÿ
íåîäíîðîäíîãî òåðìî-ìåõàíè÷åñêîãî ñîñòîÿíèÿ. Èñòîðèÿ âíåø-
íèõ âîçäåéñòâèé ïîêàçàíà íà Ðèñ. 4.5.4, ðàñ÷åòíàÿ ñõåìà è íà÷àëü-
íàÿ ñåòêà ïîêàçàíà íà Ðèñ. 4.5.5. Ïóñòü â íà÷àëüíûé ìîìåíò âðå-
ìåíè t = 0 â ïå÷ü öèëèíäðè÷åñêîé ôîðìû íàñûïàí êîìïîçèòíûé
ïîðîøîê è óòðàìáîâàí ñíà÷àëà ïëîñêèì øòàìïîì äî ïîðèñòî-
ñòè ω = 0.5 . Ýòî íà÷àëüíîå ñîñòîÿíèå. Çàòåì ðàññ÷èòûâàåòñÿ õî-
ëîäíîå ïðåññîâàíèå ñ ïîìîùüþ ñôåðè÷åñêîãî øòàìïà-êðûøêè äî
íåîäíîðîäíîãî ñîñòîÿíèÿ, ïîêàçàííîãî íà íèæíåì Ðèñóíêå 4.5.5
äëÿ t = 30 . Äàëåå øòàìï óáèðàåòñÿ, à òåëî ("green body") âû-
äåðæèâàåòñÿ äî t=40. Äàëåå ïå÷ü íàãðåâàåòñÿ äî òåìïåðàòóðû
T0 , êîòîðàÿ ñîõðàíÿåòñÿ ïîñòîÿííîé äî t = 140 è ïîääåðæèâàåò
íàïðÿæåíèå ñïåêàíèÿ, çàâèñèìîñòü êîòîðîãî îò ïîðèñòîñòè ïðè-
íèìàëàñü â âèäå:

s0 = s∗(T0)ω

ãäå s∗(T0) = 5 . Ñâîéñòâà ìàòåðèàëà, îáðàçóþùåãî êîìïîçèò, áûëè
ïðèíÿòû òàêèìè æå, êàê è â ïðåäûäóùèõ ïðèìåðàõ.

Ðàñïðåäåëåíèå ïîðèñòîñòè è ïëàñòè÷åñêîé ðàáîòû ïîñëå õî-
ëîäíîãî ïðåññîâàíèÿ ïîêàçàíî íà ðèñ. 4.5.6. Âíà÷àëå ìàòåðèàë
êîìïîçèòà íå èìååò ñïîñîáíîñòè ñîïðîòèâëåíèÿ äåôîðìàöèè, åãî
ìîäóëè óïðóãîñòè è ïðåäåë òåêó÷åñòè çàâèñÿò îò ïîðèñòîñòè ïî
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çàêîíó:

K = K0 ∗ (1−ω/ω0) , µ = µ0 ∗ (1−ω/ω0) , σp = σp0 ∗ (1−ω/ω0)

Ïðè õîëîäíîì ïðåññîâàíèè ïîðèñòîñòü, êàê áûëî âèäíî èç ðàñ-
ñìîòðåííîãî âûøå ìîäåëüíîãî ïðèìåðà, óáûâàåò è ìàòåðèàë íà-
÷èíàåò îáðåòàòü ñïîñîáíîñòü ê ñîïðîòèâëåíèþ äåôîðìàöèè. Èç-
çà íåîäíîðîäíîñòè ñîñòîÿíèÿ è íàãðóæåíèÿ (ïåðåìåííûé êîí-
òàêò) ãðàôèê çàâèñèìîñòè ïîðèñòîñòè îò âðåìåíè äëÿ ýòîé ñòà-
äèè â îòëè÷èå îò ìîäåëüíîãî ïðèìåðà íåëèíååí (Ðèñ. 4.5.9). Íà
âòîðîì èç ðèñóíêîâ 4.5.9 ïîêàçàíî ðàñïðåäåëåíèå êîíòàêòíîé
íîðìàëüíîé íàãðóçêè ïîä øòàìïîì. Òðåíèåì ìåæäó øòàìïîì,
ñòåíêàìè ïå÷êè è êîìïîçèòîì ïðåíåáðåãàëîñü, õîòÿ â ïðîãðàììå
âîçìîæíîñòü ó÷åòà ñèë òðåíèÿ íà êîíòàêòå ïðåäóñìîòðåíà.

Â ïðîöåññå õîëîäíîãî ïðåññîâàíèÿ, ÿâëÿþùåãîñÿ íåîáðàòè-
ìûì ïðîöåññîì, êîìïîçèò íàãðåâàåòñÿ, ðàñïðåäåëåíèå òåìïåðà-
òóðû ïîêàçàíî íà Ðèñ. 4.5.7. Ïîëàãàåì, ÷òî ýòîãî òåïëà íåäîñòà-
òî÷íî äëÿ ðàñïëàâëåíèÿ ëåãêîïëàâêîãî êîìïîíåíòà. Äîñòèãíóâ
ïðåäåëüíîãî ïîëîæåíèÿ, ñôåðè÷åñêèé øòàìï íà÷èíàåò îáðàòíîå
äâèæåíèå è äî ìîìåíòà âðåìåíè t = 50 íàïðÿæåíèÿ è ìàëûå
óïðóãèå äåôîðìàöèè â êîìïîçèòå íåìíîãî ðåëàêñèðóþò, íî íå
èñ÷åçàþò èç-çà íåîäíîðîäíîñòè ñîñòîÿíèÿ. Ðàñïðåäåëåíèå èíòåí-
ñèâíîñòè îñòàòî÷íûõ íàïðÿæåíèé ïîêàçàíî íàê âòîðîì èç ðèñóí-
êîâ 4.5.7.

Äàëåå â ìîìåíò âðåìåíè t = 50 íà÷èíàåòñÿ ñïåêàíèå è çàêàí-
÷èâàåòñÿ ïðè t = 140 . Îêîí÷àòåëüíàÿ ôîðìà èñïå÷åííîãî òåëà,
ðàñïðåäåëåíèå ïîðèñòîñòè è èíòåíñèâíîñòü îñòàòî÷íûõ íàïðÿæå-
íèé ïîêàçàíû íà Ðèñ. 4.5.8.

Ïðåäñòàâëåííûå ðàñ÷åòû ïîêàçûâàþò ïðèíöèïèàëüíóþ âîç-
ìîæíîñòü îïèñàíèÿ ïðîöåññîâ ñïåêàíèÿ ñ ïîìîùüþ ñôîðìóëè-
ðîâàííîé â ãëàâå 2 òåîðèè. Äëÿ îïðåäåëåííûõ ïîðîøêîâûõ êîì-
ïîçèòîâ ïðèìåíÿåìàÿ ôåíîìåíîëîãè÷åñêàÿ ìîäåëü äîëæíà áûòü
ïðîòàðèðîâàíà ñ ïîìîùüþ ôèçè÷åñêèõ ýêñïåðèìåíòîâ ïî ñïåêà-
íèþ ñòàíäàðòíûõ îáðàçöîâ ïðîñòîé ôîðìû, ïîñëå ÷åãî ÷èñëåííûå
àëãîðèòìû ãëàâû 3 ìîæíî ïðèìåíèòü äëÿ ïðåäñêàçàíèÿ ôîðìû
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òåë ïîñëå ïðåññîâàíèÿ è ñïåêàíèÿ, ðàñïðåäåëåíèÿ îñòàòî÷íîé ïî-
ðèñòîñòè, îïðåäåëÿþùåé ñâîéñòâà êîìïîçèòà, à òàêæå ïîëåé îñòà-
òî÷íûõ íàïðÿæåíèé è äåôîðìàöèé.

Ðèñ. 4.5.4. Èñòîðèÿ âíåøíèõ âîçäåéñòâèé: ñòàäèÿ õîëîäíîãî ïðåññîâàíèÿ 0 ≤ t ≤ t1 ,
ñòàäèÿ ðåëàêñàöèè t1 ≤ t ≤ t2 , ñòàäèÿ ñïåêàíèÿ t2 ≤ t ≤ t3 , ðåëàêñàöèÿ t > t3 .

Ðèñ. 4.5.5. Ñòàäèÿ õîëîäíîãî ïðåññîâàíèÿ ïîðîøêà â öèëèíäðè÷åñêîé ôîðìå ïîäâèæíûì
ñôåðè÷åñêèì øòàìïîì.

a) b)
Ðèñ. 4.5.6. Ðàñïðåäåëåíèå ïîðèñòîñòè (a) è ïëàñòè÷åñêîé ðàáîòû (b) â êîíöå ñòàäèè

õîëîäíîãî ïðåññîâàíèÿ.
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a) b)
Ðèñ. 4.5.7. Ðàñïðåäåëåíèå òåìïåðàòóðû (a) è èíòåíñèâíîñòè íàïðÿæåíèé (b) ïåðåä

íà÷àëîì ñïåêàíèÿ (íàãðåâ çà ñ÷åò ïëàñòè÷åñêîé äåôîðìàöèè).

a) b)
Ðèñ. 4.5.8. Ôîðìà òåëà, ðàñïðåäåëåíèå ïîðèñòîñòè (a) è èíòåíñèâíîñòè îñòàòî÷íûõ

íàïðÿæåíèé (b) ïîñëå ñïåêàíèÿ.

a) b)
Ðèñ. 4.5.9. Èñòîðèÿ ïîðèñòîñòè â öåíòðå òåëà (a) è ðàñïðåäåëåíèå êîíòàêòíîé

íàãðóçêè ïîä øòàìïîì äëÿ ìàêñèìàëüíîãî ñæàòèÿ (b).
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4.6 Æèäêîñòü ñ ãðàíèöàìè ðàçäåëà

4.6.1 Çàäà÷è î ðîñòå êðèñòàëëîâ èç ðàñïëàâîâ

Çàäà÷è î ðîñòå êðèñòàëëîâ èç ðàñïëàâîâ ðåøàëèñü ñ ïîìîùüþ
àëãîðèòìîâ ïàêåòà ïðîãðàìì ÀÑÒÐÀ â ñåðèè ðàáîò, âûïîëíåí-
íûõ àâòîðîì ïðè ó÷àñòèè À.È.Ôåäþøêèíà è Â.È.Ïîëåæàåâà.
Àâòîðîì ïîñòðîåíû àëãîðèòìû ðåøåíèÿ è ðåøåíû áàçîâûå çà-
äà÷è, ñîàâòîðû âûïîëíèëè ïàðàìåòðè÷åñêèå ðàñ÷åòû è äàëè èõ
ôèçè÷åñêóþ èíòåðïðåòàöèþ.

Ðèñ. 4.6.5. Ñõåìà êðèñòàëëèçàòîðà ìåòîäà ÎÒÔ: 1 - íàãðåâàòåëü, T1 è T2 õàðàêòåðíûå òåìïåðàòóðû

íàãðåâàòåëÿ, 2 - çîíà ðàñïëàâà íàä íàãðåâàòåëåì, 3 - çàçîð ìåæäó íàãðåâàòåëåì è ñòåíêàìè òèãëÿ, 4

- ðàáî÷àÿ çîíà ìåæäó êðèñòàëëîì è íàãðåâàòåëåì, 5 - ïîâåðõíîñòü êðèñòàëëà (z=0), R - ðàäèóñ

òèãëÿ, δ - âåëè÷èíà çàçîðà, h - âûñîòà ðàáî÷åé çîíû, 0z - îñü ñèììåòðèè.

Äëÿ èëëþñòðàöèè ýòîé ÷àñòè íàñòîÿùåé ðàáîòû îãðàíè÷èìñÿ
êðàòêèì îïèñàíèåì ïîëó÷åííûõ ðåçóëüòàòîâ ðàñ÷åòà ïðîöåññîâ
ðîñòà êðèñòàëëîâ â âåðòèêàëüíûõ öèëèíäðè÷åñêèõ ïå÷àõ ñ ïîãðó-
æåííûì íàãðåâàòåëåì (òåõíîëîãèÿ Îñòðîãîðñêîãî (1994) è Ãîëû-
øåâà (1995)). Ïðîöåññ ñ÷èòàåòñÿ îñåñèììåòðè÷íûì. Ñå÷åíèå ïå-
÷è ïîêàçàíî ðèñ. 4.6.5. Ëåâàÿ ãðàíèöà ÿâëÿåòñÿ îñüþ ñèììåòðèè.
Íèæíÿÿ ãðàíèöà (5) ÿâëÿåòñÿ ïîäâèæíûì ôðîíòîì êðèñòàëëè-
çàöèè, êîòîðûé äëÿ ñóùåñòâåííîãî óïðîùåíèÿ ðàñ÷åòà ïîëàãàëñÿ
ïëîñêèì è äâèæóùèìñÿ ñ çàäàííîé ïîñòîÿííîé ñêîðîñòüþ V0 .
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Òåìïåðàòóðà íà ôðîíòå êðèñòàëëèçàöèè ðàâíà òåìïåðàòóðå ôà-
çîâîãî ïåðåõîäà. Íà âíåøíåé âåðòèêàëüíîé ñòåíêå (ïðàâàÿ ãðàíè-
öà) òåìïåðàòóðà çàäàíà ëèíåéíîé ôóíêöèåé îò z . Âåðõíÿÿ ãðàíè-
öà ÿâëÿåòñÿ îòêðûòîé è íà íåé ñòàâèëèñü óñëîâèÿ ïðîäîëæåíèÿ
ðåøåíèÿ (ðàâåíñòâî íóëþ íîðìàëüíûõ ïðîèçâîäíûõ îò ðåøåíèÿ).
Ðàñïëàâ ãåðìàíèÿ ñ ïðèìåñüþ ãàëëèÿ çàíèìàåò îáëàñòü ðàáî÷åé
çîíû (2) ìåæäó íàãðåâàòåëåì (1) è ðàñòóùèì êðèñòàëëîì (5),
êóäà îí ïîñòóïàåò èç çîíû (4) íàä íàãðåâàòåëåì ÷åðåç çàçîð (3).

Íà íèæíåé ïîâåðõíîñòè íàãðåâàòåëÿ òåìïåðàòóðà ïîëàãàëàñü
çàäàííîé è ðàñïðåäåëåííîé ïî ëèíåéíîìó çàêîíó. Íà ïîâåðõíîñòè
íàãðåâàòåëÿ è íà ñòåíêàõ ïå÷è ñòàâèëèñü óñëîâèÿ ïðèëèïàíèÿ.

Cèñòåìà óðàâíåíèé è íà÷àëüíî-êðàåâàÿ çàäà÷à ÿâëÿþòñÿ ÷àñò-
íûìè ñëó÷àÿìè îáùåé ôîðìóëèðîâêè ðàçäåëà 2.11, îòâå÷àþùèìè
ìîäåëè íåñæèìàåìîé âÿçêîé æèäêîñòè. Òàêèì îáðàçîì, ìàòåìà-
òè÷åñêàÿ ìîäåëü òå÷åíèÿ ðàñïëàâà îñíîâàíà íà ïîëíûõ íåñòàöè-
îíàðíûõ óðàâíåíèÿõ Íàâüå-Ñòîêñà. Áûëà ó÷òåíà ñëàáàÿ ñæèìàå-
ìîñòü â ñîîòâåòñòâèè ñ ïðèáëèæåíèåì Áóññèíåñêà: âî âñåõ óðàâíå-
íèÿõ çàäà÷è ïëîòíîñòü ïîëàãàëàñü ïîñòîÿííîé, à åå ñëàáàÿ ëèíåé-
íàÿ çàâèñèìîñòü îò ïðèìåñè è òåìïåðàòóðû ó÷èòûâàëàñü òîëüêî
ïðè çàïèñè ñèë òÿæåñòè. Ýòè ñèëû (ñèëû ïëàâó÷åñòè), âûçûâàþò
ãðàâèòàöèîííûå êîíâåêòèâíûå òå÷åíèÿ.

Â íà÷àëå ïðè t = 0 ïðèìåñü ñ÷èòàëàñü ðàâíîìåðíî ðàñïðå-
äåëåííîé ïî ðàñïëàâó. Ïðè êðèñòàëëèçàöèè â êðèñòàëë ïåðåõî-
äèò òîëüêî ÷àñòü ïðèìåñè, îïðåäåëÿåìàÿ óñëîâèåì ñåãðåãàöèè
s = kC , ãäå Ñ - êîíöåíòðàöèÿ ïðèìåñè â ðàñïëàâå, Cs - êîíöåí-
òðàöèÿ ïðèìåñè â êðèñòàëëå, k << 1 - êîýôôèöèåíò ñåãðåãàöèè
(îòòîðæåíèÿ). Ïîýòîìó ïî ìåðå ðîñòà êðèñòàëëà ïðîèñõîäèò îáî-
ãàùåíèå ðàñïëàâà ïðèìåñüþ, à êîíâåêöèÿ âûçûâàåò åå ïåðåìåøè-
âàíèå. Ñîîòâåòñòâåííî íà ôðîíòå êðèñòàëëèçàöèè ðàñïðåäåëåíèå
ïðèìåñè âñå âðåìÿ ìåíÿåòñÿ, à ñàì êðèñòàëë çàïîìèíàåò èñòîðèþ
ðàñïðåäåëåíèÿ ïðèìåñè ïîäîáíî òîìó, êàê ðàñòóùèå äåðåâüÿ çà-
ïîìèíàþò èñòîðèþ êëèìàòà â ãîäîâûõ êîëüöàõ, âèäíûõ íà ñðåçàõ
ñòâîëîâ. Â êðèñòàëëàõ õîðîøåãî êà÷åñòâà ïðèìåñü äîëæíà ðàñ-
ïðåäåëÿòüñÿ ïî âîçìîæíîñòè ðàâíîìåðíî (îñîáåííî ïî ðàäèóñó),



160 4 Ïðèìåðû ðàñ÷åòîâ

èíà÷å îíè íàïðàâëÿþòñÿ â ïåðåïëàâêó. Ðàñïðåäåëåíèå ïðèìåñè
çàâèñèò îò ìíîãèõ óñëîâèé, îáñóæäàåìûõ äàëåå, è îïòèìèçàöèÿ
ýòèõ óñëîâèé ñîñòàâëÿëà ñìûñë ïðîâåäåííîãî èññëåäîâàíèÿ.

Ðèñ. 4.6.6. Ðàñïðåäåëåíèå ïðèìåñè â ðàñïëàâå â ìåòîäå ïîãðóæåííîãî íàãðåâàòåëÿ (ðåçóëüòàò À.

Îñòðîãîðñêîãî).
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Ðèñ. 4.6.7. Ðàñïðåäåëåíèå ïðèìåñè. Ñêîðîñòü ðîñòà: 0.0001 ñì/ñåê - âåðõíèé ðÿä, 0.0005 ñì/ñåê -

ñðåäíèé ðÿä, 0.001 ñì/ñåê - íèæíèé ðÿä; óñêîðåíèå ñèëû òÿæåñòè: íàçåìíîå g0 - ëåâûé ñòîëáåö,

îðáèòàëüíîå 0.001g0 - ïðàâûé ñòîëáåö.

Áûëè âûïîëíåíû âñå âîçìîæíûå òåñòû äëÿ ïðîâåðêè ÷èñëåííûõ
àëãîðèòìîâ, ðåàëèçóþùèõ ìåòîäû ðåøåíèÿ ðàçäåëîâ 3.3.1-3.3.4.
Â êà÷åñòâå èëëþñòðàöèè íà ðèñ. 4.6.6 è 4.6.7 ïîêàçàíî ñðàâíåíèå
âû÷èñëåííûõ ðàñïðåäåëåíèé ïðèìåñè â ðàñïëàâå ïî ðåçóëüòàòàì
ðàáîò Îñòðîãîðñêîãî (1995) è íàøåé (1997), äîñòèãàåìîå ïðè óñòà-
íîâëåíèè. Ðåçóëüòàòû, îòâå÷àþùèå ðàçëè÷íûì ãðàâèòàöèîííûì
óñëîâèÿì (îò çåìíûõ äî ìèêðîãðàâèòàöèè) è ðàçëè÷íûì ñêîðî-
ñòÿì ðîñòà, ïîëó÷åííûå â ðàáîòå Îñòðîãîðñêîãî è â íàñòîÿùåé ðà-
áîòå, ïðåêðàñíî ñîãëàñóþòñÿ. Â îòëè÷èå îò ðàáîòû Îñòðîãîðñêî-
ãî, êîòîðûé èñïîëüçîâàë ñòàöèîíàðíóþ ôîðìóëèðîâêó, â íàøèõ
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ðàáîòàõ ðåøåíà íåñòàöèîíàðíàÿ çàäà÷à, ÷òî è ïîçâîëèëî ïðåä-
ñêàçûâàòü ðàñïðåäåëåíèå ïðèìåñè â ðàñòóùèõ êðèñòàëëàõ.

Ðèñ. 4.6.8. Ðàñïðåäåëåíèå êîíöåíòðàöèè Ga â êðèñòàëëå Ge äëÿ 6 ñëó÷àåâ ïðîöåññà ðîñòà êðèñòàëëà èç

ðàáîòû Îñòðîãîðñêîãî. Ëåâàÿ êîëîíêà (ñâåðõó âíèç): g = g0 ,

Vs = 0.0001cm/sek, 0.0005cm/sek, 0.001cm/sek ; ïðàâàÿ êîëîíêà: g = 0.001g0 .

Ïðèìåðû íàñ÷èòàííûõ ðàñïðåäåëåíèé ïðèìåñè â êðèñòàëëàõ
äëÿ ðàññìîòðåííûõ òåñòîâûõ ïðèìåðîâ ïîêàçàíû íà Ðèñ. 4.6.8.

Òå÷åíèå ðàñïëàâà â ðàáî÷åé çîíå îêîëî ðàñòóùåãî êðèñòàëëà è
íàä íàãðåâàòåëåì ìîæåò ìåíÿòüñÿ î÷åíü ñèëüíî â çàâèñèìîñòè îò
ãåîìåòðèè ïå÷è, îò âåëè÷èíû çàçîðà, îò ñêîðîñòè ðîñòà, îò ñèëû
òÿæåñòè, îò âðàùåíèÿ ïå÷è è íàãðåâàòåëÿ, îò âíåøíåãî ìàãíèò-
íîãî ïîëÿ, òåïëîâîé ñõåìû, âèáðàöèè è òàê äàëåå. Ïîäðîáíûé
àíàëèç âëèÿíèÿ ýòèõ óñëîâèé èìååòñÿ â íàøèõ ïóáëèêàöèÿõ ïî
ðåçóëüòàòàì ðàñ÷åòîâ, âûïîëíåííûõ À.È.Ôåäþøêèíûì ïî ïðî-
ãðàììå ÀÑÒÐÀ. Òàêîé àíàëèç ïðîäåëàí íå òîëüêî äëÿ ìåòîäà
ïîãðóæåííîãî íàãðåâàòåëÿ, íî òàêæå äëÿ ïðîöåññîâ ×îõðàëüñêî-
ãî è Áðèäæìåíà.
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Îòìåòèì, ÷òî ïå÷è è ìàòåðèàëû â òåõíîëîãèÿõ ðîñòà êðè-
ñòàëëîâ íåïðîçðà÷íû, ðàáîòàþò ïðè î÷åíü âûñîêèõ òåìïåðàòóðàõ
(ïðèìåðíî ïîëòîðû òûñÿ÷è ãðàäóñîâ) è ýêñïåðèìåíò äàåò î÷åíü
ñêóäíóþ èíôîðìàöèþ. Ïîäáîð ðåæèìîâ ðîñòà êðèñòàëëîâ â ýêñ-
ïåðèìåíòå ñâîäèòñÿ ê àíàëèçó ñâîéñòâ âûðàùåííûõ êðèñòàëëîâ
è ïîèñêó èõ ñîîòâåòñòâèÿ ñ óñëîâèÿìè âûðàùèâàíèÿ. Äëèòåëü-
íîñòü ïðîöåññà (íåñêîëüêî ÷àñîâ), óíèêàëüíîñòü îáîðóäîâàíèÿ,
äîðîãîâèçíà ìàòåðèàëîâ (ãåðìàíèé, àðñåíèä ãàëëèÿ è ò.ï.), îãðà-
íè÷åííîñòü ïîëó÷àåìîé â ýêñïåðèìåíòàõ èíôîðìàöèè î ïðîöåññå
äåëàþò ÷èñëåííûé ýêñïåðèìåíò áåçàëüòåðíàòèâíûì ìåòîäîì îï-
òèìèçàöèè ïîäîáíûõ òåõíîëîãèé.

4.6.2 Ðàñ÷åò òå÷åíèé ñî ñâîáîäíûìè ãðàíèöàìè, íåïðåðûâíûå
ìàðêåðû

Äëÿ ðàñ÷åòà äâèæåíèé òÿæåëîé æèäêîñòè ñî ñâîáîäíûìè ãðà-
íèöàìè íà îñíîâå òðåõìåðíûõ íåñòàöèîíàðíûõ óðàâíåíèé Íàâüå-
Ñòîêñà áûëè ðåàëèçîâàíû ìåòîäû êîððåêöèè äàâëåíèÿ è øòðàô-
íûõ ôóíêöèé ñ èñïîëüçîâàíèåì òåõíèêè íåïðåðûâíûõ è äèñêðåò-
íûõ ìàðêåðîâ (îïèñàíèå äàíî â ãëàâå 3). Ðåçóëüòàòû ìîäåëèðî-
âàíèÿ ïàäåíèÿ êàïëè â áàññåéí, çàïîëíåííûé âîäîé, ïîêàçàíû íà
Ðèñ. 4.6.9, à çàäà÷à î ñòåêàíèè âîäû ñ ýòàæà íà ýòàæ ÷åðåç äûðó
ïîêàçàíà íà Ðèñ. 4.6.10.

Àìïëèòóäà âñïëåñêà è ñêîðîñòü çàòóõàíèÿ êîëåáàíèé óðîâíÿ
æèäêîñòè â ýòèõ çàäà÷àõ çàâèñÿò îò âÿçêîñòè è îò ñåòî÷íîãî ðàç-
ðåøåíèÿ. Â äàííîì èññëåäîâàíèè ïðåñëåäîâàëàñü öåëü ïîñòðî-
åíèÿ àëãîðèòìîâ, ñïîñîáíûõ âûäàâàòü ðàçóìíûå ðåøåíèÿ çàäà÷
íà ãðóáûõ ñåòêàõ, ïîñêîëüêó ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ ïðîâî-
äèòñÿ íà ïðåäåëå âîçìîæíîñòåé âû÷èñëèòåëüíîé òåõíèêè è ñåòêè
ÿâëÿþòñÿ âûíóæäåííî âåñüìà ãðóáûìè. Îáñóæäàåìûå çàäà÷è ðå-
øåíû íà ñåòêàõ 12x12x12 è 24x24x24 ãà îäíîïðîöåññîðíîì íîóò-
áóêå ñ ÷àñòîòîé ïðîöåññîðà 100 Ìãö (â ñâîå âðåìÿ ýòîò êîìïüþòåð
ñ÷èòàëñÿ î÷åíü äàæå áûñòðîäåéñòâóþùèì). Õîðîøèì ïðèìåðîì
ïðèìåíåíèÿ îïèñàííûõ àëãîðèòìîâ ÿâëÿåòñÿ çàäà÷à îá îáðóøå-
íèè ñòîëáà æèäêîñòè â çàìêíóòîì áàññåéíå, ðåøåíèå êîòîðîé ïî-
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êàçàíî íà Ðèñ. 4.6.11.

Ðèñ. 4.6.9. Ïàäåíèå êàïëè â áàññåéí, âÿçêàÿ íåñæèìàåìàÿ æèäêîñòü, óðàâíåíèÿ

Íàâüå-Ñòîêñà-Áóññèíåñêà, ìåòîä íåïðåðûâíîãî ìàðêåðà.

Ðèñ. 4.6.10. Ñòåêàíèå âîäû ñ ýòàæà íà ýòàæ ÷åðåç äûðó. Âÿçêàÿ íåñæèìàåìàÿ æèäêîñòü, ìåòîä

íåïðåðûâíîãî ìàðêåðà.

Îñíîâíûå òðóäíîñòè ðåàëèçàöèè ñâÿçàíû ñ ðàñ÷åòîì òðàíñ-
ïîðòíîãî óðàâíåíèÿ äëÿ íåïðåðûâíîãî ìàðêåðà è ñ èñïîëüçîâà-
íèåì ôóíêöèè íåïðåðûâíîãî ìàðêåðà äëÿ ðåàëèçàöèè ãðàíè÷íûõ
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óñëîâèé íà ïîäâèæíûõ ñâîáîäíûõ ãðàíèöàõ. Ôóíêöèÿ íåïðåðûâ-
íîãî ìàðêåðà ðàâíà åäèíèöå â îáëàñòè, çàïîëíåííîé æèäêîñòüþ,
è íóëþ â ïóñòîì ïðîñòðàíñòâå. Èçîïîâåðõíîñòü C = 0.5 ïðåäñòàâ-
ëÿåò ñâîáîäíóþ ïîäâèæíóþ ãðàíèöó. Ïðè ðåøåíèè òðàíñïîðò-
íîãî óðàâíåíèÿ äëÿ íåïðåðûâíîãî ìàðêåðà ñêîðîñòü êîíâåêöèè
îïðåäåëÿåòñÿ ïî çíà÷åíèÿì ñêîðîñòè â óçëàõ ñî çíà÷åíèåì ìàð-
êåðà C > 0.5 . Ïîñêîëüêó â óñëîâèÿõ ïåðåìåííîé îáëàñòè ðåøåíèÿ
ãðàíè÷íûå óñëîâèÿ äëÿ äàâëåíèÿ è ñêîðîñòåé íà ñâîáîäíûõ ãðà-
íèöàõ ðåàëèçóþòñÿ ïðèáëèæåííî, êîíñåðâàòèâíîñòü íåèçáåæíî
íàðóøàåòñÿ è äëÿ åå âîññòàíîâëåíèÿ â àëãîðèòì ââåäåíà ïðîöåäó-
ðà êîððåêòèðîâêè ôóíêöèè íåïðåðûâíîãî ìàðêåðà, êîòîðàÿ îäíî-
âðåìåííî ïðåäîòâðàùàåò ðàçìûâàíèå ãðàíèö. Öåëüþ ýòîé ïðîöå-
äóðû ÿâëÿåòñÿ ïîääåðæàíèå èíòåãðàëà îò ôóíêöèè C ïî îáëàñòè
ðåøåíèÿ ïîñòîÿííûì (ñîõðàíåíèå ìàññû), îáåñïå÷åíèå èçìåíåíèÿ
ôóíêöèè C â ïðåäåëàõ îò 0 äî 1 è ïðåäîòâðàùåíèå ðàçìûâàíèÿ
ãðàíèö (ìàëîñòü øèðèíû ïåðåõîäà C îò 0 ê 1 â îêðåñòíîñòè ñâî-
áîëíûõ ãðàíèö).

Ðèñ. 4.6.11. Îáðóøåíèå âîäÿíîé êîëîííû â çàìêíóòîì áàññåéíå.

4.6.3 Ôîíòàíû è ñòðóè

Ðàññìîòðèì ðåçóëüòàòû ïðèìåíåíèÿ ìåòîäà äèñêðåòíûõ ìàð-
êåðîâ ê ðàñ÷åòó òå÷åíèé ñî ñâîáîäíûìè ãðàíèöàìè.
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Íà Ðèñ. 4.6.12 ïðèâåäåíî ðåøåíèå çàäà÷è î ïàäåíèè ãîðèçîí-
òàëüíîé ñòðóè â âîäîåì. Íèæíÿÿ ãðàíèöà ÿâëÿåòñÿ äíîì, íà êîòî-
ðîì çàäàíû óñëîâèÿ ñêîëüæåíèÿ. Ëåâàÿ è ïðàâàÿ ãðàíèöû ÿâëÿ-
þòñÿ îòêðûòûìè, íà íèõ çàäàíû óñëîâèÿ ïðîäîëæåíèÿ ðåøåíèÿ.
Â íà÷àëüíûé ìîìåíò íàä âîäíîé ïîâåðõíîñòüþ ÷åðåç ëåâóþ ãðà-
íèöó íà÷èíàåò áèòü ñòðóÿ âîäû ñ ïîñòîÿííîé ãîðèçîíòàëüíîé ñêî-
ðîñòüþ. Ïîä äåéñòâèåì ñèëû òÿæåñòè îíà ïàäàåò â âîäîåì, ïðè-
íèìàÿ ôîðìó ïàðàáîëû. Âîçíèêàþùåå òå÷åíèå ìîæíî ðàçãëÿäåòü
ïî äâèæåíèþ ìàðêåðîâ.

Ðèñ. 4.6.12. Ïàäåíèå â âîäîåì ãîðèçîíòàëüíîé ñòðóè.

Ðèñ. 4.6.13. Ôîíòàí è ëóæà îò âåðòèêàëüíîé ñòðóè.

Íà ðèñ. 4.6.13 ïîêàçàí ðåçóëüòàò ðàñ÷åòà äëÿ ñëó÷àÿ âåðòè-
êàëüíîé ñòðóè âîäû. Ðàññ÷èòàí ïðîöåññ îáðàçîâàíèÿ ôîíòàíà è
ëóæè. Íèæíÿÿ ãðàíèöà ÿâëÿåòñÿ íåïðîòåêàåìîé, íà íåé çàäàíû
óñëîâèÿ ñêîëüæåíèÿ. Áîêîâûå è âåðõíÿÿ ãðàíèöû ÿâëÿþòñÿ îò-
êðûòûìè, íà íèõ ñòàâÿòñÿ óñëîâèÿ ïðîäîëæåíèÿ.

Êàê è â ñëó÷àå íåïðåðûâíûõ ìàðêåðîâ àëãîðèòì ïðîâåðÿëñÿ
íå òîëüêî íà ñòàíäàðòíûõ òåñòàõ äëÿ çàäà÷ òåðìîãðàâèòàöèîí-
íîé êîíâåêöèè, íî òàêæå íà ñïåöèôè÷åñêèõ òåñòîâûõ çàäà÷àõ
äëÿ òå÷åíèé ñ ïîäâèæíûìè ñâîáîäíûìè ãðàíèöàìè. Íàïðèìåð,
äîïîëíèòåëüíî ïðîâåðÿëàñü ïðàâèëüíîñòü ðàñ÷åòà ãèäðîñòàòèêè
â óñëîâèÿõ ÷àñòè÷íî çàïîíåííîé òÿæåëîé æèäêîñòüþ îáëàñòè ðå-
øåíèÿ, ñîõðàíåíèå ìàññû âî âðåìåíè â ïîêîÿùåéñÿ è â ñâîáîäíî
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ïàäàþùåé æèäêîñòè ñî ñâîáîäíûìè ãðàíèöàìè (êàïëè). Ýòè òå-
ñòû íåòðèâèàëüíû è ïîçâîëÿþò ýôôåêòèâíî îòñåÿòü íåâåðíûå
âàðèàíòû àëãîðèòìîâ. Íàïîìíèì, ÷òî åùå âî ââåäåíèè îòìå÷à-
ëîñü, ÷òî ïðè ÷èñëåííîé ðåàëèçàöèè ÷èñëî âàðèàíòîâ àëãîðèòìà
ìîæåò áûòü î÷åíü áîëüøèì: âñïîìíèì, íàïðèìåð, ñêîëüêî âà-
ðèàíòîâ èìååò àëãîðèòì ãàóññîâà èñêëþ÷åíèÿ è ÷òî íå âñå îíè
óñòîé÷èâû.

Ìåòîä äèñêðåòíûõ ìàðêåðîâ ïîòðåáëÿåò áîëüøå ðåñóðñîâ âû-
÷èñëèòåëüíîé ìàøèíû ïî ñðàâíåíèþ ñ ìåòîäîì íåïðåðûâíîãî
ìàðêåðà, íî äàåò áîëåå æèâûå êàðòèíû òå÷åíèé. Â íàñòîÿùåé
ðàáîòå ýòè ìåòîäû ðåàëèçîâàíû íà êîíâå ìåòîäà êîíå÷íûõ ýëå-
ìåíòîâ. Îòëè÷èòåëüíîé ÷åðòîé ðàçðàáîòàííûõ àëãîðèòìîâ ýòîãî
ìåòîäà ÿâëÿåòñÿ ðàññìîòðåíèå îòêðûòûõ âõîäíûõ è âûõîäíûõ
ãðàíèö, ÷åðåç êîòîðûå â îáëàñòü ðåøåíèÿ ïîñòóïàþò íîâûå ìàð-
êåðû èëè, íàîáîðîò, ïîêèäàþò åå. Àëãîðèòì â ïðåäåëàõ äîñòóï-
íîé ïàìÿòè íà îòêðûòûõ ãðàíèöàõ ñîçäàåò íîâûå âõîäÿùèå ìàð-
êåðû è óíè÷òîæàåò óõîäÿùèå ìàðêåðû. Ïðîáëåìû ñ íåõâàòêîé
äèñêðåòíûõ ìàðêåðîâ âîçíèêàþò â çîíàõ èíòåíñèâíîãî ðàçðåæå-
íèÿ, íàáëþäàþùèõñÿ ê ïðèìåðó â ñòîêàõ âîäû ÷åðåç ïëîòèíû.
Ðàññòîÿíèå ìåæäó ìàðêåðàìè â ïàäàþùèõ ñòðóÿõ âîçðàñòàåò è
ìîæåò ïðåâçîéòè ðàçìåð ñ÷åòíûõ ÿ÷ååê. Â ñòðóÿõ ïðè ýòîì ìî-
ãóò ïîÿâëÿòüñÿ ðàçðûâû íåôèçè÷åñêîé ïðèðîäû.

Â çàäà÷å î ãîðèçîíòàëüíîé ñòðóå, ïîêà ñòðóÿ íå âñòðåòè-
ëà ïîâåðõíîñòü âîäîåìà, ìîæíî çàìåòèòü, ÷òî êîíåö ñòðóè
"ëîõìàòèòñÿ"èç-çà ïîãðåøíîñòåé ðàñ÷åòà ñêîðîñòè äâèæåíèÿ
ìàðêåðîâ íà ñâîáîäíûõ ãðàíèöàõ. Àëãîðèòì òàêîãî ðàñ÷åòà íåîä-
íîçíà÷åí, èìåþòñÿ âàðèàíòû àëãîðèòìà, â êîòîðûõ ýòîò íåäîñòà-
òîê óñòðàíåí. Äëÿ ýòîãî ñêîðîñòè äâèæåíèÿ ãðàíè÷íûõ ìàðêåðîâ
äîëæíû îïðåäåëÿòüñÿ ýêñòðàïîëÿöèåé íà ãðàíèöó çíà÷åíèé ñêî-
ðîñòè èç óçëîâ, îêðóæåííûõ ìàðêåðàìè. "Ëîõìîòüÿ"îáðàçóþòñÿ
ïðè òóïîé ðåàëèçàöèè ñêâîçíîãî ñ÷åòà ñ èíòåðïîëÿöèåé áåç äîëæ-
íîãî àíàëèçà òèïà óçëîâ âáëèçè ïîäâèæíîé ñâîáîäíîé ãðàíèöû.



168 4 Ïðèìåðû ðàñ÷åòîâ

4.7 Àäàïòèâíûå ñåòêè

Ïðèâåäåì ðåçóëüòàòû ïðèìåíåíèÿ óðàâíåíèé íåëèíåéíîé òåî-
ðèè òåðìîóïðóãîñòè ê çàäà÷å óïðàâëåíèÿ àäàïòèâíîé ñåòêîé. Ýòî
óäîáíî ñäåëàòü íà ïðèìåðå íåñòàöèîíàðíîãî ñâåðõçâóêîâîãî òå÷å-
íèÿ èäåàëüíîãî ãàçà â êàíàëå ñî ñòóïåí÷àòûì ñóæåíèåì, ïîñêîëü-
êó ýòà çàäà÷à ÿâëÿåòñÿ îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ òå-
ñòîâ äëÿ ÷èñëåííûõ ìåòîäîâ è åå ðåøåíèå õîðîøî èçâåñòíî.

Ðèñ. 4.7.1. Ïðèìåíåíèå óðàâíåíèé íåëèíåéíîé òåðìîóïðóãîñòè äëÿ óïðàâëåíèÿ àäàïòèâ-
íîé ñåòêîé â çàäà÷å î ñâåðõçâóêîâîì òå÷åíèè â êàíàëå ñî ñòóïåí÷àòûì ñóæåíèåì äëÿ
÷èñëà Ìàõà Ì=3. Êàðòèíêè ñîîòâåòñòâóþò ìîìåíòàì âðåìåíè 0.0, 0.5, 1.0, 2.0.

Ðåçóëüòàòû, ïîëó÷åííûå ïî ïðîãðàììå ÀÑÒÐÀ, ïîêàçà-
íû íà Ðèñ. 4.7.1-4.7.2. Ïîëîæåíèå óäàðíûõ âîëí è ïàðàìåò-
ðû òå÷åíèÿ õîðîøî ñîãëañóþòñÿ è ñ èçâåñòíûìè äàííûìè
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[309](Colella, Woodward, 1984) è íåäàâíî óòî÷íåííûìè ðåøåíè-
ÿìè [231](Azarenok,2001), [230](Azarenok, Ivanenko, 2001).

Ðèñ. 4.7.2. Ïðèìåíåíèå óðàâíåíèé íåëèíåéíîé òåðìîóïðóãîñòè äëÿ óïðàâëåíèÿ àäàïòèâ-
íîé ñåòêîé â çàäà÷å î ñâåðõçâóêîâîì òå÷åíèè â êàíàëå ñî ñòóïåí÷àòûì ñóæåíèåì äëÿ
÷èñëà Ìàõà Ì=3. Àäàïòèâíàÿ ñåòêà ïîêàçàíà äëÿ ìîìåíòîâ âðåìåíè 3.0, 4.0. Èçîëèíèè
ïëîòíîñòè äëÿ ìîìåíòà âðåìåíè 4.0 îòâå÷àþò çíà÷åíèÿì 0.079+ix0.424, i=1,...,14.

Íà÷àëüíàÿ ðàâíîìåðíàÿ ñåòêà è êîíôèãóðàöèÿ îáëàñòè ðåøå-
íèÿ ïîêàçàíû íà Ðèñ. 4.7.1. Ãàç òå÷åò ñëåâà íàïðàâî. Íà âåðõíåé
è íèæíåé ãðàíèöàõ çàäàíû óñëîâèÿ íåïðîòåêàíèÿ. Íà ëåâîé ãðà-
íèöå çàäàíû ïàðàìåòðû íåâîçìóùåííîãî ïîòîêà (ρ = 1 , vx = 1 ,
vy = 0 , U = 0.44 . Ïîêàçàòåëü àäèàáàòû γ è ÷èñëî Ìàõà M
ðàâíû: γ = 1.4 , M = 3 . Íà âûõîäíîé ãðàíèöå ïîòîê ñâåðõçâóêî-
âîé è ãðàíè÷íûõ óñëîâèé íå òðåáóåòñÿ. Âûñîòà îáëàñòè ðåøåíèÿ
1.0, äëèíà - 3.0, âûñîòà ñòóïåíü÷àòîãî ïðåïÿòñòâèÿ 0.2, ðàññòîÿ-
íèå îò âõîäà äî ïðåïÿòñòâèÿ - 0.6. Â íà÷àëüíûé ìîìåíò âðåìåíè
t = 0 ïîòîê íåâîçìóùåí, ñòàöèîíàðíàÿ ñòðóêòóðà ïîòîêà ðàçâè-
âàåòñÿ ê çíà÷åíèþ âðåìåíè t = 4.0 è îêîí÷àòåëüíî óñòàíàâëèâà-
åòñÿ ê t = 12 . Ðàñ÷åò ïðîâîäèëñÿ íà ñåòêàõ: 30x10, 60x20, 120x40,



170 4 Ïðèìåðû ðàñ÷åòîâ

240x80. Ïîêàçûâàåìûå ðåçóëüòàòû äàëà ïðîñòåéøàÿ äâóõñëîéíàÿ
öåíòðàëüíî-ðàçíîñòíàÿ ÿâíàÿ ñõåìà, ïðèìåíåííàÿ ê äèâåðãåíò-
íîé ôîðìå óðàâíåíèé è ðåãóëÿðèçîâàííàÿ ýêñòðàïîëÿöèåé äàâ-
ëåíèÿ íà íîâûé âðåìåííîé ñëîé ïëþñ ìîíîòîíèçèðóþùåå íåëè-
íåéíîå ñãëàæèâàíèå îñíîâíûõ èñêîìûõ ôóíêöèé â ñîîòâåòñòâèè
ñ îïèñàíèåì ãëàâû 3. Îòìåòèì, ÷òî ðàñ÷åòû ïðîâîäèëèñü è ñ èñ-
ïîëüçîâàíèåì äðóãèõ, îïèñàííûõ â ãëàâå 3 êîíå÷íî-ýëåìåíòíûõ
ñõåì, îòëè÷èå ðåçóëüòàòîâ ïî ðàçëè÷íûì ñõåìàì çàìåòíû íà ãðó-
áûõ ñåòêàõ è áûñòðî èñ÷åçàþò ïðè èõ èçìåëü÷åíèè. Äàæå íà ñà-
ìîé ãðóáîé ñåòêå (30x10) ïðè ýòîì îñíîâíûå ñêà÷êè è îòðàæåíèÿ
óõâàòûâàþòñÿ ïðàâèëüíî.

Íà ðèñ. 4.7.3 ïîêàçàíî ïîâåäåíèå àäàïòèâíîé ñåòêè, óïðàâëÿ-
åìîé óðàâíåíèÿìè íåëèíåéíîé òåðìîóïðóãîñòè, â çàäà÷å î òåð-
ìîãðàâèòàöèîííîé êîíâåêöèè. Ýòà çàäà÷à ñëóæèò ñòàíäàðòíûì
òåñòîì äëÿ àëãîðèòìîâ ðàñ÷åòà íåñæèìàåìûõ âÿçêèõ òå÷åíèé.

Â ñëó÷àå âûáîðà íîðìû ãðàäèåíòà ôóíêöèè òîêà â êà÷åñòâå
àäàïòàöèîííîé ôóíêöèè (ëåâàÿ êîëîíêà Ðèñ. 4.7.3) ñåòêà ñãóùà-
åòñÿ â çîíå ìàêñèìàëüíûõ ñêîðîñòåé, òàê êàê ãðàäèåíòû ôóíê-
öèè òîêà ïðè ýòîì ìàêñèìàëüíû ïî ìîäóëþ. Â öåíòðàëüíîé ÷àñòè
îáëàñòè ðåøåíèÿ ñêîðîñòè ìàëû è òàì ñåòêà ðàçðåæåíà. Â ïðà-
âîé êîëîíêå íà Ðèñ. 4.7.3 ïðèâåäåíî ðåøåíèå äëÿ ñëó÷àÿ, êîãäà
ðîëü àäàïòàöèîííîé ôóíêöèè îòâåäåíà íîðìå ãðàäèåíòà çàâèõ-
ðåííîñòè. Ñåòêà ïðè ýòîì ñãóùàåòñÿ ó ñòåíîê. Îòñþäà âèäíî,
÷òî ïîâåäåíèå àäàïòèâíûõ ñåòîê ñóùåñòâåííî çàâèñèò îò âûáî-
ðà àäàïòàöèîííîé ôóíêöèè è ìîãóò âîçíèêàòü ïðîòèâîðå÷èÿ â
òðåáîâàíèÿõ íàèëó÷øåãî îïèñàíèÿ êîìïîíåíòîâ ðåøåíèÿ. Õîðî-
øàÿ ñåòêà äëÿ îäíèõ êîìïîíåíòîâ ìîæåò áûòü íåóäà÷íîé äëÿ
äðóãèõ.

Ðàñ÷åòû òåñòîâûõ çàäà÷, ïðåäëîæåííûõ â ðàáîòàõ de Vahl-
Davis (1983) è Wheeler (1990) äëÿ òåðìîãðàâèòàöèîííûõ êîíâåê-
òèâíûõ òå÷åíèé âÿçêîé æèäêîñòè, âûïîëíåííûå ïî ïðîãðàììå
ÀÑÒÐÀ, ïîêàçàëè ñóùåñòâåííîå óìåíüøåíèå ïîãðåøíîñòè ÷èñ-
ëåííûõ ðåøåíèé ïðè èñïîëüçîâàíèè àäàïòèâíûõ ñåòîê: òî÷íîñòü
ðåçóëüòàòîâ íà àäàïòèâíîé ñåòêå 20x20 è íà ðàâíîìåðíîé ñåòêå
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80x80 ïðèìåðíî îäèíàêîâà (ñîïîñòàâèìà).

Ðèñ. 4.7.3. Ïîâåäåíèå àäàïòèâíîé ñåòêè, óïðàâëÿåìîé óðàâíåíèÿìè íåëèíåéíîé òåðìî-
óïðóãîñòè, è ôóíêöèè òîêà â çàäà÷å î òåðìîãðàâèòàöèîííîé êîíâåêöèè âÿçêîé íåñæè-
ìàåìîé æèäêîñòè ïðè ÷èñëå Ãðàñãîôà Gr =10 7 äëÿ äâóõ ñëó÷àåâ âûáîðà àäàïòàöèîííîé
ôóíêöèè: ôóíêöèÿ òîêà (ëåâàÿ êîëîíêà) è çàâèõðåííîñòü (ïðàâàÿ êîëîíêà).

Â íàñòîÿùåé ðàáîòå ïðè ðàñ÷åòå áîëüøèõ äåôîðìàöèé óïðó-
ãîïëàñòè÷åñêèõ òåë (ôîðìîâàíèå, âûñîêîñêîðîñòíûå ñîóäàðåíèÿ)
ïðåäïî÷òåíèå áûëî îòäàíî ãåîìåòðè÷åñêîé àäàïòàöèè ñåòêè ê ïî-
äâèæíûì ãðàíèöàì, ïîñêîëüêó ãåîìåòðè÷åñêàÿ è äèíàìè÷åñêàÿ
ðàçíîâèäíîñòè ñåòî÷íîé àäàïòàöèè ìîãóò îòðàæàòü ïðîòèâîðå-
÷èâûå òåíäåíöèè: ãåîìåòðè÷åñêàÿ àäàïòàöèÿ ñîõðàíÿåò ñåòêó ïî
âîçìîæíîñòè ðàâíîìåðíîé â óñëîâèÿõ ïåðåìåííîé îáëàñòè ðåøå-
íèÿ, à äèíàìè÷åñêàÿ ñãóùàåò åå â çîíàõ áîëüøèõ ãðàäèåíòîâ.
Íàëè÷èå áîëüøèõ ãðàäèåíòîâ ðåøåíèÿ â çîíå êîíòàêòà ñîóäà-
ðÿþùèõñÿ òåë òðåáóåò îò àëãîðèòìà äèíàìè÷åñêîé àäàïòàöèè
ñãóñòèòü ñåòêó, à íåæåëàòåëüíîñòü ìàëûõ ðàçìåðîâ ÿ÷ååê, èç-çà
êîòîðûõ âðåìåííîé øàã ÿâíûõ ñõåì óñòðåìëÿåòñÿ ê íóëþ, òðå-
áóåò îòäàòü ïðåäïî÷òåíèå àëãîðèòìó ãåîìåòðè÷åñêîé àäàïòàöèè,
âûðàâíèâàþùåìó ðàçìåðû ÿ÷ååê.
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Îòìåòèì, ÷òî àëãîðèòì ñåòî÷íîé àäàïòàöèè íà îñíîâå óðàâíå-
íèé òåðìîóïðóãîñòè áûë ïðåäëîæåí è äåòàëüíî îïèñàí àâòîðîì â
ðàáîòå (Áóðàãî, 1984). Ê ñîæàëåíèþ íàøà ðàáîòà îñòàëàñü íåçà-
ìå÷åííîé. Òåì íå ìåíåå, ðàçâèòèå àëãîðèòìîâ àäàïòàöèè, èñòîðèÿ
êîòîðîãî îñâåùåíà â ðàáîòàõ (Èâàíåíêî, 1997, 2000; Ball, 2002),
ïîêàçûâàåò, ÷òî ðàçâèâàåìûå â ñåòî÷íûõ ìåòîäàõ óðàâíåíèÿ ïî-
ñòðîåíèÿ ñåòîê è óïðàâëåíèÿ èìè ñòàíîâÿòñÿ âñå áîëåå ïîõîæèìè
íà óðàâíåíèÿ òåðìîóïðóãîñòè. Ïîñëå ñòàðòà ñ îòîáðàæåíèé íà îñ-
íîâå îïåðàòîðà Ëàïëàñà â 60-å ãîäû 20-ãî âåêà ðàçâèòèå ìåòîäîâ
ïîñòðîåíèÿ ñåòîê öåëåíàïðàâëåííî èäåò â ñòîðîíó òåîðèè óïðóãî-
ñòè: ÷åðåç êâàçèêîíôîðìíûå îòîáðàæåíèÿ íà îñíîâå îáðàùåííîãî
îïåðàòîðà Ëàïëàñà (Winslow, Ãîäóíîâ, Ïðîêîïîâ, Tompson, Ëè-
ñåéêèí, Èâàíåíêî è äð.), ÷åðåç îñîçíàíèå âàæíîñòè òðåáîâàíèé
èíâàðèàíòíîñòè îòîáðàæåíèé ïî îòíîøåíèþ ê îðòîãîíàëüíûì
ïðåîáðàçîâàíèÿì ñèñòåì êîîðäèíàò, îáðàòèìîñòè äåôîðìàöèé ñå-
òî÷íîé ñðåäû, ïîëîæèòåëüíîñòè ÿêîáèàíà îòîáðàæåíèÿ, íåîáõî-
äèìîñòè êîíòðîëÿ ôîðìû ÿ÷ååê è óïðàâëåíèÿ èõ äåôîðìàöèåé.
Ìîæíî îæèäàòü, ÷òî â áóäóùåì àëãîðèòìû, ïîäîáíûå ïðèìåíåí-
íîìó â íàñòîÿùåé ðàáîòå, ó÷èòûâàþùåìó óïîìÿíóòûå òðåáîâà-
íèÿ, ñòàíóò ïîïóëÿðíûìè.

Ñëåäóåò îòìåòèòü, ÷òî çàäà÷à ïîñòðîåíèÿ àëãîðèòìîâ óïðàâëå-
íèÿ àäàïòàöèåé ñåòîê åùå äàëåêà îò îêîí÷àòåëüíîãî ðàçðåøåíèÿ.
Ïðåäñòàâëåííûé àëãîðèòì, êàê è åãî èìåþùèåñÿ â ëèòåðàòóðå
àíàëîãè, ïîêà îáåñïå÷èâàþò ëèøü óìåíüøåíèå îøèáîê àïïðîê-
ñèìàöèè, íî íå èõ ìèíèìèçàöèþ â óñëîâèÿõ çàäàííîãî ÷èñëà
äèñêðåòíûõ ýëåìåíòîâ (óçëîâ, ÿ÷ååê). Âåñüìà âåðîÿòíî, ÷òî â
äàëüíåéøåì àëãîðèòìû óïðàâëåíèÿ àäàïòèâíûìè ñåòêàìè ñòà-
íóò áîëåå îïðåäåëåííûìè è ðàçóìíûìè çà ñ÷åò âàðèàöèîííûõ
òðàêòîâîê àëãîðèòìîâ êàê àëãîðèòìîâ ìèíèìèçàöèè îøèáîê.



Çàêëþ÷åíèå
Â êíèãå cîáðàíà, ñèñòåìàòèçèðîâàíà è ïðîêîììåíòèðîâàíà ëè-

òåðàòóðà ïî ÷èñëåííûì ìåòîäàì ðåøåíèÿ çàäà÷ ìåõàíèêè ñ ïî-
äâèæíûìè ãðàíèöàìè ðàçäåëà ñðåä ïðè áîëüøèõ äåôîðìàöèÿõ.

Ïîëó÷åíû íîâûå ðåçóëüòàòû ïî òåîðèè ìåõàíèêè ñïëîøíîé
ñðåäû. À èìåííî, äàíî ïîñëåäîâàòåëüíîå îáîñíîâàíèå îñíîâíûõ
óðàâíåíèé ìåõàíèêè ñïëîøíûõ ñðåä â ïîäâèæíûõ àäàïòèâíûõ
êîîðäèíàòàõ. Ïîêàçàíî, ÷òî ìîäåëü ñïëîøíîé ñðåäû ïîëíîñòüþ
îïðåäåëÿåòñÿ çàäàíèåì íàáîðà íåçàâèñèìûõ ïàðàìåòðîâ ñîñòîÿ-
íèÿ, îòâåòñòâåííûõ çà ïðîèñõîäÿùèå ïðîöåññû, è äâóõ ôóíêöèé,
ñâîáîäíîé ýíåðãèè è äèññèïàöèè, à îïðåäåëÿþùèå ñîîòíîøåíèÿ
ïîëó÷àþòñÿ êàê ðåøåíèÿ íåðàâåíñòâà äèññèïàöèè áåç ïðèâëå÷å-
íèÿ êàêèõ-ëèáî äîïîëíèòåëüíûõ ïðèíöèïîâ. Äàíû ïðèìåðû âû-
âîäà îïðåäåëÿþùèõ óðàâíåíèé äëÿ òèïè÷íûõ ñðåä äèôôåðåíöè-
àëüíîãî òèïà: âÿçêèõ/íåâÿçêèõ æèäêèõ è ãàçîîáðàçíûõ, íåëèíåé-
íûõ òåðìî-óïðóãèõ, óïðóãîïëàñòè÷åñêèõ è óïðóãîâÿçêîïëàñòè÷å-
ñêèõ. Íàéäåíà òåðìîäèíàìè÷åñêè êîððåêòíàÿ ôîðìà óðàâíåíèé
ïîâðåæäàþùåéñÿ óïðóãîïëàñòè÷åñêîé ñðåäû è ïîñòðîåíû óðàâíå-
íèÿ äëÿ îïèñàíèÿ ïðîöåññîâ ñïåêàíèÿ ïîðîøêîâûõ êîìïîçèòîâ.

Ïîñòðîåí íàáîð êîíå÷íî-ýëåìåíòíûõ àëãîðèòìîâ, ïîçâîëÿþ-
ùèõ åäèíîîáðàçíî ðåøàòü òðåõìåðíûå êâàçèñòàòè÷åñêèå è äèíà-
ìè÷åñêèå çàäà÷è ñ ïîäâèæíûìè ãðàíèöàìè ðàçäåëà â ðàìêàõ ïðî-
èçâîëüíîãî Ýéëåðîâî-Ëàãðàíæåâà ïîäõîäà äëÿ ñïëîøíûõ ñðåä
äèôôåðåíöèàëüíîãî òèïà. Ïî ñðàâíåíèþ ñ òðàäèöèîííûìè ìàò-
ðè÷íûìè ïðåäëîæåííûå àëãîðèòìû íåÿâíûõ ñõåì î÷åíü ïðîñòû è
êðàòêè, òàê êàê íå ñîäåðæàò íèêàêèõ ìàòðè÷íûõ îïåðàöèé è îñ-
íîâàíû íà íüþòîíîâñêîé êâàçèëèíåàðèçàöèè (âíåøíèå èòåðàöèè
ïî íåëèíåéíîñòè) è ìåòîäå ñîïðÿæåííûõ ãðàäèåíòîâ (âíóòðåí-
íèå èòåðàöèè äëÿ ðåøåíèÿ âñïîìîãàòåëüíûõ ëèíåàðèçîâàííûõ
çàäà÷). Ïîìèìî ïðîñòîòû ðåàëèçàöèè è ãèáêîñòè ïðåäëîæåííûå
àëãîðèòìû èìåþò çíà÷èòåëüíîå ïðåèìóùåñòâî â áûñòðîäåéñòâèè
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è òðåáóþò ìåíüøå ìàøèííîé ïàìÿòè ïî ñðàâíåíèþ ñî ñòàíäàðò-
íûìè ìàòðè÷íûìè êîíå÷íî-ýëåìåíòíûìè àëãîðèòìàìè. Ïðè ðå-
øåíèè çàäà÷ äèíàìèêè ïî ýôôåêòèâíîñòè äàííûå íåÿâíûå ñõåìû
âïîëíå ñðàâíèìû ñ ÿâíûìè ñõåìàìè. ßâíûå ñõåìû äëÿ íåñòàöè-
îíàðíûõ çàäà÷ òàêæå ðàçðàáîòàíû è ïðåäñòàâëÿþò ðàçëè÷íûå
âàðèàíòû äâóõñëîéíûõ ñõåì ñ íåëèíåéíîé èñêóññòâåííîé âÿçêî-
ñòüþ, îáåñïå÷èâàþùåé êâàçèâòîðîé ïîðÿäîê òî÷íîñòè.

Äëÿ ðàñ÷åòà ïîäâèæíûõ ãðàíèö ðàçäåëà óïîìÿíóòûå âûøå
êîíå÷íî-ýëåìåíòíûå ñõåìû ñíàáæåíû ðÿäîì íîâûõ âñïîìîãàòåëü-
íûõ àëãîðèòìîâ:
* äëÿ ðàñ÷åòà êîíòàêòíûõ âçàèìîäåéñòâèé ñ ó÷åòîì ïåðåìåííîé
çîíû êîíòàêòà ðåàëèçîâàíû àëãîðèòìû ÿâíîãî âûäåëåíèÿ êîí-
òàêòíûõ ãðàíèö, à èìåííî ìåòîä ìíîæèòåëåé Ëàãðàíæà è ìåòîä
øòðàôíûõ ôóíêöèé;
* äëÿ óëàâëèâàíèÿ çàðîæäàþùèõñÿ è ðàçâèâàþùèõñÿ êîíòàêò-
íûõ ãðàíèö ïðè ðàçðóøåíèè òåë ñ ôðàãìåíòàöèåé ðàçðàáîòàíû
àëãîðèòìû ñêâîçíîãî ñ÷åòà;
* äëÿ îòñëåæèâàíèÿ ïîäâèæíûõ ñâîáîäíûõ ãðàíèö è ãðàíèö ðàç-
äåëà ñðåä ïðè ýêñòðåìàëüíî áîëüøèõ äåôîðìàöèÿõ ðàçâèòû àë-
ãîðèòìû ìåòîäîâ íåïðåðûâíîãî è äèñêðåòíûõ ìàðêåðîâ;
* äëÿ àäàïòàöèè ïðîèçâîëüíî ïîäâèæíûõ ñåòîê ê ðåøåíèþ è ê
ïîäâèæíûì ãðàíèöàì óñïåøíî ïðèìåíåíû îáû÷íûå óðàâíåíèÿ
òåðìîóïðóãîñòè.

Èññëåäîâàí ðÿä ïðèðîäíûõ è òåõíîëîãè÷åñêèõ ïðîöåññîâ, à
èìåííî:
* êîíòàêòíûå âçàèìîäåéñòâèÿ,
* ôîðìîâàíèå,
* âûñîêîñêîðîñòíûå ñîóäàðåíèÿ òåë è âçðûâû,
* ðàçðóøåíèå ñ ôðàãìåíòàöèåé,
* ñïåêàíèå ïîðîøêîâûõ êîìïîçèòîâ,
* âûðàùèâàíèå ïîëóïðîâîäíèêîâûõ êðèñòàëëîâ,
* ñæèìàåìûå è íåñæèìàåìûå òå÷åíèÿ ñî ñâîáîäíûìè ãðàíèöàìè,
óäàðíûìè âîëíàìè è ïîãðàíè÷íûìè ñëîÿìè.



Ñïèñîê ëèòåðàòóðû 175

Ñïèñîê ëèòåðàòóðû

1. Àãàíèí À.À., Êóçíåöîâ Â.Á. Ìåòîä êîíñåðâàòèâíîé èíòåðïî-
ëÿöèè èíòåãðàëüíûõ ïàðàìåòðîâ ÿ÷ååê ïðîèçâîëüíûõ ñåòîê.
Äèíàìèêà îáîëî÷åê â ïîòîêå. // Òðóäû ñåìèíàðà. Êàçàíü:
Êàçàíñêèé ôèç.-òåõ. èíñò. 1985, Âûï. 18, Ñ. 144-160.

2. Àëåêñàíäðîâ Â.Ì., Ìõèòàðÿí Ñ.Ì. Êîíòàêòíûå çàäà÷è äëÿ
òåë ñ òîíêèìè ïîêðûòèÿìè è ïðîñëîéêàìè // Ì.: Íàóêà,
1983. 488 ñ.

3. Ìåõàíèêà êîíòàêòíûõ âçàèìîäåéñòâèé // ïîä ðåä. Â.Ì.
Àëåêñàíäðîâà è È.È. Âîðîâè÷à, Ìîñêâà, Ôèçìàòãèç, 2001.

4. Àííèí Á.Ä., Ñàäîâñêàÿ Î.Â., Ñàäîâñêèé Â.Ì. ×èñëåííîå ìî-
äåëèðîâàíèå êîñîãî ñîóäàðåíèÿ ïëàñòèí â óïðóãîïëàñòè÷å-
ñêîé ïîñòàíîâêå // Ôèç. ìåçîìåõàíèêà, 2000. Ò. 3. N. 4. C.
23-28.

5. Àííèí Á.Ä., Ñàäîâñêàÿ Î.Â., Ñàäîâñêèé Â.Ì. ×èñëåííîå ìî-
äåëèðîâàíèå âîëíîîáðàçîâàíèÿ ïðè ñâàðêå âçðûâîì â óïðó-
ãîïëàñòè÷åñêîé ïîñòàíîâêå // Ìàòåðèàëû Ìåæäóíàð. êîíô.
"Ñèíåðãåòèêà 2000". Êîìñîìîëüñê-íà-Àìóðå, 2000. Ñ. 52-54.

6. Àðóòþíÿí Í.Õ., Ìàíæèðîâ À.Â., Íàóìîâ Â.Ý. Êîíòàêòíûå
çàäà÷è ìåõàíèêè ðàñòóùèõ òåë, Ì.: Íàóêà, 1991. 175 ñ.

7. Àñòàíèí Â.Â., Ãàëèåâ Ø.Ó., Èâàùåíêî Ê.Â. Îñîáåííîñòè
äåôîðìèðîâàíèÿ è ðàçðóøåíèÿ àëþìèíèåâûõ ïðåãðàä ïðè
âçàèìîäåéñòâèè ïî íîðìàëè ñî ñòàëüíûì óäàðíèêîì // Ïðî-
áëåìû ïðî÷íîñòè. 1988. N. 12. Ñ. 52-58.

8. Àíó÷èíà Í.Í. Î ìåòîäàõ ðàñ÷åòà òå÷åíèé ñæèìàåìîé æèä-
êîñòè ñ áîëüøèìè äåôîðìàöèÿìè // ×èñëåííûå ìåòîäû ìå-
õàíèêè ñïëîøíîé ñðåäû, Íîâîñèáèðñê, 1970. Ò. 1. N. 4. C.
3-84.



176 Ñïèñîê ëèòåðàòóðû

9. Àíó÷èíà Í.Í., Áàáåíêî Ê.È., Ãîäóíîâ Ñ.Ê. è äð. Òåîðåòè÷å-
ñêèå îñíîâû è êîíñòðóèðîâàíèå ÷èñëåííûõ àëãîðèòìîâ çà-
äà÷ ìàòåìàòè÷åñêîé ôèçèêè. Ì.: Íàóêà, 1979. 295 c.

10. Acòàpèòà Äæ., Ìàððó÷÷è Äæ. Îñíîâû ãèäðîäèíàìèêè
íåíüþòîíîâñêèõ æèäêîñòåé // Ì.: Ìèð, 1978. C. 309.

11. Àõìàäååâ Í.Õ. Èññëåäîâàíèå îòêîëüíîãî ðàçðóøåíèÿ ïðè
óäàðíîì äåôîðìèðîâàíèè. Ìîäåëü ïîâðåæäåííîé ñðåäû //
ÏÌÒÔ, 1983, N. 1, ñ. 158-167.

12. Áàæåíîâ Â.Ã., Çåôèðîâ Ñ.Â., Ïåòðîâ Ì.Â. ×èñëåííîå ðå-
øåíèå çàäà÷ íåñòàöèîíàðíîãî êîíòàêòíîãî âçàèìîäåéñòâèÿ
óïðóãîïëàñòè÷åñêèõ îáîëî÷åê âðàùåíèÿ ïðè áîëüøèõ äå-
ôîðìàöèÿõ // Ïðèêëàäíûå ïðîáëåìû ïðî÷íîñòè è ïëà-
ñòè÷íîñòè. Àëãîðèòìèçàöèÿ è àâòîìàòèçàöèÿ ðåøåíèÿ çà-
äà÷ óïðóãîñòè è ïëàñòè÷íîñòè. Ãîðüêèé: Èçä-å Ãîðüê. óí-òà,
1984. Âûï. 28. Ñ. 54-59.

13. Áàæåíîâ Â.Ã., Êèáåö À.Ã., Ñàäûðèí À.È. Î ìîäèôèêàöèè
ñõåìû Óèëêèíñà ÷èñëåííîãî ðåøåíèÿ òðåõìåðíûõ äèíàìè-
÷åñêèõ çàäà÷ // Ïðèêëàäíûå ïðîáëåìû ïðî÷íîñòè è ïëà-
ñòè÷íîñòè. Àëãîðèòìèçàöèÿ è ïðîãðàììíîå îáåñïå÷åíèå çà-
äà÷ ïðî÷íîñòè. Ãîðüêèé: Èçä-å Ãîðüê. óí-òà, 1986. Âûï. 34.
Ñ. 14-19.

14. Áàæåíîâ Â.Ã., Ïðîêîïåíêî Ì.Á. ×èñëåííîå ðåøåíèå îñåñèì-
ìåòðè÷íûõ íåëèíåéíûõ íåñòàöèîíàðíûõ çàäà÷ äèíàìèêè
ñîñòàâíûõ óïðóãîïëàñòè÷åñêèõ êîíñòðóêöèé // Ïðèêëàä-
íûå ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè, ×èñëåííîå ìî-
äåëèðîâàíèå ôèçèêî-ìåõàíè÷åñêèõ ïðîöåññîâ: Ìåæâóç. ñá.,
Íèæíèé Íîâãîðîä, Èçä-âî Íèæåãîðîäñêîãî óí-òà, 1991. Ñ.
55-63.

15. Áàæåíîâ Â.Ã., Êèáåö À.Ã. ×èñëåííîå ìîäåëèðîâàíèå
íåñòàöèîíàðíîãî äåôîðìèðîâàíèÿ óïðóãîïëàñòè÷åñêèõ êîí-



Ñïèñîê ëèòåðàòóðû 177

ñòðóêöèé ìåòîäîì êîíå÷íûõ ýëåìåíòîâ // Èçâ. ÐÀÍ. ÌÒÒ.
1994. N. 1. Ñ. 52-57.

16. Áàæåíîâ Â.Ã., Êèáåö À.È., Öâåòêîâà È.Í. ×èñëåííîå ìîäå-
ëèðîâàíèå íåñòàöèîíàðíûõ ïðîöåññîâ óäàðíîãî âçàèìîäåé-
ñòâèÿ äåôîðìèðóåìûõ ýëåìåíòîâ êîíñòðóêöèé // Ïðîáëåìû
ìàøèíîñòðîåíèÿ è íàäåæíîñíîñòè ìàøèí. 1995. N. 2. C. 20-
26.

17. Áàæåíîâ Â.Ã., Êèáåö À.È., Êèáåö Þ.È., Öâåòêîâà, È.Í.
Êîíå÷íî-ýëåìåíòíîå ìîäåëèðîâàíèå êîíòàêòíîãî âçàèìî-
äåéñòâèÿ óçëîâ ñîñòàâíûõ êîíñòðóêöèé â òðåõìåðíûõ çà-
äà÷àõ äèíàìèêè // Òåçèñû äîêë. âñåðîñ. ñèìï. "Äèíàìè-
÷åñêèå è òåõíîëîãè÷åñêèå ïðîáëåìû ìåõàíèêè êîíñòðóêöèé
è ñïëîøíûõ ñðåä". Ì.: ÌÀÈ, 1995. C. 8.

18. Áàæåíîâ Â.Ã., Çåôèðîâ Ñ.Â., Öâåòêîâà, È.Í. ×èñëåííîå ðå-
øåíèå çàäà÷ íåñòàöèîíàðíîãî êîíòàêòíîãî âçàèìîäåéñòâèÿ
äåôîðìèðóåìûõ ýëåìåíòîâ êîíñòðóêöèé // Ïðèêëàäíûå
ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè, ×èñëåííîå ìîäåëèðî-
âàíèå ôèçèêî-ìåõàíè÷åñêèõ ïðîöåññîâ: Ì.: Èçä-âî "Òîâàðè-
ùåñòâî íàó÷íûõ èçäàíèé ÊÌÊ". 1995. Âûï. 53. C. 154-160.

19. Áàíè÷óê Í.Â. ×èñëåííîå ðåøåíèå çàäà÷è î ïðîãèáå óïðó-
ãîé ïëàñòèíû, ñòåñíåííîé îãðàíè÷åíèÿìè // Èíæ. æ. ÌÒÒ.
1967. N. 4. Ñ. 138-142.

20. Áàíè÷óê Í.Â., Êàðòâåëèøâèëè Â.Ì., ×åðíîóñüêî Ô.Ë. ×èñ-
ëåííîå ðåøåíèå îñåñèììåòðè÷íîé çàäà÷è î âäàâëèâàíèè
øòàìïà â óïðóãîïëàñòè÷åñêóþ ñðåäó // Èçâ. ÀÍ ÑÑÑÐ.
ÌÒÒ. 1972. N. 1. C. 50-57.

21. Áàíè÷óê Í.Â., ×åðíîóñüêî Ô.Ë. Âàðèàöèîííûå çàäà÷è ìå-
õàíèêè è óïðàâëåíèÿ Ì.: Íàóêà, 1973. 236 ñ.

22. Áåëîöåðêîâñêèé Î.Ì. (Ðåä.) ×èñëåííûå ìåòîäû â ìåõàíèêå
æèäêîñòåé, Ì., Ìèð, 1973, 304 ñ.



178 Ñïèñîê ëèòåðàòóðû

23. Áåëîöåðêîâñêèé Î.Ì., Äàâûäîâ Þ.Ì. Ìåòîä êðóïíûõ ÷à-
ñòèö â ãàçîâîé äèíàìèêå // Ì., Íàóêà, 1982.

24. Áåëîöåðêîâñêèé Î.Ì. ×èñëåííûå ìåòîäû â ìåõàíèêå ñïëîø-
íûõ ñðåä // Ì., Íàóêà, 1984, 519 ñ.

25. Áåëîöåðêîâñêèé Ñ.Ì., Íèøò Ì.È. Îòðûâíîå è áåçîòðûâíîå
îáòåêàíèå òîíêèõ êðûëüåâ èäåàëüíîé æèäêîñòüþ. Ì.; Íàó-
êà, 1978. 351 ñ.

26. Áåíåðäæè Ï., Áàòòåðôèëä Ð. Ìåòîäû ãðàíè÷íûõ ýëåìåíòîâ
â ïðèêëàäíûõ íàóêàõ. Ì.: Ìèð, 1984. 494 ñ.

27. Áðàíäò, À. Ðàñ÷åòû ìíîãîñåòî÷íûì àäàïòèâíûì ìåòîäîì â
ãèäðîäèíàìèêå // Ðàêåòíàÿ òåõíèêà è êîñìîíàâòèêà. 1980.
T. 18, N 10. Ñ 38-43

28. Áóãðîâ À.Í., Êîíîâàëîâ À.Í., Ùåðáàê Â.À. Ìåòîä ôèêòèâ-
íûõ îáëàñòåé â ïëîñêèõ ñòàòè÷åñêèõ çàäà÷àõ òåîðèè óïðó-
ãîñòè. // ×èñëåííûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû,
1974, ò. 5, N. 1, ñ. 20-30.

29. Áóðàãî Í.Ã., Êóêóäæàíîâ Â.Í. Î âëèÿíèè çàäåðæêè òåêó-
÷åñòè ìàòåðèàëà íà ðàñïðî-ñòðàíåíèå óïðóãîïëàñòè÷åñêèõ
âîëí // Òåç.äîêë. 5-ãî Âñåñ.ñèìï. ïî ðàñïðîñòðàíåíèþ óïðó-
ãèõ è óïðóãîïëàñòè÷åñêèõ âîëí, Àëìà-Àòà: Íàóêà, 1971. C.
93.

30. Áóðàãî Í.Ã., Êóêóäæàíîâ Â.Í. Ðàñïðîñòðàíåíèå óïðóãîâÿç-
êîïëàñòè÷åñêèõ âîëí â ñðåäàõ ñ çàðàçäûâàíèåì òåêó÷åñòè
// Â êíèãå "Ðàñïðîñòðàíåíèå óïðóãèõ è óïðóãîïëàñòè÷å-
ñêèõ âîëí", Òðóäû 5-ãî Âñåñ. ñèìïîçèóìà, Àëìà-Àòà, 1973.
C. 101-107.

31. Áóðàãî Í.Ã. Êâàçèñòàòè÷åñêîå âûïó÷èâàíèå è çàêðèòè÷å-
ñêèå äåôîðìàöèè óïðóãîïëàñòè÷åñêèõ îáîëî÷åê ïðè îñåâîé
ñèììåòðèè // Äèññ. êàíä. ôèç.-ìàò. íàóê, Ì., Ìåõ.-ìàò. ô-ò,
ÌÃÓ, 1977. C. 1-104.



Ñïèñîê ëèòåðàòóðû 179

32. Áóðàãî Í.Ã., Êóêóäæàíîâ Â.Í. Âûïó÷èâàíèå è çàêðèòè÷ñ-
ñêíå äåôîðìàöèè óïðóãîïëàñòè÷åñêèõ îáîëî÷åê âðàùåíèÿ â
óñëîâèõ îñåâîé ñèììåòðèè // ×èñëåííûå ìåòîäû â ìåõàíèêå
òâåðäîãî äåôîðìèðóåìîãî òåëà. Ì.: ÂÖ ÀÍ ÑÑÑÐ, 1978. C.
47-68.

33. Áóðàãî Í.Ã. ×èñëåííûé ìåòîä ðåøåíèÿ ôèçè÷åñêè è ãåîìåò-
ðè÷åñêè íåëèíåéíûõ çàäà÷ äåôîðìèðîâàíèÿ òåë ñëîæíîé
ôîðìû // VII Âñåñ. êîíô. ïî ïðî÷íîñòè è ïëàñòè÷íîñòè,
Òåç. äîêë., Ãîðüêèé, 1978, Ñ. 24-25.

34. Áóðàãî Í.Ã. ×èñëåííûé ìåòîä ðàñ÷åòà ñòàòè÷åñêèõ è äèíà-
ìè÷åñêèõ ïðîöåññîâ äåôîðìèðîâàíèÿ óïðóãî-ïëàñòè÷åñêèõ
êîíñòðóêöèé // Ìàòåð. Âñåñ. êîíô. "Ñîâðåìåííûå ìåòîäû
è àëãîðèòìû ðàñ÷åòà ñòðîèòåëüíûõ êîíñòðóêöèé", Òàëëèí,
ñ. 107-108.

35. Áóðàãî Í.Ã. Ôîðìóëèðîâêà óðàâíåíèé ìåõàíèêè ñïëîøíîé
ñðåäû â ïîäâèæíûõ àäàïòèâíûõ êîîðäèíàòàõ // ×èñë. ìå-
òîäû â ìåõà òâ. äåô. òåëà, Ì., ÂÖ ÀÍ ÑÑÑÐ, 1984, Ñ. 32-49.

36. Áóðàãî Í.Ã. Óðàâíåíèÿ äëÿ ðàñ÷åòà áîëüøèõ äåôîðìàöèé
óïðóãîïëàñòè÷åñêèõ îáîëî÷åê // Â êíèãe "×èñëeííûe ìeòo-
äû â ìeõaíèêe äeôoðìèðóeìoão òâeðäoão òeëa"(ïoä ðeäaê-
öèeé Ã.È. Ïøeíè÷íoâa), ÂÖ AÍ ÑÑÑÐ, Moñêâa, ñ. 50-59.

37. Áóðàãî Í.Ã. ×èñëåííîå ðåøåíèå çàäà÷ íåëèíåéíîé òåîðèè
óïðóãîñòè // Òðóäû 2-é Âñåñ. êîíô. ïî íåëèíåéíîé òåîðèè
óïðóãîñòè, Ôðóíçå, ÈËÈÌ, 1985. C. 138.

38. Áóðàãî Í.Ã. Óäàðíûå âçàèìîäåéñòâèÿ óïðóãîïëàñòè÷åñêèõ
òåë // Cîâðåìåííûå âîïðîñû ìåõàíèêè è òåõíîëîãèè ìàøè-
íîñòðîåíèÿ, Âñåñîþçíàÿ êîíô. (Ìîñêâà, 20-22 àïðåëÿ 1986
ã.). Òåçèñû äîêëàäîâ. Ì.: ÂÈÍÈÒÈ ÀÍ CCCÐ è ÃÊÍÒ, 1986.
×àñòü 2. ñ. 39.



180 Ñïèñîê ëèòåðàòóðû

39. Áóðàãî Í.Ã. Ìîäåëèðîâàíèå êîíòàêòà óïðóãîïëàñòè÷åñêèõ
òåë // Ìàòåðèàëû VI Âñåðîññèéñêîãî Ñúåçäà ïî òåîðåòè÷å-
ñêîé è ïðèêëàäíîé ìåõàíèêå, Òàøêåíò, 1986, ñ. 142-143

40. Áóðàãî Í.Ã. è Êóêóäæàíîâ Â.Í. ×èñëåííîå ìîäåëèðîâàíèå
íåñòàöèîíàðíûõ ïðîöåññîâ â óïðóãîïëàñòè÷åñêëé ñðåäå //
Ìåòîäû ðàñ÷åòà âûñîêîóïðóãèõ ìàòåðèàëîâ, Ðèãà, 1986, ñ.
112

41. Áóðàãî Í.Ã. Êîíå÷íîýëåìåíòíûå ìåòîäû ðàñ÷åòà êîíòàêò-
íûõ âçàèìîäåéñòâèé óïðóãîïëàñòè÷åñêèõ òåë ïðè îêîëîçâó-
êîâûõ ñêîðîñòÿõ óäàðà // Òåîðèÿ ðàñïðîñòðàíåíèÿ âîëí â
óïðóãèõ è óïðóãîïëàñòè÷åñêèõ ñðåäàõ, - Íîâîñèáèðñê, ÈÃÄ
ÑÎ ÀÍ ÑÑÑÐ, 1987. Ñ. 74-79.

42. Áóðàãî Í.Ã. Î âåêòîðíîì âàðèàíòå ìåòîäà êîíå÷íûõ ýëåìåí-
òîâ íà âëîæåííûõ ñåòêàõ è âåêòîðèçàöèè ÊÝ-àëãîðèòìîâ
ðåøåíèÿ çàäà÷ òåîðèè óïðóãîñòè è ïëàñòè÷íîñòè // ×èñ-
ëåííàÿ ðåàëèçàöèÿ ôèçèêî-ìåõàíè÷åñêèõ çàäà÷ ïðî÷íîñòè:
2 Bñeñîþç. êîíô., Ãîðüêèé, c. 18-19.

43. Áóðàãî Í.Ã., Êóêóäæàíîâ Â.Í. ×èñëåííîå ðåøåíèå óïðó-
ãîïëàñòè÷åñêèõ çàäà÷ ìåòîäîì êîíå÷íûõ ýëåìåíòîâ. Ïàêåò
ïðèêëàäíûõ ïðîãðàìì ÀÑÒÐÀ // Ïðåïðèíò Èíñòèòóòà ïðî-
áëåì ìåõàíèêè ÀÍ ÑÑÑÐ, N.326, 1988, ñ. 1-63.

44. Áóðàãî Í.Ã. ×èñëåííîå ìîäåëèðîâàíèå âçðûâîâ â ãåîìàòå-
ðèàëå // Òðóäû Âñåðîññèéñêîé êîíô. "Äåôîðìàöèè è ðàç-
ðóøåíèå ãîðíûõ ïîðîä", Ôðóíçå, ÈËÈÌ, 1990, ñ. 49-56.

45. Áóðaão Í.Ã., Êóêóäæaíoâ Â.Í. Ðeøeíèe óïðóãoïëañòè-
÷eñêèõ çaäa÷ ìeòoäoì êoíe÷íûõ ýëeìeíòoâ // Âû÷èñëèòeëü-
íaÿ ìeõaíèêa äåôîðìèðóåìîãî òâåðäîãî òåëà, M.: Íaóêa,
1991, âûï. 2, ñòð. 78-122.



Ñïèñîê ëèòåðàòóðû 181

46. Áóðàãî Í.Ã., Ôåäþøêèí À.È., Ãîëûøåâ Â.Ä., Ãîíèê Ì.À.,
Ïîëåæàåâ Â.È., Öâåòîâñêèé Â.Á. Ìîäû âûíóæäåííîé è åñòå-
ñòâåííîé êîíâåêöèè è èõ âëèÿíèå íà ðàñïðåäåëåíèå ïðèìå-
ñè â êðèñòàëëàõ, âûðàùåííûõ ïî ìåòîäó ATF1a, Òðóäû III-é
Ìåæä. êîíô. "Êðèñòàëëû, ðîñò, ñâîéñòâà, ñòðóêòóðà, ïðèëî-
æåíèÿ", òîì. 1, ÂÍÈÈÑÈÌÑ, Àëåêñàíäðîâ, 1997, c. 239-259.

47. Áóðàãî Í.Ã., Êîâøîâ À.Í. Íàïðÿæåííî-äåôîðìèðîâàííîå
ñîñòîÿíèå ãîðíîé ïîðîäû â îêðåñòíîñòè ñêâàæèí, Èçâåñòèÿ
ÐÀÍ, MTT, 1999, N. 1, ñ. 139-143.

48. Áóðàãî Í.Ã., Ãëóøêî À.È., Êîâøîâ À.Í. Òåðìîäèíàìè÷å-
ñêèé ìåòîä ïîëó÷åíèÿ îïðåäåëÿþùèõ óðàâíåíèé äëÿ ìîäå-
ëåé ñïëîøíûõ ñðåä // Èçâ. ÐÀÍ, ÌÒÒ, 2000, N.6, ñ. 4-15.

49. Áóðàãî Í.Ã. è Êîâøîâ À.Í. Ìîäåëü äèëàòèðóþùåé ðàçðó-
øàþùåéñÿ ñðåäû // Èçâ. ÐÀÍ, ÌÒÒ, 2001, N. 5, Ñ. 112-117.

50. Áóðàãî, Í.Ã., Ãëóøêî, À.È., Êîâøîâ, À.Í. Ìåòîä ïîëó÷åíèÿ
îïðåäåëÿþùèõ ñîîòíîøåíèé äëÿ ìîäåëåé ñïëîøíûõ ñðåä
íà îñíîâå çàêîíîâ òåðìîäèíàìèêè // Òåçèñû VIII Âñåðîñ-
ñèéñêîãî ñúåçäà ïî òåîðåòè÷åñêîé è ïðèêëàäíîé ìåõàíèêå,
Ïåðìü, 2001.

51. Áóðàãî Í.Ã., Êóêóäæàíîâ Â.Í. Ðàñ÷åò ïðîöåññîâ êîíòèíó-
àëüíîãî ðàçðóøåíèÿ òåðìîóïðóãîïëàñòè÷åñêèõ òåë // Ïðè-
êëàäíûå ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè, Íèæíèé
Íîâãîðîä: Íèæåãîðîäñêèé óí-ò, 2001, âûï. 63, Ñ. 41-48.

52. Áûêîâñêèõ À.Ì., Êîøóð Â.Ä., Ìàðòüÿíîâ Â.À., Ôèëèìî-
íåíêî È.Â. Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ïðîöåññîâ óäàðà
è ïðîíèêàíèÿ // ×èñë. ìåòîäû ðåø. çàäà÷ òåîðèè óïðóã.
è ïëàñòè÷., Òð. 13 ìåæðåñï. êîíô., Íîâîñèáèðñê, 1995, Ñ.
30-35.

53. Áû÷åê (Ñàäîâêàÿ) Î.Â., Ñàäîâñêèé Â.Ì. Ê èññëåäîâàíèþ
äèíàìè÷åñêîãî êîíòàêòíîãî âçàèìîäåéñòâèÿ äåôîðìèðóå-
ìûõ òåë // ÏÌÒÔ, 1998, Ò. 39, N. 4, Ñ. 167-173.



182 Ñïèñîê ëèòåðàòóðû

54. Âàéíáåðã Ä.Â., Ãîðîäåöêèé À.Ñ., Êèðè÷åâñêèé Â.Â., Ñàõà-
ðîâ À.Ñ. Ìåòîä êîíå÷íîãî ýëåìåíòà â ìåõàíèêå äåôîðìèðó-
åìûõ òåë // Ïðèêëàäíàÿ ìåõàíèêà, 1972, 8, N. 8, c. 4-27.

55. Âîâêóøåâñêèé À.Â. Âàðèàöèîííàÿ ïîñòàíîâêà è ìåòîäû ðå-
øåíèÿ êîíòàêòíîé çàäà÷è ñ òðåíèåì ïðè ó÷åòå øåðîõîâàòî-
ñòè ïîâåðõíîñòè // Èçâåñòèÿ ÐÀÍ, ÌÒÒ, 1991, N. 3.

56. Ãàëàõîâ Ì.À., Óñîâ Ï.Ï. Äèôôåðåíöèàëüíûå è èíòåãðàëü-
íûå óðàâíåíèÿ ìàòåìàòè÷åñêîé òåîðèè òðåíèÿ, Ì., Íàóêà,
1990, 280 ñ.

57. Ãàðàíæà Â.À. Âàðèàöèîííûé áàðüåðíûé ìåòîä ïîñòðîåíèÿ
êâàçèçîìåòðè÷åñêèõ ñåòîê. ÆÂÌèÌÔ, 2000. Òîì 40. N. 11.
Ñ. 1617-1637.

58. Ãàðñîí À.Ë. Êîíòèíóàëüíàÿ òåîðèÿ âÿçêîãî ðàçðóøåíèÿ,
îáóñëîâëåííîãî îáðàçîâàíèåì è ðîñòîì ïîð. Òð. Àìåð. î-
âà èíæ.-ìåõ. Òåîð. îñí. èíæ. ðàñ÷åòîâ, 1977, N. 1, ñ. 182-201

59. Ãèëüìàíîâ À.Í. Ìåòîäû àäàïòèâíûõ ñåòîê â çàäà÷àõ ãàçî-
âîé äèíàìèêè. M.: Ôèçìàòãèç, 2000, 248 c.

60. Ãëàãîëåâà Þ.Ï., Æîãîâ Â.Ì., Êèðüÿíîâ Þ.Ô. è äð. Îñíîâû
ìåòîäèêè "Ìåäóçà". // ×èñë. ìåòîäû ÌÑÑ, Íîâîñèáîðñê,
1972, ò. 3, N. 2.

61. Ãîäóíîâ Ñ.Ê. Ðàçíîñòíûé ìåòîä ÷èñëåííîãî ðàñ÷åòà ðàçðûâ-
íûõ ðåøåíèé ãèäðîäèíàìèêè // Ìàò. ñáîðíèê, 1959, 47 (89),
No. 3, 271-306.

62. Ãîäóíîâ Ñ.Ê., Çàáðîäèí À.Â., Èâàíîâ Ì.ß., Êðàéêî À.Í.,
Ïðîêîïîâ Ã.Ï. ×èñëåííîå ðåøåíèå ìíîãîìåðíûõ çàäà÷ ãà-
çîâîé äèíàìèêè, Ìîñêâà, Íàóêà, 1976.

63. Ãîäóíîâ Ñ.Ê. Ýëåìåíòû ìåõàíèêè ñïëîøíîé ñðåäû // Ì.,
Íàóêà, 1978. 303 ñ.



Ñïèñîê ëèòåðàòóðû 183

64. Ãîëüäøòåéí Ð.Â., Çàçîâñêèé À.Ô., Ñïåêòîð À.À., Ôåäîðåíêî
Ð.Ï. Ðåøåíèå ïðîñòðàíñòâåííûõ êîíòàêòíûõ çàäà÷ êà÷åíèÿ
ñ ïðîñêàëüçûâàíèåì è ñöåïëåíèåì âàðèàöèîííûì ìåòîäîì
// Ïðåïðèíò No. 134, Èí-ò ïðîáëåì ìåõàíèêè ÀÍ ÑÑÑÐ,
Ì., 1979.

65. Ãîëüäøòåéí Ð.Â., Cïåêòîð À.À. Âàðèàöèîííûå ìåòîäû ðå-
øåíèÿ è èññëåäîâàíèÿ ïðîñòðàíñòâåííûõ êîíòàêòíûõ è ñìå-
øàííûõ çàäà÷ ñ òðåíèåì // Ìåõàíèêà äåôîðìèðóåìîãî òåëà,
Ì., Íàóêà, 1986. C. 52-73.

66. Ãîðáóíîâ À.À., Ãðÿçíîâ Â.Ë. Ïðèìåíåíèå ìàòðè÷íîãî ìîäó-
ëÿ ÝÂÌ ÅÑ-1055Ì äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷ êîíâåê-
öèè // Ïðîáëåìû äèíàìèêè âÿçêîé æèäêîñòè. Íîâîñèáèðñê:
ÈÒÏÌ ÀÍ ÑÑÑÐ, 1985, c. 100-103.

67. Ãîðåëüñêèé Â.À., Õîðåâ È.Å., Þãîâ Í.Ò. ×èñëåííîå ìîäåëè-
ðîâàíèå òðåõìåðíûõ çàäà÷ âíåäðåíèÿ è ðàçðóøåíèÿ öèëèí-
äðîâ ïðè íåñèììåòðè÷íîì íàãðóæåíèè // Ôèçèêà ãîðåíèÿ
è âçðûâà, 1987, N. 1, C. 71-74.

68. Ãîðåëüñêèé Â.À., Çåëåïóãèí Ñ.À., Ñèäîðîâ Â.Í. ×èñëåííîå
èññëåäîâàíèå òðåõìåðíîé çàäà÷è âçàèìîäåéñòâèÿ ñ âûñîêî-
ïðî÷íîé ïðåãðàäîé ïðîôèëèðîâàííîãî óäàðíèêà ñ íàïîëíè-
òåëåì // Ïðîáëåìû ïðî÷íîñòè, 1992, N.1, ñ.47-50.

69. Ãîðøêîâ À.Ã., Òàðëàêîâñêèé Ä.Â. Äèíàìè÷åñêèå êîíòàêò-
íûå çàäà÷è ñ ïîäâèæíûìè ãðàíèöàìè, Ì., Íàóêà, Ôèçìàò-
ëèò, 1995, 352 ñ.

70. Ãîðøêîâ À.Ã., Òàðëàêîâñêèé Ä.Â. Íåñòàöèîíàðíûå äèíàìè-
÷åñêèå êîíòàêòíûå çàäà÷è, â êí. "Ìåõàíèêà êîíòàêòíûõ âçà-
èìîäåéñòâèé", ïîä ðåä. Â.Ì. Àëåêñàíäðîâà è È.È. Âîðîâè-
÷à, Ìîñêâà, Ôèçìàòãèç, 2001. ñ. 349-416.

71. Ãîðÿ÷åâà È.Ã., Äîáû÷èí Ì.Í. Êîíòàêòíûå çàäà÷è â òðèáî-
ëîãèè, Ì., Ìàøèíîñòðîåíèå, 1988, 256 Ñ.



184 Ñïèñîê ëèòåðàòóðû

72. Ãîðÿ÷åâà È.Ã., ×åêèíà Î.Ã. Ìåõàíèêà äèñêðåòíîãî êîíòàê-
òà // Ìåõàíèêà êîíòàêòíûõ âçàèìîäåéñòâèé, ïîä ðåä. Â.Ì.
Àëåêñàíäðîâà è È.È. Âîðîâè÷à, Ìîñêâà, Ôèçìàòãèç, 2001,
ñ. 418-437.

73. Ãðèãîëþê Ý.È., Ãîðøêîâ À.Ã. Âçàèìîäåéñòâèå óïðóãèõ êîí-
ñòðóêöèé ñ æèäêîñòüþ. Ë.: Ñóäîñòðîåíèå, 1976, 200 ñ.

74. Ãðèãîëþê Ý.È., Òîëêà÷åâ Â.Ì. Êîíòàêòíûå çàäà÷è òåîðèè
ïëàñòèí è îáîëî÷åê, Ì., Ìàøèíîñòðîåíèå, 1980, 416 c.

75. Ãðèãîðÿí Ñ.Ñ. (ðåä.) Äèíàìèêà óäàðà. Ì.: Ìèð, 1985, 296 ñ.

76. Ãðèãîðüåâ Â.Â. Ìåòîä êîíå÷íûõ ýëåìåíòîâ â ðåøåíèÿõ çà-
äà÷ äèíàìèêè óïðóãîïëàñòè÷åñêèõ ñðåä // Äèññ. êàíä. òåõ.
íàóê, Èíñòèòóò ñåéñìîëîãèè ÀÍ Êàç. ÑÑÐ, Àëìà-Àòà, 1986.

77. Ãðèäíåâà Â.À., Êîðíååâ À.È., Òðóøêîâ Â.Ã. ×èñëåííûé ðàñ-
÷åò íàïðÿæåííîãî ñîñòîÿíèÿ è ðàçðóøåíèÿ ïëèòû êîíå÷íîé
òîëøèíû ïðè óäàðå áîéêàìè ðàçëè÷íîé ôîðìû // Èçâ. ÀÍ
ÑÑÑÐ, ÌÒÒ, 1980, N. 1, ñ. 146-157.

78. Ãðèäíåâà Â.À., Íåìèðîâè÷-Äàí÷åíêî Ì.Ì. Ìåòîä ðàçäåëå-
íèÿ òî÷åê ñåòêè äëÿ ÷èñëåííîãî ðàñ÷åòà ðàçðóøåíèÿ òâåð-
äûõ òåë // Òîìñêèé Ãîñóäàðñòâåííûé Óí-ò, Òîìñê, 1983,
Ðóê. äåïîíèðîâàíà â ÂÈÍÈÒÈ, N. 3258-83äåï.

79. Ãóëèäîâ À.È., Ôîìèí Â.Ì. Ìîäèôèêàöèÿ ìåòîäà Óèëêèíñà
äëÿ ðåøåíèÿ çàäà÷ ñîóäàðåíèÿ òåë // Ïðåïðèíò ÈÒÏÌ ÑÎ
ÀÍ ÑÑÑÐ, Íîâîñèáèðñê, 1980.

80. Ãóëèäîâ À.È. Ïðîíèêàíèå òâåðäîãî óäàðíèêà â äåôîðìèðó-
åìóþ ïðåãðàäó. ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ òåîðèè
óïðóãîñòè è ïëàñòè÷íîñòè // Ìàòåðèàëû VI Âñåñ. êîíô.,
Íîâîñèáèðñê, 1980. ñ. 59-69.

81. Ãóëèäîâ À.È., Ôîìèí Â.Ì., Øàáàëèí È.È. Àëãîðèòì ïå-
ðåñòðîéêè ðàçíîñòíîé ñåòêè ïðè ÷èñëåííîì ðåøåíèè çàäà÷



Ñïèñîê ëèòåðàòóðû 185

ñîóäàðåíèÿ ñ îáðàçîâàíèåì òðåùèí // ×èñëåííûå ìåòîäû
ðåøåíèÿ çàäà÷ òåîðèè óïðóãîñòè è ïëàñòè÷íîñòè, Ìàòåð.
VII Âñåñ. êîíô., Íîâîñèáèðñê, 1982, c. 182-192.

82. Ãóëèäîâ À.È., Ôîìèí Â.Ì., Øàáàëèí È.È. ×èñëåííîå ìîäå-
ëèðîâàíèå çàäà÷è óäàðà äâóõ òåë ñ ó÷åòîì ðàçðóøåíèÿ //
×èñëåííàÿ ðåàëèçàöèÿ ôèçèêî-ìåõàíè÷åñêèõ çàäà÷ ïðî÷íî-
ñòè, Òåç. äîêë. - Ãîðüêèé, 1983, c. 60.

83. Ãóëèäîâ À.È., Øàáàëèí È.È. ×èñëåííàÿ ðåàëèçàöèÿ ãðà-
íè÷íûõ óñëîâèé â äèíàìè÷åñêèõ êîíòàêòíûõ çàäà÷àõ //
Ïðåïðèíò ÈÒÏÌ ÑÎ ÀÍ ÑÑÑÐ N. 12-87, 1987, 37 c.

84. Ãóëèäîâ À.È., Øàáàëèí È.È. Ðàñ÷åò êîíòàêòíûõ ãðàíèö ñ
ó÷åòîì òðåíèÿ ïðè äèíàìè÷åñêîì âçàèìîäåéñòâèè äåôîð-
ìèðóåìûõ òåë. ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ òåîðèè
óïðóãîñòè è ïëàñòè÷íîñòè // Ìàòåðèàëû IX Âñåñ. êîíô.,
Íîâîñèáèðñê, 1988, ñ. 70-75.

85. Ãóëèäîâ À.È., Êèñåëåâ Â.Â., Øàáàëèí È.È. ×èñëåííûå è
ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ïðîöåññà îòñêîêà ïðè ñî-
óäàðåíèè ïëàñòèí, ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ òåî-
ðèè óïðóãîñòè è ïëàñòè÷íîñòè, Ìàòåðèàëû X Âñåñ. êîíô.,
ÈÒÏÌ ÑÎ ÀÍ ÑÑÑÐ, Íîâîñèáèðñê, 1988. C. 65-69.

86. Ãóëèäîâ À.È., Øàáàëèí È.È. Ìåòîä ñâîáîäíûõ ýëåìåíòîâ
// Ïðåïðèíò ÈÒÏÌ ÑÎ ÐÀÍ N. 9-94, Íîâîñèáèðñê, 1994, 32
ñ.

87. Ãóëèäîâ À.È., Øàáàëèí È.È. ×èñëåííîå ìîäåëèðîâàíèå
ïðîöåññà ïðîíèêàíèÿ ñòåðæíåé â ìàññèâíûå ìèøåíè ìåòî-
äîì ñâîáîäíûõ ýëåìåíòîâ // ×èñë. ìåòîäû ðåø. çàäà÷ òåî-
ðèè óïðóã. è ïëàñòè÷., Òð. 13 ìåæðåñï. êîíô., Íîâîñèáèðñê,
1995, c. 68-76.

88. Äàâûäîâ Â.Ñ., ×óìà÷åíêî Å.Í. Ìåòîä ðåàëèçàöèè ìîäåëè
êîíòàêòíîãî âçàèìîäåéñòâèÿ â ÌÊÝ ïðè ðåøåíèè çàäà÷ î



186 Ñïèñîê ëèòåðàòóðû

ôîðìîèçìåíåíèè ñïëîøíûõ ñðåä // Èçâåñòèÿ ÐÀÍ, Ìåõà-
íèêà òâåðäîãî òåëà, N. 4, c. 53-63.

89. Äàâûäîâ Þ.Ì. ×èñëåííîå èññëåäîâàíèå òåéëîðîâñêîé
íåóñòîé÷èâîñòè â íåëèíåéíîì ïðèáëèæåíèè // ×èñë. ìåòî-
äû ìåõàí. ñïëîøíîé ñðåäû, Íîâîñèáèðñê, Íàóêà, 1978, 9, N.
3, c. 67-69.

90. Äàâûäîâ Þ.Ì., Ïàíòåëååâ Ì.Ñ. Ðàçâèòèå òðåõìåðíûõ
âîçìóùåíèé ïðè ðåëåé-òåéëîðîâñêîé íåóñòîé÷èâîñòè //
ÏÌÒÔ, 1981, N. 1, c. 117-122.

91. Äåìèäîâè÷ Á.Ï., Ìàðîí È.À., Øóâàëîâà Ý.Ç. ×èñëåííûå
ìåòîäû àíàëèçà. Ì.:Íàóêà, 1967. 368 ñ.

92. Äüÿ÷åíêî Â.Ô. Îá îäíîì íîâîì ìåòîäå ÷èñëåííîãî ðåøåíèÿ
íåñòàöèîíàðíûõ çàäà÷ ãàçîâîé äèíàìèêè ñ äâóìÿ ïðîñòðàí-
ñòâåííûìè ïåðåìåííûìè // ÆÂÌ è ÌÔ, 1965, 5, N. 4, c.
680-688.

93. Äþâî Æ., Ëèîíñ Æ.-Ë. Íåðàâåíñòâà â ìåõàíèêå è ôèçèêå,
Ì., Íàóêà, 1980, 383 ñ.

94. Åðåìèí À.Þ., Ìàðüÿøêèí Í.ß. Ìåòîä ñîïðÿæåííûõ ãðàäè-
åíòîâ ñ íåïîëíûì ðàçëîæåíèåì Õîëåöêîãî äëÿ ðåøåíèÿ ñè-
ñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, // Ì., Ïðåïðèíò
ÂÖ ÀÍ ÑÑÑÐ, 1978, á/í, ñ. 1-14.

95. Çàïïàðîâ Ê.È., Êóêóäæàíîâ Â.Í. Ðåøåíèå íåñòàöèîíàð-
íûõ çàäà÷ äèíàìèêè óïðóãîïëàñòè÷åñêîé ñðåäû ìåòîäîì
ïîäâèæíûõ ñåòîê // ×èñëåííûå ìåòîäû â ìåõàíèêå òâåð-
äîãî äåôîðìèðóåìîãî òåëà // Ì., ÂÖ ÀÍ ÑÑÑÐ, 1984, c.
65-86

96. Çàïïàðîâ Ê.È., Êóêóäæàíîâ Â.Í. Ìàòåìàòè÷åñêîå ìîäåëè-
ðîâàíèå çàäà÷ èìïóëüñíîãî âçàèìîäåéñòâèÿ è ðàçðóøåíèÿ
óïðóãîïëàñòè÷åñêèõ òåë. Ì.: Èí-ò ïðoáëåì ìåõàíèêè ÀÍ
ÑÑÑÐ, 1986. Ïðåïðèíò No. 280. 67 ñ.



Ñïèñîê ëèòåðàòóðû 187

97. Çåíêåâè÷ Î., Ìåòîä êîíå÷íûõ ýëåìåíòîâ â òåõíèêå, Ì., Ìèð,
1975, 541 ñ.

98. Çåðíèí Ì.Â., Ìîðîçîâ Å.Ì. Ìåõàíèêà ðàçðóøåíèÿ òåë ïðè
êîíòàêòíîì âçàèìîäåéñòâèè // Â êí.: Àëåêñàíäðîâ, Â.Ì.
è Âîðîâè÷, È.È. (Ðåäàêòîðû) (2001) Ìåõàíèêà êîíòàêòíûõ
âçàèìîäåéñòâèé, Ì., Íàóêà, 2001, c. 624-639.

99. Èâàíåíêî Ñ.À. Àäàïòèâíî-ãàðìîíè÷åñêèå ñåòêè // Ì.: ÂÖ
ÐÀÍ, 1997, 181 ñ.

100. Èâàíåíêî Ñ.À. Áàðüåðíûé ìåòîä ïîñòðîåíèÿ êâàçèãàðìî-
íè÷åñêèõ ñåòîê. ÆÂÌèÌÔ, 2000. Òîì 40. N. 11. Ñ. 1600-
1616.

101. Èâàùåíêî Ê.Á. Ðàñ÷åò êîíòàêòíûõ ãðàíèö â çàäà÷àõ âçà-
èìîäåéñòâèÿ äåôîðìèðóåìûõ òåë // Äèíàìè÷åñêèå çàäà÷è
ìåõàíèêè ñïëîøíîé ñðåäû, Òåç. äîêë. ðåãèîí. êîíô., Äèâ-
íîìîðñê, 1988, ÊóáÃÓ, Êðàñíîäàð, 1988, c. 59-61.

102. Èâàùåíêî Ê.Á. Àëãîðèòì ðàñ÷åòà êîíòàêòíûõ ãðàíèö ïðè
âçàèìîäåéñòâèè äåôîðìèðóåìûõ òâåðäûõ òåë // Ïðîáëåìû
ïðî÷íîñòè, 1989, N.2, ñ. 79-82.

103. Èëüþøèí À.À. Ìåõàíèêà ñïëîøíîé ñðåäû // Ì.: ÌÃÓ,
1971, 247 ñ.

104. Êàëìûêîâ Ñ.Ã., Êóêóäæàíîâ Â.Í. Ìåòîä ïîòîêîâ è êîððåê-
òèðóþùèõ ìàðêåðîâ (ïèêì - ìåòîä) äëÿ ÷èñëåííîãî ìîäåëè-
ðîâàíèÿ âûñîêîñêîðîñòíûõ ñîóäàðåíèé òâåðäûõ òåë // Ì.:
ÈÏÌåõ ÐÀÍ, Ïðåïðèíò 529, 1993, c. 1-37.

105. Êâèòêà À.Ë., Âîðîøêî Ï.Ï., Áîáðèöêàÿ Ñ.Ä. Íàïðÿæåííî-
äåôîðìèðîâàííîå ñîñòîÿíèå òåë âðàùåíèÿ, Êèåâ, Íàóêîâà
äóìêà, 1977, 208 ñ.



188 Ñïèñîê ëèòåðàòóðû

106. Êèñåëåâ À.Á. Ðàçâèòèå ìåòîäà Óèëêèíñà äëÿ ðåøåíèÿ
òðåõìåðíûõ çàäà÷ ñîóäàðåíèÿ äåôîðìèðóåìûõ òåë // Âçà-
èìîäåéñòâèå âîëí â äåôîðìèðóåìûõ ñðåäàõ, Ì., ÌÃÓ, 1984,
ñ. 87-100.

107. Êèñåëåâ À.Á. Ê ðàñ÷åòó òðåõìåðíîãî ñîóäàðåíèÿ óïðóãî-
ïëàñòè÷åñêîãî ñòåðæíÿ ñ æåñòêîé ïðåãðàäîé // Âåñò. ÌÃÓ,
Ìàòåìàòèêà, ìåõàíèêà, 1988, N. 2, ñ. 30-36.

108. Êèñåëåâ À.Á. ×èñëåííîå ìîäåëèðîâàíèå â òðåõìåðíîé ïî-
ñòàíîâêå íàêëîííîãî ïðîáèâàíèÿ òîíêèõ ïðåãðàä, ×èñëåí-
íîå ðåøåíèå çàäà÷ âîëíîâîé äèíàìèêè, // Ìàò. èññëåäîâà-
íèÿ, 1989, âûï. 108, Êèøèíåâ, Øòèèíöà, ñ. 19-26.

109. Êèñåëåâ À.Á., Êàáàê Í.Å. Ìåòîä ïîñòðîåíèÿ ðàñ÷åòíûõ ñå-
òîê ñ âûäåëåíèåì âíóòðåííèõ êîíòàêòíûõ ãðàíèö // Ìîäå-
ëèðîâàíèå â ìåõàíèêå, 1990, Ò. 4, N. 5, c. 96-110.

110. Êîâåíÿ Â.Ì., ßíåíêî Í.Í. Ìåòîä ðàñùåïëåíèÿ â çàäà÷àõ
ãàçîâîé äèíàìèêè. Íîâîñèáèðñê: Íàóêà, 1981. 304 ñ.

111. Klisch S.M. and Lotz J.C. Application of a �ber-reinforced
continuum theory to multiple deformations of the annulus
�brosus // J. Biomechanics, 1999, v. 32, p. 1027-1036.

112. Êîëàðîâ Ä., Áàëòîâ À., Áîí÷åâà Í. Ìåõàíèêà ïëàñòè÷åñêèõ
ñðåä // Ìîñêâà, Ìèð, 1979, 302 ñ.

113. Êîíäàóðîâ Â.È. è Êóêóäæàíîâ Â.Í. Îá îïðåäåëÿþùèõ
óðàâíåíèÿõ è ÷èñëåííîì ðåøåíèè íåêîòîðûõ çàäà÷ äèíàìè-
êè óïðóãîïëàñòè÷åñêîé ñðåäû ñ êîíå÷íûìè äåôîðìàöèÿìè
// Ñá. ïî ÷èñëåííûì ìåòîäàì â ìåõàíèêå äåôîðìèðóåìîãî
òâåðäîãî òåëà, Ì., ÂÖ ÀÍ ÑÑÑÐ, 1978.

114. Êîíäàóðîâ Â.È., Êóêóäæàíîâ Â.Í. Ñîóäàðåíèå æåñòêîãî
öèëèíäðà ñî ñëîèñòîé óïðóãî-ïëàñòè÷åñêîé ïðåãðàäîé //



Ñïèñîê ëèòåðàòóðû 189

×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ òåîðèè óïðóãîñòè è ïëà-
ñòè÷íîñòè, Ìàòåðèàëû VI Âñåñ. êîíô., Íîâîñèáèðñê, 1980,
ñ. 105-120.

115. Êîíäàóðîâ Â. È. Îá óðàâíåíèÿõ óïðóãîâÿçêîïëàñòè÷åñêîé
ñðåäû ñ êîíå÷íûìè äåôîðìàöèÿìè // ÏÌÒÔ, 1982, N. 4, Ñ.
133-139.

116. Êîíäàóðîâ Â.È., Ïåòðîâ È.Á., Õîëîäîâ À.Ñ. ×èñëåííîå ìî-
äåëèðîâàíèå ïðîöåññà âíåäðåíèÿ æåñòêîãî òåëà âðàùåíèÿ â
óïðóãîïëàñòè÷åñêóþ ñðåäó // ÏÌÒÔ, 1984, No. 4, c. 132-139.

117. Êîíäàóðîâ Â.È., Ïåòðîâ È.Á. Ðàñ÷åò ïðîöåññîâ äèíàìè-
÷åñêîãî äåôîðìèðîâàíèÿ óïðóãîïëàñòè÷åñêèõ òåë ñ ó÷åòîì
êîíòèíóàëüíîãî ðàçðóøåíèÿ, ÄÀÍ ÑÑÑÐ, 1985, ñ. 1344-1347.

118. Êîíäàóðîâ Â.È. Êîíòèíóàëüíîå ðàçðóøåíèå íåëèíåéíî-
óïðóãèõ òåë, ÏÌÌ, ò.52, âûï.2, 1988. C. 302-310.

119. Êîíäàóðîâ Â.È., Íèêèòèí Ë.Â. Ìîäåëü êîíòèíóàëüíîãî
ðàçðóøåíèÿ âÿçêîóïðóãèõ ñðåä // Èçâ. ÀÍ ÑÑÑÐ, ÌÒÒ,
1989. No. 3. C. 131-139.

120. Êîíäàóðîâ Â.È. Î ðåîëîãè÷åñêîé íåóñòîé÷èâîñòè óïðóãîé
ïîâðåæäàþùåéñÿ ñðåäû // ÏÌÌ, 1991, ò.55, âûï.1, ñ. 109-
117

121. Êîíäàóðîâ Â.È., Êóòëÿðîâà Í.Â., Ôîðòîâ Â.Å. Ïîâðåæäà-
åìîñòü è ðàçðóøåíèå õðóïêèõ íà÷àëüíî-ïîðèñòûõ ìàòåðèà-
ëîâ // ÄÀÍ, 1997 ã. ò.355, N. 3, ñ. 342-345.

122. Êîíäàóðîâ Â.È., Êóòëÿðîâà Í.Â. Ïîâðåæäàåìîñòü è ðàç-
ðóøåíèå õðóïêèõ íà÷àëüíî-ïîðèñòûõ ìàòåðèàëîâ // ÌÒÒ,
2000, N. 4, ñ. 99-109.

123. Êîíäàóðîâ Â.È. Òåíçîðíàÿ ìîäåëü êîíòèíóàëüíîãî ðàçðó-
øåíèÿ è äëèòåëüíîé ïðî÷íîñòè óïðóãèõ òåë // Èçâ. ÐÀÍ,
ÌÒÒ, 2001, N. ???



190 Ñïèñîê ëèòåðàòóðû

124. Êîðîáåéíèêîâ Ñ.Í. Íåëèíåéíîå äåôîðìèðîâàíèå òâåðäûõ
òåë, Íîâîñèáèðñê, Èçä-âî ÑÎ ÐÀÍ, 2000, 261 ñ.

125. Êîðíååâ À.È. è Íèêîëàåâ À.Ï. Ðàñ÷åò óïðóãîïëàñòè÷åñêî-
ãî òå÷åíèÿ ïðè óäàðå ìåòîäîì êîíå÷íûõ ýëåìåíòîâ // Òîì-
ñêèé Ãîñ. Óí-ò, 1980, Ñ. 1-10. Äåï. â ÂÈÍÈÒÈ N. 2137-80.

126. Êîðíååâ À.È. è Íèêîëàåâ À.Ï., Øèïîâñêèé È.Å. Ïðèëî-
æåíèå ìåòîäà êîíå÷íûõ ýëåìåíòîâ ê çàäà÷àì ñîóäàðåíèÿ
òâåðäûõ äåôîðìèðóåìûõ òåë // ×èñëåííûå ìåòîäû ðåøåíèÿ
çàäà÷ òåîðèè òåîðèè óïðóãîñòè è ïëàñòè÷íîñòè: Ìàòåðèàëû
VII Âñåñ. êîíôåðåíöèè, Íîâîñèáèðñê, 1982, c. 122-129.

127. Êîðíååâ À.È. è Øóãàëåâ, Â.Á. ×èñëåííûé ðàñ÷åò òðåõìåð-
íîãî íàïðÿæåííîãî ñîñòîÿíèÿ ñòåðæíÿ ïðè óäàðå ÷àñòüþ
áîêîâîé ïîâåðõíîñòè // Èçâ. ÀÍ ÑÑÑÐ, ÌÒÒ, 1986, N. 1,
ñ. 189-192.

128. Êîøóð Â.Ä. è Ìàðòüÿíîâ Ñ.À. Îäíîðîäíûé, ñêâîçíîé, ñèì-
ìåòðè÷íûé àëãîðèòì ÷èñëåííîãî ìîäåëèðîâàíèÿ äèíàìè÷å-
ñêèõ êîíòàêò-íûõ âçàèìîäåéñòâèé äåôîðìèðóåìûõ òåë //
×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ òåîðèè óïðóãîñòè è ïëà-
ñòè÷íîñòè: Ìàòåð. XII Âñåñîþç. êîíô. Íîâîñèáèðñê, ÈÒÏÌ
ÑÎ ÐÀÍ, 1992, ñ. 142-147.

129. Êðàâ÷óê À.Ñ. è Âàñèëüåâ Â.À. ×èñëåííûå ìåòîäû ðåøåíèÿ
êîíòàêòíîé çàäà÷è äëÿ ëèíåéíûõ è íåëèíåéíî óïðóãèõ òåë
êîíå÷íûõ ðàçìåðîâ // Ïðèêë. ìåõ., 1980, Ò. 16, N. 6, Ñ. 9-15.

130. Êðàâ÷óê À.Ñ. Ê òåîðèè êîíòàêòíûõ çàäà÷ ñ ó÷åòîì òðåíèÿ
íà ïîâåðõíîñòè ñîïðèêîñíîâåíèÿ // ÏÌÌ, 1980, T. 44, Âûï.
1, Ñ. 122-129.

131. Êðàâ÷óê À.Ñ. Ðåøåíèå íåêîòîðûõ ïðîñòðàíñòâåííûõ êîí-
òàêòíûõ çàäà÷ ñ ó÷åòîì òðåíèÿ íà ïîâåðõíîñòè ñîïðèêîñíî-
âåíèÿ // Òðåíèå è èçíîñ, 1981, T. 2, N. 4, Ñ. 589-595.



Ñïèñîê ëèòåðàòóðû 191

132. Êðàâ÷óê À.Ñ. Ðåøåíèå êîíòàêòíûõ çàäà÷ ñ èçâåñòíîé
ôóíêöèåé Ãðèíà // ÏÌÌ, 1982, Ò. 43, Âûï. 2, Ñ. 283-288.

133. Êðàâ÷óê À.Ñ., Àõóíäæàíîâ Å.Ï. ×èñëåííàÿ ðåàëèçàöèÿ âà-
ðèàöèîííîãî ïîäõîäà ê ðåøåíèþ êîíòàêòíûõ çàäà÷ òåîðèè
óïðóãîñòè ìåòîäîì ïîòåíöèàëîâ // Ðàñ÷åòû íà ïðî÷íîñòü,
Ì.: Ìàøèíîñòðîåíèå, 1983, Âûï. 25, Ñ. 12-18.

134. Êðàâ÷óê À.Ñ. Ðåøåíèå íåëèíåéíûõ êîíòàêòíûõ çàäà÷ ñ
ó÷åòîì òðåíèÿ âàðèàöèîííûìè ìåòîäàìè // Ìåõàíèêà è
íàó÷íî-òåõíè÷åñêèé ïðîãðåññ, Ò. 3, - Ìåõàíèêà äåôîðìèðó-
åìîãî òâåðäîãî òåëà. Ì.: Íàóêà, 1988. C. 154-169.

135. Êðàâ÷óê À.Ñ. Âàðèàöèîííûå è êâàçèâàðèàöèîííûå íåðà-
âåíñòâà â ìåõàíèêå. Ì., Ìîñê. ãîñ. àêàä. ïðèáîðîñòðîåíèÿ è
èíôîðìàòèêè, 1997, 339 ñ.

136. Êðàâ÷óê À.Ñ. Ìåòîä âàðèàöèîííûõ íåðàâåíñòâ â êîí-
òàêòíûõ çàäà÷àõ // Â êí. "Ìåõàíèêà êîíòàêòíûõ âçàèìî-
äåéñòâèé", ïîä ðåä. Â.Ì. Àëåêñàíäðîâà è È.È. Âîðîâè÷à,
Ìîñêâà, Ôèçìàòãèç, 2001, ñ. 93-115.

137. Êðîóëè Ó. FLAG - ñâîáîäíî-ëàãðàíæåâ ìåòîä äëÿ ÷èñëåí-
íîãî ìîäåëèðîâàíèÿ ãèäðîäèíàìè÷åñêèõ òå÷åíèé â äâóõ èç-
ìåðåíèÿõ // Â êí.: ×èñëåííûå ìåòîäû â ìåõàíèêå æèäêî-
ñòåé. Ì., Ìèð, 1973, Ñ. 135-145.

138. Êóáåíêî Â.Ä. Ïðîíèêàíèå óïðóãèõ îáîëî÷åê â ñæèìàåìóþ
æèäêîñòü. Êèåâ, Íàóêîâà Äóìêà, 1981, 159 ñ.

139. Êóáåíêî Â.Ä. Óäàðíîå âçàèìîäåéñòâèå òåë ñî ñðåäîé (Îá-
çîð) // Ïðèêëàäíàÿ ìåõàíèêà, 1997, ò. 33, N. 12, ñ. 3-29.

140. Êóçüìåíêî À.Ã. Îñíîâíûå óðàâíåíèÿ òåîðèè óïðóãîñòè è
ïëàñòè÷íîñòè è ìåòîä êîíå÷íîãî ýëåìåíòà // Òóëà: Òóëü-
ñêèé ïîëèòåõíè÷åñêèé èí-ò, 1980, 100 ñ.



192 Ñïèñîê ëèòåðàòóðû

141. Êóêóäæàíîâ Â.Í. ×èñëåííîå ìîäåëèðîâàíèå äèíàìè÷åñêèõ
ïðîöåññîâ äåôîðìèðîâàíèÿ è ðàçðóøåíèÿ óïðóãîïëàñòè÷ñ-
ñêèõ ñðåä // Óñïåõè ìåõàíèêè, Ò. 8, N. 4, c. 25-65.

142. Êóêóäæaíoâ Â.Í., Èâaíoâ Â.Ë., Êoâøoâ À.Í., Øíeéäeð-
ìaí Ä.È. Ëoêaëèçaöèÿ äeôoðìaöèé è óñòoé÷èâoñòü ñêëoíoâ.
M.: Èíñòèòóò ïðîáëåì ìåõàíèêè ÐÀÍ, 1994. Ïðeïðèíò No.
472. C. 1-72.

143. Êóëèêîâñêèé À.Ã., Ïîãîðåëîâ Í.Â., Ñåìåíîâ À.Þ. Ìàòå-
ìàòè÷åñêèå âîïðîñû ÷èñëåííîãî ðåøåíèÿ ãèïåðáîëè÷åñêèõ
ñèñòåì óðàâíåíèé, Ì., Ôèçìàòãèç, 2001, 608 ñ.

144. Ëåâèòàñ Â.È. Òåîðèÿ áîëüøèõ óïðóãîïëàñòè÷åñêèõ äåôîð-
ìàöèé ïðè âûñîêîì äàâëåíèè // Ïðîáë. ïðî÷íîñòè, 1996. N.
8, C. 86-94.

145. Ëüâîâ Ã.È. Âàðèàöèîííàÿ ïîñòàíîâêà êîíòàêòíîé çàäà÷è
äëÿ ëèíåéíî- óïðóãèõ è ôèçè÷åñêè íåëèíåéíûõ ïîëîãèõ îáî-
ëî÷åê // ÏÌÌ, 1982. Ò. 46, Âûï. 5, Ñ. 841-846.

146. Ìàéí÷åí Ä., Ñàê Ñ. Ìåòîä ðàñ÷åòà "Òåíçîð"// Âû÷èñëè-
òåëüíûå ìåòîäû â ãèäðîäèíàìèêå, Á. Îëäåð, Ñ. Ôåðíáàõ, Ì.
Ðîòåíáåðã (Ðåä.), Ì., Ìèð, 1967: c. 185-211.

147. Ìàíæèðîâ À.Â. Êîíòàêòíûå çàäà÷è äëÿ íåîäíîðîäíûõ ñòà-
ðåþùèõ òåë // Â êí.: Àëåêñàíäðîâ Â.Ì., Âîðîâè÷ È.È. (Ðå-
äàêòîðû) Ìåõàíèêà êîíòàêòíûõ âçàèìîäåéñòâèé, Ì., Íàóêà,
2001, c. 549-565.

148. Ìàíæèðîâ À.Â. (2001b) Êîíòàêòíûå çàäà÷è ìåõàíèêè íà-
ðàùèâåìûõ òåë // Â êí.: Àëåêñàíäðîâ, Â.Ì. è Âîðîâè÷, È.È.
(Ðåäàêòîðû) (2001) Ìåõàíèêà êîíòàêòíûõ âçàèìîäåéñòâèé,
Ì. Íàóêà, ñ. 607-621.

149. Ìàð÷óê Ã.È., Øàéäóðîâ Â.Â. Ïîâûøåíèå òî÷íîñòè ðåøå-
íèé ðàçíîñòíûõ ñõåì. Ì.: Íàóêà, 1979, 320 ñ.



Ñïèñîê ëèòåðàòóðû 193

150. Ìåéäåð ×. ×èñëåííîå ìîäåëèðîâàíèå äåòîíàöèè, Ì., Ìèð,
1985, 384 ñ.

151. Ìåëåùåíêî Í.Ã. Ê âîïðîñó ðàñ÷åòíîé îöåíêè óñëîâèé ðà-
áîòû ñòûêîâûõ ñîåäèíåíèé äâèãàòåëåé // Òð. Öåíòðàëüíîãî
íàó÷íî-èññëåä. äèçåëüíîãî èí-òà, 1978, Âûï. 73, c. 31-36.

152. Ìåíüøèêîâ Ã.Ï., Îäèíöîâ Â.À., ×óäîâ Ë.À. Âíåäðåíèå öè-
ëèíäðè÷åñêîãî óäàðíèêà â êîíå÷íóþ ïëèòó, Èçâåñòèÿ ÀÍ
ÑÑÑÐ, ÌÒÒ, 1976, N. 1, c. 125-130.

153. Ìåðæèåâñêèé Ë.À., Ðåñèÿíñêèé À.Ä. ×èñëåííîå ìîäåëèðî-
âàíèå ïðîáèâàíèÿ ïðåãðàä öèëèíäðè÷åñêèì óäàðíèêîì, Ìå-
õàíèêà áûñòðîïðîòåêàþùèõ ïðîöåññîâ, - Íîâîñèáèðñê, 1984,
c. 86-91.

154. Ìåòêàëô Ì. Îïòèìèçàöèÿ â ôîðòðàíå. Ì.: Ìèð, 1985. 264
ñ.

155. Ìîðîçîâ Å.Ì., Íèêèøêîâ Ã.Ï. Ìåòîä êîíå÷íûõ ýëåìåíòîâ
â ìåõàíèêå ðàçðóøåíèÿ, Ì., Íàóêà, 1980. 254 ñ.

156. Ìîðîçîâ Í.Ô., Ñìèðíîâ Â.È., Ïåòðîâ Þ.Â. Îá ýðîçèîí-
íîì ðàçðóøåíèè òâåðäûõ òåë // Â êí.: Àëåêñàíäðîâ, Â.Ì. è
Âîðîâè÷, È.È. (Ðåäàêòîðû) Ìåõàíèêà êîíòàêòíûõ âçàèìî-
äåéñòâèé, Ì.: Íàóêà, 2001. C. 640-650.

157. Íèêèòèí È.Ñ. Äèíàìèêà ñëîèñòûõ áëî÷íûõ ñðåä ñ ïðî-
ñêàëüçûâàíèåì è òðåíèåì // Ì., Èíñòèòóò ïðîáëåì ìåõà-
íèêè ÀÍ ÑÑÑÐ, 1989, Ïðåïðèíò N. 366, 1989, c. 1-43.

158. Íèêèøêîâ Ã.Ï., Ïàøíèí Â.Ã. Ðàñ÷åò íàïðÿæåííîãî ñîñòî-
ÿíèÿ êîíòàêòèðóþùèõ òåë ñ èñïîëüçîâàíèåì èçîïàðàìåòðè-
÷åñêèõ ýëåìåíòîâ // Ïðî÷íîñòü ìàòåðèàëîâ è ýëåìåíòîâ
êîíñòðóêöèé àòîìíûõ ðåàêòîðîâ, Ñá. íàó÷. òðóäîâ, Ìîñ-
êîâñêèé èíæåíåðíî-ôèçè÷åñêèé èí-ò, Ì.: Ýíåðãîàòîìèçäàò,
1985, Ñ. 38-43.



194 Ñïèñîê ëèòåðàòóðû

159. Íèêèøêîâ Ã.Ï. Ïðîãðàììíûé êîìïëåêñ äëÿ ðåøåíèÿ çàäà÷
ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà // Ì.: Ìîñêîâñêèé
èíæåíåðíî-ôèçè÷åñêèé èí-ò, 1988. 84 ñ.

160. Íèêîëàåâñêèé Â.Í. (Ðåä.) Âûñîêîñêîðîñòíûå óäàðíûå ÿâ-
ëåíèÿ, Ì. Ìèð, 1973, 528 ñ.

161. Íèêîëñ Á. Äàëüíåéøåå ðàçâèòèå ìåòîäà ìàðêåðîâ è ÿ÷ååê
äëÿ òå÷åíèé íåñæèìàåìîé æèäêîñòè // ×èñëåííûå ìåòîäû
â ìåõàíèêå æèäêîñòåé, ðåä. Î.Ì. Áåëîöåðêîâñêèé, Ì.: Ìèð,
1973. C. 165-173.

162. Íîõ Â.Ô. ÑÝË - ñîâìåñòíûé ýéëåðîâî-ëàãðàíæåâ ìåòîä äëÿ
ðàñ÷åòà íåñòàöèîíàðíûõ äâóìåðíûõ çàäà÷ // Âû÷èñëèòåëü-
íûå ìåòîäû â ãèäðîäèíàìèêå, Ì., Ìèð, 1967. C. 128-184.

163. Îëåéíèê Î.À. Îá îäíîì ìåòîäå ðåøåíèÿ îáùåé çàäà÷è Ñòå-
ôàíà // Äîêë. ÀÍ ÑÑÑÐ, 1960. Ò. 135. No. 5. Ñ. 1054-1057.

164. Îðòåãà Äæ., Ðåéíáîëäò Â. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ
íåëèíåéíûõ ñèñòåì óðàâíåíèé ñî ìíîãèìè íåèçâåñòíûìè,
Ì.: Ìèð, 1985. 558 ñ.

165. Ïåòðåíêî È.È., Ïóðòîâ Ñ.Â., Ôåäîñååâ À.È. Ðåøåíèå áîëü-
øèõ çàäà÷ ÌÊÝ ìíîãîñåòî÷íûì ìåòîäîì: Àëãîðèòì ðàçáèå-
íèÿ íà ïîäîáëàñòè. Ñåðïóõîâ, 1986. 15 ñ. (Ïðåïð. . ÀÍ ÑÑÑÐ,
Èí-ò ôèçèêè âûñîêèõ ýíåðãèé; ÈÔÂÝ 86-200).

166. Ïåòðîâ È.Á., Õîëîäîâ À.Ñ. ×èñëåííîå èññëåäîâàíèå íåêî-
òîðûõ äèíàìè÷åñêèõ çàäà÷ ìåõàíèêè äåôîðìèðóåìîãî òâåð-
äîãî òåëà ñåòî÷íî-õàðàêòåðèñòè÷åñêèì ìåòîäîì // ÆÂ-
ÌèÌÔ, 1984. Ò. 24. Ñ. 722-739.

167. Ïîäãîðíûé A.M., Ãîíòàðîâñêèé Ï.Ï., Ìàð÷åíêî Ã.À. è
äð. Íåêîòîðûå ïðèêëàäíûå óïðóãîïëàñòè÷åñêèå çàäà÷è ñìå-
øàííîãî òèïà. Õàðüêîâ, 1976, 43 ñ. (Ïðåïð./ ÀÍ ÓÑÑÐ. Èí-ò
ïðîáë. ìàøèíîñòðîåíèÿ; N. 36).



Ñïèñîê ëèòåðàòóðû 195

168. Ïîçäååâ À.À., Òðóñîâ Ï.Â., Íÿøèí Þ. È. Áîëüøèå óïðó-
ãîïëàñòè÷åñêèå äåôîðìàöèè. Ì.: Íàóêà, 1986, 232 ñ.

169. Ïîçäíÿêîâ À.À. Ìåòîä ðàñ÷åòà êîíòàêòà // M., Òðóäû ÌÔ-
ÒÈ, 1979.

170. Ïîñòíîâ Â.À., Õàðõóðèì È.ß. Ìåòîä êîíå÷íûõ ýëåìåíòîâ â
ðàñ÷åòàõ ñóäîâûõ êîíñòðóêöèé, Ë., Ñóäîñòðîåíèå, 1974. 344
ñ.

171. Ïîòòåð Ä. Âû÷èñëèòåëüíûå ìåòîäû â ôèçèêå. Ì.: Ìèð,
1975. 392 c.

172. Ïøåíè÷íûé Á.Í., Äàíèëèí Þ.Ì. ×èñëåííûå ìåòîäû â ýêñ-
òðåìàëüíûõ çàäà÷àõ Ì.: Íàóêà, 1979. 319 ñ.

173. Ðâà÷åâ Â.Ë. Òåîðèÿ R-ôóíêöèé è íåêîòîðûå åå ïðèëîæå-
íèÿ, Êèåâ: Íàóêîâà Äóìêà, 1982.

174. Ðâà÷åâ Â.Ë. (ðåäàêòîð) Çàäà÷è êîíòàêòíîãî âçàèìîäåé-
ñòâèÿ ýëåìåíòîâ êîíñòðóêöèé // Ïîäãîðíûé À.Í., Ãîíòà-
ðîâñêèé Ï.Ï., Êèðêà÷ Á.Í. è äð.; Îòâ. ðåä. Ðâà÷åâ Â.Ë.,
Èí-ò ïðîáëåì ìàøèíîñòðîåíèÿ, Êèåâ, Íàóêîâà äóìêà, 1989,
232 ñ.

175. Ðåñíÿíñêèé À.Ä., Ìåðæèåâñêèé Ë.À. Ïðèìåíåíèå ìåòîäà
ïîäâèæíûõ ñåòîê â çàäà÷àõ ðàçðóøåíèÿ òâåðäûõ òåë // Äè-
íàìèêà ñïëîøíîé ñðåäû, 1984, Âûï. 66, c. 150-157.

176. Ðîãîâîé À.À., Âàðèàöèîííàÿ ïîñòàíîâêà óïðóãî-
ïëàñòè÷åñêîé çàäà÷è ïðè áîëüøèõ äåôîðìàöèÿõ â
ýéëåðîâî-ëàãðàíæåâûõ êîîðäèíàòàõ // Íàïðÿæåíèÿ è
äåôîðìàöèè â êîíñòðóêöèÿõ è ìàüåðèàëàõ. Ñâåðäëîâñê:
ÓÍÖ ÀÍ ÑÑÑÐ, 1985, c. 77-83.

177. Ðîäðèãà Ã. (ðåäàêòîð) Ïàðàëëåëüíûå âû÷èñëåíèÿ. Ì.: Íà-
óêà, 1986, 376 ñ.



196 Ñïèñîê ëèòåðàòóðû

178. Ðîçèí Ë.À. Ðàñ÷åò ãèäðîòåõíè÷åñêèõ ñîîðóæåíèé íà
ÝÖÂÌ. Ìåòîä êîíå÷íûõ ýëåìåíòîâ. Ì., Ýíåðãèÿ, 1971, 214
ñ.

179. Ðîçèí Ë.À. Ìåòîä êîíå÷íûõ ýëåìåíòîâ â ïðèìåíåíèè ê
óïðóãèì ñèñòåìàì, Ì., Ñòðîéèçäàò, 1977, 129 ñ.

180. Ðîçèí Ë.À., Ñìèðíîâ Ì.Ñ. Ðåøåíèå êîíòàêòíîé çàäà÷è òåî-
ðèè óïðóãîñòè ñ ïîäàòëèâîñòüþ â îäíîñòîðîííèõ ñâÿçÿõ //
Èçâåñòèÿ âóçîâ, Ñòðîèòåëüñòâî, 2000, N. 5.

181. Ðîó÷ Ï. Âû÷èñëèòåëüíàÿ ãèäðîäèíàìèêà. Ì.: Ìèð, 1980.
616 ñ.

182. Ðóçàíîâ À.È., Ðîìàíû÷åâà Ë.Ê., Âîëêîâ È.À. Ïîñòðîåíèå
ðàñ÷åòíûõ ìîäåëåé è ÷èñëåííûé àíàëèç ðàçðóøåíèÿ òâåð-
äûõ òåë ïðè èìïóëüñíûõ íàãðóçêàõ, Ìåõàíèêà áûñòðîïðî-
òåêàþùèõ ïðîöåññîâ, Íîâîñèáèðñê, 1984, c. 98-105.

183. Ñàãîìîíÿí À.ß. Äèíàìèêà ïðîáèâàíèÿ ïðåãðàä. Ì. Èçä-âî
ÌÃÓ, 1980, 221 ñ.

184. Ñàäîâñêèé Â.Ì. Ãèïåðáîëè÷íñêèå âàðèàöèîííûå íåðàâåí-
ñòâà â çàäà÷àõ äèíàìèêè óïðóãî-ïëàñòè÷åñêèõ òåë // ÏÌÌ,
1991, Ò. 55, Âûï. 6, c. 1041-1048.

185. Ñàäîâñêèé Â.Ì. Ðàçðûâíûå ðåøåíèÿ â çàäà÷àõ äèíàìèêè
óïðóãîïëàñòè÷åñêèõ ñðåä, Ì., Íàóêà-Ôèçìàòëèò, 1997, 208
c.

186. Ñàäûðèí À.È. Ê îïðåäåëåíèþ êîíòàêòíûõ óñèëèé ïðè
ñîóäàðåíèè óïðóãîïëàñòè÷åñêèõ òåë // Ïðèêë. ïðîáëåìû
ïðî÷íîñòè è ïëàñòè÷íîñòè, Âñåñ. ìåæâóç. ñá., âûï. 3, Ãîðüê.
óí-ò, Ãîðüêèé, 1976, ñ. 70-73.

187. Ñàäûðèí À.È. Êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ ãðà-
íè÷íûõ óñëîâèé â äèíàìè÷åñêîé êîíòàêòíîé çàäà÷å // Ïðè-
êëàäíûå ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè, Ñòàòèêà è



Ñïèñîê ëèòåðàòóðû 197

äèíàìèêà äåôîðìèðóåìûõ ñèñòåì, Âñåñ. ìåæâóç. ñá., Ãîðü-
êîâñêèé óí-ò, Ãîðüêèé, 1979.

188. Ñàäûðèí À.È. Ìîäåëèðîâàíèå äèíàìè÷åñêîãî ðàçðóøåíèÿ
äåôîðìèðóåìûõ òåë ïðè óäàðíûõ êîíòàêòíûõ âçàèìîäåé-
ñòâèÿõ // Ïðèêëàäíûå ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íî-
ñòè, ÒÍÈ ÊÌÊ, Ì., 1995, ñ. 132-141.

189. Ñàæèí Â.Â., Ñèìîíîâ È.Â. Ñîóäàðåíèå óïðóãèõ è óïðóãî-
ïëàñòè÷åñêèõ ïðÿìîóãîëüíèêîâ ïîä ìàëûì óãëîì. Ì.: Èí-
ñòèòóò ïðîáëåì ìåõàíèêè ÀÍ ÑÑÑÐ, 1987. Ïðåïðèíò No.
300. 57 ñ.

190. Ñàìàðñêèé À.À., Ìîèñååíêî Á.Ä. Ýêîíîìè÷íàÿ ñõåìà
ñêâîçíîãî ñ÷åòà äëÿ ìíîãîìåðíîé çàäà÷è Ñòåôàíà // ÆÂ-
ÌèÌÔ, 1965. Ò. 5. No. 5. C. 816-827.

191. Ñàìàðñêèé À.À. Ââåäåíèå â òåîðèþ ðàçíîñòíûõ ñõåì. Ì.:
Íàóêà, 1971.

192. Ñàìàðñêèé À.À., Ïîïîâ Þ.Ï. Ðàçíîñòíûå ìåòîäû ðåøåíèÿ
çàäà÷ ãàçîâîé äèíàìèêè. Ì.: Íàóêà, 1980. 352 ñ.

193. Ñåãåðëèíä Ë. Ïðèìåíåíèå ÌÊÝ. Ì.: Ìèð, 1979. 392 ñ.

194. Ñåäîâ Ë.È. Ìåõàíèêà ñïëîøíîé ñðåäû. Ì.: Íàóêà, 1970. Ò.
1, 492 ñ; Ò. 2, 568 ñ.

195. Ñèìîíîâ È.Â. Êîíòàêòíûå çàäà÷è ðàñêëèíèâàíèÿ óïðóãèõ
òåë // Ìåõàíèêà êîíòàêòíûõ âçàèìîäåéñòâèé / ïîä ðåä.
Â.Ì. Àëåêñàíäðîâà è È.È. Âîðîâè÷à. Ì.: Ôèçìàòãèç, 2001.
Ñ. 654-667.

196. Ñîêîëüíèêîâ È.Ñ. Maòeìaòè÷eñêaÿ òeoðèÿ óïðóãoñòè. M.:
"Mèð", 1961. (Ïeðeâoä êíèãè : Sokolniko� I.S. Mathematical
theory of elasticity, 2nd ed. New-York: McGraw-Hill Book Co.,
1956)



198 Ñïèñîê ëèòåðàòóðû

197. Ñòðåíã Ã., Ôèêñ Äæ. Òåîðèÿ ìåòîäà êîíå÷íûõ ýëåìåíòîâ.
Ì.: Ìèð, 1977. 349 ñ.

198. Òèøêèí Â.Ô. Ïîñòðîåíèå äèñêðåòíûõ êîíå÷íî-ðàçíîñòíûõ
ìîäåëåé ñïëîøíûõ ñðåä íà îñíîâå âàðèàöèîííîãî ïîäõîäà.
Ì.: Èí-ò ïðèêë. ìàòåìàòèêè ÀÍ ÑÑÑÐ, 1984. Ïðåïðèíò No.
150. 18 ñ.

199. Óãîä÷èêîâ À.Ã., Êîðîòêèõ Þ.Ã. Íåêîòîðûå ìåòîäû ðåøå-
íèÿ íà ÝÖÂÌ ôèçè÷åñêè íåëèíåéíûõ çàäà÷ òåîðèè ïëàñòèí
è îáîëî÷åê, Ê.: Íàóêîâà äóìêà, 1967. 219 ñ.

200. Óèëêèíñ Ì.Ë. Ðàñ÷åò óïðóãîïëàñòè÷ññêèõ òå÷åíèé // Âû-
÷èñëèòåëüíûå ìåòîäû â ãèäðîäèíàìèêå, Ì.: Ìèð, 1967. C.
212-263.

201. Óëàì Ñ. Óñòîé÷èâîñòü ïðè ðàñ÷åòàõ ïî ìåòîäó ìíîãèõ òåë
// Â ñá. Ãèäðîäèíàìè÷åñêàÿ íåóñòîé÷èâîñòü. Ïîä ðåä. Áèðê-
ãîôôà, Áåëëìàíà, Ëèíÿ. Ïåð. ñ àíãë. / Ì.: Ìèð, 1964.

202. Ôåäîðåíêî Ð.Ï. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ðàçíîñò-
íûõ ýëëèïòè÷åñêèõ óðàâíåíèé, ÓÌÍ, 1973. Ò. 28. âûï. 2. Ñ.
121-182.

203. Ôåäîðåíêî Ð.Ï. Ìåòîä ÷èñëåííîãî ðåøåíèÿ ïðîñòðàíñòâåí-
íûõ çàäà÷ êà÷åíèÿ ñ ïðîñêàëüçûâàíèåì è ñöåïëåíèåì // Ì.:
Èí-ò ïðèêëàäíîé ìàòåìàòèêè ÀÍ ÑÑÑÐ, 1979. Ïðåïðèíò N.
158.

204. Ôèêåðà Ã. Òåîðåìû ñóùåñòâîâàíèÿ â òåîðèè óïðóãîñòè, Ì.:
Ìèð, 1974. 159 ñ.

205. Ôîìèí Â.Ì., Ãóëèäîâ À.È., Ñàïîæíèêîâ Ã.À. è äð. Âûñî-
êîñêîðîñòíîå âçàèìîäåéñòâèå òåë, Íîâîñèáèðñê: Èçä-âî ÑÎ
ÐÀÍ, 1999, 600 ñ.

206. Ôóêñ È.È. Îá îäíîì ìåòîäå ÷èñëåííîãî ðåøåíèÿ äâóìåð-
íûõ äèíàìè÷åñêèõ êîíòàêòíûõ çàäà÷ óïðóãîïëàñòè÷åñêèõ



Ñïèñîê ëèòåðàòóðû 199

òåë // Ïðèêë. ïðîáëåìû ïðî÷íîñòè è ïëàñòè÷íîñòè, Âñåñ.
ìåæâóç. ñá., âûï. 3, Ãîðüê. óí-ò, Ãîðüêèé, 1976, c. 78-81.

207. Õàðëîó Ô.Õ. ×èñëåííûé ìåòîä ÷àñòèö â ÿ÷åéêå äëÿ çàäà÷
ãèäðîäèíàìèêè, Âû÷èñëèòåëüíûå ìåòîäû â ãèäðîäèíàìèêå
// Ì.: Ìèð, 1967, c. 316-342.

208. Öâåòêîâà È.Í. Àíàëèç òî÷íîñòè àëãîðèòìîâ êîíòàêòíîãî
âçàèìîäåéñòâèÿ â òðåõìåðíûõ çàäà÷àõ äèíàìèêè óïðóãî-
ïëàñòè÷åñêèõ òåë // Âåñòíèê Íèæåãîð. Ãîñ. Óí-òà, 1995, ñ.
93-95.

209. Öâåòêîâà È.Í. ×èñëåííûé àíàëèç íåñòàöèîíàðíîãî íà-
êëîííîãî ïðîíèêàíèÿ ñòàëüíîãî öèëèíäðà â àëþìèíèåâóþ
ïëàñòèíó // Òåç. äîêë. 22-é íàó÷.-òåõ. êîíô. "Ïðîåêòèðîâà-
íèå ñèñòåì", Ì., Ìîñê. Ãîñ. Òåõí. Óí-ò èì. Áàóìàíà, 1995.

210. Øåâ÷åíêî Þ.Í., Ïèñêóí Â.Â., Ñàâ÷åíêî Â.Ã. Ðåøåíèå îñå-
ñèììåòðè÷íîé ïðîñòðàíñòâåííîé çàäà÷è òåðìîïëàñòè÷íî-
ñòè íà ÝÖÂÌ òèïà Ì-220, Êèåâ, Íàóêîâà äóìêà, 1975, 108
ñ.

211. Øîêèí Þ. È., ßíåíêî Í.Í. Ìåòîä äèôôåðåíöèàëüíîãî
ïðèáëèæåíèÿ. Íîâîñèáèðñê: Íàóêà, 1985, 364 ñ.

212. Addessio F.L., Carroll D.E., Dukowicz J.K., Harlow F.H.,
Johnson J.N., Kaskiwa B.A., Maltrud M.E. and Ruppel H.M.
CAVEAT: A computer code for �uid dynamics problems with
large distortion and internal slip // Los Alamos National
Laboratory, UC-32, 1988.

213. Alart P. and Curnier A. A Mixed Formulation for Frictional
Contact Problems prone to Newton like Solution Methods //
Comp. Meth. Appl. Mech. Engng., 1991, v. 92, p. 353-375.

214. Aliabadi M.H. and Brebbia C.A. Computational Methods in
Contact Mechanics // Computational Mechanics Publications,
Southampton-Boston, 1993.



200 Ñïèñîê ëèòåðàòóðû

215. Aliabadi M.H. Boundary element formulations in fracture
mechanics. // AMR, 1997, v. 50(2), p. 83-96.

216. Amsden A.A. and Harlow F.H. A simpli�ed MAC technique
for incompressible �uid �ow calculations. // J. Comp. Phys.,
1970, v. 6, p. 322.

217. Annin B.D., Sadovskaya O.V. and Sadovskii V.M. Variational
approach to dynamic contact problems of elastoplasticity // Int.
Conf. "Mathematics in applications"(abstracts), Novosibirsk,
1999, p. 18-19.

218. Armero F. and Simo J.C. A New Unconditionally
Stable Fractional Step Method for Non-Linear Coupled
Thermomechanical Problems, International Journal for
Numerical Methods in Engineering, 1992. V. 35. P. 737-766.

219. Armero F. and Garikipati K. Analysis of Strong
Discontinuities in Multiplicative Finite Strain Plasticity
and Their Relation with the Numerical Simulation of Strain
Localization in Solids, International Journal of Solid and
Structures, 1996. V. 33. P. 2863-2885.

220. Armero F., Petocz E. Formulation and Analysis of Conserving
Algorithms for Frictionless Dynamic Contact/Impact Problems,
// Comp. Meth. Appl. Mech. Engng., 1998, v. 158, p. 269-300.

221. Armero F., Callari C. An Analysis of Strong Discontinuities
in a Saturated Poro-Plastic Solid, International Journal for
Numerical Methods in Engineering , 1999, 46, 1673-1698.

222. Armero F., Petocz E. A New Dissipative Time-Stepping
Algorithm for Frictional Contact Problems: Formulation and
Analysis, A Computer Methods in Applied Mechanics and
Engineering, 1999, 179, 151-178.

223. Armero F. Large-Scale Modeling of Localized Dissipative
Mechanisms in a Local Continuum: Applications to the



Ñïèñîê ëèòåðàòóðû 201

Numerical Simulation of Strain Localization in Rate-Dependent
Inelastic Models, Journal of the Mechanics of Cohesive-
Frictional Materials , 1999, 4, 101-132.

224. Armero F., Oller S. (2000) A General Framework for
Continuum Damage Models. Part I: In�nitesimal Plastic
Damage Models in Stress Space, International Journal of Solids
and Structures, 37, 7409-7436.

225. Armero F. and Perez-Foguet A. (2002), On the Formulation of
Closest-Point Projection Algorithms in Elastoplasticity. Part I:
The Variational Structure, International Journal for Numerical
Methods in Engineering, 53, 297-329.

226. Asano N., Kamegaya H. and Funatsu K. A hybrid type of
virtual work principle for impact contact problems of two bodies
// Variational Methods in Engineering: Proc. 2nd Int. conf.,
Southhampton, Juli, 1985, Berlin e.a.: 1985, P. 6/41-6/52.

227. Attaway S., Barragy T., Brown K., Gardner D., Hendrickson
B., Plimpton S.J., Vaughan C. Transient Solid Dynamics
Simulations on the Sandia/Intel Tera�op Computer // Gordon
Bell �nalist paper, in Proc of SuperComputing '97, San Jose,
CA, November 1997.

228. Attaway S.W., Hendrickson B.A., Plimpton S.J., Gardner
D.R., Vaughan C.T., Brown K.H., Heinstein M.W. A Parallel
Contact Detection Algorithm for Transient Solid Dynamics
Simulations Using PRONTO3D, J. Comp. Mech., 1998, v. 22,
p. 143-159.

229. Attaway S.W., Barragy E.J., Brown K.H. et al. Transient Solid
Dynamics Simulations on the Sandia/Intel Tera�op Computer,
Sandia National Laboratories, Albuquerque, 2001, Report NM
87185-0437.

230. Azarenok B.N., Ivanenko S.A. Application of moving adaptive
grids for numerical solution of 2-D nonstationary problems in



202 Ñïèñîê ëèòåðàòóðû

gas dynamics. Report on applied mathematics. BN. Computing
Center of RAS, 2001. P.1-25.

231. Azarenok B.N. Variational barrier method of adaptive
grid generation in hyperbolic problems of gas
dynamics // SIAM J. Numer, Anal. 2001. Available at
http://www.math.ntnu.no/conservation/2001/042.html

232. Azarenok B.N., Ivanenko S.A., Tang T. Godunov's scheme and
moving adaptive grids. Report on Applied Mathematics. 2002.
Available at
http://www.math.ntnu.no/conservation/2002/016.html

233. Babushka I. and Rheinboldt W. Error estimates for Adaptive
Finite Element Computations // J. Num. Analysis, 1978, v.15,
p. 736-754.

234. Babushka I. and Miller A. A feedback �nite element method
with a posteriori error estimation: Part 1. The �nite element
method and some basic properties of the a posteriori error
estimation // Comp. Meth. Appl. Mech. Engng., 1987, v. 61,
p. 1-40.

235. Baillet L., Walter H. and Brunet M. A 3D contact algorithm
using an explicit FEM applied to ironing process, Proc. of
the 4th Int. Conf. and Workshop on Numer. Simulation of 3D
Sheet Forming Processes (NUMISHEET 99), Eds. J.-C. Gelin
et P.Oicart, Besanson-France, 1999, p. 209-214.

236. Bara� D., Witkin A. Dynamic simulation of non-penetrating
�exible bodies // Proceedings of SIGGRAPH 92, Computer
Graphics, 1992, v. 26, No. 2, p. 303-308.

237. Bara� D., Witkin A., Large steps in cloth simulation //
Proceedings of SIGGRAPH 98, Computer Graphics, Annual
Conference Series, 1998, p. 43-54.



Ñïèñîê ëèòåðàòóðû 203

238. Bartold F. J., Bischo� D. Generalization of Newton type
Methods to Contact Problems with Friction // J. Mech.
Theor. Appl., Special issue: Numerical Methods in Mechanics
of Contact Involving Friction, 1988, p. 97-110.

239. Bass J.M. Three dimensional �nite deformations rolling
contact of a hyperelastic cylinder: formulation of the problem
and computational results // Computers and Structures, 1987,
v. 26, p. 991-1004.

240. Bathe K.J., Chaudhary A. A solution method for planar and
axisymmetric contact problems // Int. J. Num. Meth. Engng.,
1985, v. 21, p. 65-88.

241. Bathe K.J., Chaudhary A. A solution method for static and
dynamic analysis of three-dimesional contact problems with
friction // Computers and Structures, 1986, v. 24, p. 855-873.

242. Bathe K.J. Finite Element Procedures for Solids and
Structures-Nonlinear Analysis // MIT Center for Advanced
Engineering Study, 1986.

243. Bathe K.J., Mijailovich S.S. Finite-element analysis of
frictional contact problems // J. de Mecanique Theorique et
Appliquee, 1988, v. 7, p. 31-45.

244. Bathe K.J. Some remarks and references on recent
developments in �nite-element analysis procedures. Computers
and Structures, 1991. V. 40. P. 201-202.

245. Bathe K.J. Finite Element Procedures, Prentice-Hall,
EngleWood Cli�s, NJ, 1996.

246. Bathe K.J., Bouzinov P.A. On the constraint function-method
for contact problems // Computers and Structures, 1997, v. 64,
p. 1069-1085.

247. Batra R.C. Rubber-covered balls - the non-linear elastic
problem // J. Appl. Mech., 1980, v. 47, p. 82-86.



204 Ñïèñîê ëèòåðàòóðû

248. Batra R.C. Quasistatic indentation of a rubber-covered roll
by a rigid roll // Int. J. Numer. Meth. Engng., 1981, v. 17, p.
1823-1833.

249. Bazant Z.P., Belytschko T.B., Chang T.P. Continuum theory
for strain-softening // J. of Engineering Mechanics, ASCE,
1984. V. 110. No. 12. P. 1666-1692.

250. Bazant Z.P., Pijaudier-Cabot G. Non-local continuum damage,
localization instability and convergence // J. of Applied
Mechanics, ASME, 1988. V. 55. P. 287-293.

251. Bazant Z.P., Ozbolt J. Nonlocal microplane model for fracture,
damage, and size e�ect in structures // J. of Engineering
Mechanics, ASCE, 1990. V. 116. No. 11. P. 2485-2505.

252. Bechmann D., Space deformation models survey // Computer
& Graphics, 1994. V. 18(4). P. 571-586.

253. Becker R., Rannacher R. A Feed-Back Approach to Error
Control in Finite Element Methods: Basic Analysis and
Examples, EAST-WEST J. Num. Math. 1996. V. 4. P. 237-
264.

254. Belytschko T., Kennedy J.M., Lin J.I. Three-dimensional
penetration computation // Struct. Mech. React. Technol.,
1987, V.B. P. 83-88.

255. Belytschko T., Lin J.I. A three dimensional impact-
penetration algorithm with erosion // Computers and
Structures, 1987. V. 25. P. 95-104.

256. Belytschko T., Neal M.O. Contact-Impact by the Pinball
Algorithm with Penalty Projection and Lagrangian Methods //
In: L.E. Schwer, N.J. Salamon and W.K. Liu, eds., Proc. Symp.
on Comput. Techniques for impact, Penetration and Perforation
of Solids, ASME, Winter Annual Meeting, San Francisco, CA,
1989, AMD-Vol. 103.



Ñïèñîê ëèòåðàòóðû 205

257. Belytschko T., Neal M.O. Contact-Impact by the Pinball
Algorithm with Penalty and Lagrangian Methods // Int. J.
Num. Meth. Engrg., 1991, v. 31, p. 547-572.

258. Belytschko T., Yeh L.S. The splitting pinball method for
contact-impact problems // Comp. Meth. Appl. Mech. Engrg.,
1993, v. 105, p. 375-393

259. Belytschko T., Lu Y.Y., Gu L. Element-Free Galerkin Methods
// Int. J. Num. Meth. Eng., 1994, v. 37, p. 229-256,

260. Belytschko T., Kronggauz Y., Organ D., Fleming M. Meshless
Methods: An Overview and Recent Developments // Comput.
Meth. Appl. Mech. Engng., 1996, v. 139, p. 3-47.

261. Benson D.J., Hallquist J.O. A single surface contact algorithm
for the postbuckling analysis of shell structures // Report to the
University of California at San Diego, 1987.

262. Benson D.J., Hallquist J.O. A single surface contact algorithm
for the postbuckling analysis of shell structures // Comp. Meth.
Appl. Mech. Engng, 1990, v. 78, p. 141-163.

263. Benson D.J. Computational methods in Lagrangian and
Eulerian hydrocodes, Comp. Meth. Appl. Mech. Engng., 1992,
v.99, 235-394.

264. Benson D.J. Volume of �uid interface reconstruction methods
for multi-material problems // AMR, 2002, 55(2), p. 151-165.

265. Bertolf L.D., Buxton L.D., Thorue B.J. et al. Damage in steel
plates from hypervelocity impact II. Numerical results and spall
measurement // J. Appl. Phys., 1975, v. 46, p. 3776-3783.

266. Bertsekas D.P. Constraint Optimization and Lagrange
Multiplier Methods. Academic Press, New York, 1984.

267. Bhushan B. Contact mechanics of rough surfaces in tribology:
Single asperity contact // AMR, 1996, v. 49(5), p. 275-298.



206 Ñïèñîê ëèòåðàòóðû

268. Bjorkman G., Klarkbring A., Sjodin A., Larsson T., Ronnquist
M. Sequential Quadratic Programming for Non-Linear Elastic
Contact Problems // Int. J. Num. Meth. Engng., 1995, v. 38,
p. 137-165.

269. De Borst R., Sluys L.J., Muhlhaus H.B., Pamin J. (1993)
Fundamental issues in �nite element analysis of localisation of
deformation. Engng Computations, v. 10, N. 2, p. 99-121.

270. Bourago N.G., Numerical Modeling of Unsteady Viscous
Gas and Fluid Flows, // In: "Sixth Nordic Seminar on
Computational Mechanics. Abstract", Lincoping, Sweden,
October 18-19, 1993. P. 135.

271. Bourago N.G. Computer code ASTRA for nonlinear problems
in continuum mechanics // Seventh Nordic Seminar on
Computational Mechanics, Trondheim, Norway, October 14-15,
1994. P. 48-49.

272. Bourago N.G. Numerical methods for nonlinear processes in
elastic plastic media // In: Lectures of FEM-94 Seminar, publ.
94:1, Goteborg, Sweden, 1994, p. 1-15.

273. Bourago N.G., Runesson K. Thermodynamic theory and
numerical simulation of damage and consolidation processes,
Abstracts of III Mississippi State University conference in
Di�erencial Equations and Computer Simulation, Starkville,
USA. 13-14 May, 1997.

274. Bourago N.G. Application of Navier-Stokes Equations to
Crystal Growth Modelling // Lecture of Materials and Crystal
Growth Seminar, MSFC/Space Sciences Laboratory, NASA,
Huntsville, Alabama State, USA, May 17, 1997.

275. Bourago N.G., Fedyushkin A.I., Polezhaev V.I. Double-
di�usion convection and impurity distribution in Bridgmen
method with and without magnetic �eld // Abstracts of 32nd



Ñïèñîê ëèòåðàòóðû 207

Scienti�c Assembly of COSPAR, Nagoya, Japan, 12-19 July,
1998. P. 466.

276. Bourago N.G. Thermodynamic theory of damage and
compaction processes // Geophysical Research Abstracts, 1999,
Vol. 1. No. 1. P. 174.

277. Bourago N.G., Fedyushkin A.I. Impurity distribution in
submerged heater method with and without rotation // Proc.
Int. Conf. Comput. Heat Mass Transfer, N. Cyprus, Turkey,
1999, p. 207-215.

278. Bourago N.G., Fedyushkin A.I., Polezhaev V.I. Dopant
distribution in crystals grown by the submerged heater method
under steady and oscillatory rotation // Advances in Space
Research, Vol. 24, No. 10, p. 1245-1250.

279. Bourago N.G. Utilization of moving grids for nonstationary
nonlinear problems in solid and �uid dynamics.
Application to simulation of natural phenomenas and
technological processes // Optimization of Finite Element
Approximations, Splines and Wavelets (OFEA'2001).
Abstracts of International conference (June 24-29, 2001
St.-Petersburg, Russia), 2001. P. 89-90. Slides are available at
http://www.ipmnet.ru/�burago/papers/grid.htm.

280. Bourago N.G. A survey on contact algorithms // Proc. of
the Workshop "Grid generation: theory and applications"/
Ed. S.A.Ivanenko et V.A.Garanzha. Moscow: Computing
Centre of RAS, 2002. P. 42-59. Available at Web:
http://www.ipmnet.ru/�burago/papers/contact.htm.

281. Bowden F.P., Tabor D. The Friction and Lubrication of Solids.
Part II. Clarendon press, Oxford, 1964.

282. Brackbill J.U., Kothe D.B., Ruppel H.M. FLIP: A low
dissipation, particle-in-cell method for �uid �ow // Computer
Physics Communication, 1988, v. 48, p. 25-38.



208 Ñïèñîê ëèòåðàòóðû

283. Brackbill J.U., Kothe D.B., Zemach C. A continuum method
for modeling surface tension. // J. Comp. Phys., 1992, v. 100,
p. 335.

284. Brown K., Attaway S., Plimpton S., Hendrickson B., Parallel
strategies for crash and impact simulations // Comp. Meth.
Appl. Mech. Engng., 2000, v. 184, p. 375-390.

285. Brunet M.A. A solution method for large strain of anisotropic
material with contact and friction boundary conditions // Proc.
5th Int. Symp. Numer. Meth. Engng., Lausanne-Switzerland,
Eds. R. Gruber, J. Periaux and R.P.Shaw, Berlin, Springer-
Verlag, 1989, v.2, pp. 369-374.

286. Camacho G.T., Ortiz M. Computational modelling of impact
damage in brittle materials // International Journal of Solids
and Structures, 1996. Vol. 33. P. 2899-2938.

287. Campos L.T., Oden J.T., Kikuchi N. A Numerical Analysis of
a Class of Contact Problems with Friction in Elastostatics //
Comp. Meth. Appl. Mech. Engng., 1982. V. 34. P. 821-845.

288. Carey G. Computational grids: Generation, Adaptation and
Solution Strategy. Taylor & Francis, Florida, 1997.

289. Carpenter N.J., Taylor R.L., Katona M. G. Lagrange
constraints for transient �nite-element surface-contact // Int.
J. Num. Meth. Engng., 1991, v. 32, p. 103-128.

290. Carter Jr W.T., Sham T.-L., Law K.H. A parallel �nite
element method and its prototype analysis of shell structures
// Computers and Structures, 1989. V. 31. P. 921-934.

291. Catherall D. The adaption of structured grids to numerical
solutions for transonic �ows. Internat. J. Numer. Methods
Engng. 1991. V. 32. P. 991-939.



Ñïèñîê ëèòåðàòóðû 209

292. Cescotto S., Charlier R. Frictional Contact Finite Elements
Based on Mixed Variational Principles. // Int. J. Num. Meth.
Engng., 1993, v. 35, p. 1681-1701.

293. Chan S. H., Tuba I.S. A Finite Element Method for Contact
Problems in Solid Bodies // Int. J. Mech. Sci., 1971, v. 13, p.
615-639.

294. Charbrand P., Dubois F., Raous M. Various numerical
methods for solving unilateral contact problems with friction,
Math. Comp. Modelling, 1998, v. 28, No. 4-8, p. 97-108.

295. Chaudhary A.B., Bathe K.J. A Solution Method for Static
and Dynamic Analysis of Three-Dimensional Contact Problems
with Friction // Computer and Structures, 1986, v. 24, p. 855-
873.

296. Chawla V., Laursen T.A. Energy Consistent Algorithms for
Frictional Contact Problems // Int. J. Num. Meth. Engng.,
1998, v. 42, p. 799-827.

297. Chen J.S., Pan C., Wu C.T., Liu W.K. Reproducing Kernel
Particle Methods for Large Deformation Analysis of Nonlinear
Structures // Comp. Meth. Appl. Mech. Engng., 1996, v. 139,
p. 195-229.

298. Chen J.S., Wang H.P. New Boundary Condition Treatments
in Meshfree Computation of Contact Problems // Comp. Meth.
Appl. Mech. Engng., 1998.

299. Chen J.S., Wu C.T., Yoon S., You Y. Stabilized Conforming
Nodal Integration for Galerkin Meshfree Methods // Int. J.
Num. Meth. Eng., 2001, v. 50, p. 435-466.

300. Chen W.H., Tsai P. Finite Element Analysis of Elastodynamic
Sliding Contact Problems with Friction // Computers and
Structures, 1986, v. 22, N. 6, p. 925-938.



210 Ñïèñîê ëèòåðàòóðû

301. Chen Y.M., Wilkins M.L. Stress Analysis of Crack Problems
a Three-Dimensional Time-Dependent Computer Program. //
Int. J. Fracture, 1976, v. 12, N. 4, p. 607-617.

302. Cheng J.H., Kikuchi N. An Incremental Constitutive Relation
of Unilateral Contact Friction for Large Deformation Analysis.
// J. Appl. Mech., ASME, 1985, v. 52, p. 639-648.

303. Cheng T.Y., Saleeb A.F., Shyu S.C. Finite Element Solutions
of Two-Dimensional Contact Problems Based on a Consistent
Mixed Formulation. // Computers and Structures, 1987, v. 27,
N.4, p. 455-466.

304. Cheng W.Q., Zhu F.W., Luo J.W. Computational Finite
Element Analysis and Optimal Design for Multibody Contact
System. // Comp. Meth. Appl. Mech. Engng., 1988, v. 71, p.
31-39.

305. Chenot J.-L. Bay F., Fourment L. Finite element simulation
of metal powder forming, Int. J. Numer. Meth. Engng., 1990.
V. 30. P. 1649-1674.

306. Christiansen P.W., Klarbring A., Pang J.S., Stromberg N.
Formulation and comparison of algorithms for frictional contact
problems. // Int. J. Num. Meth. Engng., 1998, v. 42 p. 145-173.

307. Cocu M. Existence of solutions of Signorini problems with
friction. // Int. J. Engng. Sci., 1984, v. 22, p. 567-575.

308. Colella P., Woodward P. The Piecewise Parabolic Method for
Gas-Dynamical Problems // J. Comp. Phys., 1984. V. 54. P.
174-201.

309. Colella P., Woodward P. The numerical simulation of two-
dimensional �uid �ow with strong shocks // J. Comp. Phys.,
1984. V. 54, P. 155-173.



Ñïèñîê ëèòåðàòóðû 211

310. Conry T.F., Seireg A. A Mathematical Programming Method
for Design of Elastic Bodies in Contact"// ASME Trans. J.
Appl. Mech., 1971, p.387 -392.

311. Cooper M.G., Mikic B.B., Yovanovich M.M. Thermal Contact
Conductance // Int. J. Heat Mass Transfer, 1969, v. 12, p. 279-
300.

312. Cris�eld M.A. Non-linear Finite Element Analysis of Solids
and Structures, Volume I: Essentials, John Wiley & Sons, 1997
(ISBN 0 471 92956 5) Volume II: Advanced Topics, John Wiley
& Sons, 1997 (ISBN 0 471 95649 X)

313. Curnier A. Theory of Friction. // Int. J. Solids Structures,
1984, v. 20, p. 637-647.

314. Curnier A., Alart P. A Genweralized Newton Method for
Contact Problems with Friction // J. Mec. Theor. Appl., 1988,
Special Issue: Numerical Methods in Mechanics of Contact
Involving Friction, p. 67-82.

315. Curnier A., He Q.C., Telega J.J. Formulation of Unilateral
Contact between two Elastic Bodies undergoing Finite
Deformation. / C. R. Acad. Sci., Paris, 1992, v. 314, p. 1-6.

316. Curnier A., He Q. C., Klarbring A. Continuum Mechanics
Modelling of Large Deformation Contact with Friction // in
Contact Mechanics, eds. M. Raous, M. Jean and J. J. Moreau,
Plenum Press, New York, 1995.

317. Daux C., Moes N., Dolbow J., Sukumar N., Belytschko T.
Arbitrary Branched and Intersecting Cracks with the Extended
Finite Element Method. // Int. J. Num. Meth. Engng., 2000,
v. 48, p. 1741-1760.

318. Desai S., Zaman M.M., Lightner J.G., Siriwardane H.J. Thin-
Layer Element for Interfaces and Joints // Int. J. of Anal. Num.
Geomech., 1984, v. 8, p. 19-43.



212 Ñïèñîê ëèòåðàòóðû

319. Devaut G., Lions J. L. Inequalities in Mechanics and Physics,
Springer-Verlag, Berlin, 1976.

320. Devloo P., Oden J.T.. Strouboulis T. Implementation of
an adaptive re�nement technique for the SUPG algorithm,
Comput. Methods Appl. Mech. Engrg. 1987. V. 61. P. 339-358.

321. Diekmann R., Hungershofery J., Lux M., Taenzer L., Wierumy
J.-M. Using Space Filling Curves for Encient Contact Searching,
16th IMACS World Congress, 2000.

322. Dilintas G., Laurent-Gengoux P., Trystam D. A conjugate
projected gradient method with preconditioning for unilateral
problems, Computers and Structures, 1988, v. 29, No. 4, p. 675-
680.

323. Djachenko V.F. The Free Point Method for Problems of
Continuous Media // Comp. Meth. Appl. Mech. Engng., 1973,
N. 2.

324. Dolbow J., Moes N., Belytschko T. Discontinuous Enrichment
in Finite Elements with a Partition of Unity Method // Finite
Elements Anal. 2000, Des. 36, p. 235-260.

325. Dolbow J., Moes N., Belytschko T. An Extended Finite
Element Method for Modeling Crack Growth with Frictional
Contact // Comput. Methods Appl. Mech. Engng., 2001, v.
190, p. 6825-6846.

326. Donzelli P.S., A Mixed-Penalty Contact Finite Element
formulation for biphasic soft tissues, PhD Thesis, Dept. of
Mech. Eng., Aeronautical Eng. and Mechanics, RPI, Troy, NY,
1995.

327. Doolan E.P., Miller J.J.H., Schilders W.H.A. Uniform
numerical methods for problems with initial and boundary
layers, Boole Press, Dublin, 1980. (Ðóñ.ïåð.: Ý. Äóëàí, Äæ.



Ñïèñîê ëèòåðàòóðû 213

Ìèëëåð, Ó. Øèëäåðñ, Ðàâíîìåðíûå ÷èñëåííûå ìåòîäû ðå-
øåíèÿ çàäà÷ ñ ïîãðàíè÷íûì ñëîåì, Ì., "Ìèð", 1983, 200
ñ.)

328. Dowson D. History of Tribology, Longman, New York, 1979.

329. Duarte C.A., Oden J.T. An h-p Adaptive Method Using
Clouds // Comp. Meth. Appl. Mech. Engng., 1996, v. 139, pp.
237-262.

330. Duarte C.A., Hamzeh O.N., Liszka T.J., Twordzydlo W.W.
A Generalized Finite Element Method for the Simulation of
Three-Dimensional Dynamic Crack Propagation // Comput.
Methods Appl. Mech. Engng. 2001, v.190, p. 2227-2262.

331. Eck C., Steinbach O., Wendland W.L. A Symmetric Boundary
Element Method for Contact Problem with Friction //
Mathematics and Computers in Simulation, 1999, V. 20. No.
1-4. P. 43-61.

332. Eck C., Wendland W.L. An Adaptive Boundary Element
Method for Contact Problems / In M. Bonnet, A.-M. Sandig,
W. L. Wendland (eds.) Mathematical Aspects of Boundary
Element Method, 1999, p. 116-127,

333. Ehrlich L.W. A Numerical Method of Solving a Heat Flow
Problem with Moving Boundary // J. Assoc. Comp. Machinery,
1958, V. 5. N. 2. P. 161-176.

334. Elsner B., Galbas H.-G., Gorg B., Kolp O., Lonsdale
G. A Parallel Multilevel Contact Search Algorithm in
Crashworthiness Simulation / Advances in Computational
Structures Technology (Selected Papers from Third Int. Conf.
on Comp. Structure Technology, Budapest, Civil Comp Press.,
1996.

335. Endo T., Oden J.T., Becker E.B., Miller T. A numerical-
analysis of contact and limit-point behavior in a class



214 Ñïèñîê ëèòåðàòóðû

of problems of �nite elastic-deformation. Computers and
Structures, 1984. Vol. 18. P. 899-910.

336. Enright D., Redkiw R., Ferziger J., Mitchell I. A
Hybrid Particle Level Set Method for Improved Interface
Capturing, dated by March, 21, 2002, in printing. Available
at http://graphics.stanford.edu/�fedkiw/papers/stanford2001-
04.pdf

337. Eterovic A.L., Bathe K.J. On the Treatment of Inequality
Constraints Arising from Contact Conditions in Finite-Element
Analysis // Computers and Structures, 1991, v. 40, p. 203-209.

338. Fancello E.A., Feijoo R.A. Shape Optimization in Frictionless
Contact Problems // Int. J. Num. Meth. Engng., 1994, v. 37,
p. 2311-2335.

339. Fancello E.A., Haslinger J., Feijoo R.A. Numerical Comparison
Between Two Cost Functions in Contact Shape Optimization //
Structural Optimization, 1995, v. 9, No. 1, pp.57-68.

340. Farahani K., Mo�d M., Vafai A. A solution method for general
contact-impact problem // Comp. Meth. Appl. Mech. Engng.,
2000, v. 187, p. 69-77.

341. Farahani K., Mo�d M., Vafai A. United Elements Method for
General Contact-Impact Problems // Comput. Methods Appl.
Mech. Engng, 2001, v. 191, p. 843-860.

342. Faria L.O., Bass J.M., Oden J.T., Becker E.B. A Three-
Dimensional Rolling Contact Model for a Reinforced Rubber
Tire // Tire Sci. Technol., TSTCA, 1989, v. 17, p. 217-233.

343. Faria L.O., Bass J.M., Oden J.T., Yavari B., Tworzidlo W.W.,
Becker E.B. Tire Modelling by Finite Elements // Tire Sci.
Technol., TSTCA, 1992, v. 20, p. 33-56.



Ñïèñîê ëèòåðàòóðû 215

344. Farhat C., Roux F.-X. A Method of Finite Element Tearing
and Interconnecting and its Parallel Solution Algorithm // Int.
J. Num. Mech. Engng, 1991, v. 32, p. 1205-1227.

345. Farhat C., Cruvelli L., Roux F.-X. A Transient FETI
Methodology for Large-Scale Parallel Implicit Computations in
Structural Mechanics // Int. J. Num. Meth. Engng., 1994, v.
37, p.1945-1975.

346. Farhat C., Chen P.-S., Mandel J. A Scalable Lagrange
Multiplier Based Domain Decomposition Method for Time-
Dependent Problems // Int. J. Num. Meth. in Engng, 1995,
v. 38, p. 3831-3853.

347. LaFaurie B., Nardone C., Scardovelly R., Zaleski S. Modelling
Merging and Fragmentation in Multiphase Flows with SURFER
// J. Comp. Phys., 1994, v. 113, p. 134-147

348. Fedyushkin A.I., Bourago N.G., Polezhaev V.I., Zharikov E.V.
(2001) In�uence of vibration on heat and mass transfer during
crystal growth in ground-based and microgravity environments.
Proc. 2nd Pan Paci�c Basin Workshop on Microgravity
Sciences, 2001, Pasadena, USA, paper CG-1065, P. 1-6.

349. Felippa C.A., Park K.C., Farhat C. Partitioned Analysis of
Coupled Mechanical Systems / Invited Plenary Lecture,Fourth
World Congress in Computational Mechanics, Buenos Aires,
Argentina, July 1998 // Expanded version in Comp. Meth.
Appl. Mech. Engrg., 2001, v. 190 , p. 3247-3270.

350. Fish J. Finite Element Method for Localization Analysis.
Ph.D. thesis, Northwestern University, USA, 1989.

351. Flanagan L.M., Flanagan D.P. PRONTO3D: A Three-
Dimensional Transient Solid Dynamics Program // Tech. Rep.
SAND87-1912, Sandia National Labs, Albuquerque, NM, March
1989.



216 Ñïèñîê ëèòåðàòóðû

352. Fleming M.Y., Chu A., Moran B., Belytschko T. Enriched
Element-Free Galerkin Methods for Singular Fields // Int. J.
Numer. Methods Engng., 1997, v. 40, p. 1483-1504.

353. Floryan J.M., Rasmussen H. Numerical algorithms for viscous
�ows with moving boundaries // AMR, 1989. V. 42. No. 12. P.
323-341.

354. Francavilla A., Zienkievicz O.C. A Note on Numerical
Computation of Elastic Contact Problems // Int. J. Num.
Meth. Engng., 1975, v. 9, p. 913-924.

355. Fredriksson B. Finite Elements Solutions of Surface
Nonlinearities in Structural Mechanics with Special Emphasis
to Contact and Fracture Mechanics Problems // Comp. and
Struct., 1976, v. 6, p. 281-290.

356. De La Fuente H.M., Felippa C.A. Ephemeral penalty functions
for contact dynamics // Finite Elements in Analysis and Design,
1991. V. 9. P. 177-191.

357. Fung Y.C., Biomechanics. Springer-Verlag, 1993.
358. Galin L.A. Contact Problems in the Theory of Elasticity

(edited by I.N. Sneddon), North Carolina State College
Translation, 1961.

359. Ghaboussi J., Wilson E.L., Isenberg J. Finite element of rock
joints and Interfaces // J. of Soil Mechanics and Foundations
Division, ASCE 99, 1973, p. 833-848.

360. Giannopolis A.E. The Return Mapping Method for the
Integration of Friction Constitutive Equations // Computers
and Structures, 1989, v. 32, p. 157-168.

361. Gillow K.A., Howison S.D. A bibliography on free and moving
boundary problems for Hele-Shaw and Stokes Flow, 2002.
Available at Web: http://www.maths.ox.ac.uk/ �howison/Hele-
Shaw.



Ñïèñîê ëèòåðàòóðû 217

362. Ginsberg M., Johnson J.P. Benchmarking the Performance of
Physical Impact Simulation Software on Vector and Parallel
Computers, Proc. of the Supercomputing 88: vol.II, Science and
Applications, Computer Society Press, 1988.

363. Ginsberg M., Katnik R.B. Improving Vectorization of a
Crashworthiness Code, SAE Technical Paper No. 891985,
Passenger Car Meeting and Explosion, Dearborn, 1989.

364. Giroux E.D. HEMP User's Manual, University of California,
Lawrence Livermore National Laboratory, 1973. Rept. UCRL-
51079.

365. Glocker Ch., Pfei�er F. Multibody dynamics with unilateral
contacts. John Whiley Sons, 1996.

366. Goryacheva I.G., Dobychin M.N. Multiple contact model in the
problem of tribomechanics // Tribology International, 1991, v.
24, No. 1, p. 29-35.

367. Goryacheva I.G. Contact Mechanics in Tribology, Kluwer
Academic Publishers, 1998, 344 p.

368. Goudreau G.L., Hallquist J.O. Recent developments in large-
scale �nite element Lagrangian hydrocode technology // Comp.
Meth. Appl. Mech. Engng., 1982, v. 33, p. 725-757.

369. Gourret J.-P., Thalmann N.M., Thalmann D. Simulation of
object and human skin deformations in a grasping task. Proc.
of SIGGRAPH 89 // Computer Graphics, 1989, v. 23, p.4.

370. Green A.E., Naghdi P.M. A General Theory of Elastic-Plastic
Continuum, Aechive for Rational Mechanics and Analysis, 1965.
V. 18. P. 251.

371. Guerra F.M., Browning R.V. Comparison of two slideline
methods using ADINA // Computers and Structures, 1983, v.
17, N. 5/6, P. 819-834.



218 Ñïèñîê ëèòåðàòóðû

372. Gulidov A.I., Sapozhnikov G.A., Fomin V.M. Numerical
simulation of high-speed bodies interaction, University of
Tsukuba, 1990.

373. Hallquist J.O. A Procedure for the Solution of Finite
Deformation Contact-Impact Problems by the Finite Element
Method, Univ. of California, Lawrence Livermore National
Laboratory, 1976, Rept. UCRL-52066.

374. Hallquist J.O. Preliminary User's Manuals for DYNA3D and
DYNAP (Nonlinear Dynamic Analysis of Solids in Three
Dimension), Univ. of California, Lawrence Livermore National
Laboratory, 1976, Rept. UCID-17268.

375. Hallquist J.O. Theoretical Manual for DYNA2D, UCID-19401,
Lawrence livermore National Laboratory, 1983.

376. Hallquist J.O., Goudreau G.L., Benson D.J. Sliding interfaces
with contact-impact in large-scale Lagrangian computation //
Comp. Meth. Appl. Mech. Engng., 1985, v. 51, p. 107-137.

377. Hallquist J.O., Schweizerhof K. and Stillman D. E�ciency
Re�nements of Contact Strategies and Algorithms in Explicit
FE Programming // in Proceedings of COMPLAS III, eds.
D.R.J. Owen, E. Hinton, E.E. Onate, Pineridge Press, 1992.

378. Hallquist J.O. LS-DYNA3D Theoretical Manual, Livermore
Software Technology Corporation. 1993.

379. Hallquist J.O. LS-DYNA Theoretical Manual, Livermore
Software Technology Corporation, 1998.

380. Harlow F.H., Shannon J.P. The splash of a liquid drop. // J.
Appl. Phys., 1967, v. 38, p. 3855.

381. Harlow F.H., Amsden A.A. Numerical simulation of almost
incompressible �ow. // J. Comp. Phys., 1968, v. 3, p. 80.



Ñïèñîê ëèòåðàòóðû 219

382. Harlow F.H., Welch J.E. Numerical calculation of time-
dependent viscous incompressible �ow with free boundaries. //
Phys. Fluids, v. 8, p. 2182.

383. Haug E.J., Kwak B.M. Contact Stress Minimization by
Contour Design // Int. J. Numer. Meth. Engng., 1978, v. 12, p.
917-930.

384. Heegaard J.-H., Cournier A. An Augmented Lagrangian
method for discrete large-slip contact problems involving
friction // Int. J. Numer. Meth. Engng., 36, 1993, 569-593.

385. Heinstein M.W., Mello F.J., Laursen T.A. Augmented
Lagrangian Algorithms for Enforcement of Contact Constraints
in Explicit Dynamic and Matrix-Free Quasistatic Applications,
in Contact Mechanics II: Computational Techniques, Eds.
M.H. Aliabadi and C. Alessandri, Computational Mechanics
Publications, Southampton, United Kingdom, 1995, p. 289-296.

386. Heinstein M.W., Laursen T.A. An Algorithm for the Matrix-
Free Solution of Quasistatic Frictional Contact Problems // Int.
J. Num. Meth. Engng., 1999, v. 44, p. 1205-1226.

387. Heinstein M.W., Mello F.J., Attaway S.W., Laursen T.A.
Contact-Impact Modeling in Explicit Transient Dynamics //
Comp. Meth. Appl. Mech. Engng., 2000, v. 187, p. 621-640.

388. Hertz H. Study on the Contact of Elastic Bodies // J. Reine
Anglew. Math., 1982, v. 29, 156-171.

389. Hestens M.R., Stiefel E. Method of conjugate gradients for
solving linear systems // J. Res. Nat. Bur. Std., 1952, v. 69, p.
409-436.

390. Hillerborg A., Modeer M., Petersson P.E. Analysis of crack
formation and crack growth in concrete by means of fracture
mechanics and �nite elements. Cement and Concrete Research,
1976. V. 6. P. 773-782.



220 Ñïèñîê ëèòåðàòóðû

391. Hirokawa S., Tsuruno R. Three-dimensional deformation and
stress distribution in an analytical computational model of the
anterior cruciate ligament // J. Biomechanics, 2000, v. 33, p.
1069-1077.

392. Hirota G., Fisher S., State A., Lee C., Fuchs
H. An Implicit Finite Element Method for
Elastic Solids in Contact, SIGGRAPH 2001
Conf, Available at http://www.cs.unc.edu/�andrei/
pubs/2001_ComputerAnimation_FEM.pdf

393. Hirt C.W., Nickols B.D. Volume of Fluid (VOF) method for
the dynamics of free boundaries, J. Comp. Physics, 1981. V. 39.
P. 201-225.

394. Hlavacek I., Haslinger J., Necas J., Lovisek J. Solution of
variational inequalities in mechanics, Springer, New York, 1988.

395. Hoover C.G., Badders D.C., De Groot A.J., Sherwood R.J.
Parallel algorithm research for solid mechanics applications
using �nite element analysis, Thrust Area Report, UCRL-ID-
125471, Lawrence National Laboratory, 1997.

396. Hughes T.J.R., Taylor R.L., Sackman J.L., Curnier A. and
Kanoknukulchai W. A �nite element method for a class of
contact-impact problems // Comp. Meth. Appl. Mech. Engng.,
1976, v. 8, p. 249-276.

397. Hughes T.J.R., Taylor R.L., Kanoknukulchai W. A �nite
element method for Large Displacement Contact and Impact
Problems // in Formulations and Computational algorithms in
FE Analysis, ed. K. J. Bathe, MIT-Press, Boston, 1977, p. 468-
495.

398. Hughes T.J.R. The Finite Element Method, New York:
Prentice-Hall Englewood Cli�s, 1987.



Ñïèñîê ëèòåðàòóðû 221

399. Hunek I. On a penalty formulation for contact-impact
problems // Computers and Structures, 1993, v. 11, p. 193-
203.

400. Hyman J.M. Numerical methods for tracking interfaces //
Physics, 1984, v. D12, p. 396-407.

401. Ingra�ea A.R., Heuze F.E. Finite element models for rock
fracture mechanics // Int. J. Numer. Anal. Meth. Geomech.,
1980, v. 4, p. 25-43.

402. Jean M. Frictional contact in rigid or deformable bodies //
Numerical simulations of geomaterials, Amsterdam, Elsevier
Science Publisher, 1995, p. 463-486.

403. Jean M. The nonsmooth contact dynamics method // Comp.
Meth. Appl. Mech. and Engng., 1999, v. 177, p. 235-257.

404. Johnson C., Hansbo P. Adaptive �nite element methods in
computational mechanics, Comp. Meth. Appl. Mech. Engng.,
1992, v. 101, p. 143-181.

405. Johnson G.R. Analysis of elastic-plastic impact involving
severe distortions // Trans. ASME, J. Appl. Mech., 1977, v.
43, p. 439-444.

406. Johnson G.R. High velovity impact in three dimensions //
Trans. ASME, J. Appl. Mech., 1977, v. 44, p. 95-100.

407. Johnson G.R. , Stryk R.A. Eroding interface and improved
tetrahedral element algorithms for high-velocity impact
computations in three dimensions // Int. J. Impact Engng,
1987, v. 5, p. 411-421.

408. Johnson G.R. , Stryk R.A. Recent EPIC code developments
for high velocity impact // Int. J. Impact Eng. 1990, v.10, p.
281-294.



222 Ñïèñîê ëèòåðàòóðû

409. Johnson K.L., Contact Mechanics, Cambridge, Cambridge
Univ. Press, 1985.

410. Johnson N.L., Legacy and future of CFD at Los
Alamos, Canadian CFD Conference Ottawa, Canada,
June 3-4, 1996, Technical Report of Los Alamos
National Lab., LA-UR-96-1426, p. 1-20, available at
http://gnarly.lanl.gov/History/CFD_paper_6_24_96.pdf
and at http://t3.lanl.gov/secondlevel/history/viewgraphs.pdf.

411. Ju J.W., Taylor R.L. A perturbed lagrangian formulation
for the �nite-element solution of nonlinear frictional contact
problems // J. de Mecanique Theorique et Appliquee, 1988, v.
7, p. 1-14.

412. Kalker J.J., Randen Y., A Minimum Principle for Frictionless
Elastic Contact with Application to non-Hertzian Half-Space
Contact Problems // J. of engineering mathematics, 1972, v. 6,
p. 193-206.

413. Kalker J.J. Three-Dimensional Elastic Bodies in Rolling
Contact, Kluwer Academic Publishers, Dordrecht, 1990.

414. Kane C., Repetto E.A., Ortiz M., Marsden J.E. Finite element
analysis of nonsmooth contact // Comp. Meth. Appl. Mech.
Engng., 1999, v. 180, p. 1-26.

415. Kanto Y., Yagawa G. A dynamic contact buckling analysis
by the penalty �nite element method // Int. J. Num. Meth.
Engng., 1990, v. 29, p. 755-774.

416. Kardestuncer H., Norrie D.H. eds. Finite Element Handbook,
Mac-Graw Hill Book Company, 1987.

417. Kikuchi N., Song Y. J. Penalty �nite element approximations
of a class of unilateral problems in linear elasticity // Quaterly
of Appl. Mech., 1981, v. 39, No. 1, pp. 1-21.



Ñïèñîê ëèòåðàòóðû 223

418. Kikuchi N. A smoothing technique for reduced integration
penalty methods in contact problems // Int. J. Num. Meth.
Engng, 1982, v. 18, p. 343-350.

419. Kikuchi N., Oden J.T. Contact Problems in Elasticity: A
study of variational inequalities and �nite element methods /
SIAM Studies in Applied and Numerical Methematics, v. 8,
Philadelphia, 1986.

420. Kim J.O., Kwak B.M. Dynamic analysis of two-dimentional
frictional contact by linear complementary problem
formulation.// Int. J. Solids and Structures, 1996, v. 33,
N. 30, p. 4605-4624.

421. Kiselev A.B. Computational simulation of boundary
conditions in problems of elastoplastic bodies interaction
// Systems Analysis Modelling Simulation, 1995, v. 18-19, P.
809-812.

422. Klarbring A., Bjorkman G. A mathematical programming
approach to contact problems with friction and varying contact
surface // Computer and Structures, 1988, v. 30, p. 1185-1198.

423. Klarbring A. Examples of non-uniqueness and non existence
of solutions to quasistatic contact problem with friction //
Ingenieur Archiv., 1990, v. 50, p. 529-541.

424. Klarbring A., Bjorkman G. Solution of Large Displacement
Contact Problems with Friction using Newton's Method for
Generalized Equations //Int. J. Num. Meth. Engng., 1992, v.
34, p. 249-269.

425. Klarbring A., Mikelic A., Shillor M. A global existance result
for the quasistatic frictional contact problem with normal
compliance, Int. Series Num Math., 1992, v. 101, p. 85-111.

426. Koch R. M., Gross M. H., Carls F. R., von B�ren D.F.,
Fankhauser G., Parish Y.I.H. Simulating facial surgery using



224 Ñïèñîê ëèòåðàòóðû

�nite element methods / Proceedings of SIGGRAPH '96,
Computer Graphics Proceedings, Annual Conference Series,
1996, p. 421-428.

427. Kondaurov V.I., Kukudzhanov V.N. On constitutive equations
and numerical solution of the multidimensional problems
of the dynamics of nonisothermic elastic media with �nite
deformations // Archives of Mechanics, 1979, v. 31, N 5.

428. Kondaurov V.I., Lomov I.N. Fracture of brittle material
with initial porosity under high energy density �ows / Shock
Compression jf Condensed Matter Ö 1997. Proc. Conf. Amer
Phys. Society. Topical Group of Shock Condensed Matter. Ed.
S.C.Smidt, 1998, pp.247-250.

429. Kondaurov V.I. Thermomechanics of Phase Transitions of the
First Order in Solids // Russian Journal of Earth Science, 2002,
v. 4, No. 2, p. 1-18.

430. Kothe D.B., Rider W.J. Comments on modelling interfacial
�ows with volume-of-�uid method, Technical report LA-
UR-3384, Los Alamos National Lab., 1994. Available at
http://www.c3.lan1.gov/�vjr/pubs.html.

431. Kothe D.B., Rider W.J. Mosso S.J., Brock J.S. Volume
tracking of interfaces having surface tension in two and three
dimensions, AIAA Paper 96-0859, 1996.

432. Kothe D., Juric D., Lam K., Lally B. Numerical
recipes for mold �lling simulation, Los Alamos National
Laboratory, Los Alamos, Rept. 87545, USA, 1998
(in B. Thomas, C. Beckermann (Eds.) Modeling of
Casting, Welding and Advanced Solidi�cation Processes
VIII, New York, 1998, TMS Publishers. Available at
http://www.lanl.gov/energy/est/transportation/trans/pdfs/
materials/NUMREC.PDF)



Ñïèñîê ëèòåðàòóðû 225

433. Korobeinikov S.N., Alyokhin V.V., Bondarenko M.I.
Application of a �nite element method for the solution of
three dimensional contact problems / Advances in Simulation
and Interaction Techniques, Proc. of the 2nd Int. Conf. on
Computational Structures Technology, M. Papadrakakis,
B.H.V. Topping (Eds.), Edinburgh, Civil-Comp. Press, 1994,
P. 165-175.

434. Kowalczyk P. Finite-deformation interface formulation for
frictionless contact problems // Comm. Num. Meth. Engng.,
1994. V. 10. P. 879-893.

435. Kragelsky I.V., Dobychin M.N., Kombalov V.S. Friction and
Wear - Calculation Methods, Pergamon Press, 1982.

436. Kukudzhanov V.N., Bourago N.G., Glushko A.I., Kovshov
A.N., Ivanov V.L., Shneiderman D.I. On the problem of damage
and localization of strains", Chalmers Univ. of Tech., Dept. of
Struct. Mech., publ.95:11, Goteborg, 1995. P. 1-35.

437. Kukudzhanov V.N., Santaoya K. Thermodynamics of
viscoplastic medii with internal parameters // Izvestia RAS,
Mechanics of Solids, 1997, No. 2, p. 115-126.

438. Kulak R.F. Adaptive contact elements for three-dimensional
explicit transient analysis // Comp. Meth. Appl. Mech. Engng.,
1989, v. 72, p. 125-151.

439. Kulikovskii A.G., Pogorelov N.V., Semenov A.Yu.
Mathematical Aspects of Numerical Solution of Hyperbolic
systems, Chapman & Hall/CRC, London, Boca Raton, 2001.

440. Kunugi T. MARS for multiphase �ow, Kyoto Univ.,
2002, P. 1-10. Available at Web: http://www.nucleng.kyoto-
u.ac.jp/Groups/F-group/ gallery/pdf/iscfd13.pdf



226 Ñïèñîê ëèòåðàòóðû

441. Kwak B.M. Complementary problem formulation of three-
dimensional frictional contact // J. Appl. Mech., ASCE, 1991,
v. 58, p. 134-140.

442. Kwak B.M. Nonlinear complementary problem formulation
of three- dimensional frictional contact and its numerical
implementations / Comput. Methods in Contact Mechanics III,
Ed. by Aliabadi and Samartin, Southampton: Computational
Mechanics Publications, 1997, p. 159-169.

443. Ladeveze P. Nonlinear Computational Structural Mechanics,
Springer, New York, 1998.

444. Larsson R., Runesson K. Discontinuous displacement
approximation for capturing plastic localization // Int. J.
Num. Meth. Engng., 1993, v.36, p. 2087-2105.

445. Laursen T.A., Simo J.C. On the Formulation and Numerical
Treatment of Finite Deformation Frictional Contact Problems
// in Nonlinear Computational Mechanics � State of the Art, P.
Wriggers and W. Wagner, eds., Springer-Verlag, Berlin, 1991,
p. 716-736.

446. Laursen T.A., Simo J.C. Formulation and Regularization of
Frictional Contact Problems for Lagrangian Finite Element
Computations, / in Proceedings of the Third International
Conference on Computational Plasticity Fundamentals and
Applications, Part I, D.R.J. Owen, E. Onate and E. Hinton,
eds., Pineridge Press, Swansea, United Kingdom, 1992, p. 395-
408.

447. Laursen T.A., Simo J.C. Algorithmic Symmetrization of
Coulomb Frictional Problems Using Augmented Lagrangians
// Comp. Meth. Appl. Mech. Engng., 1993, v. 108, p. 133-146.

448. Laursen T.A., Simo J.C. A Continuum-Based Finite Element
Formulation for the Implicit Solution of Multibody, Large



Ñïèñîê ëèòåðàòóðû 227

Deformation Frictional Contact Problems // Int. J. Num. Meth.
Engng., 1993, v. 36, p. 3451-3485.

449. Laursen T.A., Govindjee S. A note on the treatement
of frictionless contact between nonsmooth surfaces in fully
nonlinear problems // Comm. Num. Meth. Engng., 1994, v.
10, p. 869-878.

450. Laursen T.A., Oancea V.G. Automation and Assessment
of Augmented Lagrangian Algorithms for Frictional Contact
Problems // J. Appl. Mech., 1994, v. 61, p. 956-963.

451. Laursen T.A. The Convected Description in Large
Deformation Frictional Contact Problems // Int. J. Solids and
Structures, 1994, v. 31, p. 669-681.

452. Laursen T.A. Review of Computational Methods in Contact
Mechanics / Eds. M.H. Aliabadi and C.A. Brebbia, American
Scientist , 1995, v. 83 , p. 196-198.

453. Laursen T.A., Oancea V.G. On the constitutive modeling and
�nite element computation of rate dependent frictional sliding
in large deformations // Comp. Meth. Appl. Mech. Engng.
1997. V. 143. P. 197-227.

454. Laursen T.A., Chawla V. Design of Energy Conserving
Algorithms for Frictionless Dynamic Contact Problems // Int.
J. Num. Meth. Engng., 1997, v. 40, p. 863-886.

455. Laursen T.A. On the development of thermodynamically
consistent algorithms for thermomechanical frictional contact
// Comp. Meth. Appl. Mech. Engng., 1999, v. 48, p. 1525-1547.

456. Laursen T.A. Computational Contact and Impact Mechanics,
Springer-Verlag, Heidelberg, 2002.

457. Laursen T.A., Love G.R. Improved Implicit Integrators for
Transient Impact Problems - Geometric Admissibility Within



228 Ñïèñîê ëèòåðàòóðû

the Conserving Framework // Int. J. Num. Meth. Engng., 2002,
v. 53 , p. 245-274.

458. Lax P.O. Weak solution of nonlinear hyperbolic equations and
their numerical computation, Comm. Pure Appl. Math., 1954.
V. 7. P. 158-193.

459. Lebon F., Raous M. Multibody contact problem including
friction in structure assembly // Computers and Structures,
1992, v. 43, No. 5, p. 925-934.

460. Lee C.Y., Oden J.T. and Ainsworth M. Local a posteriori
error estimates and numerical results for contact problems and
problems of �ow throwgh porous media / in: P. Wriggers, W.
Wagner (Eds.), Nonlinear Computational Mechanics, Springer,
Berlin, 1991, p. 671-689.

461. Lee C.Y., Oden J.T. A priori error estimation of hp-�nite
element approximations of frictional contact problems with
normal compliance // Int. J. Engng. Science, 1993, v. 31, p.
927-952.

462. Lee C.Y., Oden J.T. Theory and approximation of quasi-
static frictional contact problems // Comp. Meth. Appl. Mech.
Engng., 1993, v. 106, p. 407-429.

463. Lee C.Y., Oden J.T. A-posteriori error estimation of hp �nite-
element approximations of frictional contact problems // Comp.
Meth. Appl. Mech. Engng., 1994, v. 113, p. 11-45.

464. Lee E.H. Elastic-plastic deformation at �nite strain, J. Appl.
Mech., 1969. V. 36.

465. Lee S.H. Rudimentory consideration for adaptive gap/friction
element based on the penalty method // Computers and
Structures, 1993, v. 47, p. 1043-1056.

466. Lemaitre J. A course on Damage Mechanics. Springer-Verlag,
1992; 2nd ed. 1996.



Ñïèñîê ëèòåðàòóðû 229

467. Lewis J.P., Cordner M., Fong N. Pose space deformation: a
uni�ed approach to shape interpolation and skeleton-driven
deformation / Proceedings of SIGGRAPH 2000, Computer
Graphics Proceedings, Annual Conference Series, 2000, pp. 165-
172.

468. Li L-Y., Bettess P. Adaptive �nite element methods: A review
// AMR, 1997. V. 50. No. 10. P. 581-591.

469. Li S., Liu W.K. Meshfree and particle methods and their
applications // AMR, 2002, v. 55(1) P. 1-34.

470. Light C., Pratt E., Raous M. Remarks on a numerical method
for unilateral contact including friction // Int. Series Num.
Math., 1991, v. 101, p. 129-144.

471. Lin J.I. DYNA3D: A nonlinear, explicit, three-dimensional
�nite element code for solid and structural mechanics, User
manual, Methods Development Group, Lawrence Livermore
National Laboratory, 1998.

472. Ling W., Stolarski H.K. On elasto-plastic �nite element
analysis of some frictional problems with large sliding // Engng.
Computations, 1997, v. 14, No. 5, p. 558-580.

473. Lions J.-L. The work of Stampacchiain variational inequalities
// Boll. Unione mat. Ital. 1978, A15, No. 3, p. 736-756.

474. Liseikin V.D. Grid Generation Methods. New York: Springer-
Verlag, 1999.

475. Loret, B., Prevost, J.H. Dynamic strain localisation in elasto-
(visco-) plastic solids. Part. I: general formulation and one-
dimensional examples. Part 2: Plane strain examples. Computer
Meth. in Applied Mech. and Engng, 1990. V. 83, pp. 247-273
and 275-294.



230 Ñïèñîê ëèòåðàòóðû

476. Lubliner J., Oliver J., Oller S., Onate E. A Plastic-damage
model for concrete. Int. J. of Solids and Structures, 1989. V.
25, N. 3, pp. 299-326.

477. Madhusudana C.V., Fletcher L.S. Gas conductance
contribution to contact heat transfer // AIAA Paper 81-
1163, 1981.

478. Maenchen G., Sack S. The TENSOR code / in "Methods
in Computational Physics", v. 3, Fundamental methods in
Hydrodynamics, Academic Press, New York, 1964.

479. Malone J.G. Automated mesh decomposition and concurrent
�nite element analysis for hypercube multiprocessor computer
// Comp. Meth. Appl. Mech. Engng., 1988, v. 70, p. 27-58.

480. Malone J.G., Johnson N.L. A parallel �nite element contact
impact algorithm for non-linear explicit transient analysis: Part
I - The search algorithm and contact mechanics // Int. J. Num.
Meth. Engng., 1994, v. 37, p. 559-590.

481. Malone J.G., Johnson N.L. A parallel �nite element contact
impact algorithm for non-linear explicit transient analysis: Part
II - Parallel implementation // Int. J. Num. Meth. Engng., 1994,
v.37, p. 591-603.

482. Malvern L.E. Introduction to the Mechanics of a Continuous
Medium. Prentice Hall,Englewood Cli�s, N.J. 1969.

483. Marchant M.J., Weatherill N.P. Adaptivity techniques for
compressible inviscid �ows. Comput. Methods Appl. Mech.
Engng., 1993. V. 106. P. 83-106.

484. Marks W.R., Salamon N.J. A projected conjugate gradient
method for frictionless contact problems // Trans. ASME, J.
Vibrations, Acoustics, Stress and Reliability in Design, 1983, v.
105.



Ñïèñîê ëèòåðàòóðû 231

485. Martins J.A.C., Oden J.T. Existence and uniqueness results
for dynamic contact problems with nonlinear normal and
friction interface laws // Nonlinear Analysis Theory Methods
and Applications, 1987, v. 11, p. 407-428. bibitemMay86 May
H.-O. The conjugate gradient method for unilateral problems
// Comp. Meth. Appl. Mech. Engng., 1986, v. 12, No. 4, p.
595-598.

486. McDevitt T.W., Laursen T.A. A Mortar-Finite Element
Formulation for Frictional Contact Problems // Int. J. Num.
Meth. Engng., 2000, v. 48, p. 1525-1547.

487. Mechanics of granular materials and powder systems, Ed. M.
M. Mehrabadi, ASME, 1992. MD-Vol. 37, 141 pp.

488. Melenk J.M., Babuska I. The Partition of Unity Finite Element
Method: Basic Theory and Applications // Comp. Meth. Appl.
Mech. Engng., 1996, v. 139, p. 289-314.

489. Meschke G., Lackner R., Mang H.A. An anisotropic
elastoplastic damage model for plain concrete. Int. J. Numer.
Meth. in Engng, 1998. V. 42, pp. 703-727.

490. Michalowski R., Mroz Z. Associated and nonassociated sliding
rules in contact friction problems // Arch. Mech., 1978, v. 30,
p. 259-276.

491. Mikolajczak A., Rassineux A., Dufossi F., Kromer V. A �nite
element procedure of contact problems based on a remeshing of
the contact zone / European Congress on Comput. Methods in
Appl. Sci. Engng, ECCOMAS 2000, Barcelona, 2000, p. 1-15.

492. Miller K., Chinzei K., Orssengo G., Bednarz P. Mechanical
properties of brain tissue in-vivo: experiment and computer
simulation // J. Biomechanics, 2000, v. 33, p. 1369-1376.



232 Ñïèñîê ëèòåðàòóðû

493. Moes N., Dolbow J., Belytschko T. A �nite element method
for crack growth without remeshing // Int. J. Numer. Methods
Engng. 1999, v. 46, p. 131-150.

494. Monaghan J.J. Why Particle Methods Work // SIAM J. Sci.
Stat. Comput., 1982, v. 3 (4), p. 422-433.

495. Moresi L., Muhlhous H., Dufour F. An overview
of numerical methods for Earth simulations, 2001.
Available at http://www.ned.dem.csiro.au/research/
solidMech/Geodynamics/ChapmanConference/
AbstractsReceived/AbstractFiles/ Moresi-et-al.pdf

496. Munjiza a., Owen D.E., Bicanic N. A Combined Finite-
Discrete Element Method in Transient Dynamics of Fracturing
Solids // Eng. Computations, 1995, v. 12, p. 145-174.

497. Nackenhorst U. On the �nite element analysis of steady
state rolling contact / in: M.H. Aliabadi, C.A. Brebbia
(Eds.), Contact Mechanics - Computational Techniques,
Computational Mechanics Publications, Southampton, 1993,
53-60.

498. Nagtegaal J.C., Taylor L.M. NUMISHEETÒ91, 1991, p. 705.

499. Neto E.A.D., Hashimoto K., Peric D., Owen D.R.J. A
phenomenological model for frictional contact accounting for
wear e�ects // Philosophical Transactions of the Royal Society
of London, 1996, A354, p. 819-843.

500. Nichols B.D., Hirt C.W., Methods for Calculating Multi-
Dimensional, Transient Free Surface Flows Past Bodies / Proc.
First Intern. Conf. Num. Ship Hydrodynamics, Gaithersburg,
1975.

501. Nillson L., Zhong Z.H., Oldenberg M. Analysis of shell
structures subjected to contact-impact / in: A-K.Noor, T.



Ñïèñîê ëèòåðàòóðû 233

Belytschko and J. Simo, Analytical and Computational
Methods for Shells, ASME, New York, 1989.

502. Nour-Omid B., Wriggers P. A 2-level iteration method for
solution of contact problems // Comp. Meth. Appl. Mech.
Engng., 1986, v. 54, p. 131-144.

503. Oancea V.G., Laursen T.A. A Finite Element Formulation of
Thermomechanical Rate-Dependent Frictional Sliding // Int. J.
Num. Meth. Engng., 1997, v. 40, p. 4275-4311.

504. Oancea V.G., Laursen T.A. Stability Analysis of State
Dependent Dynamic Frictional Sliding // Int. J. of Non-Linear
Mech., 1997, v. 32, p. 837-853.

505. Oden J.T. Exterior Penalty Methods for Contact Priblems in
Elasticity // in Nonlinear Finite Element Analysis in Structural
Mechanics, eds. W. Wunderlich, E. Stein, K.J. Bathe, Springer,
Berlin, 1981.

506. Oden J.T., Pires E.B. Algorithms and numerical results for
�nite-element approximations of contact problems with non-
classical friction laws // Computers and Structures, 1983, v.
19, p. 137-147.

507. Oden J.T., Pires E.B. Nonlocal and Nonlinear Friction Laws
and Variational Principles for Contact Problems in Elasticity
// J. Appl. Mech., 1983, v. 50, p. 67-76.

508. Oden J.T., Carey G.F. Finite Elements / Special Problems
in Solid Mechanics, Volume V, Prentice-Hall Inc., New Jersey,
1984.

509. Oden J.T., Pires E.B. Algorithms and numerical results for
�nite-element approximations of contact problems with non-
classical friction laws. Computers and Structures, 1984. V. 19.
P. 137-147.



234 Ñïèñîê ëèòåðàòóðû

510. Oden J.T., Martins J.A.C. Models and computational methods
for dynamic frictional phenomena, CMAME 1985. V. 52. P. 527-
634.

511. Oden J.T., Martins J.A.C. Models and computational methods
for dynamic frictional phenomena // Comp. Meth. Appl. Mech.
Engng., 1986, v. 52, p. 527-634.

512. Oden J.T., Lin T.L. On the general rolling contact problem for
�nite deformations of a viscoelastic cylinder // Comput. Meth.
Appl. Mech. Engng., 1986, p. 297-367.

513. Ogata Y., Yabe T. Shock capturing with improved numerical
viscosity in primitive Euler representation, Comp. Phys.
Comm., 1999, v. 119, p. 179.

514. Oishi A. Large-scale dynamic analyses with contact-impact
using the hierarchical domain decomposition method / Annual
report of Adventure Project ADV-99-1, Tokushima, 1999, p.
1-23.

515. Okamoto N., Nakazawa M. Finite Element Incremental
Contact Analysis with Various Frictional Conditions // Int. J.
Num. Meth. Engng, 1979, v. 14, p. 337-357.

516. Oldenburg M., Nilsson L. The position code algorithm for
contact searching // Int. J. Num. Meth. Engng, 1994, v. 37,
p.359-386.

517. Olo�son T., Klisinski M., Nedar P. Inner softening bands:
a new approach to localisation in �nite elements / Comput.
Modelling of Concrete Structures, Proc. of EURO-C Int. Conf.,
Edited by H.Mang, N. Bicanic and R. De Borst, Swansea:
Pineridge Press, 1994, p. 373-382.

518. Onate E., Oller S., Oliver J., Lubliner J. A constitutive model
for cracking of concrete based on the incremental theory of
plasticity, Engng Computations, 1988. V. 5. N. 4. P. 309-319.



Ñïèñîê ëèòåðàòóðû 235

519. Oran E.S., Boris J.P. Numerical Simulation of Reactive Flow,
Elsvier, New York, 1987.

520. Ortiz M., Pinsky P.M., Taylor R.L. Operator split methods for
the numerical solution of the elastoplastic dynamic problem.
Computer Methods in Applied Mechanics and Engineering,
1983. V. 39. P. 137-157.

521. Ortiz M., Quigley J.J. IV Adaptive Mesh Re�nement in Strain
Localization Problems // Comp. Meth. appl. Mech. Engng.,
1991, v. 90, p. 781-804.

522. Ortiz M. Computational micromechanics. Computational
Mechanics, 1996. V. 18. P. 321-338.

523. Ortiz M., Stainier L. The variational formulation of
viscoplastic constitutive updates. Computer Methods in
Applied Mechanics and Engineering, 1999. V. 171. P. 419-444.

524. Ortiz M., Repetto E.A. Nonconvex energy minimization and
dislocation structures in ductile single crystals. Journal of the
Mechanics and Physics of Solids, 1999. V. 47. No. 2. P. 397-462.

525. Osher S., Sethian J.A. Front propagating with curvature-
dependent speed: Algorithms based on Hamilton-Jacobi
formulations. // J. Comp. Phys., 1988, v. 79, p. 12.

526. Osher S., Fedkiw R. Level Set Methods: An Overview and
Some Recent Results // J. Comp. Phys., 2001, v. 169, p. 463-
502.

527. Osher S.J., Tryggvason G. Preface // J. Comp. Phys., 2001,
v. 169, No. 2, p. 249-249 (Special issue of JCP on methods for
multiphase �ows).

528. Osher S., Fedkiw R. The Level Set Method and Dynamic
Implicit Surfaces, Springer-Verlag, New York, 2002.



236 Ñïèñîê ëèòåðàòóðû

529. Ottosen N.S. A Failure criterion for concrete. J. of the Engng
Mechanics Division, ASCE, 1977. V. 103. No. 4. P. 527-535.

530. Ottosen N.S. Constitutive mechanics and numerical
computations, Sixth Nordic Seminar on Comput. Mech.,
Univ. of Lincoping, October 18-19, 1993. P. 55-70.

531. Owen D.R.J., Hinton E. Finite elements in plasticity: theory
and practice, Swansea: Pineridge Press, 1980. 594 p. ISBN 0-
906674-05-2.

532. Ozbolt J., Bazant Z.P. Numerical smeared fracture analysis:
nonlocal microcrack interaction approach. Int. J. for Numer.
Meth. in Engng, 1996. V. 39, pp. 635-661.

533. Padmanabhan V., Laursen T.A. A Framework for
Development of Surface Smoothing Procedures in Large
Deformation Frictional Contact Analysis // Finite Elements in
Analysis and Design, 2001, v. 37, p. 173-198.

534. Padovan J., Zeid I. Finite element analysis of steadily moving
contact �elds // Computers and Structures, 1984, v. 2, p. 111-
200.

535. Padovan J. Finite element analysis of steaduly and transiently
moving and rolling viscoelastic structure-I // Theory Comput.
Struct., 1987, v. 27, p. 249-257.

536. Padovan J., Padovan P. Modelling wear at intermittently
slipping high speed interfaces // Computers and Structures,
1994, v. 52, p. 795-812.

537. Pamin J., De Borst R. Gradient plasticity and �nite elements
in the simulation of concrete fracture. Comput. Modelling of
Concrete Structures, Proc. of EURO-C Int. Conf., Innsbruck-
Austria, Edited by H. Mang, N.Bicanic and R. De Borst.
Swansea, Pineridge Press, 1994. P. 393-402.



Ñïèñîê ëèòåðàòóðû 237

538. Panagiotopoulos P.D. Inequality Problems in Mechanics and
Applications. Birkhauser, Boston, 1985.

539. Pandol� P., Kane C., Marsden J.E., Ortiz M. Time-Discretized
Variational Formulation of Nonsmooth Frictional Contact //
Int. J. Num. Meth. Engng., 2001, 31 p.

540. Papadrakakis M., Ghionis P. Conjugate gradient algorithms
in nonlinear structural analysis problems, Comp. Meth. Appl.
Mech. Engng., 1986, v. 59, p. 11-27.

541. Papadopoulos P., Taylor R.L. A Mixed Formulation for the
Finite Element Solution of Contact Problems, Comp. Meth.
Appl. Mech. Engng., 1992, v. 94, p. 373-389.

542. Papadopoulos P., Taylor R.L. A Simple Algorithm for Three-
dimensional Finite Element Analysis of Contact Problems //
Computers and Structures, 1993, v. 46, p. 1107-1118.

543. Papadopoulos P., Jones R.E. On a Class of Finite Elements
for Frictionless Contact Problems, Recent Developments in
Finite Element Analysis, T. J. R. Hughes, E. Onate and O. C.
Zienkiewicz editors, Springer-Verlag/CIMNE, Barcelona, 1994,
p. 246-254.

544. Papadopoulos P., Jones R.E., Solberg J. A Novel Finite
Element Formulation For Frictionless Contact Problems, Int.
J. Num. Meth. Engng., 1995, v. 38, p. 2603-2617.

545. Papadopoulos P., Solberg J.M. A Hamiltonian Formulation for
Dynamic Contact Between Finitely Deforming Elastic Solids /
in Advances in Computational Engineering Science S.N. Atluri
and G. Yagawa editors, Tech Science Press, Forsyth, 1997, p.
1098-1103

546. Papadopoulos P., Solberg J.M. A Lagrange Multiplier Method
for the Finite Element Solution of Frictionless Contact
Problems // Math. Comp. Modelling, 1998, v. 28, p. 373-84.



238 Ñïèñîê ëèòåðàòóðû

547. Parisch H. A consistent tangent sti�ness matrix for three-
dimensional non-linear contact analysis // Int. J. Num. Meth.
Engng., 1989, v. 28, p. 1803-1812

548. Parisch H., Lubbing Ch. // Int. J. Num. Meth. Engng., 1997,
v. 40, p. 3359.

549. Park J., Anderson W.J. Geometric Optimization in Presence
of Contact Singularities // AIAA Journal, 1995, v. 33, No. 8,
p. 1503-1509.

550. Park K.C., Felippa C.A. A variational principle for the
formulation of partitioned structural systems // Int. J. Num.
Meth. Engrg., 2000, v. 47, p. 395-418.

551. Park K.C., Felippa C.A., Rebel G. A simple algorithm
for localized construction of nonmatching structural
interfaces,Center for Aerospace Structures, Report No.CU-
CAS-00-22, University of Colorado, Boulder, 2000.

552. Pasta J.R., Ulam S. Heuristic numerical work in some
problems of hydrodynamics // Math. Tables Aids Comput.
1959. 13.

553. Peric D., Owen D.R.J. Computational model for 3-d contact
problems with friction based on the penalty method // Int. J.
Num. Meth. Engng., 1992, v. 35, p. 1289-1309.

554. Peyret R., Taylor T.D. Computational Methods for Fluid
Flow, New York, Springer, 1990. P. 1-358.

555. Pfei�er F. Unilateral problems of dynamics // Archive of
Applied Mechanics, 1999, v.69, p. 503-527.

556. Pietrzak G., Curnier A. Continuum mechanics modelling
and augmented lagrangian formulation of multibody, large
deformation frictional contact problems / Comput. Plasticity,
Fundamentals and Applications, Edited by D.R.J. Owen, E.
Onate and E. Hinton, Barcelona,CIMNE, 1997, p. 878-883.



Ñïèñîê ëèòåðàòóðû 239

557. Pifco A.B., Winter R. Theory and application of �nite element
analysis to structural crash simulation // Computers and
Structures, 1981, v. 13, p. 277-285.

558. Pinsky P.M., Ortiz M., Taylor R.L. Operator split methods
for the numerical solution of the �nite-deformation elastoplastic
dynamic problem. Computers and Structures, 1983. V. 17. P.
345-359.

559. Pires E.B., Oden J.T. Analysis of contact problems with
friction under oscillating loads // Comp. Meth. Appl. Mech.
Engng., 1983. V. 39. P. 337-362.

560. Plimpton S., Attaway S., Hendrickson B., Swegle J., Vaughan
C., Gardner D. Transient Dynamics Simulations: Parallel
Algorithms for Contact Detection and Smoothed Particle
Hydrodynamics // J. Parallel and Distributed Computing,
1998, v. 50, p. 104-122.

561. Praskacz E.J. On impact-contact algorithms for parallel
distributed-memory computers / Computational Mech. '95
(Proceedings of the Int. Conf. on Comp. Engng Scirnce,
Hawaii,USA), 1995, p. 369-374.

562. Puckett E.G., Saltzman J.S. A 3D adaptive mesh re�nement
algorithm for multimateral gas dynamics. // Physica, 1992, v.
D60, p. 84.

563. Puckett E.G., Almgren A.S., Bell J.B., Marcus D.L., Rider
W.J. A high-order projection method for tracking �uid
interfaces in variable density incompressible �ows. // J. Comp.
Phys., 1997, v. 130, p. 269.

564. Puso M.A., Laursen T.A. A 3D Contact Smoothing Method
Using Gregory Patches // Int. J. Num. Meth. Engng., 2002.

565. Rabier P.J., Martins J.A.C., Oden T,J., Campos L. Existence
and local uniqueness of solutions to contact problems in



240 Ñïèñîê ëèòåðàòóðû

elasticity with nonlinear friction laws // Int. J. Engng. Sci.,
1986, v. 24, p. 1755-1768.

566. Rabier P.J., Oden J.T. Solution to Signorini-like contact
problems through interface models. 1. Preliminaries and
formulation of a variational equality // Nonlinear Analysis
Theory Methods and Applications, 1987, v. 11, p. 1325-1350.

567. Rabier P.J., Oden, J.T. Solution to Signorini-like contact
problems through interface models. 2. existence and uniqueness
theorems // Nonlinear Analysis Theory Methods and
Applications, 1988, v. 12, p. 1-17.

568. Radovitzky R., Ortiz, M. Error estimation and adaptive
meshing in strongly nonlinear dynamic problems. Computer
Methods in Applied Mechanics and Engineering, 1999. V. 172.
P. 203-240.

569. Rannacher R., Suttmeier F.T. A posteriory Error Control in
Finite Element Methods via Duality Techniques: Application to
Perfect Plasticity, // Comp. Mech, 1999.

570. Raous M. (Ed.) Numerical methods in mechanics of contact
involving friction // J. de Mechanique Theorique et Appliquee,
Special Issue, Supp. 1 to vol. 7, Gauthier-Villars, 1988.

571. Rashid M.M. The arbitrary local mesh re�nement method:
an alternative to remeshing for crack propagation analysis //
Comp. Meth. Appl. Mech. Engng. 1998, v. 154, p. 133-150.

572. Rider W.J., Kothe D.B. Stretching and Tearing Interface
Tracking Methods / Technical Report AIAA - 95-0699, AIAA,
1995 (Available at www.c3.lan1.gov/�wjr/publ.html).

573. Riedel H., Sun D.-Z. Simulation of die pressing and sintering
of powder metals, hard metals and ceramics / Num. Meth. in
Indust. Proc., Chenot, Wood and Zienkievicz (Eds.), Balkema,
Rotterdam, 1992, p. 883-886.



Ñïèñîê ëèòåðàòóðû 241

574. Ringers B.E. New sliding surface techniques enable lagrangian
code to handle deep target penetration/perforation problems
// Lect. Notes Engng, 1983, No. 3, p. 36-46.

575. Rots J.G., Nauta P., Kusters G.M.A., Blaauwendraad J.
Smeared crack approach and fracture localisation in concrete,
Reron, 1985. V. 30. No. 1. P. 1-48.

576. Rots J.G. Smeared and discrete representations of localised
fracture. Int. J. of Failure, 1991. V. 51. P. 45-59.

577. Rvachev V.L., Sheiko T.I. R-functions in boundary value
problems in mechanics // AMR, 1995, v. 48(4), p. 151-188

578. Sachdeva T.D., Ramakrishnan C.V. A Finite Element Solution
for the Two-dimensional Elastic Contact Problems with Friction
// Int. J. Numer. Meth. Engng., 1981, v. 17, p. 1257-1271.

579. Saleeb A.F., Chen K., Chang T.Y.P. An e�ective two-
dimensional frictional contact model for arbitrary curved
geometry // Int. J. Num. Meth. Engng., 1994, v. 37, p. 1297-
1321

580. Santos A., Makinouchi A. // J. Mater. Proc. Tech., 1993, v.
50, p. 277.

581. de Saracibar A., Chiumenti M. Numerical Analysis of
Frictional Wear Contact Problems. Computational Model and
Applications, to appear in Comp. Meth. Appl. Mech. Engng.,
1998.

582. Schweizerhof K., Hallquist J.O. Explicit integration schemes
and contact formulations for thin metal forming. FE-simulation
of 3-D sheet metal forming processes in automotive industry /
VDI Berichte 894, Zurich-Switserland, Dusseldorf: VDI Verlag,
1991, p. 405-439.

583. Schweizerhof K., Hallquist J.O., Wainscott B. Improvements
in contact algorithms for the simulation of thin sheet metal



242 Ñïèñîê ëèòåðàòóðû

forming with explicit �nite element programs / In: Num.
Meth. in Industrial Forming Processes. Proc. of NUMIFORM
92, Valbonne-France, Edited by J.L. Chenot, R.D. Wood and
O.C.Zienkiewicz, Rotterdam: Balkema, 1992, p. 535-542.

584. Sethian J.A. Level Set Methods. Evolving Interfaces in
Geometry, Fluid Mechanics, Computer Vision, and Materials
Science, Cambridge University Press, 1996.

585. Sethian J.A. Tracking interfaces with level sets // American
Scientist, 1998, v. 85, p. 254.

586. Sethian J.A. Level Set Methods and Fast Marching
Methods: Evolving Interfaces in Computational Geometry,
Fluid Mechanics, Computer Vision, and Materials Science,
Cambridge, England: Cambridge University Press, 1999.

587. Sethian J., Evolution, Implementation, and Application of
Level Set and Fast Marching Methods for Advancing Fronts
// J. Comp. Phys., 2001, 169, p. 503-555.

588. Shai I., Santo M. Heat transfer with contact resistance // Int.
J. Heat Mass Transfer, 1982, v. 24, 465-470.

589. Sharif N.H., Wiberg N.-E. Stationary level set method for
modeling sharp interfaces in groundwater �ow / Preprint
2001:06, Chalmers University, Goteborg, 2001. Available
at http://www.phi.chalmers.se/pub/preprints/pdf/- phiprint-
2001-06.pdf

590. Shyy W., Francois M., Udaykumar H.S., N'dri N., Tran-Son-
Tay R. Moving boundaries in micro-scale bio�uid dynamics //
AMR, 2001, v. 54(5), p. 405-453.

591. Signorini A. Sopra alcune questione di elastostatica // Atti
Soc. Ital. Progr. Sci., 1933, p. 513-533.



Ñïèñîê ëèòåðàòóðû 243

592. Signorini A. Questioni di elasticitanon linearizzata o
semilinearizzat e semilinearizzata // Rend. di Matem. e delle
sue appl., 1959, T. 18, No. 1-2, p. 95-139.

593. Simo J.C., Wriggers P., Taylor R.L. A Perturbed Lagrangian
Formulation for the Finite-element Solution of Contact
Problems // Comp. Meth. Appl. Mech. Engng., 1985, v. 50,
p. 163-180.

594. Simo J.C., Wriggers P., Schweizerhof K.H., Taylor R.L. Finite
deformation post-buckling analysis involving inelasticity and
contact constraints // Int. J. Num. Meth. Engng., 1986, v. 23,
p. 779-800.

595. Simo J.C., Laursen T.A. An augmented lagrangian treatment
of contact problems involving friction // Computer and
Structures, 1992, v. 42, p. 97-116.

596. Simo J., Oliver J., Armero F. An analysis of strong
discontinuities induced by softening solutions in rate-
independent solids // J. Comp. Mech., 1993, v. 12, p. 277-296.

597. Simon J.C. On a fully three-dimensional �nite strain
viscoelastic damage model: formulation and computational
aspects // Comp. Meth. Appl. Mech. Engng., 1991, v. 60, p.
153-173.

598. Simons J.W., Bergan P.G. A �nite element formulation of
three- dimensional contact problems with slip and friction //
J. Comp. Mech., 1986, v. 1, p. 153-164.

599. Soltani B., Mattiasson K., Samuelsson A. Implicit and
dynamic explicit solutions of blade forming // Seventh Nordic
Siminar on Comput. Mech. Abstracts. The Norvegian Inst. of
Techn. Univ. of Trondheim. October 4-5, 1994. P. 78-80.



244 Ñïèñîê ëèòåðàòóðû

600. Stadter J.T., Weiss R.O. Analysis of Contact through Finite
Element Gaps // Computers and Structures, 1979, v. 10, p.
867-873.

601. Stampacchia G., Lions J.L. Inequations variationnelles non
coercives // C. R. Acad. Sci, Paris, 1965, v. 261, p. 25-27.

602. Stampacchia G., Lions J.L. Variational inequalities // Com.
Pure Appl. Math., 1967, v. 20, p. 493-519.

603. Stecher F.P., Johnson G.C. Lagrangian computations for
projectile penetration into thick plates / in: W.A.Gruver, ed.,
Computers in Engineering, Vol. 2, ASME, New York, 1984,
G00240.

604. Stechschulte R.A., Luchini J.R. A laminated composite solid
element and its application to tire analysis // Tire Sci. Technol.,
TSTCA, 1987, v. 15, p. 42-57.

605. Stein E., Wriggers P. Calculation of impact contact
problems of thin elastic shells taking into account geometrical
nonlinearities within the contact region. Comp. Meth. Appl.
Mech. Engng., 1982, v. 34, p. 861-880.

606. Stromberg N. A Newton method for three dimensional fretting
problems. European Journal of Mechanics A/Solids, 1997. V.
16. P. 573-593.

607. Sumi Y. Computational crack path prediction // Theoret.
Appl. Fract. Mech., 1985, v. 4, pp. 149-156.

608. Sun S.M., Tzou H.S., Natori M.C. Parametric quadratic
programming method for dynamic contact problems with
friction // AIAA J., 1994, v. 32, No. 2, p. 371-378.

609. Sussman M., Smereka P., Osher S. A level set approach for
computing solutions to incompressible two-phase �ow // J.
Comp. Phys., 1994, v. 114, p. 146.



Ñïèñîê ëèòåðàòóðû 245

610. Sussman M., et al. An adaptive level set approach for
incompressible two-phase �ows // J. Comp. Phys., 1999, v. 148,
p. 81.

611. Sweby P.K. High resolution schemes using �ux limiters for
hyperbolic conservation laws. // SIAM J. Num. Anal., 1984, v.
21, p. 995.

612. Szymczak W.G., Rogers J.C.W., Solomon J.M., Berger A.E. A
numerical algorithm for hydrodynamic free boundary problems
// J. Comp. Phys., 1993, v. 106, p. 319-336.

613. Tada Y., Nishihara N. Optimum Shape Design of Contact
Surface with Finite Element Methods // Advances in
Engineering Software, 1993, v. 18, p.75-85.

614. Tabor D. Friction - The Present state of Our Understanding
// J. Lubr. Technology, 1981, v. 103, p. 169-179.

615. Le Tallec P., Numerical methods for solids / In: Ciarlet, P.G.,
Lions, J. L. (eds.), Handbook of Numerical Analysis. North-
Holland, 1994.

616. Le Tallec P. Numerical models of steady rolling for non-linear
viscoelastic structures in �nite deformations // Int. J. Num.
Meth. Engng., 1994, v. 37, p. 1159-1186.

617. Tanaka R., Nakamura T., Yabe T., Wu H. A class of
conservative formulation of the CIP method. // CFD J., 1999,
v. 8, p. 1.

618. Tanaka R., Nakamura T., Yabe T. Constructing an exactly
conservative scheme in a non-conservative form. // Comp. Phys.
Comm., 2000, v. 126, p. 232.

619. Tarzia D.A. A bibliography on moving-free boundary problems
for the heat-di�usion Stefan problem. University di Ferenze,
Technical Report, 1988.



246 Ñïèñîê ëèòåðàòóðû

620. Taylor R.L., Papadopoulos P. On a Finite Element Method
for Dynamic Contact/Impact Problems / In: Finite Elements
in the 90's , E. Onate, J. Periaux and A. Samuelson editors,
Springer-Verlag/CIMNE, Barcelona, 1991, p. 212-224,

621. Taylor R.L., Papadopoulos P. On a Patch Test for Contact
Problems in Two Dimensions / In: Nonlinear Computational
Mechanics, P. Wriggers and W. Wagner editors, Springer-
Verlag, Berlin, 1991. p. 690-702.

622. Taylor R.L., Papadopoulos P. On a Finite Element Method
for Dynamic Contact/Impact Problems // Int. J. Num. Meth.
Engng., 1993, v. 36, p. 2123-2140,

623. Terzopoulos D., Platt J., Barr A., Fleischer K., Elastically
deformable models / In: Proc. of SIGGRAPH'87, Computer
Graphics, 1987, v. 21, No. 4, pp. 205-214.

624. Truesdell C., ed., Continuum Mechanics (reprints). New York:
Gordon and Breach v. I. 1966; v. II. 1965.

625. Truesdell C. and Noll, W. The Non-Linear Field Theories of
Mechanics, in Encyclopedia of Physics, v. III/3, ed. S. Flugge.
Berlin: Springer-Verlag. 1965.

626. Truesdell C. A simple example of an initial-value problem with
any desired number of solutions. Ist. Lombardo Accad. Sci. Lett.
Rend. A, 1974. V. 108. P. 301-304.

627. Truesdel C. A First Course in Rational Continuum Mechanics,
General Concepts, v. 1, Academic Press, New York, 1977.

628. Tomita Y. Simulations of plastic instabilities in solid
mechanics. AMR 1994, v. 47(6) Part 1, p. 171-205; A. S.
Kobayashi (ed.) AMR, 1994, v. 47(6) Part 2.

629. Thompson E. Use of Pseudo-Concentrations to Follow
Creeping Viscous Flows During Transient Analysis // Int. J.



Ñïèñîê ëèòåðàòóðû 247

Num. Meth. Fluids, 1986, v. 6, pp. 749-761; Proc. of the Third
Inter. Conf. Numer. Meth. in Fluid Dynamics, Lecture Notes in
Physics, v. 18, Springer Verlag N.Y., 1986, pp. 163-173.

630. Tompson J.F., Soni B.K., Weatherill N.P. (Eds.) Handbook of
grid generation, CRC Press, Boca Raton, FL, 1999.

631. Toro E.T. Riemann Solvers and Numerical Methods for Fluid
Dynamics // Berlin, Springer-Verlag, 1997.

632. Tseng J., Olson M.D. The Mixed Finite Element Method
Applied to Two-dimensional Elastic Contact Problems, Int. J.
Num. Meth. Engng., 1981, v. 17, p. 991-1014.

633. Twodzydlo W.W., Liszka T.J., Reddy M.P., Westermann
T.A., Yavari B.B. H-p adaptive FEA and error estimation in
engineering applications, theoretical background and practical
experiences / In: Fifth Pan American Congress on Applied
Mechanics, PACAM V, San Juan, Puerto Rico, 1997.

634. Udaykumar H.S., Mittal R., Shyy W. Computation of Solid-
Liquid Phase Fronts in the Sharp Interface Limit on Fixed Grids
// J. Comp. Phys., 1999, v. 153, p. 535-574.

635. Unverdi S.O., Truggvason G. A front-tracking projection
method for viscous, incompressible, multi-�uid �ows // J.
Comp. Phys. 1992, v. 100, p. 25-37.

636. de Vahl Davis G. and I. P. .Jones. Natural convection in square
cavity: A comparison exercise. Intern. J. Numer. Meth. Fluids.
1983. V. 3. P. 227.

637. Verfuhrt R. A Review of a posteriory error estimation
and adaptive mesh re�nement techniques //Technical report,
Institut fur Angewandte Mathematik, Universitat, Zurich, 1993.

638. Wakisaka T., Takeuchi S., Chung J.H. A numerical study on
the mixture formation process in fuel injection engines by means
of the CIP method. // CFD J., 1999, v. 8, p. 82.



248 Ñïèñîê ëèòåðàòóðû

639. Walter H., Baillet L., Brunet M. 3D �nite element modelling of
crack propagation in concrete during pull-out and shear tests of
anchors. Fracture and Damage Mechanics, Londres-Angleterre,
Edite par M.H.Aliabadi, 1999. P. 403-411.

640. Wang S.P., Nakamachi E. The inside-outside search algorithm
for �nite element analysis // Int. J. Num. Meth. Engng, 1997,
v. 40, p. 3665-3685.

641. Welch J.E., Harlow F.H., Shannon J.P., Daly B.J. The MAC
method Los Alamos Scienti�c Laboratory Report, LA-3425,
1965.

642. Wheeler A. A. Four test problems for the numerical simulation
of �ow in Chochralski crystal growth, J. Crystal Growth, 1990.
V. 99. P. 910.

643. White L., Oden J.T. Dynamics and control of viscoelastic
solids with contact and friction e�ects // Nonlinear Analysis
Theory Methods and Applications, 1989, v. 13, p. 459-474.

644. Wikstrom N. A literature survey aiming to shed some
light on the cavitation simulation problem, 2000, available at
http://www.na.chalmers.se/ �niklasw/documents/survey.pdf

645. Wilkins M.L. Calculation of elastic-plastic �ow / In: Methods
in Computational Physics, v. 3, Fundamental methods in
Hydrodynamics, Academic Press, New York, 1964, p. 211-263.

646. Wilkins M.L. Mechanics of penetration and perforation // Int.
J. Engng. Sci., 1978, v. 16, p. 793-807.

647. Wilkins M.L. Computer simulation of penetration phenomena
/ In: Ballistic materials and penetration mechanics, Roy C.
Laible (Ed.), Amsterdam, New York, Oxford, 1980, p. 225-252.

648. Wilkins M.L. Use of arti�cial viscosity in multidimensional
�uid dynamic calculations. // J. Comp. Phys., 1980, v. 36, p.
281.



Ñïèñîê ëèòåðàòóðû 249

649. Wilkins M.L. Computer Simulation of Dynamic Phenomena.
Springer-Verlag, New York, 1999.

650. Wilson E.A., Parsons B. Finite Element Analysis of Elastic
Contact Problems using Di�erential Displacements. // Int. J.
Num. Meth. Engng., 1970, v. 2, p. 387-395.

651. Woo K.L., Thomas T.R. Contact of Rough Surfaces: A Review
of Experimental Works // Wear, 1980, v. 58, p. 331-340.

652. Woodward P.Y., Colella P. The numerical simulation of two-
dimensional �uid �ow with strong shocks. // J. Comp. Phys.,
1984, v. 54, p. 115.

653. Wriggers P., Simo J.C. A Note on Tangent Sti�ness for Fully
Nonlinear Contact Problems // Comm. Appl. Num. Meth.,
1985, v. 1, p. 199-205.

654. Wriggers P., Wagner W., Stein E. Algorithms for Nonlinear
Contact Constraints with Application to Stability Problems of
Rods and Shells, // J. Comp. Mech., 1987, v. 2, p. 215-230.

655. Wriggers P., Van T.V., Stein E. Finite-element formulation
of large deformation impact-contact problems with friction. //
Computers and Structures, 1990, v. 37, p. 319-331.

656. Wriggers P., Zavarise G. Thermomechanical Contact - A
Rigorous but Simple Numerical Approach // Computers and
Structures, 1993, v. 46, p. 47-53.

657. Wriggers P., Imhof M. On the Treatment of Nonlinear
Unilateral Contact Problems. // Archive of Applied Mechanics
Ingenieur Archiv, 1993, v. 63, p. 116-129.

658. Wriggers P., Zavarise G. Application of Augmented
Lagrangian Techniques for Nonlinear Constitutive Laws
in Contact Interfaces // Comm. Num. Meth. Engng., 1993, v.
9, p. 815-824.



250 Ñïèñîê ëèòåðàòóðû

659. Wriggers P., Miehe C. Contact Constraints within Coupled
Thermomechanical Analysis - A Finite Element Model. //
Comp. Meth. Appl. Mech. Engng., 1994, v. 113, p. 301-319.

660. Wriggers P., Scherf O., Carstensen C. Adaptive techniques for
the contact of elastic bodies / in: T.J.R. Hughes, E. Onate, O.C.
Zienkievicz (Eds.), Recent Developments in Finite Element
Analysis, CIMNE, Barcelona, 1994, pp. 78-86.

661. Wriggers P. Finite Element Algorithms for Contact Priblems.
// Archive Comp. Meth. Engng., 1995, v. 2, p. 1-49.

662. Wriggers P., Scherf O. An adaptive �nite element technique
for nonlinear contact problems // Comput. Mech., 1995, v. 17,
p. 88-97.

663. Wriggers P., Zavarise G. On contact between 3-dimensional
beams undergoing large de�ections. Communications in
Numerical Methods in Engineering, 1997. V. 13. P. 429-438.

664. Wriggers P., Scherf O. Adaptive �nite element techniques for
frictional contact problems involving large elastic strains. //
Comp. Meth. Appl. Mech. Engng., 1998, v. 151, p. 593-603.

665. Wriggers P., Panagiotopoulos P. (Eds.) New Developments in
Contact Problems // CISM courses and lectures, No.384, Udine,
Springer-Verlag, Wien, New York, 1999, P. 1-246.

666. Xie Y.M., Steven G.P. A Simple Evolutionary Procedure for
Structural Optimization // Computers and Structures, 1993, v.
49, p. 885-896,

667. Xie Y.M., Steven G.P. Evolutionary Structural Optimization,
Springer-Verlag, Berlin, 1997.

668. Xing H.-L., Fujimoto T., Makibouchi A., Nikishkov G.P.
Static-explicit FE modeling of 3-d large deformation multibody
contact problems on parallel conputer / In: Simulation of



Ñïèñîê ëèòåðàòóðû 251

Material Processing: Theory, Methods, Applications. Huetink,
Baajiens (Eds.), Balkema, Rotterdam, 1998, p. 207-212.

669. Xing H.-L., Makinouchi A. A node-to-point contact element
strategy and its applications, RIKEN Review No. 30, 2000.

670. Yagawa G., Soneda N., Yosimura S. A large scale �nite element
analysis using domain decomposition method on a parallel
computer // Computers and Structures, 1991, v. 38, p. 615-
625.

671. Yagawa G., Sgioya R. Parallel �nite elements on a massively
parallel computer with domain decomposition // Computing
Systems Engng., 1993, v. 4, p. 495-503

672. Yagawa G., Yoshioka A., Yoshimira S., Soneda N. A parallel
�nite element method with a supercomputer network. //
Computers and Structures, 1993, v. 47, p. 407-418.

673. Yoon S.Y., Yabe T. The uni�ed simulation for incompressible
and compressible �ow by the predictor-corrector scheme based
on the CIP method, Comput. Phys. Commun., 1999, v. 119, p.
149.

674. Yovanovich M. M. Thermal Contact Correlations, AIAA
Paper, 81-1164, 1981.

675. Zavarise G., Wriggers P., Stein E., Schre�er B.A. A Numerical
Model for Thermomechanical Contact based on Microscopic
Interface Laws. // Mechanics Research Comm., 1992, v. 19,
p. 173-182.

676. Zavarise G., Wriggers P., Stein E., Schre�er B.A. Real
contact mechanisms and �nite-element formulation - a coupled
thermomechanical approach. // Int. J. Num. Meth. Engng.,
1992, v. 35, p. 767-785.

677. Zavarise G., Wriggers P., Schre�er B.A. On Augmented
lagrangian Algorithms for Thermomechanical Contact



252 Ñïèñîê ëèòåðàòóðû

Problems with Friction // Int. J. Num. Meth. Engng.,
1995, v. 38, p. 2929-2949.

678. Zavarise G., Wriggers P., Schre�er B.A. A Method for Solving
Contact Problems // Int. J. Num. Meth. in Engng., 1998, v. 42,
p. 473-498.

679. Zhong Z.H. A contact searching algorithm for general 3-D
contact-impact problems. / Dissertation no. 178, Linkoping
Institute of Technology, 1988.

680. Zhong Z.-H., Nilsson L. A contact searching algorithm for
general contact problems. // Computers and Structures, 1989,
v. 33, p. 197-209.

681. Zhong Z.H., Mackerle J. Static Contact Problems - A Review,
// Engineering Computations, 1992, v. 9, p. 3-37.

682. Zhong Z.H., Mackerle J. Contact-impact Problems: A Review
with Bibliography. // ASME Transactions, Appl. Mech. Rev.,
1993, v. 47(2), p. 55-76.

683. Zhong Z.H. Finite Element Procedures for Contact-impact
Problems, Oxford University Press Inc., Oxford, 1993.

684. Zhong Z.H., Nilsson L. Automatic contact searching algorihm
for dynamic inite element analysis // Computers and
Structures, 1994, v. 52, N. 2, p. 187-197.

685. Zhong Z.H., Nilsson L. Lagrange multiplier approach for
evaluation of friction in explicit �nite-element analysis. //
Communications in Numerical Methods in Engng, 1994, vol.
10, p. 249-255.

686. Zhu T., Atluri S.N. A Modi�ed Collocation Method
and a Penalty Formulation for Enforcing the Essential
Boundary Conditions in the Element Free Galerkin Method //
Computational Mechanics, 1998, v. 21, p. 211-222.



Ñïèñîê ëèòåðàòóðû 253

687. Zhuang Y. Real-time simulation of physically-realistic
global deformations. / PhD thesis, Department of Electrical
Engineering and Computer Science, University of California,
Berkeley, 2000.

688. Ziegler H. Some extremum principles in irreversible
thermodynamics with applications to continuum mechanics, in
Progress in Solid Mechanics, eds. I. N. Sneddon and R. Hill,
1966. Vol.4, Amsterdam: North - Hollabd Publ.

689. Zukas J.A., Nickolas T., Swift H.F., Greszuk L.B., Curran D.R.
Impact dynamics, New York, Wiley, 1982 ( Ïåðåâîä: Çóêàñ
Äæ. À., Íèêîëàñ Ò., Ñâèôò Õ.Ô., Ãðåùóê Ë.Â., Êóððàí Ä.Ë.
Äèíàìèêà óäàðà, Ì., Ìèð, 1985, 296 ñ.)


