
�o±±¨©±ªa¿ Aªa¤e¬¨¿ a³ª

�±²¨²³² ¯°o¡«e¬ ¬eµa¨ª¨

�.�.�³°a£o

�¨±«eoe °¥¸¥¨¥ § ¤ · ���

c ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥« 

�¨±±e°²a¶¨¿ a ±o¨±ªa¨e ³·eo© ±²e¯e¨

¤oª²o°a ´¨§¨ªo-¬a²e¬a²¨·e±ª¨µ a³ª

¯® ±¯¥¶¨ «¼®±²¨ 01.02.04 - ¬¥µ ¨ª 

¤¥´®°¬¨°³¥¬®£® ²¢¥°¤®£® ²¥« 

Mo±ª¢a 2003 £.

1



�®² ¶¨¿

� ¤¨±±¥°² ¶¨¨ ¯°¥¤±² ¢«¥® ®¤® ¨§ ¢®§¬®¦»µ °¥¸¥¨©  ª²³ «¼®©

 ³·®-²¥µ¨·¥±ª®© ¯°®¡«¥¬» ±®§¤ ¨¿ ¬ ²¥¬ ²¨·¥±ª®£® ®¡¥±¯¥·¥¨¿ ¤«¿

·¨±«¥®£® °¥¸¥¨¿ § ¤ · ¥«¨¥©®© ²¥°¬®¬¥µ ¨ª¨ ® ¡®«¼¸¨µ ¤¥´®°-

¬ ¶¨¿µ ³¯°³£®¢¿§ª®¯« ±²¨·¥±ª¨µ ±°¥¤ ± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥« 

(ª®² ª²»¬¨, ¬¥¦´ §»¬¨, ±¢®¡®¤»¬¨).

� ¤¨±±¥°² ¶¨¨ ¯°¥¤«®¦¥  ¬®¤¨´¨ª ¶¨¿ ²¥°¬®¤¨ ¬¨·¥±ª®£® ¬¥²®¤ 

¯ ° ¬¥²°®¢ ±®±²®¿¨¿, ¯®§¢®«¿¾¹ ¿ ¢»¢®¤¨²¼ ®¯°¥¤¥«¿¾¹¨¥ ±®®²®¸¥-

¨¿ ¤«¿ ±¯«®¸»µ ±°¥¤, ¯®±²³«¨°³¿  ¡®° ®¯°¥¤¥«¿¾¹¨µ ¯ ° ¬¥²°®¢ ¨ ¤¢¥

´³ª¶¨¨ - ±¢®¡®¤³¾ ½¥°£¨¾ ¨ ±ª®°®±²¼ ¤¨±±¨¯ ¶¨¨, ¥ ²°¥¡³¾¹³¾ ¯°¨-

¢«¥·¥¨¿ ¤®¯®«¨²¥«¼»µ ½ª±²°¥¬ «¼»µ ¯°¨¶¨¯®¢. �   ´®°¬³«¨°®¢ª 

³° ¢¥¨© ��� ¢ ¯®¤¢¨¦»µ  ¤ ¯²¨¢»µ ª®®°¤¨² ² µ. �°¥¤«®¦¥»

³° ¢¥¨¿ ³¯° ¢«¥¨¿ ¯®¤¢¨¦»¬¨ ª®®°¤¨ ² ¬¨,   «®£¨·»¥ ³° ¢¥-

¨¿¬ ¥«¨¥©®© ²¥°¬®³¯°³£®±²¨. �®«³·¥» ²¥°¬®¤¨ ¬¨·¥±ª¨ ª®°°¥ª²-

»¥ ®¡¹¨¥ ³° ¢¥¨¿ ¤«¿ ²¥®°¨¨ ¯®¢°¥¦¤ ¾¹¥©±¿ ³¯°³£®¢¿§ª®¯« ±²¨·¥-

±ª®© ±°¥¤» ¨ ²¥®°¨¨ ª®±®«¨¤ ¶¨¨ (±¯¥ª ¨¿) ¯®°®¸ª®¢»µ ª®¬¯®§¨²®¢.

�«¿ °e¸e¨¿ e±²a¶¨oa°»µ ¤¢³¬e°»µ ¨ ²°eµ¬e°»µ §a¤a· ²¥°¬®-

¬eµa¨ª¨ ¤¥´®°¬¨°³¥¬»µ ±°¥¤ °a§°a¡o²a °¿¤ ¿¢»µ ¨ e¿¢»µ ±µe¬ a

o±o¢e ªoe·o-½«e¬e²o© a¯¯°oª±¨¬a¶¨¨ ± ¨±¯o«¼§o¢a¨e¬ ¯o¤¢¨¦»µ

e°e£³«¿°»µ  ¤ ¯²¨¢»µ ±e²oª, e¯°e°»¢»µ ¨ ¤¨±ª°e²»µ ¬a°ªe°o¢.

� §° ¡®²  °¿¤  «£®°¨²¬®¢ ° ±·¥²  ¯®¤¢¨¦»µ ªo²aª²»µ, ¬¥¦´a§»µ

¨ ±¢®¡®¤»µ £° ¨¶. �°¥¤«®¦¥»¥ ¬¥²®¤» ¨  «£®°¨²¬» °¥ «¨§®¢ » ¢

¬®£®¶¥«¥¢®© ª®¬¯¼¾²¥°®© ¯°®£° ¬¬¥ �����.

� ¯®¬®¹¼¾ ° §° ¡®² »µ ¬¥²®¤®¢ ¨ ¯°®£° ¬¬» ����� ¨§³·¥

¸¨°®ª¨© ª« ±± ²¥µ®«®£¨·¥±ª¨µ ¨ ¯°¨°®¤»µ ¯°®¶¥±±®¢ ² ª¨µ ª ª

¢»±oªo±ªo°o±²»¥ ±o³¤a°e¨¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ° §°³¸ ¾¹¨µ±¿ ²¥«,

¸²a¬¯o¢ª , ±¯eªa¨¥, °o±² ª°¨±²a««o¢. �»¿¢«¥» ®±®¡¥®±²¨ ³ª § »µ

¯°®¶¥±±®¢ ¨ ¨§³·¥» ±®¯³²±²¢³¾¹¨¥ ´¨§¨·¥±ª¨¥ ½´´¥ª²».
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�¢e¤e¨e

� ¤¨±±¥°² ¶¨¨ ¯®«³·¥® °¥¸¥¨¥ ¢ ¦®©  ³·®-²¥µ¨·¥±ª®© ¯°®¡«¥¬»

- ±o§¤a¨¿ ¨²e£°¨°o¢a®£® ¯aªe²  ¯°o£°a¬¬ (A�T�A) ¤«¿ °¥¸¥¨¿ ¸¨-

°®ª®£® ª°³£  ¥«¨¥©»µ § ¤ · ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤», ¢ª«¾· ¾¹¥£®

ª®² ª²»¥ § ¤ ·¨ ª¢ §¨±² ²¨ª¨ ¨ ¤¨ ¬¨ª¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤,

§ ¤ ·¨ ® ° §°³¸¥¨¨ ¨ ª®±®«¨¤ ¶¨¨ ¬ ²¥°¨ «®¢, § ¤ ·¨ ´®°¬®¢ ¨¿ ¨

¸² ¬¯®¢ª¨ ¨§¤¥«¨©, ¥±² ¤ °²»¥ § ¤ ·¨ ® ²¥·¥¨¿ ¥±¦¨¬ ¥¬®© ¢¿§-

ª®© ±°¥¤» ± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥« , § ¤ ·¨ ® °®±²¥ ª°¨±² ««®¢ ¨

±¯¥ª ¨¨.

� ¯¥°¢®© £« ¢¥ ¤    «¨§ ° ¡®² ¯® ¬¥²®¤ ¬ ·¨±«¥®£® °¥¸¥¨¿ § ¤ ·

��� ± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥« .

�® ¢²®°o© £«a¢e ¯°e¤±²a¢«ea ¯o±²ao¢ªa ®¡¹¥© §a¤a·¨ ��� ¢ ¯o¤¢¨¦-

»µ ªoo°¤¨a²aµ.

� ²°¥²¼¥© £«a¢¥ o¯¨±a» ° §° ¡®² »¥ ·¨±«e»¥  «£®°¨²¬» ¤«¿

°a±·e²a ²e·e¨© e«¨e©»µ ±¯«o¸»µ ±°e¤.

� ·¥²¢¥°²®© £« ¢¥ ¯°¨¢¥¤¥® ®¯¨± ¨¥ ²¨¯¨·»µ ·¨±«¥»µ °¥¸¥¨©,

¯®«³·¥»µ ± ¨±¯®«¼§®¢ ¨¥¬ ° §° ¡®² »µ ²¥®°¨¨, ¬¥²®¤®¢ ¨ ¯°®-

£° ¬¬» �����.

�»¢®¤» ¨ ¯¥°¥·¥¼ ®±®¢»µ °¥§³«¼² ²®¢ ¤¨±±¥°² ¶¨¨, ¢»®±¨¬»µ  

§ ¹¨²³, ¯°¨¢¥¤¥ ¢ � ª«¾·¥¨¨.

�o ±o¤e°¦a¨¾ ¤¨±±¥°² ¶¨¨ ±¤e«ao ¡®«¥¥ 70 ¯³¡«¨ªa¶¨©, ¨§ ªo²o°»µ

¯o«o¢¨³ ±o±²a¢«¿¾² ¤oª«a¤» a ªo´e°e¶¨¿µ, o²°a¦e»e ¢ ª°a²ª¨µ

²e§¨±aµ, e¹e ·e²¢e°²¼ ±o±²a¢«¿¾² o²·e²» ¯o ¯°oeª²a¬. O±²a¢¸³¾±¿ ·¥-

²¢¥°²¼ ±o±²a¢«¿¾² ±²a²¼¨ ¯o o²¤e«¼»¬ ¢o¯°o±a¬ °a¡o²» (®ª®«® 15). �¢-

²®° ¨¬¥¥² ¤®¯®«¨²¥«¼® ¡®«¥¥ 20 ¯³¡«¨ª ¶¨© ¯® ¢®¯°®± ¬ ¬ ²¥¬ ²¨ª¨ ¨

¬¥µ ¨ª¨, ¢»µ®¤¿¹¨¬ §  ° ¬ª¨ ¤¨±±¥°² ¶¨¨.
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£® �±¥±.±¨¬¯. ¯® ° ±¯°®±²° ¥¨¾ ³¯°³£¨µ ¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ¢®«,

�«¬ -�² : � ³ª , 1971. C. 93.

2. �³° £® �.�., �³ª³¤¦ ®¢ �.�. � ±¯°®±²° ¥¨¥ ³¯°³£®¢¿§ª®¯« ±²¨-

·¥±ª¨µ ¢®« ¢ ±°¥¤ µ ± § ° §¤»¢ ¨¥¬ ²¥ª³·¥±²¨ // � ª¨£¥ "� ±¯°®±²° -
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±¨±²¥¬ ®¡»ª®¢¥»µ «¨¥©»µ ¤¨´´¥°¥¶¨ «¼»µ ³° ¢¥¨©. - �«£®-

°¨²¬» ¨ ¯°®£° ¬¬». 1979. N. 4, �003713.

20. �¡° ¬®¢ �.�., �³° £® �.�., �¨²ª¨ �.�. ¨ ¤°. � ª¥² ¯°¨ª« ¤»µ
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Mo±ª¢a, ±. 50-59.
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ª®´. (�®±ª¢ , 20-22  ¯°¥«¿ 1986 £.). �¥§¨±» ¤®ª« ¤®¢. �.: ������ ��

CCC� ¨ ����, 1986. � ±²¼ 2. ±. 39.

8. �³° £® �.�. �®¤¥«¨°®¢ ¨¥ ª®² ª²  ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« //

8



� ²¥°¨ «» VI �±¥°®±±¨©±ª®£® �º¥§¤  ¯® ²¥®°¥²¨·¥±ª®© ¨ ¯°¨ª« ¤®© ¬¥-

µ ¨ª¥, � ¸ª¥², 1986, ±. 142-143

9. �³° £® �.�. �®¥·®½«¥¬¥²»¥ ¬¥²®¤» ° ±·¥²  ª®² ª²»µ ¢§ ¨-

¬®¤¥©±²¢¨© ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ¯°¨ ®ª®«®§¢³ª®¢»µ ±ª®°®±²¿µ ³¤ ° 

// �¥®°¨¿ ° ±¯°®±²° ¥¨¿ ¢®« ¢ ³¯°³£¨µ ¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤ µ,

- �®¢®±¨¡¨°±ª, ��� �� �� ����, 1987. �. 74-79.

10. �³° £® �.�. � ¢¥ª²®°®¬ ¢ °¨ ²¥ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢  

¢«®¦¥»µ ±¥²ª µ ¨ ¢¥ª²®°¨§ ¶¨¨ ��- «£®°¨²¬®¢ °¥¸¥¨¿ § ¤ · ²¥®°¨¨

³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨ // �¨±«¥ ¿ °¥ «¨§ ¶¨¿ ´¨§¨ª®-¬¥µ ¨·¥±ª¨µ

§ ¤ · ¯°®·®±²¨: 2 B±e±®¾§. ª®´., �®°¼ª¨©, c. 18-19.

11. �³° £® �.�., �³ª³¤¦ ®¢ �.�. �¨±«¥®¥ °¥¸¥¨¥ ³¯°³£®¯« ±²¨-

·¥±ª¨µ § ¤ · ¬¥²®¤®¬ ª®¥·»µ ½«¥¬¥²®¢. � ª¥² ¯°¨ª« ¤»µ ¯°®£° ¬¬

����� // �°¥¯°¨²�±²¨²³²  ¯°®¡«¥¬ ¬¥µ ¨ª¨ �� ����, N.326, 1988,

±. 1-63.

12. �³° £® �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¢§°»¢®¢ ¢ £¥®¬ ²¥°¨ «¥ //

�°³¤» �±¥°®±±¨©±ª®© ª®´. "�¥´®°¬ ¶¨¨ ¨ ° §°³¸¥¨¥ £®°»µ ¯®°®¤",

�°³§¥, ����, 1990, ±. 49-56.

13. �³°a£o �.�., �³ª³¤¦ao¢ �.�. �e¸e¨e ³¯°³£o¯«a±²¨·e±ª¨µ §a¤a·

¬e²o¤o¬ ªoe·»µ ½«e¬e²o¢ // �»·¨±«¨²e«¼a¿ ¬eµa¨ªa ¤¥´®°¬¨°³¥-

¬®£® ²¢¥°¤®£® ²¥« , M.: �a³ªa, 1991, ¢»¯. 2, ±²°. 78-122.

14. �³° £® �.�., �¥¤¾¸ª¨ �.�., �®«»¸¥¢ �.�., �®¨ª �.�., �®«¥¦ ¥¢

�.�., �¢¥²®¢±ª¨© �.�. �®¤» ¢»³¦¤¥®© ¨ ¥±²¥±²¢¥®© ª®¢¥ª¶¨¨ ¨ ¨µ

¢«¨¿¨¥   ° ±¯°¥¤¥«¥¨¥ ¯°¨¬¥±¨ ¢ ª°¨±² «« µ, ¢»° ¹¥»µ ¯® ¬¥²®¤³

ATF1a, �°³¤» III-© �¥¦¤. ª®´. "�°¨±² ««», °®±², ±¢®©±²¢ , ±²°³ª²³° ,

¯°¨«®¦¥¨¿", ²®¬. 1, ��������, �«¥ª± ¤°®¢, 1997, c. 239-259.

15. �³° £® �.�., �®¢¸®¢ �.�. � ¯°¿¦¥®-¤¥´®°¬¨°®¢ ®¥ ±®±²®¿¨¥

£®°®© ¯®°®¤» ¢ ®ª°¥±²®±²¨ ±ª¢ ¦¨, �§¢¥±²¨¿ ���, MTT, 1999, N. 1,

±. 139-143.

16. �³° £® �.�., �«³¸ª® �.�., �®¢¸®¢ �.�. �¥°¬®¤¨ ¬¨·¥±ª¨© ¬¥²®¤

¯®«³·¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ³° ¢¥¨© ¤«¿ ¬®¤¥«¥© ±¯«®¸»µ ±°¥¤ // �§¢.

���, ���, 2000, N.6, ±. 4-15.

17. �³° £® �.�. ¨ �®¢¸®¢ �.�. �®¤¥«¼ ¤¨« ²¨°³¾¹¥© ° §°³¸ ¾¹¥©±¿

±°¥¤» // �§¢. ���, ���, 2001, N. 5, �. 112-117.

18. �³° £®, �.�., �«³¸ª®, �.�., �®¢¸®¢, �.�. �¥²®¤ ¯®«³·¥¨¿ ®¯°¥¤¥-

«¿¾¹¨µ ±®®²®¸¥¨© ¤«¿ ¬®¤¥«¥© ±¯«®¸»µ ±°¥¤   ®±®¢¥ § ª®®¢ ²¥°-

9



¬®¤¨ ¬¨ª¨ // �¥§¨±» VIII �±¥°®±±¨©±ª®£® ±º¥§¤  ¯® ²¥®°¥²¨·¥±ª®© ¨

¯°¨ª« ¤®© ¬¥µ ¨ª¥, �¥°¬¼, 2001.

19. �³° £® �.�., �³ª³¤¦ ®¢ �.�. � ±·¥² ¯°®¶¥±±®¢ ª®²¨³ «¼®£®

° §°³¸¥¨¿ ²¥°¬®³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« // �°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·-

®±²¨ ¨ ¯« ±²¨·®±²¨, �¨¦¨© �®¢£®°®¤: �¨¦¥£®°®¤±ª¨© ³¨¢¥°±¨²¥²,

2001, ¢»¯. 63, �. 41-48.

23. �³° £® �.�. �¡§®° ª®² ª²»µ  «£®°¨²¬®¢. �®±²°®¥¨¥ ° ±·¥²»µ

±¥²®ª: ²¥®°¨¿ ¨ ¯°¨«®¦¥¨¿. �°³¤» ±¥¬¨ °  �� ���. �®±ª¢ , 24-28

¨¾¿ 2002 £. �¥¤. �.A. �¢ ¥ª®, �.�.� ° ¦ . �.: �� �� ����, 2002.

�. 42-59.

10



�« ¢  1.

�¡§®° ¬¥²®¤®¢ °¥¸¥¨¿ § ¤ ·
± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥« 

� ²¥µ®«®£¨·¥±ª¨µ ¨ ¯°¨°®¤»µ ¯°®¶¥±± µ ¢ ¦³¾ °®«¼ ¨£° ¾² ¯®-

¤¢¨¦»¥ £° ¨¶» ° §¤¥«  ±°¥¤. � §° ¡®²ª  ¬¥²®¤®¢ °¥¸¥¨¿ § ¤ · ±

¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥«  ¿¢«¿¥²±¿ ®¤®© ¨§ ®±®¢»µ ¶¥«¥© ¬¥µ -

¨ª¨ ±¯«®¸»µ ±°¥¤. � ±²®¿¹¨© ®¡§®° ¯®±¢¿¹¥ ° ¡®² ¬ ¯® ·¨±«¥®-

¤¨±ª°¥²»¬ (±¥²®·»¬) ¬¥²®¤ ¬ ° ±·¥²  ª®² ª²»µ, ±¢®¡®¤»µ ¨ ¬¥¦-

´ §»µ £° ¨¶.

�¨¯» ª®² ª²»µ  «£®°¨²¬®¢. �®-¯¥°¢»µ, ª®² ª²»¥  «£®°¨²¬» ¬®-

£³² ¡»²¼ ª« ±±¨´¨¶¨°®¢ » ¯® ¯°¨¬¥¿¥¬®¬³ ±¯®±®¡³ ®¯¨± ¨¿ ¤¢¨¦¥-

¨¿ ±¯«®¸®© ±°¥¤». � « £° ¦¥¢»µ  «£®°¨²¬ µ ³§«» ¤¢¨¦³²±¿ ±® ±ª®-

°®±²¼¾ ¬ ²¥°¨ «¼®© ±°¥¤». � ¥« £° ¦¥¢»µ  «£®°¨²¬ µ ³§«» ¥¯®-

¤¢¨¦» (½©«¥°®¢»  «£®°¨²¬») ¨«¨ ¤¢¬¦³²±¿ ¥§ ¢¨±¨¬® ®² ¬ ²¥°¨ «¼®©

±°¥¤» (¯°®¨§¢®«¼»¥ ½©«¥°®¢®-« £° ¦¥¢»  «£®°¨²¬»). � ° ª²¥°®© ®±®-

¡¥®±²¼¾ ¥« £° ¦¥¢»µ  «£®°¨²¬®¢ ¿¢«¿¥²±¿  «¨·¨¥ ¢ ½¢®«¾¶¨®»µ

³° ¢¥¨¿µ ª®¢¥ª²¨¢»µ ·«¥®¢, ®¡³±«®¢«¥»µ ° §®±²¼¾ ¢ ±ª®°®±²¿µ

¤¢¨¦¥¨¿ ª®®°¤¨ ² ¨ ±°¥¤».

�®-¢²®°»µ, ¢ ®¡®¨µ ±«³· ¿µ (½©«¥°®¢®¬ ¨ « £° ¦¥¢®¬) ¯®¤¢¨¦»¥ £° -

¨¶» ° §¤¥«  ¬®£³² ¿¢® ¢»¤¥«¿²¼±¿ ®²±«¥¦¨¢ ¾¹¨¬¨  «£®°¨²¬ ¬¨ ª ª

±®¢®ª³¯®±²¼ ¯®¢¥°µ®±²»µ ³§«®¢ (¬ °ª¥°®¢) ¨ ¿·¥¥ª ¨«¨ ¥¿¢® ®¯°¥¤¥-

«¿²¼±¿ ³« ¢«¨¢ ¾¹¨¬¨  «£®°¨²¬ ¬¨, ®±®¢ »¬¨   ¨±¯®«¼§®¢ ¨¨ ¥-

¯°¥°»¢»µ ¬ °ª¥°-´³ª¶¨©.

�²  ¨§¢¥±² ¿ ª« ±±¨´¨ª ¶¨¿ ¨ ¯®«®¦¥  ¢ ®±®¢³ ±¨±²¥¬ ²¨§ ¶¨¨ ° ±-

±¬ ²°¨¢ ¥¬»µ ° ¡®². �  ±²®¿¹¥¬ ®¡§®°¥ ° ±±¬ ²°¨¢ ¾²±¿ ¢±¥ ²¨¯»

ª®² ª²»µ  «£®°¨²¬®¢, ·²®  µ®¤¨²±¿ ¢ ±®£« ±¨¨ ± ±®¢°¥¬¥»¬¨ ²¥-

¤¥¶¨¿¬¨ ª ±¨²¥§³ ¬¥²®¤®¢ ¬¥µ ¨ª¨ ¤¥´®°¬¨°³¥¬»µ ±°¥¤ ¨ £¨¤°®¤¨ -

¬¨ª¨, ®¡³±«®¢«¥»¬¨ ²°¥¡®¢ ¨¿¬¨ ¯®±²°®¥¨¿ ¨²¥£°¨°®¢ -»µ ¬ ²¥-

¬ ²¨·¥±ª¨µ ¬®¤¥«¥© ²¥µ®«®£¨·¥±ª¨µ ¨ ¯°¨°®¤»µ ¯°®¶¥±±®¢.

� ±±¬ ²°¨¢ ¥¬»¥ ²¨¯» £° ¨¶. � ¤®¯®«¥¨¥ ª ª« ±±¨·¥±ª¨¬ ¯®±² ®¢-

ª ¬  · «¼®-ª° ¥¢»µ § ¤ · ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤» ª®² ª²»¥ § ¤ ·¨

±®¤¥°¦ ² ±¯¥¶¨ «¼»¥ £° ¨·»¥ ³±«®¢¨¿ (®£° ¨·¥¨¿), ª®²®°»¥ ³¯° -

¢«¿¾² ¤¢¨¦¥¨¥¬ £° ¨¶ ° §¤¥«  ¨ ¢®§¬®¦»¬¨ £° ¨·»¬¨ ±¨£³«¿°®-

±²¿¬¨.
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�«¿ ª« ±±¨·¥±ª¨µ ª®² ª²»µ § ¤ · ½²¨ ®£° ¨·¥¨¿ ¢»° ¦ ¾² ³±«®-

¢¨¥ ¥¯°®¨ª ¨¿, ²°¥²¨© § ª® �¼¾²®  ® ° ¢¥±²¢¥ ¤¥©±²¢¨¿ ¨ ¯°®²¨-

¢®¤¥©±²¢¨¿ ¨ § ª® ¯®¢¥°µ®±²®£® ²°¥¨¿. �°®¥ª¶¨¨ ³±«®¢¨©   ®°¬ «¼

¯°¥¤®²¢° ¹ ¾² ¢§ ¨¬®¥ ¯°®¨ª ¨¥ ¥±¬¥¸¨¢ ¾¹¨µ±¿ ±°¥¤,   ª ± ²¥«¼-

»¥ ¯°®¥ª¶¨¨ ¯°¥¤±² ¢«¿¾² ²°¥¨¥ ª®² ª²¨°³¾¹¨µ ¯®¢¥°µ®±²¥©. � ±-

¸¨°¥ ¿ ´¨§¨ª®-µ¨¬¨·¥±ª ¿ ´®°¬³«¨°®¢ª  ¢ª«¾· ¥² ª®² ª²»¥ £° -

¨·»¥ ³±«®¢¨¿ ¤«¿ ²¥¯«®¯¥°¥¤ ·¨, ½«¥ª²°®-¬ £¨²®£® ¢§ ¨¬®¤¥©±²¢¨¿,

¤¨´´³§¨¨, µ¨¬¨·¥±ª¨µ °¥ ª¶¨© ¨ ² ª ¤ «¥¥.

�®¯®«¨²¥«¼»¥ °®¤±²¢¥»¥ ±«³· ¨ £° ¨·»µ ³±«®¢¨©, ®¯¨±»¢ ¾-

¹¨¥ ¯®¢¥¤¥¨¥ ±¢®¡®¤»µ ¨ ¬¥¦´ §»µ £° ¨¶ ² ª¦¥ ° ±±¬ ²°¨¢ ¾²±¿.

�®¤¢¨¦»¥ ±¢®¡®¤»¥ £° ¨¶» ¿¢«¿¾²±¿ « £° ¦¥¢»¬¨ ¯®¢¥°µ®±²¿¬¨

¬¥¦¤³ ª®¤¥±¨°®¢ ®© (¦¨¤ª®© ¨«¨ ²¢¥°¤®©) ¨ ° §°¥¦¥®© c°¥¤ ¬¨.

�° ¨·»¥ ³±«®¢¨¿   ±¢®¡®¤»µ £° ¨¶ µ ®¯¨±»¢ ¾² ¢«¨¿¨¥ ° §°¥¦¥-

®© ±°¥¤», ¯°¥¤±² ¢«¥®¥ ±¨« ¬¨ ¢¥¸¥£® ¤ ¢«¥¨¿ ¨ ²°¥¨¿,   ² ª¦¥

¤¥©±²¢¨¥ ±¨« ¯®¢¥°µ®±²®£®  ²¿¦¥¨¿, § ¢¨±¿¹¨µ ®² ®°¨¥² ¶¨¨ ¨ ª°¨-

¢¨§» £° ¨¶».

� ®²«¨·¨¥ ®² ª« ±±¨·¥±ª¨µ ª®² ª²»µ ¨ ±¢®¡®¤»µ £° ¨¶ ¬¥¦´ §-

»¥ £° ¨¶» ¥ ¿¢«¿¾²±¿ « £° ¦¥¢»¬¨ ¨ ¨µ ¤¢¨¦¥¨¥ ¯® ±¯«®¸®© ±°¥¤¥

®¯°¥¤¥«¿¥²±¿ ³±«®¢¨¿¬¨ ¬¥¦´ §®£® ° ¢®¢¥±¨¿ ( ¯°¨¬¥°, § ª®®¬ �²¥-

´  , ³±«®¢¨¥¬ ¤¥²® ¶¨¨ �¥¯¬¥ - �³£¥, ³±«®¢¨¥¬ ¯« ±²¨·®±²¨, ³±«®-

¢¨¥¬ ° §°³¸¥¨¿ ¨ ² ª ¤ «¥¥). �¥¦´ §»¥ £° ¨¶» ¿¢«¿¾²±¿ ¯®¢¥°µ®-

±²¿¬¨ ±« ¡®£® ° §°»¢  ¨ ¤¢¨¦³²±¿ ¯® ±¯«®¸®© ±°¥¤¥, ®²±«¥¦¨¢ ¿ ±ª ·ª®-

®¡° §»© ¯°®¶¥±± ´ §®¢®£® ¯¥°¥µ®¤ , § ª«¾· ¾¹¨©±¿ ¢ °¥§ª®¬ ¨§¬¥¥¨¨

±¢®©±²¢ ±¯«®¸®© ±°¥¤». �  ¬¥¦´ §»µ £° ¨¶ µ ²¥¬¯¥° ²³° , ±ª®°®±²¨,

¯¥°¥¬¥¹¥¨¿ ¨  ¯°¿¦¥¨¿ ¥¯°¥°»¢»,   ²¥¯«®¥¬ª®±²¼, ±¦¨¬ ¥¬®±²¼ ¨

¤°³£¨¥ ±¢®©±²¢  ¬®£³² ¬¥¿²¼±¿ ±ª ·ª®¬.

�¯®¬¿¥¬ ² ª¦¥ ¥¹¥ ®¤¨ ¢ ¦»© ¯°¥¤¥«¼»© · ±²»© ±«³· © ª®-

² ª² , ª®²®°»© ®²¢¥· ¥² ¢§ ¨¬®¤¥©±²¢¨¾ ¤¥´®°¬¨°³¥¬»µ ±°¥¤ ±  ¡±®-

«¾²® ¦¥±²ª¨¬¨.

1.1. �¡§®°» ¯® ´®°¬³«¨°®¢ª ¬ ª®² ª²»µ § ¤ ·.

� · «¼®-ª° ¥¢»¥ ª®² ª²»¥ § ¤ ·¨ ¬®¦® ±´®°¬³«¨°®¢ ²¼ ¢ ¤¨´-

´¥°¥¶¨ «¼®©, ¨²¥£° «¼®© ¨«¨ ¢ °¨ ¶¨®®© ´®°¬ µ. � °¨ ¶¨®»¥

´®°¬³«¨°®¢ª¨, ¢ · ±²®±²¨, ´®°¬³«¨°®¢ª¨ ª®² ª²»µ § ¤ · ¢ ¢¨¤¥ ¢ °¨-

 ¶¨®»µ ¥° ¢¥±²¢ ¨£° ¾² ¢ ¦³¾ °®«¼ ¢ ¨§³·¥¨¨ ¢®¯°®±®¢ ª®°°¥ª²-
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®±²¨  · «¼®-ª° ¥¢»µ § ¤ ·, ±³¹¥±²¢®¢ ¨¿ ¨ ¥¤¨±²¢¥®±²¨ °¥¸¥¨©.

�®°¬³«¨°®¢ª¨ ª®² ª²»µ § ¤ · ¨±±«¥¤®¢ «¨±¼ ¢ ° ¡®² µ (Signorini

(1933, 1959) [590, 591], Stampacchia, Lions (1965, 1967) [600, 601], �¨ª¥° 

(1974) [204], Lions (1978) [472], �¾¢®, �¨®± (1980) [93], Cocu (1984) [306],

Rabier, Martins, Oden (1986) [564], Martins, Oden (1987) [484], Rabier, Oden

(1988) [566], �° ¢·³ª (1988, 1997, 2001) [134, 135, 136]), £¤¥ ¬®¦®  ©²¨

±±»«ª¨   ¤®¯®«¨²¥«¼»¥ ¨±²®·¨ª¨. �¥®°¥²¨·¥±ª¨¥ ¨±±«¥¤®¢ ¨¿ ¯®-

±² ®¢®ª ª®² ª²»µ § ¤ · ¨ § ¤ · ± ´ §®¢»¬¨ ¯¥°¥µ®¤ ¬¨ ®²° ¦¥»

¢ ®¡§®° µ ±«¥¤³¾¹¨µ ° ¡®²: �¥©¤¥° (1985) [150], Benson (1992, 2002)

[262, 263], � ¤®¢±ª¨© (1997) [185], �®¬¨ ¨ ¤°. (1999) [205], � ¦¨°®¢

(2001) [147, 148]; �®¤ ³°®¢ (2002) [428]). �±»«ª¨   ¡¨¡«¨®£° ´¨·¥±ª¨¥

ª®««¥ª¨¨ ° ¡®² ¯® ¢®¯°®± ¬ ±³¹¥±²¢®¢ ¨¿ ¨ ¥¤¨±²¢¥®±²¨ °¥¸¥¨©

ª®² ª²»µ § ¤ · ¬®¦®  ©²¨ ¢ ±¡®°¨ª¥ ®¡§®°®¢ ¯®¤ °¥¤ ª¶¨¥© �«¥ª-

± ¤°®¢  ¨ �®°®¢¨·  (2001) [3].

� ¬®£¨µ ±®¢°¥¬¥»µ ° ¡®² µ ¯® ª®² ª² ¬ ±°¥¤, ±¢®©±²¢  ª®²®°»µ

§ ¢¨±¿² ®² ¨±²®°¨¨  £°³¦¥¨¿,  · «¼®-ª° ¥¢»¥ § ¤ ·¨ ´®°¬³«¨°³¾²±¿

ª ª ¢ °¨ ¶¨®»¥ § ¤ ·¨ ¢ ´®°¬¥ �³¡®¢ -� «¥°ª¨ . �®² ª²»¥ £° -

¨·»¥ ³±«®¢¨¿ ° ±±¬ ²°¨¢ ¾²±¿ ª ª ®£° ¨·¥¨¿ ¨ ¢ª«¾· ¾²±¿ ¢ ¢ °¨-

 ¶¨®®¥ ³° ¢¥¨¥ ± ¯®¬®¹¼¾ ¬¥²®¤  ¬®¦¨²¥«¥© � £° ¦  ¨«¨ ¬¥²®¤ 

¸²° ´»µ ´³ª¶¨©. �¡§®° ¬¥²®¤®¢ ³·¥²  ®£° ¨·¥¨© ¤«¿ ¢ °¨ ¶¨®-

»µ § ¤ · ®¡¹¥£® ¢¨¤  ¨¬¥¥²±¿,  ¯°¨¬¥°, ¢ ¬®®£° ´¨¨ (�¸¥¨·»©,

� ¨«¨ (1979) [172]).

�¡§®° ½©«¥°®¢®-« £° ¦¥¢»µ ´®°¬³«¨°®¢®ª § ¤ · ¬¥µ ¨ª¨ ±¯«®¸»µ

±°¥¤ ¯°¨¢¥¤¥ ¢ ° ¡®²¥ (�³° £® (1984) [35]).

1.2. �¡§®°» ¯® ¬¥²®¤ ¬ ° ±·¥²  ª®² ª² .

�®«¼¸ ¿ ª®««¥ª¶¨¿ ±¢¥¦¨µ ®¡§®°®¢ ¯® ·¨±«¥®-  «¨²¨·¥±ª¨¬ ¬¥²®-

¤ ¬ ° ±·¥²  ª®² ª² ,  · «® ª®²®°»¬ ¡»«® ¯®«®¦¥® ¢ ° ¡®²¥ �¥°¶ 

(Hertz (1882) [387]), ¯°¥¤±² ¢«¥  ¢ ±¡®°¨ª¥ ¯®¤ °¥¤ ª¶¨¥© �«¥ª± ¤°®¢ 

¨ �®°®¢¨·  (2001) [3].

�  ±²®¿¹¥¬ ®¡§®°¥ ° ±±¬ ²°¨¢ ¾²±¿ ·¨±«¥®-¤¨±ª°¥²»¥ ¬¥²®¤»

° ±·¥²  ª®² ª²»µ £° ¨¶. � ½²®© ª ²¥£®°¨¨ ®²®±¿²±¿ ª®¥·®-

° §®±²»¥, ª®¥·®-®¡º¥¬»¥ ¨ ª®¥·®-½«¥¬¥²»¥  «£®°¨²¬», "¡¥±±¥-

²®·»¥" ¬¥²®¤» � «¥°ª¨ , ª®² ª²»¥  «£®°¨²¬» ¬¥²®¤  £° ¨·»µ

½«¥¬¥²®¢.
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�® ±¯®±®¡³ ®¯¨± ¨¿ ¤¢¨¦¥¨¿ ±¯«®¸®© ±°¥¤» ·¨±«¥®-¤¨±ª°¥²»¥

¬¥²®¤» ¬®¦® ° §¤¥«¨²¼   ¤¢  ®£°®¬»µ ±¥¬¥©±²¢   «£®°¨²¬®¢ - « -

£° ¦¥¢» ¨ ½©«¥°®¢»  «£®°¨²¬». � « £° ¦¥¢»µ  «£®°¨²¬ µ ³§«» ¨

¿·¥©ª¨ ¤¢¨¦³²±¿ ¢¬¥±²¥ ±® ±¯«®¸®© ±°¥¤®©, ¢ ½©«¥°®¢»µ  «£®°¨²¬ µ

³§«» ¨ ¿·¥©ª¨ ¯®ª®¿²±¿,   ±¯«®¸ ¿ ±°¥¤  ¤¢¨¦¥²±¿ ±ª¢®§¼ ½©«¥°®¢³ ±¥²ª³

(ª®¢¥ª²¨¢®¥ ¤¢¨¦¥¨¥). �«³· © ¯®¤¢¨¦»µ ±¥²®ª, ±ª®°®±²¼ ¤¢¨¦¥¨¿

ª®²®°»µ ®²«¨·  ®² ±ª®°®±²¨ ¬ ²¥°¨ «¼®© ±°¥¤», ®²¢¥· ¥² ½©«¥°®¢®-

« £° ¦¥¢®¬³ ®¯¨± ¨¾ ¤¢¨¦¥¨¿. �¡§®° ½©«¥°®¢®-« £° ¦¥¢»µ ´®°¬³-

«¨°®¢®ª § ¤ · ¬¥µ ¨ª¨ ±¯«®¸»µ ±°¥¤ ¯°¨¢¥¤¥ ¢ ° ¡®²¥ �³° £® (1984)

[35].

� £° ¦¥¢» ¨ ½©«¥°®¢»  «£®°¨²¬» ¯®¤° §¤¥«¿¾²±¿ ¢ ±¢®¾ ®·¥°¥¤¼

   «£®°¨²¬» ¿¢®£® ¢»¤¥«¥¨¿ ª®² ª²»µ ° §°»¢®¢ ¨    «£®°¨²¬»

³« ¢«¨¢ ¨¿ ° §°»¢®¢ (±ª¢®§®© ±·¥²  ° §°»¢®¢). �²  ¨§¢¥±² ¿ ª« ±±¨-

´¨ª ¶¨¿ ¨ ¯®«®¦¥  ¢ ®±®¢³ ±¨±²¥¬ ²¨§ ¶¨¨ ° ±±¬ ²°¨¢ ¥¬»µ ° ¡®². �

 ±²®¿¹¥¬ ®¡§®°¥ ° ±±¬ ²°¨¢ ¾²±¿ ¢±¥ ²¨¯» ª®² ª²»µ  «£®°¨²¬®¢, ·²®

 µ®¤¨²±¿ ¢ ±®£« ±¨¨ ± ±®¢°¥¬¥»¬¨ ²¥¤¥¶¨¿¬¨ ª ±¨²¥§³ ¬¥²®¤®¢ ¬¥-

µ ¨ª¨ ¤¥´®°¬¨°³¥¬»µ ±°¥¤ ¨ £¨¤°®¤¨ ¬¨ª¨, ®¡³±«®¢«¥»¬¨ ²°¥¡®¢ -

¨¿¬¨ ¯®±²°®¥¨¿ ¨²¥£°¨°®¢ »µ ¬ ²¥¬ ²¨·¥±ª¨µ ¬®¤¥«¥© ²¥µ®«®£¨-

·¥±ª¨µ ¨ ¯°¨°®¤»µ ¯°®¶¥±±®¢.

�°³¯»¥ ¯®¤¡®°ª¨ «¨²¥° ²³°» ¯® ª®² ª²»¬  «£®°¨²¬ ¬ ¢ ¬¥µ -

¨ª¥ ¤¥´®°¬¨°³¥¬®£® ²¢¥°¤®£® ²¥«  ¤¥« «¨ ° ¥¥ �³ª³¤¦ ®¢ (1985)

[141], Johnson (1985) [408], Kikuchi, Oden (1986) [418], Hughes (1987) [397],

Kardestuncer, Norrie (1987) [415], Benson (1992) [262], Zhong, Mackerle (1992,

1993) [680, 681], Aliabadi, Brebbia (1993) [214], �®¬¨ ¨ ¤°. (1999) [205],

�®°¸ª®¢ ¨ � °« ª®¢±ª¨© (1995, 2001) [69, 70], Laursen (2002) [455] ¨ °¿¤

¤°³£¨µ  ¢²®°®¢, ¶¨²¨°³¥¬»µ ¤ «¥¥ ¢ ±¢¿§¨ ± ª®ª°¥²»¬¨ ²¨¯ ¬¨  «£®-

°¨²¬®¢.

�¡§®°» ¯®  «£®°¨²¬ ¬ ° ±·¥²  £° ¨¶ ° §¤¥«  ¥±¬¥¸¨¢ ¾¹¨µ±¿ ±°¥¤

¢ ° ¬ª µ £¨¤°®¤¨ ¬¨ª¨ ¨¬¥¾²±¿ ¢ ° ¡®² µ: �³·¨  (1970) [8], �®²²¥°

(1975) [171], �³·¨ , � ¡¥ª®, �®¤³®¢ ¨ ¤°. (1979) [9], O. �¥«®¶¥°ª®¢ª¨©

(1973, 1984) [22, 24], �. �¥«®¶¥°ª®¢±ª¨©, �. � ¢»¤®¢ (1982) [23], Benson

(1992) [262], Rider, Kothe (1995) [571], Johnson (1996) [409], Kothe et al.

(1998) [431], Sethian (1999) [585], �¨«¼¬ ®¢ (2000) [59]).

� «¥¥ ¤ ¾²±¿ ±±»«ª¨ ¨   ¤°³£¨¥, ¡®«¥¥ ±¯¥¶¨ «¨§¨°®¢ »¥, ¡¨¡«¨®-

£° ´¨·¥±ª¨¥ ª®««¥ª¶¨¨.
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1.3. � £° ¦¥¢»  «£®°¨²¬» ° ±·¥²  ª®² ª²  c  ¡±®«¾²®

¦¥±²ª¨¬¨ ²¥« ¬¨.

�®¤ ¢«¿¾¹¥¥ ·¨±«® ° ¡®² ¯® ª®² ª²»¬ § ¤ · ¬ ®²®±¿²±¿ ¨¬¥®

ª ±«³· ¾ ª®² ª²  ¤¥´®°¬¨°³¥¬»µ ²¥« (±°¥¤) ±  ¡±®«¾²® ¦¥±²ª¨¬¨ ²¥-

« ¬¨ (¸² ¬¯ ¬¨, ³¤ °¨ª ¬¨ ¨«¨ ¯°¥£° ¤ ¬¨). �®¤¢¨¦ ¿ £° ¨¶  ¦¥±²-

ª¨µ ²¥« ¯°¨ ½²®¬ ° ±±¬ ²°¨¢ ¥²±¿ ª ª § ¤  ¿ ¯®¢¥°µ®±²¼ ±ª®«¼¦¥¨¿.

�  ¬®¦¥² ¡»²¼ £« ¤ª®© ¨«¨ ¸¥°®µ®¢ ²®©. �¢¨¦¥¨¥ ¦¥±²ª¨µ ²¥« «¨¡®

¯®« £ ¥²±¿ ¯°¥¤®¯°¥¤¥«¥»¬, «¨¡® ° ±±·¨²»¢ ¥²±¿ ¢ ¯°®¶¥±±¥ °¥¸¥¨¿

®¡¹¥© § ¤ ·¨ ¬¥²®¤ ¬¨ ²¥®°¥²¨·¥±ª®© ¬¥µ ¨ª¨ ± ³·¥²®¬ ¨µ ¬ ±±» ¨ ±¨«

°¥ ª¶¨¨.

�°¨¬¥°» ° ±·¥²®¢ ª®² ª²  ± ¦¥±²ª¨¬¨ ²¥« ¬¨ ¨ ¤®¯®«¨²¥«¼»¥

±±»«ª¨ ¬®¦®  ©²¨ ¢ ° ¡®² µ � ¨·³ª  (1967) [19], � ¨·³ª , � °²¢¥«¨-

¸¢¨«¨, �¥°®³±¼ª® (1972) [20], � ¨·³ª  ¨ �¥°®³±¼ª® (1973) [21], �¥¼-

¸¨ª®¢ , �¤¨¶®¢ , �³¤®¢  (1976) [152], �®¤ ³°®¢  ¨ ¤°. (1978, 1980, 1984)

[113, 114, 116], �³«¨¤®¢  (1980) [80], � ¯¯ °®¢ , �³ª³¤¦ ®¢  (1984, 1986)

[95, 96], �¥²°®¢ , �®«®¤®¢  (1984) [166], �³ª³¤¦ ®¢  (1985) [141], �°¨£®-

°¼¥¢  (1986) [76], �®§¤¥¥¢ , �°³±®¢ , �¿¸¨  (1986) [168] ¨ ¬®£¨µ ¤°³£¨µ.

�¡§®°» ¨±±«¥¤®¢ ¨© ½²®£®  ¯° ¢«¥¨¿ ¬®¦®  ©²¨ ¢ ° ¡®² µ �®¬¨ 

¨ ¤°. (1999) [205], �. � ¢»¤®¢ , �³¬ ·¥ª® (2000) [88], �¨¬®®¢  (2001)

[195].

� ±¥²®·»µ « £° ¦¥¢»µ ª®² ª²»µ  «£®°¨²¬ µ ±ª®°®±²¨   £° ¨-

¶ µ ¬¥¦¤³ ¦¥±²ª¨¬¨ ¨ ¤¥´®°¬¨°³¥¬»¬¨²¥« ¬¨ «¨¡® § ¤ ¾²±¿, «¨¡® ®¯°¥-

¤¥«¿¾²±¿ ¯® ¯°®¨ª ¨¾ ³§«®¢ ¯®¤¢¨¦®© ±¥²ª¨ ¢ ¥¤®§¢®«¥»¥ ®¡« ±²¨

¯°®±²° ±²¢ , ¯°¥¤±² ¢«¿¾¹¨¥ ¦¥±²ª¨¥ ²¥« . �®°¬ «¼»¥ ª ¯®¢¥°µ®-

±²¨ ¦¥±²ª®£® ²¥«  ª®¬¯®¥²» ±ª®°®±²¨ ¨ ¯¥°¥¬¥¹¥¨¿ ª®°°¥ª²¨°³¾²±¿

± ²¥¬, ·²®¡» ³±²° ¨²¼ ±·¥²®¥ ¯°®¨ª ¨¥. �® ¬®£¨µ  «£®°¨²¬ µ ² ª ¿

ª®°°¥ª²¨°®¢ª  ±¢®¤¨²±¿ ª ¯°¨° ¢¨¢ ¨¾ ®°¬ «¼»µ ±ª®°®±²¥© ¤¢¨¦¥-

¨¿ ¤¥´®°¬¨°³¥¬®© ¨ ¦¥±²ª®© £° ¨¶. �±«¨ ¦¥ ª®°°¥ª²¨°®¢ª  ¯°®¢®-

¤¨²±¿ ¯³²¥¬ ¯°¨«®¦¥¨¿ ¢¥¸¨µ ®°¬ «¼»µ  £°³§®ª, ²® ²¥¬ ± ¬»¬

®¯°¥¤¥«¿¥²±¿ ª®² ª²®¥ ¤ ¢«¥¨¥. �·¥² ²°¥¨¿ ®±®¡¥®±²¥© ¯® ±° ¢¥-

¨¾ ± ¡®«¥¥ ®¡¹¨¬¨ ª®² ª²»¬¨  «£®°¨²¬ ¬¨ ¥ ¨¬¥¥².
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1.4. � £° ¦¥¢»  «£®°¨²¬» ±ª¢®§®£® ±·¥² .

� £° ¦¥¢»  «£®°¨²¬» ±ª¢®§®£® ±·¥²  ¨±¯®«¼§³¾² ¥¤¨³¾ « £° -

¦¥¢³ ±¥²ª³ ¢ ª®² ª²¨°³¾¹¨µ ±°¥¤ µ (²¥« µ) ± ®¡¹¨¬¨ ³§« ¬¨   £° -

¨¶¥ ° §¤¥« . �  «£®°¨²¬ µ ±ª¢®§®£® ±·¥²  °¥¸¥¨¥ ¯°¨ ¯¥°¥µ®¤¥ ·¥°¥§

ª®² ª²³¾ £° ¨¶³ ¯®« £ ¥²±¿ ¥¯°¥°»¢»¬,   ª®² ª²»¥ ° §°»¢» ¬®-

¤¥«¨°³¾²±¿ ³§ª¨¬¨ §® ¬¨ ¡®«¼¸¨µ £° ¤¨¥²®¢ °¥¸¥¨¿.

�¤¥ «¼»© ª®² ª², ±®£« ±®¢ »¥ ±¥²ª¨. �°®±²¥©¸¨© ¯°¨¥¬ ±ª¢®§-

®£® ±·¥²  ª®² ª² , ¨±¯®«¼§³¥¬»© ¢ ±«³· ¥ ¬ «»µ ¤¥´®°¬ ¶¨© ¢ ³±«®¢¨¿µ

§ ° ¥¥ ¨§¢¥±²®© ¨ ¥¨§¬¥®© §®» ª®² ª² , § ª«¾· ¥²±¿ ¢ °¥ «¨§ ¶¨¨

¯°¨¡«¨¦¥»µ ª®² ª²»µ ³±«®¢¨© "¯®«®£® ±«¨¯ ¨¿ (±ª«¥©ª¨)" ª®² ª-

²¨°³¾¹¨µ ²¥«, °¥ «¨§³¾¹¨µ ¨¤¥ «¼»© ª®² ª².

� £° ¦¥¢» c¥²ª¨ ¢ §®¥ ª®² ª²  ¯°¨ ½²®¬ ±®£« ±®¢ » ¨ "±° ¹¥»"

¯® ¯°¨¶¨¯³ "³§¥« ¢ ³§¥«", ±ª®«¼¦¥¨¥ ¨ ®²±ª®ª (®²«¨¯ ¨¥) ¥ ¤®¯³±ª -

¾²±¿. �¥¸¥¨¥   ª®² ª²®© £° ¨¶¥ ¥¯°¥°»¢® ¯® ±ª®°®±²¨ ¨ ¯¥°¥-

¬¥¹¥¨¾ (¨¤¥ «¼»© ª®² ª²). � ¡®², ¢ ª®²®°»µ ² ª ¿ ±µ¥¬  ° ±·¥² 

ª®² ª²  ¨±¯®«¼§³¥²±¿, ®¯³¡«¨ª®¢ ® ¢¥«¨ª®¥ ¬®¦¥±²¢®. �° ª²¨·¥±ª¨

«¾¡®©  «£®°¨²¬, °¥¸ ¾¹¨© § ¤ ·³ ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤» ±¥²®·»¬

¬¥²®¤®¬ ¯°¨ § ¤ ¨¨ ° §»µ ±¢®©±²¢ ¬ ²¥°¨ «®¢ ¢ ¯®¤®¡« ±²¿µ  ¢²®¬ -

²¨·¥±ª¨ °¥ «¨§³¥² ±° ¹¨¢ ¨¥ °¥¸¥¨©   ª®² ª²»µ £° ¨¶ µ ¬¥¦¤³

² ª¨¬¨ ¯®¤®¡« ±²¿¬¨.

�°¨¢¥¤¥¬ ¨¦¥ ¯°®¨§¢®«¼³¾ ¢»¡®°ª³ °®±±¨©±ª¨µ ° ¡®² ¯® ��� 20-

30-«¥²¥© ¤ ¢®±²¨, ¢ ª®²®°»µ ¡»«¨ ¤ » ²¨¯¨·»¥ ¯°¨¬¥°» ° ±·¥²®¢

¨¤¥ «¼®£® ª®² ª² : �®§¨ (1971,1977) [178, 179], �£®¤·¨ª®¢, �®°®²ª¨µ

(1971) [199], � ©¡¥°£ ¨ ¤°. (1972) [54]; �®±²®¢, � °µ³°¨¬ (1974) [170],

�¥¢·¥ª® ¨ ¤°. (1975) [210], �®¤£®°»© ¨ ¤°. (1976) [167], �¢¨²ª , �®-

°®¸ª®, �®¡°¨¶ª ¿ (1977) [105], �³° £® (1978, 1979) [33, 34]; �. �®°®§®¢,

�¨ª¨¸ª®¢ (1980) [155]. �±»«ª¨   § °³¡¥¦»¥ ° ¡®²» ¯® ¨¤¥ «¼®¬³ ª®-

² ª²³ ¬®¦®  ©²¨ ¢ ª¨£¥ �¥ª¥¢¨·  (1975) [97].

� ®¡¹¥¬ ±«³· ¥ ¯¥°¥¬¥®© §®» ª®² ª² , ª®£¤  ¨¬¥¾² ¬¥±²® ±ª®«¼¦¥-

¨¥ ¨ ®²«¨¯ ¨¥ ª®² ª²¨°³¾¹¨µ ²¥«, ¬®¤¥«¼ ¨¤¥ «¼®£® ª®² ª²  ¤ ¥²

´¨§¨·¥±ª¨ ¥¢¥°®¥ ®¯¨± ¨¥ ¨ ¥ ¨±¯®«¼§³¥²±¿.

�¤¥ «¼»© ª®² ª², ¥±®£« ±®¢ »¥ ±¥²ª¨. �®² ª²»©  «£®°¨²¬ ±®-

¯°¿¦¥¨¿ °¥¸¥¨© ± ®¡¥±¯¥·¥¨¥¬ ¨¤¥ «¼®£® ª®² ª²  ¯°¨ ¥±®£« ±®¢ -

»µ ¢ §®¥ ª®² ª²  ±¥²ª µ ¤«¿ ¤¢³¬¥°®£® ±«³· ¿ ¯°¥¤«®¦¥ ¢ ° ¡®²¥

� ¦¥®¢ , �¥´¨°®¢ , �¥²°®¢  (1984) [12] ¨ ° §¢¨² ¤«¿ ²°¥µ¬¥°®£® ±«³· ¿
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¢ ° ¡®² µ: � ¦¥®¢ ± ±® ¢²®° ¬¨ (1994, 1995) [15, 16, 17], Park, Felippa,

Rebel (2000) [549, 550], Felippa, Park, Farhat (2001) [348]. �°¨¬¥¥¨¥ ² -

ª®£® ª®² ª²®£®  «£®°¨²¬    ¨±ª³±±²¢¥»µ £° ¨¶ µ ¬¥¦¤³ ¯®¤®¡« -

±²¿¬¨ ¯®§¢®«¿¥² ¥ § ¡®²¨²±¿ ® ±®£« ±®¢ ¨¨ ±¥²®ª   £° ¨¶ µ ¯®¤®¡« -

±²¥©. �²® ¬®¦¥² § ·¨²¥«¼® ³¯°®±²¨²¼ ¯®±²°®¥¨¥ ±¥²®ª ¢ ²°¥µ¬¥°»µ

®¡« ±²¿µ ±«®¦®© ´®°¬».

�«£®°¨²¬» ¡³´¥°®£® ±«®¿ ¯®§¢®«¿¾² ¨¬¨²¨°®¢ ²¼ ª®² ª²»© ° §-

°»¢ ª ª §®³ ¡®«¼¸¨µ £° ¤¨¥²®¢ °¥¸¥¨¿ ¨ ®±®¢ »   ¢¢¥¤¥¨¨ ¬¥¦¤³

ª®² ª²¨°³¾¹¨¬¨ ²¥« ¬¨ ´¨ª²¨¢®£® ¡³´¥°®£® ª®² ª²®£® ±«®¿ ("ª®-

² ª²®© ¯±¥¢¤®±°¥¤»"). �³´¥°»© ±«®© ±®±²®¨² ¨§ ª®² ª²»µ ¿·¥¥ª,

³§«» ª®²®°»µ ¯°¨ ¤«¥¦ ² ª®² ª²¨°³¾¹¨¬ £° ¨¶ ¬. �¢¥¤¥¨¥ ¡³´¥°-

®£® ±«®¿ ¿·¥¥ª ±¢®¤¨² ª®² ª²³¾ § ¤ ·³ ¤«¿ ¬®£¨µ ²¥« ª § ¤ ·¥ ¤«¿

®¤®£® ±®±² ¢®£® ¥®¤®°®¤®£® ²¥« . �® ²®«¹¨¥ ¡³´¥°®£® ±«®¿ ¨±-

¯®«¼§³¥²±¿ ª ª ¯° ¢¨«® ®¤  ¿·¥©ª , ª®²®° ¿ ¢ § ¢¨±¨¬®±²¨ ®² ¯°¨¯¨±»-

¢ ¥¬»µ ±¢®©±²¢ ¬®¦¥² ¨£° ²¼ °®«¼ ³¯°³£®© ¯°³¦¨», ¢¿§ª®£® ½«¥¬¥² ,

±ª«¥©ª¨ ¨ ².¤. �¥©±²¢³¾¹¨¥ ¢ ¡³´¥°®¬ ±«®¥  ¯°¿¦¥¨¿ ¨¬¨²¨°³¾² ª®-

² ª²»¥  £°³§ª¨. �±¯¥¸®±²¼ ² ª®© ¨¬¨² ¶¨¨ § ¢¨±¨² ®² ±¢®©±²¢, ¯°¨-

¯¨±»¢ ¥¬»µ ¬ ²¥°¨ «³ ¡³´¥°®£® ±«®¿. �²¨ ±¢®©±²¢  ¤®«¦» ®¡¥±¯¥·¨-

¢ ²¼ ¢®§¨ª®¢¥¨¥ ±¦¨¬ ¾¹¨µ ª®² ª²»µ  £°³§®ª, ¥ ¤®¯³±ª ²¼ ° ±-

²¿£¨¢ ¾¹¨µ ª®² ª²»µ  £°³§®ª (·²®¡» ¨¬¨²¨°®¢ ²¼ ®²«¨¯ ¨¥) ¨ ¬®-

¤¥«¨°®¢ ²¼ ±¨«» ²°¥¨¿. �¥§³«¼²¨°³¾¹ ¿ ¬ ²¥¬ ²¨·¥±ª ¿ ¬®¤¥«¼ ¤®«¦ 

¡»²¼ ª®°°¥ª²®©. �°®¬¥ ²®£®, ¨§ ª®±¬¥²¨·¥±ª¨µ ±®®¡° ¦¥¨© ¨ ²°¥¡®¢ -

¨© ²®·®±²¨ ¦¥« ²¥«¼®, ·²®¡» ²®«¹¨  ² ª®£® ±«®¿ ¡»«  ¡»  ¬®£®

¬¥¼¸¥, ·¥¬ µ ° ª²¥°»© ° §¬¥° ¸ £  ¯°®±²° ±²¢¥®© ±¥²ª¨ ¢ ª®² ª-

²¨°³¾¹¨µ ²¥« µ.

�°¨¬¥°» °¥ «¨§ ¶¨¨ ¨ ²¥®°¥²¨·¥±ª®£® ®¡®±®¢ ¨¿  «£®°¨²¬®¢ ¡³´¥°-

®£® ±«®¿ ¤ » ¢ ° ¡®² µ: Ghaboussi et al. (1973) [358], Michalowski, Mroz

(1978) [489], �¥«¥¹¥ª® (1978) [151], �®§¤¿ª®¢ (1979) [169], �. �³§¼¬¥ª®

(1980) [140], Desai et al. (1984) [317], �¨ª¨¸ª®¢, � ¸¨ (1985) [158], �¨-

ª¨¸ª®¢ (1988) [159], �¢ ·¥¢ (°¥¤ ª²®°) (1989) [174], �®¢ª³¸¥¢±ª¨© (1991)

[55], Kowalczyk (1994) [433], �¥°¨, �. �®°®§®¢ (2001) [98], �®§¨, �¬¨°®¢

(2000) [180].

�°¨ ¡®«¼¸¨µ ¤¥´®°¬ ¶¨¿µ ¨ ±¨«¼»µ ¨§¬¥¥¨¿µ §®» ª®² ª²  ¢ ¯°®-

¶¥±±¥ ¤¥´®°¬ ¶¨¨ ²°¥¡³¥²±¿ ¯®¸ £®¢®¥  ¢²®¬ ²¨§¨°®¢ ®¥ ¯¥°¥®¯°¥¤¥-

«¥¨¥ ¡³´¥°®£® ±«®¿. �®½²®¬³ ¯°¨ ¯®±«¥¤®¢ ²¥«¼®¬ ¤®¢¥¤¥¨¨  «£®°¨²-
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¬®¢ ¡³´¥°®£® ±«®¿ ¤® ° ¡®²®±¯®±®¡®£® ±®±²®¿¨¿ ¢ ³ª § »µ ³±«®¢¨¿µ

®¨ ¯°¥¢° ¹ ¾²±¿ ¢ ° ±±¬ ²°¨¢ ¥¬»¥ ¨¦¥  «£®°¨²¬», ¢ ª®²®°»µ "¡³-

´¥°»¥ ½«¥¬¥²»" ¨«¨ "ª®² ª²»¥ ¯ °»" ¯¥°¥®¯°¥¤¥«¿¾²±¿ ¢ ¯°®¶¥±±¥

·¨±«¥®£® °¥¸¥¨¿  ¢²®¬ ²¨·¥±ª¨,   ª®² ª²»¥ °¥ ª¶¨¨ ®¯°¥¤¥«¿¾²±¿

¯³²¥¬ ¥¯®±°¥¤±²¢¥®£® ³¤®¢«¥²¢®°¥¨¿ ª®² ª²»µ ³±«®¢¨©.

A«£®°¨²¬» "¥¤¨®£® ³° ¢¥¨¿ ±®±²®¿¨¿" ¤«¿ ±ª¢®§®£® ±·¥²  ¬¥¦-

´ §»µ £° ¨¶ ¨±¯®«¼§³¾² ³° ¢¥¨¿, ®¯¨±»¢ ¾¹¨¥ ° §«¨·»¥ ±®±²®¿¨¿

±°¥¤» ± ³·¥²®¬ ¿¢«¥¨©, ±®¯³²±²¢³¾¹¨µ ¯¥°¥µ®¤ ¬ ¬ ²¥°¨ «  ¨§ ®¤®£®

±®±²®¿¨¿ ¢ ¤°³£®¥. �°¨¬¥° ¬¨ ¿¢«¿¾²±¿  «£®°¨²¬» ¬®¤¥«¨°®¢ ¨¿ ª®-

² ª²»µ ° §°»¢®¢, ¢»§¢ »µ ª®²¨³ «¼»¬ ° §°³¸¥¨¥¬ ¨ «®ª «¨§ -

¶¨¥© ¤¥´®°¬ ¶¨© (Maenchen, Sack (1964) [477], �³ª³¤¦ ®¢ (1985) [141],

�®¤ ³°®¢, �¥²°®¢ (1985) [117], �µ¬ ¤¥¥¢ (1986) [11], �®¤ ³°®¢ (1988)

[118], �®¤ ³°®¢, �. �¨ª¨²¨ (1989) [119], Lemaitre (1992, 1996) [465], �³-

«¨¤®¢, � ¡ «¨ (1994, 1995) [86], Tomita (1994) [627], � ¤»°¨ (1995) [188],

Kukudzhanov et al. (1995) [435], Kondaurov ¨ ¤°. (1997) [121], �®¬¨ ¨

¤°. (1999) [205], �³° £®, �«³¸ª®, �®¢¸®¢ (2000) [48] �®¤ ³°®¢ (2001)

[123] �³° £®, �³ª³¤¦ ®¢ (2002) [51]. �°³£¨¥ ¯°¨¬¥°» ±ª¢®§®£® ±·¥² 

´ §®¢»µ ¯¥°¥µ®¤®¢ ¦¨¤ª®±²¼-¯ °, ²¢¥°¤®¥ ²¥«®-¦¨¤ª®±²¼ ¯°¨ ¯« ¢«¥¨¨

¨ ª°¨±² ««¨§ ¶¨¿ ¯°¥¤±² ¢«¥» ¢ ° ¡®² µ: Ehrlich (1958) [332], �«¥©¨ª

(1960) [163], � ¬ °±ª¨©, �®¨±¥¥ª® (1965) [190] ¨ ¢ ¡®«¼¸®¬ ¶¨ª«¥ ° ¡®²,

¯®¤¨²®¦¥®¬ ¢ ¬®®£° ´¨¨ Sethian (1999) [585].

�®¤¥«¨°®¢ ¨¥ §® ° §°³¸¥¨¿ ¤¨±ª°¥²»¬¨ · ±²¨¶ ¬¨ ¯°¥¤« £ «®±¼

¢ ° ¡®² µ: (Stecher, Johnson (1984) [602] Belytschko, Lin (1987) [254], John-

son, Stryk (1987, 1990) [406, 407], �³«¨¤®¢, �®¬¨ (1994) [86]. �±«¨ ¢ « £° -

¦¥¢®© ¿·¥©ª¥ ¢»¯®«¿¥²±¿ ³±«®¢¨¥ ° §°³¸¥¨¿ (¯® ¯°¥¤¥«¼®¬³ § ·¥¨¾

¤¥´®°¬ ¶¨¨, ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨, ¬ ª±¨¬ «¼®¬³ £« ¢®¬³  ¯°¿-

¦¥¨¾, ¨ ².¤.), ²® ±¢¿§¨ ¬¥¦¤³ ³§« ¬¨ ¢ ² ª¨µ ¿·¥©ª µ ®±¢®¡®¦¤ ¾²±¿,

 ¯°¿¦¥¨¿ °¥« ª±¨°³¾² ª ³«¾ ¨ ±®¯°®²¨¢«¥¨¥ ±®µ° ¿¥²±¿ ²®«¼ª® ¯®

®²®¸¥¨¾ ª ±¦ ²¨¾. �®¤°®¡»© ®¡§®° ¨ ®¯¨± ¨¥ ² ª®£® ²¨¯   «£®°¨²-

¬®¢ ±ª¢®§®£® ±·¥²  ¨¬¥¥²±¿ ¢ ª¨£¥ �®¬¨  ¨ ¤°. (1999) [205].

� ¡®²» ¯® ¬®¦¥±²¢¥®¬³ ª®² ª²³. � ¤ ·¨ ¬®¦¥±²¢¥®£® ª®-

² ª²  ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ¢®§¨ª ¾² ¢® ¬®£¨µ ¯°¨«®¦¥¨¿µ, ¢ · ±²-

®±²¨, ¯°¨ ·¨±«¥®¬ ¨§³·¥¨¨ ±¢®©±²¢ ª®¬¯®§¨²»µ ¬ ²¥°¨ «®¢, ±®±²®¿-

¹¨µ ¨§ ¬®¦¥±²¢  ° §®°®¤»µ ª®¬¯®¥²®¢, ¯°¨ ° ±·¥²¥ ¯®° ¦¥¨¿ ¬¨-

¸¥¥© ª °²¥·¼¾, ¯°¨ ¢§ ¨¬®¤¥©±²¢¨¨ ¸¥°®µ®¢ ²»µ ¯®¢¥°µ®±²¥© ¨ ².¤.
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�¡§®°» ½²®£®  ¯° ¢«¥¨¿ ¤ » ¢ ° ¡®² µ: Goryacheva, Dobychin (1988)

[71], Glocker, Pfei�er (1996) [364], �®¬¨ ¨ ¤°. (1999) [205], Xing (2000)

[668], �®°¿·¥¢ , �¥ª¨  (2001) [72].

�¯¨± ¨¥ ¿¢«¥¨© ª®² ª²  ¢  ° ¹¨¢ ¥¬»µ ²¥« µ ¨ ®¡§®°» ±¤¥« »

�°³²¾¿®¬, � ¦¨°®¢»¬, � ³¬®¢»¬ (1991) [6], � ¦¨°®¢»¬ (2001)

[148]. � ½²®¬³ ²¨¯³ § ¤ · ®²®±¿²±¿ § ¤ ·¨ ®  ¬®²ª¥ ¨ ¯®±«®©®¬ ¨§-

£®²®¢«¥¨¨ ª®¬¯®§¨¶¨®»µ ¬ ²¥°¨ «®¢, ®  £°³¦¥¨¨ £°³²  ¢ ¯°®¶¥±±¥

±²°®¨²¥«¼±²¢  ±®®°³¦¥¨©, ® ¢»° ¹¨¢ ¨¨ ª°¨±² ««®¢ ¢ ¯°®¶¥±± µ ®²-

¢¥°¤¥¨¿ ¬¥² ««¨·¥±ª¨µ ° ±¯« ¢®¢ ¨ ¯®«¨¬¥°»µ ° ±²¢®°®¢, ®  ¯»«¥¨¨,

®± ¦¤¥¨¨ ¨  ¬¥°½ ¨¨.

�°¨ °¥¸¥¨¨ § ¤ · ¬®¦¥±²¢¥®£® ª®² ª²  ¯®«¥§»¬¨ ¿¢«¿¾²±¿ ¬®-

¤¥«¨ ¨  «£®°¨²¬» ±ª¢®§®£® ±·¥²  ª®² ª²»µ £° ¨¶, ª®²®°»¥ ¯°¨¬¥-

¿¾²±¿ ¯°¨ ¨§³·¥¨¨ ±®¯°®²¨¢«¥¨¿ ª®¬¯®§¨²»µ ¬ ²¥°¨ «®¢   ¯°¨¬¥-

° µ ¤¥´®°¬ ¶¨© ¨¤¥ «¨§¨°®¢ ®£® ¬ «®£® ®¡º¥¬ , ±®¤¥°¦ ¹¥£® ¤®¢®«¼®

¡®«¼¸®¥ ª®«¨·¥±²¢® ° §®°®¤»µ ª®² ª²¨°³¾¹¨µ ¯®¤®¡« ±²¥© (¬ ²°¨¶ 

¨ ¢ª«¾·¥¨¿).

� °®±²®¬ ·¨±«  ª®² ª²¨°³¾¹¨µ ½«¥¬¥²®¢ ¯°¿¬®¥ ·¨±«¥®¥ ¬®¤¥-

«¨°®¢ ¨¥ ±² ®¢¨²±¿ § ²°³¤¨²¥«¼»¬ ¨ ¯°¨µ®¤¨²±¿ ¯°¨¢«¥ª ²¼ ¬®¤¥«¨

ª®²¨³ «¼®£® ®¯¨± ¨¿ ¬®¦±²¢¥®£® ª®² ª² . � ¯°¨¬¥°, ¤«¿ ±°¥¤

±«®¨±²®© ¨ ¡«®·®© ±²°³ª²³°» ½´´¥ª²¨¢»© ¯³²¼ °¥¸¥¨¿ § ¤ · ¬®¦¥-

±²¢¥®£® ª®² ª²  ³ª §»¢ ¥²±¿ ¬¥²®¤®¬  ±¨¬¯²®²¨·¥±ª®£® ³±°¥¤¥¨¿

±²°³ª²³°®-¯¥°¨®¤¨·¥±ª¨µ ±°¥¤. �¡§®° ° ¡®² ½²®£®  ¯° ¢«¥¨¿ ± ¯°¨¬¥-

° ¬¨ ¬®¤¥«¥© ³±°¥¤¥¨¿ ¨ ¨µ ·¨±«¥®© °¥ «¨§ ¶¨¨ ±¤¥«  �. �¨ª¨²¨»¬

(1989) [157].

1.5. � £° ¦¥¢»  «£®°¨²¬» ¢»¤¥«¥¨¿ ª®² ª²®© £° ¨¶».

�®¨±ª §®» ª®² ª² .

�°¨ ·¨±«¥®© °¥ «¨§ ¶¨¨ « £° ¦¥¢»µ ±¥²®·»µ ¬¥²®¤®¢ £° ¨¶» ²¥«

¯°¥¤±² ¢«¿¾²±¿ ¬®¦¥±²¢®¬ £° ¨·»µ ¯®¢¥°µ®±²»µ ¿·¥¥ª. �®  ª®-

² ª²  ¢ ¡®«¼¸¨±²¢¥ ±«³· ¥¢ § ° ¥¥ ¥¨§¢¥±²  ¨ ¥¥ ¯°¨µ®¤¨²±¿ ¨±ª ²¼

¢ µ®¤¥ ° ±·¥² . �  ¨¹¥²±¿ «¨¡® ¯® ¯°®¨ª ¨¾ £° ¨·»µ ³§«®¢ ·¥°¥§

£° ¨·»¥ ¿·¥©ª¨, «¨¡® ¯® ¨µ ±¡«¨¦¥¨¾ ¯³²¥¬ ¯®¯ °»µ ¯°®¢¥°®ª ¢±¥µ

£° ¨·»µ ³§«®¢ ¨ ¿·¥¥ª. �¥§³«¼² ²®¬ ¯®¨±ª  §®» ª®² ª²  ¿¢«¿¥²±¿

±¯¨±®ª ª®² ª²»µ ¯ ° ²¨¯ ,  ¯°¨¬¥°, "³§¥« - £° ¨· ¿ ¿·¥©ª " ¨, ²¥¬

± ¬»¬, °¥ «¨§³¥²±¿  ¢²®¬ ²¨§¨°®¢ ®¥ ¯®±²°®¥¨¥ ª®² ª²»µ ¨«¨ ¡³-
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´¥°»µ ½«¥¬¥²®¢. �®£¤  ½²® ¬®£³² ¡»²¼ ¯ °» ³§¥«-´¨ª²¨¢»© ³§¥«

¨«¨ ¿·¥©ª -¿·¥©ª  (¯®¢¥°µ®±²»¥), ²® ¥±²¼ ¯ °» ¤¨±ª°¥²»µ ½«¥¬¥²®¢

ª®² ª²¨°³¾¹¨µ £° ¨¶.

�¨±«® ®¯¥° ¶¨© ¯® ¯®¨±ª³ ª®² ª²»µ ¯ ° ° ±²¥² ¯°®¯®°¶¨¨® «¼®

ª¢ ¤° ²³ ·¨±«  £° ¨·»µ ¿·¥¥ª ¨«¨ ³§«®¢. �«¿ § ¤ · ± ¡®«¼¸¨¬ ·¨±«®¬

³§«®¢ ½²® ¯°¨¢®¤¨² ª ¥¯°¨¥¬«¥¬»¬ § ²° ² ¬ ¢»·¨±«¨²¥«¼®© ° ¡®²».

� ±±¬®²°¨¬ ¨¬¥¾¹¨¥±¿  «£®°¨²¬» ³±ª®°¥®£® ¯®¨±ª  §®» ª®² ª² 

�«£®°¨²¬ "£®±¯®¤¨-±«³£ " (master-slave algorithm) ¿¢«¿¥²±¿ ®¤¨¬ ¨§

¯¥°¢»µ  «£®°¨²¬®¢ ¯®¨±ª , ® ¡»« ¯°¥¤«®¦¥ ¢ ° ¡®² µ (Hallquist,

Goudreau, Benson 1982, 1985) [367, 375]. � ±®®²¢¥²±²¢¨¨ ± ½²¨¬  «£®°¨²¬®¬

½ª®®¬¨¿ ¢»·¨±«¥¨© ¤®±²¨£ ¥²±¿ §  ±·¥² ²®£®, ·²® §®» ¢®§¬®¦®£® ª®-

² ª²  (· ±²¨ ¯®¢¥°µ®±²¥© ²¥«) § ¤ ¾²±¿ § ° ¥¥. ¨ ®¤  ¨§ ¯®¢¥°µ®±²¥©

±·¨² ¥²±¿ ®±®¢®© (£®±¯®¤±²¢³¾¹¥©),   ¢²®° ¿ - ¯®¤·¨¥®©. �¥°¢ ¿

¯°¥¤±² ¢«¥  £° ¨·»¬¨ ¿·¥©ª ¬¨,   ¢²®° ¿ £° ¨·»¬¨ ³§« ¬¨. �«£®-

°¨²¬ ¨±¯®«¼§³¥²  ¯°¨®°³¾ ¨´®°¬ ¶¨¾ ® §®¥ ¢®§¬®¦®£® ª®² ª²  ¨

 µ®¤¨² ª®² ª²»¥ ¯ °» ¯® ¯°®¨ª ¨¾ ¯®¤·¨¥»µ ³§«®¢ ·¥°¥§ "£®±-

¯®¤±ª¨¥" £° ¨·»¥ ¿·¥©ª¨. �«¿ ®¡ °³¦¥¨¿ ² ª®£® ¯°®¨ª ¨¿ ¯°®¢¥-

°¿¥²±¿ § ª ®°¬ «¼®© ¯°®¥ª¶¨¨ ¯®¤·¨¥®£® ³§«    ¿·¥©ª³-£®±¯®¤¨ 

¨ ²® ®¡±²®¿²¥«¼±²¢®, ·²® ®°¬ «¼, ®¯³¹¥ ¿ ¨§ ½²®£® ³§«    ¿·¥©ª³ ¯¥-

°¥±¥ª ¥² ¥¥.

�²¬¥²¨¬, ·²® ¢® ¬®£¨µ § ¤ · µ ¥«¼§¿ § ° ¥¥ ¯°¥¤±ª § ²¼ ®±®¢»¥

¨ ¯®¤·¨¥»¥ ª®² ª²»¥ ¯®¢¥°µ®±²¨. �°®¬¥ ²®£®, ¥®¡µ®¤¨¬®±²¼ ®¯¨-

± ¨¿ §®» ª®² ª²  ¢ ¨±µ®¤»µ ¤ »µ ¢ ±«³· ¥ ±«®¦®© £¥®¬¥²°¨¨ ®¡°¥-

¬¥¨²¥«¼ . �®¯®«¨²¥«¼»© ¤®¢®¤ ¯°®²¨¢ ¨±¯®«¼§®¢ ¨¿  ¯°¨®°®© ¨-

´®°¬ ¶¨¨ ® §®¥ ª®² ª²  ¯°¥¤®±² ¢«¿¥²±¿ ¿¢«¥¨¥¬ ± ¬®ª®² ª² . � ¬®-

ª®² ª²®¬  §»¢ ¥²±¿ ª®² ª²®¥ ¢§ ¨¬®¤¥©±²¢¨¥ ° §«¨·»µ · ±²¥© ¯®-

¢¥°µ®±²¨ ®¤®£® ¨ ²®£® ¦¥ ²¥« , ª®²®°®¥ ¬®¦¥² ¨¬¥²¼ ¬¥±²® ¯°¨ ¡®«¼¸¨µ

¤¥´®°¬ ¶¨¿µ.

� ° ±±¬ ²°¨¢ ¥¬»µ ¤ «¥¥  «£®°¨²¬ µ ¯®¨±ª  ¤«¿ ³±ª®°¥¨¿ ¯°®¶¥±± 

®²¡®°  ª®² ª²»µ ¯ ° ¯°®¶¥±± ¯®¨±ª  ° §¡¨¢ ¥²±¿   ¤¢  ¨ ¡®«¥¥ ³°®¢-

¥©,  §»¢ ¥¬»µ ®¡»·® £«®¡ «¼»¬¨ ¨ «®ª «¼»¬. �  £«®¡ «¼»µ ³°®¢-

¿µ §®» ¢®§¬®¦®£® ª®² ª²  ¨¹³²±¿ ±°¥¤¨ £°³¯¯ ¡«¨§«¥¦ ¹¨µ ³§«®¢.

� «¥ª® ®²±²®¿¹¨¥ £°³¯¯», § ¢¥¤®¬® ¥ ³· ±²¢³¾¹¨¥ ¢ ª®² ª²¥, ¡»±²°®

®²±¥¨¢ ¾²±¿ ¯® ¥ª®²®°®¬³ £°³¯¯®¢®¬³ ¯°¨§ ª³, ±¢¿§ ®¬³ ± ° ±±²®¿-

¨¥¬. �  ¯®±«¥¤¥¬ («®ª «¼®¬) ³°®¢¥ ³¦¥ ¥¯®±°¥¤±²¢¥® ° §»±ª¨¢ -
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¾²±¿ ª®² ª²»¥ ¯ °» "³§¥« - £° ¨· ¿ ¿·¥©ª " ¯®  °³¸¥¨¾ ³±«®¢¨¿

¥¯°®¨ª ¨¿ ¨«¨ ¯® ¯°¨§ ª³ ¤®±² ²®·®© ¡«¨§®±²¨. �²«¨·¨¿  «£®°¨²-

¬®¢ ¯®¨±ª  ¤°³£ ®² ¤°³£  ±®±²®¿² ¢ ¯°¨¶¨¯ µ ®¡° §®¢ ¨¿ £°³¯¯, £°³¯-

¯®¢»µ µ ° ª²¥°¨±²¨ª µ, ¨¥° °µ¨¨ ¨ ¬¥²®¤ µ ¡»±²°®© ±®°²¨°®¢ª¨.

�²¬¥²¨¬ ¨§¢¥±²»¥ £«®¡ «¼»¥  «£®°¨²¬» ¯®¨±ª  §® ª®² ª² :  «£®-

°¨²¬ °¥£³«¿°»µ ¿·¥¥ª (Santos, 1993 [579],  «£®°¨²¬ ¨¥° °µ¨·¥±ª¨µ ²¥°°¨-

²®°¨© (HITA) (Zhong, 1993 [681]), «¨¥©®-¯®§¨¶¨®»©  «£®°¨²¬ (Olden-

burg, Nilsson, 1994 [515]),  «£®°¨²¬» ±®°²¨°®¢ª¨ ®ª°¥±²®±²¥© ( Belytschko

et al., 1987, [253]; Benson, Hallquist, 1990, [261]; Papadopulos, 1993, [621] ¨

¤°.).

� ¨¡®«¥¥ ³¯®²°¥¡¨²¥«¼»¬¨ ¨ ½´´¥ª²¨¢»¬¨  «£®°¨²¬ ¬¨ £«®¡ «¼-

®£® ¯®¨±ª  §® ª®² ª²  ¿¢«¿¾²±¿  «£®°¨²¬» HITA ¨ «¨¥©®-

¯®§¨¶¨®»©.

�«®¡ «¼»©  «£®°¨²¬ ¨¥° °µ¨¨ ²¥°°¨²®°¨© ¯°¥¤«®¦¥

¢ ° ¡®²¥ (Zhong, 1993, [681]), ±®ª° ¹¥®  §»¢ ¥²±¿ HITA - Hierarchi-

cal Territory Algorithm, ®±®¢    £°³¯¯¨°®¢ ¨¨ ° ±¯®«®¦¥»µ ¢¡«¨§¨

¤°³£ ¤°³£  £° ¨·»µ ½«¥¬¥²®¢ ¨ ¯®¨±ª¥ §® ¢®§¬®¦®£® ª®² ª²  ¯³-

²¥¬   «¨§  ° ±±²®¿¨© ¬¥¦¤³ ² ª¨¬¨ £°³¯¯ ¬¨ ½«¥¬¥²®¢. �±«¨  ©¤¥»

£°³¯¯» ¢®§¬®¦®£® ª®² ª² , ¤ «¥¥ ¯°®¢®¤¨²±¿ «®ª «¼»© ¯®¨±ª. �°¨

®·¥¼ ¡®«¼¸®¬ ·¨±«¥ £° ¨·»µ ½«¥¬¥²®¢ ±²°®¨²±¿ ¨¥° °µ¨¿ £°³¯¯ ¨ ¯®-

¨±ª ¢®§¬®¦®£® ª®² ª²  ¨¤¥² ¯®±«¥¤®¢ ²¥«¼® ®² £°³¯¯ ¢¥°µ¥£® ³°®¢¿

ª ¨¦¥¬³.

�«®¡ «¼»© «¨¥©»© ¯®§¨¶¨®»©  «£®°¨²¬ ¯°¥¤«®¦¥ ¢ ° ¡®²¥ (Old-

enburg, Nilsson, 1994 [515]), ±®ª° ¹¥®  §»¢ ¥²±¿ LPOCA - Linear PO-

sition Code Algorithm, ¨±ª³±±²¢¥® ³¯®°¿¤®·¨¢ ¥² ¢±¥ £° ¨·»¥ ³§«»

ª®¥·®-½«¥¬¥²®© ±¥²ª¨. �«¿ ½²®© ¶¥«¨ ®ª ©¬«¿¾¹¨© ®¡« ±²¼ °¥¸¥-

¨¿ ¯ ° ««¥«¥¯¨¯¥¤ ¤¥«¨²±¿   ¡®«¼¸®¥ ·¨±«® ¬ «¥¼ª¨µ "ª¨°¯¨·¨ª®¢" ±®

±²°³ª²³°¨°®¢ ®© ijk ³¬¥° ¶¨¥© (¢¢®¤¨²±¿ ¤®¯®«¨²¥«¼ ¿ ° ¢®¬¥° ¿

°¥£³«¿° ¿ ijk ±¥²ª ). � ¦¤®¬³ ³§«³ ª®¥·®-½«¥¬¥²®© ¥±²°³ª²³°¨°®-

¢ ®© ±¥²ª¨ ¯°¨±¢ ¨¢ ¥²±¿ ijk ®¬¥° ¢ § ¢¨±¨¬®±²¨ ®² ²®£®, ¢ ª ª®© ¨§

½²¨µ ¢±¯®¬®£ ²¥«¼»µ "ª¨°¯¨·¨ª®¢" ® ¯®¯ «. � ª ¿ ¤®¯®«¨²¥«¼ ¿ ³-

¬¥° ¶¨¿ ³¦¥ ±®¤¥°¦¨² ¨´®°¬ ¶¨¾ ® ° ±¯®«®¦¥¨¨ ³§«®¢, ·²® ¯®§¢®«¿¥²

¨±¯®«¼§®¢ ²¼ ¥¥ ¤«¿ ¢¢¥¤¥¨¿ ª« ±²¥°®¢ (£°³¯¯ ±®±¥¤¨µ ³§«®¢) ¨ ±®ª° -

¹¥¨¿ ·¨±«  ¯°®¢¥°®ª ¨, ²¥¬ ± ¬»¬, § ·¨²¥«¼®£® ³±ª®°¥¨¿ ¯°®¶¥±± 

¯®¨±ª  §® ª®² ª² .
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�«®¡ «¼»©  «£®°¨²¬ § ¯®«¥¨¿ ¯°®±²° ±²¢  ª°¨¢»¬¨ ¯°¥¤«®¦¥ ¢

° ¡®²¥ (Diekman et al., 2000, [320]), ±®ª° ¹¥®  §»¢ ¥²±¿ SFC - Space

Filling Curve, ¨¥° °µ¨·¥±ª¨ ° §¡¨¢ ¥² ®¡« ±²¼ ¯®¨±ª    ª¢ ¤° ²» ¯®¤®¡®

²®¬³ ª ª ½²® ¤¥« ¥²±¿ ¢ ¨§¢¥±²®© § ¤ ·¥ ® «®¢«¥ «¼¢  ¢ ¯³±²»¥ � µ ° 

¯³²¥¬ ¤¥«¥¨¿ ¥¥ · ±²¥© ¯®¯®« ¬ ± ¢»¡®°®¬ ²®© · ±²¨, £¤¥  µ®¤¨²±¿ «¥¢,

¤® ²¥µ ¯®° ¯®ª  ½²®¬³ «¼¢³ ¥ª³¤  ¡³¤¥² ¤¥¢ ²¼±¿. � ª®¥ ¤¥«¥¨¥ ²®«¼ª®

³¦¥   ·¥²»°¥ ¯°¿¬®³£®«¼»µ · ±²¨ (¤¢³¬¥°»© ±«³· ©) ¯°®¢®¤¨²±¿ ¯®ª 

  ª ª®¬-²® ³°®¢¥ ¨§¬¥«¼·¥¨¿ ¢ ¿·¥©ª¥ ¥ ®ª ¦¥²±¿ ²®«¼ª® ®¤¨ ³§¥«,

ª®²®°®¬³ ¨ ¯°¨±¢ ¨¢ ¥²±¿ ¯®§¨¶¨®»© ª®¤, ®¡° §®¢ »© ¶¥¯®·ª®© ¡¨-

 °»µ ª®¤®¢ (00-«¥¢»©-¨¦¨©, 01-¯° ¢»©, ¨¦¨©, 10-«¥¢»©, ¢¥°µ¨©,

11-¯° ¢»©, ¢¥°µ¨©), ³ª §»¢ ¾¹¨µ ¯³²¼ ª ¤ ®¬³ ³§«³. �«¿ ®¯°¥¤¥«¥¨¿

¡«¨¦ ©¸¨µ ³§«®¢ ª ¤ ®¬³ ¨±¯®«¼§³¾²±¿  «£®°¨²¬» ¡»±²°®£® ±° ¢¥¨¿

¯®§¨¶¨®»µ ª®¤®¢ ®±®¢ »¥   XOR-®¯¥° ¶¨¿µ ¨ ª®¬¡¨ ¶¨¨ ¡¨ °-

®£® ¨ ½ª±¯®¥¶¨ «¼®£® ¯®¨±ª .

�«£®°¨²¬» ®¯°¥¤¥«¥¨¿ §®» ª®² ª² . �®ª «¼»© ¯®¨±ª. �  «£®°¨²-

¬ ¬ «®ª «¼®£® ¯®¨±ª  ®²®±¨²±¿ ³¦¥ ° ±±¬®²°¥»©  «£®°¨²¬ "³§¥«-

¿·¥©ª " (Goudreau, Hallquist, 1982, [367] Benson, Hallquist, 1990, [261]) ¨

 «£®°¨²¬ "¢³²°¼/ °³¦³" (Wang, Nakamachi, 1997 [639]). �®±«¥¤¨© ¬¥-

²®¤ ½´´¥ª²¨¢® ° §°¥¸ ¥² ¯°®¡«¥¬³ "¬¥°²¢»µ §®", ª®²®° ¿ ±®±²®¨² ¢

²®¬, ·²® ¢ ¬¥±² µ ¨§«®¬®¢ £° ¨¶» ¯®¿¢«¿¾²±¿ ¯°¨«¥£ ¾¹¨¥ ª ¥¥ ®±²°»¬

¨§«®¬ ¬ ¢³²°¥¨¥ "¬¥°²¢»¥" §®», ¨§ ª®²®°»µ ¥¯®¿²®, ª³¤  "¢»¯¨-

µ¨¢ ²¼" ¯°®¨ª¸¨© "·³¦®©" £° ¨·»© ³§¥«. �«£®°¨²¬ ¯°¥¤« £ ¥² ®¤®

¨§ ± ¬»µ ¯°®±²»µ ¢®§¬®¦»µ °¥¸¥¨©, ª®²®°®¥ § ª«¾· ¥²±¿ ¢ "¢»¯¨µ¨-

¢ ¨¨" ½²®£® ³§«  ®¡° ²® ± ¯®¬®¹¼¾ ±¨« °¥ ª¶¨¨,  ¯° ¢«¥»µ ¢¤®«¼

¥£® « £° ¦¥¢®© ²° ¥ª²®°¨¨ ("ª ª ¯°¨¸¥«, ² ª ¨ ³¸¥«").

�®ª «¼»©  «£®°¨²¬ ´³ª¶¨¨ § §®°  (GFA - Gap Function Algorithm)

®¡±³¦¤ ¥²±¿ ¢ ° ¡®² µ (Pandol� et al., 2001, [538] ; Hirota et al., 2001, [391])

¨, ¯® § ¬»±«³  ¢²®°®¢, ¤®«¦¥ ¯®§¢®«¨²¼ ¥¤¨®®¡° §® ° ±±¬ ²°¨¢ ²¼

¢±¥ ±«³· ¨ ª®² ª²  ¤«¿ § ¤ · ®·¥¼ ±«®¦®© £¥®¬¥²°¨¨ ¨ ®·¥¼ ¢»±®ª®©

° §¬¥°®±²¨. �«£®°¨²¬ ®±®¢    ¢¢¥¤¥¨¨ ¢ ®¡« ±²¨ °¥¸¥¨¿ ±ª «¿°-

®© ´³ª¶¨¨ § §®° , ª®²®° ¿ ¤«¿ ª ¦¤®£® ³§«  ¢»·¨±«¿¥²±¿ ®¤¨ ° § ¤«¿

 · «¼®£® ¯®«®¦¥¨¿ ¯®¤¢¨¦®© ®¡« ±²¨ °¥¸¥¨¿ ¨ ° ¢   · «¼®¬³

° ±±²®¿¨¾ ®² ½²®£® ³§«  ¤® ¡«¨¦ ©¸¥© £° ¨¶». �¥ ¯°®±²° ±²¢¥-

®© ®¡« ±²¨ °¥¸¥¨¿ ½²  ´³ª¶¨¿ ¤®®¯°¥¤¥«¿¥²±¿ ³«¥¬. �¯°¥¤¥«¥¨¥

ª®² ª²»µ ³§«®¢ ±®±²®¨² ¢ ¯®¤±·¥²¥ § ·¥¨¿ ½²®© ´³ª¶¨¨ § §®°  ¤«¿
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±¤¢¨³²»µ £° ¨·»µ ³§«®¢. �°¨ ®²±³²±²¢¨¨  «¥§ ¨¿ ½²¨ § ·¥¨¿ ¤«¿

£° ¨·»µ ³§«®¢ ° ¢» ³«¾. �±«¨ ¦¥ £¤¥-«¨¡® ¢®§¨ª«®  «¥§ ¨¥, ²®

½²® § ·¨², ·²® ª ª®©-«¨¡® ¨§ £° ¨·»µ ³§«®¢  µ®¤¨²±¿ ¢³²°¨ ¿·¥©ª¨

¯°®±²° ±²¢¥®© ±¥²ª¨ ¨, ±«¥¤®¢ ²¥«¼®, ¨¬¥¥² ¤¢  § ·¥¨¿ ´³ª¶¨¨

§ §®° : ®¤® - ±¢®¥ ±®¡±²¢¥®¥, ° ¢®¥ ³«¾, ¤°³£®¥ ®²¢¥· ¥² ¥£® ¯®«®-

¦¥¨¾ ¢³²°¨ ³¯®¬¿³²®© ¿·¥©ª¨ ¨ ®²«¨·® ®² ³«¿. � ¯° ¢«¥¨¥ "¢»-

² «ª¨¢ ¨¿" ¨«¨ ¤¥©±²¢¨¿ ®°¬ «¼»µ ª®² ª²»µ ³±¨«¨© ³ª §»¢ ¥²±¿

 ²¨£° ¤¨¥²®¬ ´³ª¶¨¨ § §®° ,   ¢¥«¨·¨»  «¥§ ¨¿ ¨ ±¨«» °¥ ª¶¨¨

¯°®¯®°¶¨® «¼» § ·¥¨¾ ´³ª¶¨¨ § §®° . �´´¥ª²¨¢®±²¼  «£®°¨²¬ 

«®ª «¼®£® ¯®¨±ª  ± ¨±¯®«¼§®¢ ¨¥¬ ´³ª¶¨¨ § §®°  ®¯°¥¤¥«¿¥²±¿ ¡»±²°®-

²®© ¨²¥°¯®«¿¶¨¨ ´³ª¶¨¨ § §®°  ¨ ²°¥¡³¥² ¤®±² ²®·® £« ¤ª¨µ £° ¨¶.

�®ª «¼»© ¯¨¡®««- «£®°¨²¬ �«¿ ³« ¢«¨¢ ¨¿ ±«®¦»µ ±«³· ¥¢ ª®-

² ª²  ° §®°®¤»µ ½«¥¬¥²®¢ (±²¥°¦¥¢»µ, ®¡®«®·¥·»µ ¨ ¯°®±²° -

±²¢¥»µ) ¬¥¦¤³ ±®¡®© ¢ ° ¡®²¥ (Belytschko, Neal, 1989, 1991, [255, 256])

¯°¥¤«®¦¥ ¯¨¡®««-¬¥²®¤ (pinball - § ª®«ª , ¨£®«ª  ± ¸ °¨ª®¬). �²®² ¬¥-

²®¤ ° ±±¬ ²°¨¢ ¥² ±´¥°¨·¥±ª³¾ ®ª°¥±²®±²¼ ª ¦¤®£® ½«¥¬¥² , ¥§ ¢¨-

±¨¬® ®² ¥£® ¯°¨°®¤» (²°¥µ¬¥°»©, ®¡®«®·¥·»© ¤¢³¬¥°»© ¨«¨ ±²¥°¦-

¥¢®©/¡ «®·»© ®¤®¬¥°»©) ¨ ¯°®¨ª ¨¥ ¯°®¢¥°¿¥²±¿ ¯® ¯¥°¥±¥·¥¨¾

½²¨µ ®ª°¥±²®±²¥©. �²® ¯°®±² ¿ ¯°®¢¥°ª , ¯®±ª®«¼ª³ ²°¥¡³¥²±¿ ±° ¢-

¨²¼ ²®«¼ª® ²¥ª³¹¨¥ ° ±±²®¿¨¿ ¬¥¦¤³ ¯¨¡®«« ¬¨ ± ±³¬¬®© ° ¤¨³±®¢ ¨µ

®ª°¥±²®±²¥©. � ¸²° ´®© ´®°¬¥  «£®°¨²¬ , ¥±«¨ ¯¥°¥ª°»²¨¥ ¯¨¡®««®¢

®¡ °³¦¥®, ° ¢»¥ ¨ ¯°®²¨¢®¯®«®¦®  ¯° ¢«¥»¥, ¯°®¯®°¶¨® «¼»¥

¢¥«¨·¨¥  «®¦¥¨¿, ±¨«» ¯°¨« £ ¾²±¿ ª ¶¥²° ¬ ¯¨¡®««®¢. �²¨ ±¨«»

§ ²¥¬ ¯¥°¥±·¨²»¢ ¾²±¿ ± ½²¨µ ´¨ª²¨¢»µ ³§«®¢ (¶¥²°®¢ ¯¨¡®««®¢)  

³§«» ½«¥¬¥²®¢, ª ª®²®°»¬ ½²¨ ¯¨¡®««» ®²®±¿²±¿. �®±ª®«¼ª³ ¯¨¡®««-

 «£®°¨²¬ ®±®¢    ¯°®±²¥©¸¨µ ¯°®¢¥°ª µ, ® ¿¢«¿¥²±¿ ®·¥¼ ¡»±²°»¬

ª®² ª²»¬  «£®°¨²¬®¬ ¨ ¯®²°¥¡«¿¥² ¯®°¿¤ª  15% ¢°¥¬¥¨, ²°¥¡³¥¬®£®

  ° ±·¥² ¢°¥¬¥®£® ¸ £ , ¢ ²® ¢°¥¬¿ ª ª ¤°³£¨¥  «£®°¨²¬» ¯®²°¥¡«¿¾²

¨®£¤  ¡®«¥¥ 60-75.

�®ª «¼»© ¨¥° °µ¨·¥±ª¨© ¯¨¡®««- «£®°¨²¬ � ³¦¥ ³¯®¬¿³²®© ° ¡®²¥

(Belytschko, Neal, 1991, [256]) ¯¨¡®««-¬¥²®¤ ¡»« ¯°¨«®¦¥ ª ²®ª¨¬ ®¡®-

«®·ª ¬ ¨ ¢ ¯°®¶¥±±¥ ¨±¯®«¼§®¢ ¨¿ ¬¥²®¤  ®ª § «®±¼, ·²® ¬¥²®¤ ¯¥°¥±² ¥²

° ¡®² ²¼, ª®£¤  ¢§ ¨¬®¤¥©±²¢³¾¹¨¥ ½«¥¬¥²» ®·¥¼ ²®ª¨¥. �»«¨  ©-

¤¥» (Belytschko, Yeh, 1993, [257]) ¤¢  ¯³²¨ ¯°¥®¤®«¥¨¿ ½²®© ²°³¤®±²¨:

"±ª®°®±²®©" ¯¨¡®««  «£®°¨²¬ ¨ "° ±¹¥¯«¥»©" ¯¨¡®««  «£®°¨²¬. � ª
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¨ ¢ ®¡»·»µ ¯¨¡®««- «£®°¨²¬ µ ¢ ° ±¹¥¯«¥®¬ ¯¨¡®««-¬¥²®¤¥ ¯¨-

¡®««  ±±®¶¨¨°®¢  ± ª ¦¤»¬ ½«¥¬¥²®¬, µ®²¿ ¢ ½²®¬ ®¢®¬ ¬¥²®¤¥ ° -

¤¨³± ¯¨¡®««  ¢±¥£¤  ¢»¡°  ¤®±² ²®·® ¡®«¼¸¨¬, ·²®¡» ®ª°³¦¨²¼ ½«¥-

¬¥² �²®² ¡®«¼¸®© ¯¨¡ ««  §¢  °®¤¨²¥«¼±ª¨¬. �¥°¥-ª°»²¨¥ °®¤¨²¥«¼-

±ª¨µ ¯¨¡ ««®¢ ²¥¯¥°¼ «¨¸¼ ¯®ª §»¢ ¥² ¢®§¬®¦®±²¼ ¯°®¨ª ¨¿. �®£¤ 

¯¥°¥ª°»²¨¥ °®¤¨²¥«¼±ª¨µ ¯¨¡®««®¢ ®¡ °³¦¥® ¬¥¼¸¨¥ ¯¨¡®««» ¤°³-

£®£® ³°®¢¿ ¢»±²° ¨¢ ¾²±¿, ®¨ ¨¬¥¾² ° ¤¨³±» ¯®-°¿¤ª  ²®«¹¨» ®¡®-

«®·ª¨ ¨ ¯®ª°»¢ ¾², ° ±¯®« £ ¿±¼   ° ±±²®¿¨¨ ½²®£® ° ¤¨³±  ¤°³£ ®²

¤°³£ , ¯®¢¥°µ®±²¼ ®¡®«®·¥·®£® ¨«¨ ¤«¨³ ¡ «®·®£® ½«¥¬¥² . E±«¨ ½²¨

¬ «»¥ ¯¨¡®««» ¯¥°¥ª°»¢ ¾²±¿ ± ·³¦¨¬¨, ²® ½²® ®§ · ¥² ¯°®¨ª ¨¥ ¨

²®£¤  ¨±ª®¬»¥ ª®² ª²»¥ ±¨«» ¢»·¨±«¿¾²±¿ ¯® ¯¥°¥ª°»²¨¾ ¬ «»µ ¯¨-

¡®««®¢ ¨, § ²¥¬, ¯¥°¥° ±¯°¥¤¥«¿¾²±¿   ³§«» ±®®²¢¥²±²¢³¾¹¨µ ½«¥¬¥²®¢.

1.6. � £° ¦¥¢»  «£®°¨²¬» ¢»¤¥«¥¨¿ ª®² ª²®© £° ¨¶».

�¯°¥¤¥«¥¨¥ ª®² ª²»µ ³±¨«¨© ¨ ±ª®°®±²¥©.

�³±²¼ §®  ª®² ª²  ®¡ °³¦¥  ¨ ª®² ª²»¥ ¯ °» "³§¥«-¿·¥©ª " ¯®-

±²°®¥». � ±±¬®²°¨¬  «£®°¨²¬» ®¯°¥¤¥«¥¨¿ ®°¬ «¼»µ ª®² ª²»µ

±ª®°®±²¥© ¨ ³±¨«¨©.

�«£®°¨²¬» ±ª®«¼¦¥¨¿ ¡»«¨ ±´®°¬³«¨°®¢ » ¢ ¯¨®¥°±ª¨µ ° ¡®² µ

¯® ª®² ª²³ ¬¥¦¤³ ¤¥´®°¬¨°³¥¬»¬¨ ²¥« ¬¨ ¢ ³±«®¢¨¿µ ¯¥°¥¬¥®© §®»

ª®² ª² , ¢»¯®«¥»µ �¨«ª¨±®¬ (1967) [200], (Wilkins, 1964, 1969, 1979,

1980) [644, 646, 647, 648]. � ¡®²» �¨«ª¨±  ®ª § «¨ ¡®«¼¸®¥ ¢«¨¿¨¥  

° §¢¨²¨¥ ª®² ª²»µ  «£®°¨²¬®¢ ¢ § ¤ · µ ® ¡®«¼¸¨µ ¤¥´®°¬ ¶¨¿µ.

�  «£®°¨²¬ µ ±ª®«¼¦¥¨¿   ª ¦¤®¬ ¸ £¥ ¯® ¢°¥¬¥¨ ¯®¯¥°¥¬¥®

(�¨-±¥«¥¢, 1984, 1988, 1989, [106, 107, 108]) ®¤  ¨§ ª®² ª²¨°³¾¹¨µ

¯®¢¥°µ-®±²¥© ±·¨² ¥²±¿ ¯®¢¥°µ®±²¼¾ ±ª®«¼¦¥¨¿ (¯®¢¥°µ®±²¼¾  ¡±®-

«¾²® ¦¥±²ª®£® ²¥« ),   ¤°³£ ¿ £° ¨¶  ±«¥¤³¥² ¤¢¨¦¥¨¾ ¯¥°¢®©. �®²¿

ª®² ª²»¥ ³±«®¢¨¿ ¯°¨ ½²®¬ ¢»¯®«¿¾²±¿ ¯°¨¡«¨¦¥®, ¨²¥£° «¼® ¬¥-

²®¤ ¤ ¥² ¯° ¢¤®¯®¤®¡»¥ °¥§³«¼² ²». �®² ª²»¥ ±ª®°®±²¨ ¨ ³±¨«¨¿ ¢

·¨±«¥®¬ °¥¸¥¨¨ ®±¶¨««¨°³¾², ·²® ±¨¦ ¥² ²®·®±²¼ ° ±·¥² .

O¡®¡¹¥¨¥¬ ¬¥²®¤  �¨«ª¨±    ²°¥µ¬¥°»© ±«³· © § ¨¬ «¨±¼ ² ª¦¥

Johnson (1977a, 1977b, 1990) [404, 405, 407], �³«¨¤®¢ (1980) [80], �®°¥¥¢ ±

±® ¢²®° ¬¨ (1980, 1982) [125, 126], � ¦¥®¢, �¨¡¥¶, � ¤»°¨ (1986) [13] ¨

¬®£¨¥ ¤°³£¨¥.

�«£®°¨²¬» ´¨ª²¨¢»µ ³§«®¢ ¢ ° §«¨·»µ ´®°¬ µ ¢¢®¤¨«¨±¼ ¢ °¿¤¥ ° -

24



¡®². � ³¦¥ ³¯®¬¨ ¢¸¥©±¿ ¢ ±¢¿§¨ ±  «£®°¨²¬ ¬¨ ¨¤¥ «¼®£® ª®² ª² 

° ¡®²¥ � ¦¥®¢ , �¥´¨°®¢ , �¥²°®¢  (1984) [12] ¯°¥¤«®¦¥ ¤¢³¬¥°»©  «-

£®°¨²¬, ¨±¯®«¼§³¾¹¨© ³±«®¢¨¿ ¥¯°®¨ª ¨¿ ¯® ®°¬ «¨ ¨ ±¢®¡®¤®£®

±ª®«¼¦¥¨¿ ¯® ª ± ²¥«¼®© ª ¯®¢¥°µ®±²¨. �°¨ ° ±±®£« ±®¢ ¨¨ ±¥²®ª ¢

§®¥ ª®² ª²   «£®°¨²¬ ¨±¯®«¼§³¥² ¢±¯®¬®£ ²¥«¼³¾ ±®¢¬¥¹¥³¾ ±¥²ª³,

±®±²®¿¹³¾ ¨§ £° ¨·»µ ³§«®¢ ¨±µ®¤®© ±¥²ª¨ ¢ ®¤®¬ ²¥«¥ ¨ ¨§ ¯ °-

»µ ´¨ª²¨¢»µ ª®² ª²»µ ³§«®¢ ¢ ¤°³£®¬ ²¥«¥. � ·¥¨¿ °¥¸¥¨¿

¢ ´¨ª²¨¢»µ ³§« µ   ±² °®¬ ¢°¥¬¥®¬ ±«®¥ ®¯°¥¤¥«¿¾²±¿ ¨²¥°¯®«¿-

¶¨¥©. �  ®¢®¬ ¢°¥¬¥®¬ ±«®¥ (¨²¥° ¶¨¨)   ª ¦¤³¾ ¯ °³ ±¬¥¦»µ ³§-

«®¢ ("£° ¨·»©-´¨ª²¨¢»©")  ª« ¤»¢ ¥²±¿ ª¨¥¬ ²¨·¥±ª®¥ ®£° ¨·¥-

¨¥ (° ¢¥±²¢® ±®®²¢¥²±²¢³¾¹¨µ ª®¬¯®¥²®¢ ±ª®°®±²¥©) ¨ ±² ²¨·¥±ª¨¥

³±«®¢¨¿ (° ¢¥±²¢® ± ²®·®±²¼¾ ¤® § ª  ª®¬¯®¥²®¢ ®°¬ «¼»µ ³±¨-

«¨©). �±¯®«¼§³¿ ½²¨ ° ¢¥±²¢  ¢ ª ¦¤®¬ £° ¨·®¬ ³§«¥ ®±®¢®© ±¥²ª¨

®¯°¥¤¥«¿¾²±¿ ¢¥«¨·¨» ª®² ª²»µ ¤ ¢«¥¨© ¨ ª®°°¥ª²¨°³¾²±¿ £° ¨·-

»¥ ³§«®¢»¥ ±ª®°®±²¨. � ¯®±«¥¤³¾¹¨µ ° ¡®² µ � ¦¥®¢ , �¨¡¥¶  ¨ �¢¥²-

ª®¢®© (1995) [18]  «£®°¨²¬ ¡»« ®¡®¡¹¥   ²°¥µ¬¥°»¥ ª®² ª²»¥ § ¤ ·¨.

�¨ª²¨¢»¥ ³§«» ¢¢®¤¿²±¿ ² ª¦¥ ¢® ¬®£¨µ ¤°³£¨µ ª®² ª²»µ  «£®-

°¨²¬ µ, ¢ · ±²®±²¨, ¢ ° ±±¬ ²°¨¢ ¥¬»µ ¤ «¥¥  «£®°¨²¬ µ ¬¥²®¤  µ ° ª-

²¥°¨±²¨ª (� ¯¯ °®¢ ¨ �³ª³¤¦ ®¢, 1986, [96]) ¨ ¢ ° ±±¬®²°¥®¬ ¢»¸¥

¨¥° °µ¨·¥±ª®¬ ¯¨¡®««- «£®°¨²¬¥ (Hallquist, 1992, [376]).

�®£¨·¥±ª¨¬ § ¢¥°¸¥¨¥¬ «¨¨¨  «£®°¨²¬®¢ ´¨ª²¨¢»µ ³§«®¢ ¿¢«¿¾²±¿

² ª  §»¢ ¥¬»¥  ¤ ¯²¨¢»¥ ª®² ª²»¥  «£®°¨²¬», ª®²®°»¥   ª ¦¤®¬

¸ £¥ ¯® ¢°¥¬¥¨ «®ª «¼® ¯¥°¥±²° ¨¢ ¾² ±¥²ª¨ ¢ ª®² ª²¨°³¾¹¨µ ²¥« µ

¢ ®ª°¥±²®±²¨ §®» ª®² ª²  ² ª, ·²®¡» ±®£« ±®¢ ²¼ ¨µ ¯® ¯°¨¶¨¯³ "³§¥«

¢ ³§¥«" (Mikolajczak et al., 2000, [490]).

� ° ª²¥°¨±²¨·¥±ª¨¥  «£®°¨²¬» ° ±·¥²  ª®² ª² . �®®²®¸¥¨¿   µ -

° ª²¥°¨±²¨ª µ ¤«¿ £¨¯¥°¡®«¨·¥±ª¨µ ±¨±²¥¬ ³° ¢¥¨© ¬¥µ ¨ª¨ ³¯°³£®-

¯« ±²¨·¥±ª¨µ ±°¥¤ ¡»«¨ ¯°¨¬¥¥» ¢ ¤¢³¬¥°»µ § ¤ · µ ¤¨ ¬¨ª¨ ¤«¿

° ±·¥²  ª®² ª²»µ £° ¨¶ ¢ ° ¡®² µ �®¤ ³°®¢, �¥²°®¢, �®«®¤®¢ (1984)

[116], �¥²°®¢, �®«®¤®¢ (1984) [166], � ¯¯ °®¢, �³ª³¤¦ ®¢ (1986) [96]. �¨-

±²¥¬» µ ° ª²¥°¨±²¨·¥±ª¨µ ±®®²®¸¥¨© ¢»¯¨±»¢ «¨±¼ ¤«¿ ª ¦¤®£® £° -

¨·®£® ³§«  ¢ ®¤®¬ ²¥«¥ ¨ ±®®²¢¥²±²¢³¾¹¥£® ´¨ª²¨¢®£® ³§«  ¢ ¤°³-

£®¬ ²¥«¥. �§ °¥¸¥¨¿ ½²¨µ ±¨±²¥¬ ³° ¢¥¨© ®¯°¥¤¥«¿«¨±¼ ª®² ª²»¥

±ª®°®±²¨ ¨ ³±¨«¨¿. �¡« ±²¼ ¢®§¬®¦®£® ¯°¨¬¥¥¨¿ µ ° ª²¥°¨±²¨·¥±ª¨µ

 «£®°¨²¬®¢ ®£° ¨·¥  ¥±² ¶¨® °»¬¨ § ¤ · ¬¨. � ¨¡®«¥¥ ±¢¥¦¨© ®¡-
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§®° µ ° ª²¥°¨±²¨·¥±ª¨µ  «£®°¨²¬®¢ ¬®¦®  ©²¨ ¢ ª¨£¥ (�³«¨ª®¢±ª¨©,

�®£®°¥«®¢, �¥¬¥®¢, 2001, [438]).

�®² ª²»¥  «£®°¨²¬», ®±®¢ »¥   °¥¸¥¨¿µ § ¤ ·¨ �¨¬  .

�µ¥¬  �®¤³®¢  (1959) [61], ¨±¯®«¼§³¾¹ ¿   ¯°¥¤¨ª²®°¥ °¥¸¥¨¿ § ¤ ·¨

�¨¬   ® ° ±¯ ¤¥ ¯°®¨§¢®«¼®£® ° §°»¢ , ¯°¨¬¥¥  ª ° ±·¥²³ ª®² ª²-

»µ ¢§ ¨¬®¤¥©±²¢¨© ¢ ¯°®¶¥±± µ ±¢ °ª¨ ¢§°»¢®¬ ¢ ° ¡®²¥ �®¤³®¢  ± ±® ¢-

²®° ¬¨ (1976), £¤¥ ¬®¦®  ©²¨ ®¯¨± ¨¥ ª®² ª²®£®  «£®°¨²¬  ¨ ±±»«ª¨

  ¤°³£¨¥ ° ¡®²» ½²¨µ  ¢²®°®¢. �²  «¨¨¿  «£®°¨²¬®¢ ¯®«³·¨«  ¤ «¼¥©-

¸¥¥ ° §¢¨²¨¥ ¢ ° ¡®² µ Addessio et al. (1988) [212], � ¤®¢±ª¨© (1991, 1997)

[184, 185], �»·¥ª (� ¤®¢±ª ¿) (1998) [53] ). O¡§®° ±¥¬¥©±²¢   «£®°¨²¬®¢

�®¤³®¢  ¤  ¢ ®¡§®°¥ (Benson, 1992, [262]) ¨ ¢ ¬®®£° ´¨¨ �³«¨ª®¢±ª®£®,

�®£®°¥«®¢ , �¥¬¥®¢  (2001) [438].

�«£®°¨²¬» ¥³¯°³£®£® ³¤ °  ¢ ° §«¨·»µ ¢ °¨ ² µ ¯°¨¬¥¿«¨±¼ ¢ ° -

¡®² µ: � ¤»°¨ (1976, 1979) [186, 187], �°¨¤¥¢ , �®°¥¥¢, �°³¸ª®¢ (1980)

[77], �®°¥¥¢, �³£ «¥¢ (1986) [127], � ¦¨, �¨¬®®¢ (1987) [189], �±² ¨,

� «¨¥¢, �¢ ¹¥ª® (1988) [7], �¢ ¹¥ª® (1988, 1989) [101, 102]. � ½²¨µ  «£®-

°¨²¬ µ ±ª®°®±²¨ « £° ¦¥¢»µ ³§«®¢ ¢ §®¥ ³¤ °  ª®°°¥ª²¨°³¾²±¿ ¨±µ®¤¿

¨§ °¥¸¥¨¿ § ¤ ·¨ ¥³¯°³£®£® ³¤ °  ¤«¿ ³§«®¢»µ ¬ ±± ±®±² ¢«¿¾¹¨µ ª®-

² ª²»¥ ¯ °» ³§¥« - ¯®¢¥°µ®±² ¿ ¿·¥©ª  ¨«¨ ³§¥« - ´¨ª²¨¢»© ³§¥«.

�®² ª²»¥  «£®°¨²¬» ¬¥²®¤  ¬®¦¨²¥«¥© � £° ¦ 

®±®¢ »   ³·¥²¥ ¨±ª®¬»µ ª®² ª²»µ ®°¬ «¼»µ  £°³§®ª ¢ ¢»° ¦¥-

¨¿µ ¤«¿ ª®² ª²»µ ±ª®°®±²¥© ¨ ¨µ ¯®±«¥¤³¾¹¥¬ ®¯°¥¤¥«¥¨¨ ¨§ ³±«®-

¢¨© ¥¯°®¨ª ¨¿. �®°¬ «¼»¥ ª®² ª²»¥  £°³§ª¨ ¿¢«¿¾²±¿ ¬®¦¨-

²¥«¿¬¨ � £° ¦  ¤«¿ ³±«®¢¨© ¥¯°®¨ª ¨¿. �²«¨·¨¿ ° §«¨·»µ ¬®¤¨-

´¨ª ¶¨© ±®±²®¿² ¢ ±¯®±®¡ µ ³·¥²  ³±«®¢¨¿ ¥¯°®¨ª ¨¿ (  ¤¨±ª°¥²®¬

¨«¨   ¥¯°¥°»¢®¬ ³°®¢¥), ¢ ±¯®±®¡ µ °¥¸¥¨¿ ±¨±²¥¬»  «£¥¡° ¨·¥±ª¨µ

³° ¢¥¨© ¤«¿ ª®² ª²®£® ¤ ¢«¥¨¿ (¯°¿¬»¥ ¨«¨ ¨²¥° ¶¨®»¥ ¬¥²®¤»),

¢ ²° ª²®¢ª µ  «£®°¨²¬®¢ (´¨§¨ª®-¬¥µ ¨·¥±ª ¿ ¨«¨ ¬ ²¥¬ ²¨·¥±ª ¿), ¢

±¯®±®¡ µ  ¯¯°®ª±¨¬ ¶¨¨ °¥¸¥¨¿ ¢ §®¥ ª®² ª²  ¨ ² ª ¤ «¥¥. �¤ ª®

¯°¨ ¢±¥µ ¢¥¸¨µ ° §«¨·¨¿µ ½²® ¢ °¨ ²» °¥ «¨§ ¶¨¨ ®¤®© ¨ ²®© ¦¥

¨¤¥¨. �²¬¥²¨¬, ·²® ¯®¤ ¢«¿¾¹¥¥ ¡®«¼¸¨±²¢® ª®² ª²»µ  «£®°¨²¬®¢,

¯°¨¬¥¿¥¬»µ ¢ ¿¢»µ ±µ¥¬ µ ° ±·¥² , ¬®£³² ²° ª²®¢ ²¼±¿ ª ª ¢ °¨ ²»

¬¥²®¤  ¬®¦¨²¥«¥© � £° ¦ .

�«£®°¨²¬» ¬¥²®¤  ¬®¦¨²¥«¥© � £° ¦  ¤«¿ ±«³· ¿ ¬ «»µ ¤¥´®°¬ -

¶¨© ±²°®¨«¨ �³ª± (1976) [206], Hughes et al. (1976) [395], Hallquist (1976,...,
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1998) [372, 378], Asano (1985) [225], Guerra, Browning (1983) [370], Bathe,

Chaindary (1985, 1986, 1988) [239, 240, 241, 242]. �«¿ ±«³· ¿ ¡®«¼¸¨µ ¤¥-

´®°¬ ¶¨© ² ª¨¥  «£®°¨²¬» ° §° ¡ ²»¢ «¨ Simo, Wriggers, Schweizerhof,

Taylor (1985,1986) [592, 593], Simons, Bergan (1986) [597], �³° £® (1986a,

1986b, 1987a) [38, 39, 41], �®°¥«¼±ª¨© ¨ ¤°. (1987, 1992) [67, 68], �³«¨-

¤®¢, � ¡ «¨ (1987,1988) [83, 85], Zhong (1988) [678], �³° £®, �³ª³¤¦ ®¢

(1988, 1991) [43, 45], Parish (1989) [546], Carpenter (1991) [288], �®¸³° ¨ ¤°.

(1992) [128], Saleeb (1994) [578], Zhong, Nilsson (1994) [684], Korobeinikov

et al. (1994) [432] � ¦¥®¢, �¨¡¥¶, �¢¥²ª®¢a (1995) [18], �»ª®¢±ª¨µ ¨ ¤°.

(1995) [52], Baillet et al. (1999) [234] ¨ ¬®£¨¥ ¤°³£¨¥.

�«£®°¨²¬» ¬¥²®¤  ¸²° ´»µ ´³ª¶¨© ¿¢«¿¾²±¿ ¤°³£¨¬ ¢ °¨ ²®¬

¤¨ ¬¨·¥±ª¨µ ª®² ª²»µ  «£®°¨²¬®¢, ¯°¨¬¥¿¥¬»¬ · ¹¥ ¢±¥£® ¢

¥¿¢»µ ±µ¥¬ µ °¥¸¥¨¿ ª®² ª²»µ § ¤ · ª¢ §¨±² ²¨ª¨ ¨ ¤¨ ¬¨ª¨. �

½²®¬ ¬¥²®¤¥ ¢¥«¨·¨  ®°¬ «¼»µ ª®² ª²»µ  £°³§®ª ¯°¨¨¬ ¥²±¿ ¯°®-

¯®°¶¨® «¼®© ¥¢¿§ª¥ ³±«®¢¨© ¥¯°®¨ª ¨¿ ± ¡®«¼¸¨¬ ª®½´´¨¶¨¥²®¬

¯°®¯®°¶¨® «¼®±²¨ (ª®½´´¨¶¨¥²®¬ ¸²° ´ ).

�®² ª²»¥  «£®°¨²¬» ¬¥²®¤  ¸²° ´  ¤«¿ ¥¿¢»µ ±µ¥¬ ° §° ¡ ²»-

¢ «¨ ¨ ®¯¨±»¢ «¨ Pifco, Winter (1981) [556], Kikuchi (1982) [416], Campos,

Oden, Kikuchi (1982) [286], Guerra, Browning (1983) [370], Simo, Wriggers,

Taylor (1985) [592], Kikuchi, Oden (1986) [418], Nour-Omid, Wriggers (1986)

[501], �³° £®, �³ª³¤¦ ®¢ (1988,1991) [43, 45], Kulak (1989) [437], Kanto,

Yagawa (1990) [414], De La Fuente, Felippa (1991) [355], Nagtegaal et al. (1991)

[497], Hunek (1993) [398], Zhong (1993) [681], Bathe Bouzinov (1997) [245],

Ling (1997) [471], Parish (1997) [547], �®°®¡¥©¨ª®¢ (2000) [124], Xing (1998,

2000) [667, 668].

�°¥¤«®¦¥» ² ª¦¥ £¨¡°¨¤»¥  «£®°¨²¬», ª®²®°»¥ ±®·¥² ¾² ®¡  ¬¥-

²®¤  (¨ ¬¥²®¤ ¬®¦¨²¥«¥© � £° ¦ , ¨ ¬¥²®¤ ¸²° ´»µ ´³ª¶¨©), ±¬.

° ¡®²» (Wriggers, Wagner, Stein (1987) [653] Simo, Laursen (1992) [594] Hee-

gaard, Curnier (1993) [383], Laursen, Covindjeen (1994) [448] Bathe (1996)

[244], Xing et al. (1998, 2000) [667, 668], Farahani, Mo�d, Vafai (2000, 2001)

[339, 340].

� £° ¦¥¢»  «£®°¨²¬» ³« ¢«¨¢ ¨¿ ª®² ª²»µ £° ¨¶. � ±±¬®²°¨¬

 ¯° ¢«¥¨¥ ° ¡®² ¯® ¬®¤¥«¨°®¢ ¨¾ ° §°³¸¥¨¿, ¢ ª®²®°»µ ª®² ª²»¥

° §°»¢», ®²¢¥· ¾¹¨¥ ¬ £¨±²° «¼»¬ ²°¥¹¨ ¬, ¢»¤¥«¿¾²±¿ ¿¢®.

� ª®¥ ¢»¤¥«¥¨¥ ¯°®¨§¢®¤¨²±¿ ¯® § ° ¥¥ ¢¢¥¤¥®© «¨¨¨ (¯®¢¥°µ®-
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±²¨), ®¯°¥¤¥«¥®© ±¤¢®¥»¬¨ ³§« ¬¨ (Bertolf et al. (1975) [264] Chen,

Wilkins (1976) [300], �. �®°®§®¢, �¨ª¨¸ª®¢ (1980) [155], Ingra�ea, Heuze

(1980) [400], �³§ ®¢ �.�. ¨ ¤°. (1984) [182], ¥±«¨ ¯®«®¦¥¨¥ ¯®¢¥°µ®±²¨

° §°³¸¥¨¿ ¯°¥¤®¯°¥¤¥«¥®.

� ®¡¹¥¬ ±«³· ¥ ¤®¯®«¨²¥«¼»¥ ³§«» ¢¢®¤¿²±¿ ¢ ¯°®¶¥±±¥ °¥¸¥¨¿

(�°¨¤¥¢ , �¥¬¨°®¢¨·-� ·¥ª® (1983) [78], �¥°¦¨¥¢±ª¨©, �¥±¨¿±ª¨©

(1984) [153]. �¡§®° ¨ ®¯¨± ¨¥  «£®°¨²¬®¢ ¯¥°¥±²°®©ª¨ ±¥²®ª ¢ ®ª°¥±²®-

±²¨ ª®² ª²»µ ° §°»¢®¢ ¤ ® ¢ ° ¡®² µ: Ladevese (1998) [442], �¨«¼¬ ®¢

(2000) [59].

�¯®±®¡ ¿¢®£® ¢»¤¥«¥¨¿ ¢®¢¼ ®¡° §³¾¹¨µ±¿ ª®² ª²»µ ° §°»¢®¢, ¥

²°¥¡³¾¹¨© ¢¢¥¤¥¨¿ ®¢»µ ³§«®¢ ¨ ®±®¢ »©   «®ª «¼®© ¯¥°¥±²°®©ª¥

±¥²ª¨ ¯³²¥¬ "±µ«®¯»¢ ¨¿" ° §°³¸¥®© ¿·¥©ª¨ (¯³²¥¬ ±¤¢¨£  ¥¥ ³§«®¢

  ¯®¢¥°µ®±²¼ ° §°³¸¥¨¿), ¯°¥¤«®¦¥ ¢ ° ¡®²¥ �³«¨¤®¢ , �®¬¨ , � -

¡ «¨  (1983) [82]. �¯¨± ¨¥ ½²®£® ±¯®±®¡  ¬®¦®  ©²¨ ² ª¦¥ ¢ ° ¡®² µ

( �¨±¥«¥¢, � ¡ ª (1990) [109], �®¬¨ ¨ ¤°. (1999) [205].

�²¬¥²¨¬ °¿¤  «£®°¨²¬®¢ ¢ ª®²®°»µ  °³¸¥¨¿ ±¯«®¸®±²¨ ²¨¯  ²°¥-

¹¨ ² ª¦¥ ¬®¤¥«¨°³¾²±¿   ³°®¢¥ ½«¥¬¥²®¢ ¡¥§ ¯¥°¥±²°®©ª¨ ±¥²ª¨:

(Sumi (1985) [606], Simo, Oliver, Armero (1993) [595], R. Larsson, Runesson

(1993) [443]; ± ¨±¯®«¼§®¢ ¨¥¬ ²¥µ¨ª¨ ¯®¤¢¨¦»µ ±¥²®ª: Rashid (1998)

[570], ± ¨±¯®«¼§®¢¨¥¬ ¤®¯®«¨²¥«¼»µ ±²¥¯¥¥© ±¢®¡®¤» ¢ ½«¥¬¥² µ, ±®-

¤¥°¦ ¹¨µ ª®² ª²»© ° §°»¢, ª®²®°»¥ ®²¢¥· ¾² ° §°»¢»¬ ´³ª¶¨¿¬

´®°¬»: Fish (1989) [349], Fleming et al. (1997) [351], Moes et al. (1999) [492],

Daux et al. (2000) [316], Dolbow et al. (2000,2001) [323, 324], Duarte et al.

(2001) [329].

1.7. �©«¥°®¢»  «£®°¨²¬» ° ±·¥²  ª®² ª²»µ £° ¨¶.

�°¥¤±² ¢¨¬ ±¥¡¥ ±«³· © ª®£¤  ¤¢¥ ¨«¨ ¡®«¥¥ ®¡« ±²¥©, § ¿²»µ ®¤®©

´ §®© ¬ ²¥°¨ « , ®¡º¥¤¨¿¾²±¿. �¯¨± ²¼ ² ª®© ¯°®¶¥±± « £° ¦¥¢»¬¨

¬¥²®¤ ¬¨ ± ¿¢»¬ ¢»¤¥«¥¨¥¬ ¬¥¦´ §®¢»µ £° ¨¶ ¡³¤¥² ª° ©¥ ²°³¤®,

®±®¡¥® ¢ ²°¥µ¬¥°®¬ ±«³· ¥, ¯®±ª®«¼ª³ ®¡º¥¤¨¥¨¥ ³§«®¢ ¢ « £° ¦¥¢»

£° ¨·»¥ ¿·¥©ª¨ ®¯°¥¤¥«¿¥²±¿ ±¯¨±ª ¬¨ ¨ ¢ ¤ ®¬ ±«³· ¥ ² ª¨¥ ±¯¨±ª¨

³¦® ¡»«® ¡» ¯®±²®¿® ®¡®¢«¿²¼. �°®¬¥ ²®£®, ¢®§¨ª«¨ ¡» ²°³¤®-

±²¨, ±¢¿§ »¥ ± ¥¯°¨¥¬«¥¬»¬¨ ®£° ¨·¥¨¿¬¨   ¸ £ ¯® ¢°¥¬¥¨ ¨§-

§  ¢®§¬®¦®£® ·°¥§¬¥°®£® ±¡«¨¦¥¨¿ « £° ¦¥¢»µ ³§«®¢. � «®£¨·»¥

²°³¤®±²¨ « £° ¦¥¢ ¯®¤µ®¤ ¢±²°¥· ¥² ¨ ¯°¨ ®¯¨± ¨¨ ¯°®¶¥±±®¢ ´° £-
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¬¥² ¶¨¨.

�¤¨ ¨§ ±¯®±®¡®¢ ¯°¥®¤®«¥¨¿ ³ª § »µ ²°³¤®±²¥© ®²±«¥¦¨-

¢ ¨¿ ¬¥¦´ §®¢»µ £° ¨¶ ¯°¥¤®±² ¢«¿¥²±¿ ½©«¥°®¢»¬¨ ¨ ½©«¥°®¢®-

« £° ¦¥¢»¬¨  «£®°¨²¬ ¬¨, ª®²®°»¥ ¢ ° ±¸¨°¥®© ²° ª²®¢ª¥ ¤ ®£®

®¡§®°  ² ª¦¥ ®²®±¿²±¿ ª ª« ±±³ ª®² ª²»µ  «£®°¨²¬®¢.

�¡§®°» ¯® ½©«¥°®¢»¬  «£®°¨²¬ ¬ ®²±«¥¦¨¢ ¨¿ ª®² ª²»µ £° ¨¶.

�©«¥°®¢» ¬¥²®¤», °¥ «¨§³¾¹¨¥ ±ª¢®§®© ±·¥² ª®² ª²»µ ° §°»¢®¢,

®¡° §³¾² ±¢®© ¡®£ ²»© ¬¨°  «£®°¨²¬®¢, ª®²®°»© § ±«³¦¨¢ ¥² ±¯¥¶¨ «¼-

®£® ®¡§®°  ¨ §¤¥±¼ ®¯¨±»¢ ¥²±¿ ¯°¥¤¥«¼® ª° ²ª®. �°³£¨¥ ¯®¤¡®°ª¨ «¨²¥-

° ²³°» ¯® ½©«¥°®¢»¬ ª®² ª²»¬  «£®°¨²¬ ¬ ¬®¦®  ©²¨ ¢ ±«¥¤³¾¹¨µ

° ¡®² µ: �. � ¢»¤®¢ (1978, 1981) [89, 90], �®²²¥° (1975) [171], �. �¥«®-

¶¥°ª®¢±ª¨©, �. � ¢»¤®¢ (1982) [23], Hyman (1984) [399], Oran, Boris (1987)

[518], Benson (1992) [262], Unverdi, Tryggvason (1992) [634], LaFaurie et al.

(1994) [346], Kothe, Rider (1994) [429], Sethian (1996, 1998) [583, 585], �¨«¼-

¬ ®¢ (2000) [59], Osher, Tryggvason (2001) [526].

�¡¹¨¬¨ ·¥°² ¬¨ ° ±±¬ ²°¨¢ ¥¬®© £°³¯¯» ª®² ª²»µ  «£®°¨²¬®¢

¿¢«¿¥²±¿ ° ±·¥²   ½©«¥°®¢®© (¥¯®¤¢¨¦®©) · ±²® ° ¢®¬¥°®© ¨ ¯°¿¬®-

³£®«¼®© ±¥²ª¥, ®ª ©¬«¿¾¹¥© ± § ¯ ±®¬ ª®² ª²¨°³¾¹¨¥ ¬ ²¥°¨ «¼»¥

²¥«  ¨ ±°¥¤», ¨ ®²±«¥¦¨¢ ¨¥ ª®² ª²»µ £° ¨¶ (£° ¨¶» ²¥« ¨ ±°¥¤

¬¥¦¤³ ±®¡®©, ±¢®¡®¤»¥ £° ¨¶», ¬¥¦´ §®¢»¥ £° ¨¶») c ¯®¬®¸¼¾ « -

£° ¦¥¢»µ ¤¨±ª°¥²»µ ¨«¨ ¥¯°¥°»¢»µ ¬ °ª¥°®¢. �®£¤  ¢¬¥±²® ½©-

«¥°®¢®© ±¥²ª¨ ¨±¯®«¼§³¥²±¿ ½©«¥°®¢®-« £° ¦¥¢  ¯°®¨§¢®«¼® ¯®¤¢¨¦ ¿

(¤¨ ¬¨·¥±ª¨  ¤ ¯²¨¢ ¿) ±¥²ª .

� ±±·¨² ®¥   ½©«¥°®¢®© ±¥²ª¥ ¯®«¥ ±ª®°®±²¥© ¨±¯®«¼§³¥²±¿ ¤«¿ ° ±-

·¥²  ¤¢¨¦¥¨¿ « £° ¦¥¢»µ ¤¨±ª°¥²»µ ¨«¨ ¥¯°¥°»¢»µ ¬ °ª¥°®¢ ± ¨±-

¯®«¼§®¢ ¨¥¬ « £° ¦¥¢®© (¤¨±ª°¥²»¥ ¬ °ª¥°») ¨«¨ ½©«¥°®¢®© (¥¯°¥-

°»¢»¥ ¬ °ª¥°») ´®°¬ ³° ¢¥¨¿ ¯¥°¥®± .

�«£®°¨²¬» ¤¨±ª°¥²»µ « £° ¦¥¢»µ ¬ °ª¥°®¢ ®¡° §³¾² ®¡¸¨°®¥ ±¥-

¬¥©±²¢®, ª®²®°®¥ ¯°¥¤±² ¢«¿¾² ¡ §¨±»¥  «£®°¨²¬» ¬¥²®¤  · ±²¨¶ (� °-

«®³, 1967 [379]), ¬¥²®¤  £° ¨·»µ ¬ °ª¥°®¢ (�®µ, 1967 [162]) ¨ ¬¥²®¤ 

¬ °ª¥°®¢ ¨ ¿·¥¥ª ( Welch et al., 1965 [640]; �¨ª®«±, 1973 [161]). � ² ª¨µ

 «£®°¨²¬ µ · ±²¨¶» ®±³¹¥±²¢«¿¾² ¯¥°¥®± ¬ ±±», ¨¬¯³«¼±  ¨ ½¥°£¨¨,  

¬ °ª¥°» ±«³¦ ² ¤«¿ ¨¤¥²¨´¨ª ¶¨¨ ¬¥¦´ §®¢»µ £° ¨¶ ¨ ¤¢¨¦¥¨¿ ´ §.

�«¿ ª®² ª²  ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ¢ °¨ ²» ¬¥²®¤a ¬ °ª¥°®¢ ¨

¿·¥¥ª °¥ «¨§®¢ » ¢ ° ¡®² µ (� «¬»ª®¢, �³ª³¤¦ ®¢, 1993 [104]; �®¬¨
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¨ ¤°., 1999 [205]).

�«¿ ³·¥²  ±«®¦»µ £° ¨·»µ ³±«®¢¨© (²°¥¨¥, ¯®¢¥°µ®±²®¥  ²¿¦¥-

¨¥, ª¨¥²¨ª  ´ §®¢®£® ¯¥°¥µ®¤  ¨ ².¤.) ª®² ª²»¥ (¬¥¦´ §»¥, ±¢®¡®¤-

»¥) £° ¨¶» ¢ ½²¨µ ¬¥²®¤ µ ®¯°¥¤¥«¿¾²±¿ £° ¨·»¬¨ « £° ¦¥¢»¬¨

¿·¥©ª ¬¨, ¯®§¢®«¿¾¹¨¬¨ ¢»·¨±«¨²¼ ®°¬ «¼, ª ± ²¥«¼»¥ ¨ ª°¨¢¨§»

£° ¨¶» ° §¤¥« , ³· ±²¢³¾¹¨¥ ¢ § ¤ ¨¨ £° ¨·»µ ³±«®¢¨©.

�°¨ ®¡º¥¤¨¥¨¨/° §¤¥«¥¨¨ ¬ ²¥°¨ «¼»µ ¯®¤®¡« ±²¥© « £° ¦¥¢®

®¯¨± ¨¥ £° ¨¶ ±®§¤ ¥² ¡®«¼¸¨¥ ¬ ²¥¬ ²¨·¥±ª¨¥ ²°³¤®±²¨ ¯°¨ ° ±·¥²¥

¨±·¥§ ¾¹¨µ ¨«¨ °®¦¤ ¾¹¨µ±¿ £° ¨¶. �°®¬¥ ²®£® ¢ ¬¥²®¤ µ · ±²¨¶ ¨

¬ °ª¥°®¢ ¨¬¥¾²±¿ ¯°®¡«¥¬» ª®°°¥ª²®£® ®¯¨± ¨¿ ¤¢¨¦¥¨¿ ¬ °ª¥°®¢

  £° ¨¶ µ ° §¤¥«  ¨ ±®¡«¾¤¥¨¿ § ª®®¢ ±®µ° ¥¨¿ (¬ °ª¥°»),   ² ª¦¥

¯°®¡«¥¬» ± ¥µ¢ ²ª®© ¬ °ª¥°®¢ ¨«¨ · ±²¨¶ ¢ §® µ ° §°¥¦¥¨¿ ¨ ¯°®-

¡«¥¬», ±¢¿§ »¥ ± £¥¥° ¶¨¥© ¨ ³¤ «¥¨¥¬ ¬ °ª¥°®¢, ¯¥°¥±¥ª ¾¹¨µ ®²-

ª°»²»¥ £° ¨¶», ·¥°¥§ ª®²®°»¥ ±¯«®¸ ¿ ±°¥¤  ¢²¥ª ¥² ¨«¨ ¢»²¥ª ¥² ¨§

®¡« ±²¨ °¥¸¥¨¿. �²¨ ¯°®¡«¥¬» °¥¸ ¥¬», ® ¯°¨ ½²®¬ ·¨±«® ®¯¥° ¶¨©

¬®¦¥² ¤®±²¨£ ²¼ ¥¯°¨¥¬«¥¬»µ § ·¥¨©.

�¥²®¤» ¥¯°¥°»¢»µ « £° ¦¥¢»µ ¬ °ª¥°®¢ ¯®§¢®«¿¾² ³¯°®±²¨²¼

³·¥² ±«®¦»µ £° ¨·»µ ³±«®¢¨© ¨ ´¨§¨·¥±ª¨µ ¿¢«¥¨©   ª®² ª²»µ

£° ¨¶ µ ¨ ¨µ ®¯°¥¤¥«¥¨¥, ®±®¡¥® ¢ ±«³· ¿µ ¯¥°¥¬¥®© ²®¯®«®£¨¨ ¯®¤-

®¡« ±²¥©, § ¿²»µ ° §»¬¨ ±°¥¤ ¬¨ (´ § ¬¨), ¯°¨ ¨µ ±«¨¿¨¨ ¨«¨ ° §-

¤¥«¥¨¨. �¤¥²¨´¨ª ¶¨¿ ²¨¯  ±°¥¤» ¯°®¢®¤¨²±¿ ¯® § ·¥¨¿¬ ´³ª¶¨©,

±®µ° ¿¾¹¨µ±¿ ¢¤®«¼ « £° ¦¥¢»µ ²° ¥ª²®°¨©, ¨£° ¾¹¨µ °®«¼ ¥¯°¥°»¢-

»µ « £° ¦¥¢»µ ¬ °ª¥°®¢ ¨ ¯®¤·¨¿¾¹¨µ±¿ ½©«¥°®¢®¬³ ³° ¢¥¨¾ ¯¥°¥-

®± . �° ¨¶  ° §¤¥«  ±«³¦¨² ¨§®¯®¢¥°µ®±²¼¾, ®²¢¥· ¾¹¥© ±°¥¤¥¬³ ®²

§ ·¥¨© ´³ª¶¨¨ ¬ °ª¥°  ¢ ª®² ª²¨°³¾¹¨µ ±°¥¤ µ. � ª®© ±¯®±®¡ ®¯°¥-

¤¥«¥¨¿ £° ¨¶ ¯°¨¿²,  ¯°¨¬¥°, ¢ ª °²®£° ´¨¨ ¯°¨ ®¯¨± ¨¨ ¡¥°¥£®¢»µ

«¨¨©.

� °¨ ²»  «£®°¨²¬®¢ ¥¯°¥°»¢»µ « £° ¦¥¢»µ ¬ °ª¥°®¢ ®¯¨± » ¢

±«¥¤³¾¹¨µ ° ¡®² µ, °¥ «¨§³¾¹¨µ ¨¤¥¾ ¥¯°¥°»¢»µ ¬ °ª¥°®¢:

* ¬¥²®¤ ª°³¯»µ · ±²¨¶ ¯°¨¬¥¥ ª ° ±·¥²³ £° ¨¶ ° §¤¥«  ¢ ° ¡®² µ

(�. � ¢»¤®¢ (1978) [89]; �. � ¢»¤®¢, � ²¥«¥¥¢, (1981) [90]; �. �¥«®¶¥°-

ª®¢±ª¨©, �. � ¢»¤®¢, 1982 [23]), ¢ ª®²®°»µ £° ¨¶» ¬¥¦¤³ ²¿¦¥«®¨ ¨

«¥£ª®© ±°¥¤ ¬¨ ®¯°¥¤¥«¿«¨±¼ ¯® ¨§®¯®¢¥°µ®±²¨ ¯«®²®±²¨;

* ¬¥²®¤ ¦¨¤ª®±²¨ ¢ ¿·¥©ª µ (Hirt, Nikols, 1981 [392]; Brackbill, Kothe,

Ruppel, 1988 [281]) ¨ ¬¥²®¤ ¯±¥¢¤®-ª®¶¥²° ¶¨¨ (Thompson, 1986 [628]), ¢
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ª®²®°»µ §  ¯°¨§ ª £° ¨¶» ° §¤¥«  ¯°¨¨¬ ¾²±¿ ®¡º¥¬»¥ ª®¶¥²° -

¶¨¨ ¨«¨ ´³ª¶¨¨ "¶¢¥² " ° §«¨·»µ ±°¥¤.

* ¬¥²®¤» ´³ª¶¨© ³°®¢¿ (level set methods) (Sussman et al. (1994, 1999)

[608, 609]; Sethian (1996, 1998, 1999, 2001) [583, 584, 585, 586], Osher, Fed-

kiw (2001, 2002) [526, 527], Kunugi (2002) [439], Enright et al. (2002) [335],

¢ ª®²®°»µ ¨¤¨ª ²®°®¬ £° ¨¶» ±«³¦¨² ´³ª¶¨¿ ³°®¢¿, ³ª §»¢ ¾¹ ¿

° ±±²®¿¨¥ ¤® £° ¨¶» ° §¤¥« .

�¤®© ¨§ ²°³¤®±²¥© ¡®«¼¸¨±²¢  ¬¥²®¤®¢ ¥¯°¥°»¢»µ ¬ °ª¥°®¢

¿¢«¿¥²±¿ ¯°®¡«¥¬  ¤¨´´³§¨¨ £° ¨¶ ° §¤¥« , ®¡³±«®¢«¥®© ¯®£°¥¸®-

±²¿¬¨ ·¨±«¥®£® °¥¸¥¨¿ ½©«¥°®¢  ³° ¢¥¨¿ ¯¥°¥®± . � ¬¥²®¤¥ ´³ª-

¶¨© ³°®¢¿ ½²  ¯°®¡«¥¬  ±¨¬ ¥²±¿, ² ª ª ª ¢ ®²«¨·¨¥ ®² ¤°³£¨µ ¬¥²®¤®¢

¥¯°¥°»¢®£® ¬ °ª¥° , ¨±¯®«¼§³¾¹¨µ ´³ª¶¨¨ �¥¢¨± ©¤  (±²³¯¥¼ª¨) ±

°¥§ª®© ±¬¥®© § ·¥¨©   £° ¨¶¥ ° §¤¥« , ¬¥²®¤ ´³ª¶¨© ³°®¢¿ ¨±-

¯®«¼§³¥² ¬¥¤«¥® ¬¥¿¾¹³¾±¿ ¬ °ª¥°-´³ª¶¨¾, ±¢¿§ ³¾ ± ° ±±²®¿-

¨¥¬ ¤® £° ¨¶», ª®²®° ¿ ° ±±·¨²»¢ ¥²±¿ ¯³²¥¬ ·¨±«¥®£® °¥¸¥¨¿ ½©-

«¥°®¢  ³° ¢¥¨¿ ¯¥°¥®±  £®° §¤® ²®·¥¥, ¥¦¥«¨ ´³ª¶¨¨ �¥¢¨± ©¤ .

� °³¸¥¨¿ ª®±¥°¢ ²¨¢®±²¨ ¢¡«¨§¨ £° ¨¶» ° §¤¥«  ¨¬¥¾² ¬¥±²® ¢

¬¥²®¤ µ ¬ °ª¥°®¢ (¤¨±ª°¥²»µ ¨ ¥¯°¥°»¢»µ) ¨ ²°¥¡³¾² ¤®¯®«¨²¥«¼-

»µ ¯°¨¥¬®¢ ª®²°®«¿ ¨ ª®°°¥ª¶¨¨.

�¤¥¨ ®²±«¥¦¨¢ ¨¿ £° ¨¶ ¯® § ·¥¨¿¬ ª®¶¥²° ¶¨¨ ¨«¨ ´³ª¶¨¨

®¡« ±²¨ ®¯¨± » ² ª¦¥ ¢ ° ¡®² µ ¯® ±ª¢®§®¬³ ±·¥²³ £° ¨¶ (Ehrlich,

1958 [332]; �«¥©¨ª, 1960 [163]; � ¬ °±ª¨©, �®¨±¥¥ª® 1965 [190]), ¯® ¬¥-

²®¤³ ´¨ª²¨¢»µ ®¡« ±²¥© (�³£°®¢ ¨ ¤°. 1974 [28]), ¯® ¬¥²®¤³ R-´³ª¶¨©

(�¢ ·¥¢ ¨ ¤°., 1989 [174]; Rvachev, Sheiko, 1995 [576]).

�® ±° ¢¥¨¾ ± ¬¥²®¤ ¬¨ · ±²¨¶ ¨ ¤¨±ª°¥²»µ ¬ °ª¥°®¢  «£®°¨²¬»

¥¯°¥°»¢»µ ¬ °ª¥°®¢ ¤ ¾² ¢®§¬®¦®±²¼ ®¡«¥£·¥®£® ¢»·¨±«¥¨¿ ² -

ª¨µ µ ° ª²¥°¨±²¨ª ª ª ®°¬ «¼, ª ± ²¥«¼»¥ ¨ ª°¨¢¨§» ª®² ª²®© ¯®-

¢¥°µ®±²¨ ·¥°¥§ ¯°®¨§¢®¤»¥ ´³ª¶¨¨ ³°®¢¿ ¢ ½©«¥°®¢»µ ¿·¥©ª µ, ±®-

¤¥°¦ ¹¨µ £° ¨¶³ ° §¤¥« . �®®²¢¥²±²³¾¹¨¥ ¬ ²¥¬ ²¨·¥±ª¨¥ ´®°¬³«»

¤«¿ £¥®¬¥²°¨·¥±ª¨µ µ ° ª²¥°¨±²¨ª ¨±¯®«¼§³¾²±¿ ¯°¨ § ¯¨±¨ £° ¨·»µ

³±«®¢¨©   ª®² ª²»µ ¨ ¬¥¦´ §®¢»µ £° ¨¶ µ, ¢»° ¦ ¾¹¨µ,  ¯°¨¬¥°,

§ ª® �²¥´  , ±¨«®¢»¥ ³±«®¢¨¿ ¤«¿ ¤ ¢«¥¨¿, ²°¥¨¿, ¯®¢¥°µ®±²®£®  -

²¿¦¥¨¿ ¨ ² ª ¤ «¥¥.

�® ¬®£¨µ ±«³· ¿µ ¬¥²®¤» ¬ °ª¥°®¢ °¥¸ ¾² § ¤ ·¨, ª®²®°»¥ ±² ¢¿²

¢ ²³¯¨ª ¬¥²®¤», ¯®¤° §³¬¥¢ ¾¹¨¥ ¿¢®¥ ¢»¤¥«¥¨¥ ª®² ª²»µ £° ¨¶.
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�°¨¬¥° ¬¨ ¬®£³² ±«³¦¨²¼ ±«³· © ¬®¦¥±²¢¥®£® ª®² ª² , ¿¢«¥¨¿ ±

¯¥°¥¬¥®© ²®¯®«®£¨¥© ¬ ²¥°¨ «¼»µ ¯®¤®¡« ±²¥©,  ¯°¨¬¥°, ®¯°®ª¨¤»-

¢ ¾¹¨¥±¿ ¢®«», ´®² », ´° £¬¥² ¶¨¿ ²¥« ¯°¨ ° §°³¸¥¨¨, ®²°»¢ ¨«¨

¢®±±®¥¤¨¥¨¥ ª ¯¥«¼, § ¯®«¥¨¥ ¢®¤®¥¬®¢, ¯³§»°¨, ª ¢¨² ¶¨®»¥ ¯®«®-

±²¨ ¨ ².¯.

�²¬¥²¨¬, ·²® ¨§-§   ª®¯«¥¨¿ ®¸¨¡®ª ¢ £° ¨·»µ ³±«®¢¨¿µ ²®·-

®±²¼ °¥¸¥¨¿, ¯°¥¤®±² ¢«¿¥¬ ¿ ½©«¥°®¢»¬¨ ¬¥²®¤ ¬¨ ±ª¢®§®£® ±·¥² 

· ±²® ¥¤®±² ²®·  ¤«¿ ³¤®¢«¥²¢®°¨²¥«¼®£® ¬®¤¥«¨°®¢ ¨¿ ¿¢«¥¨© ª®-

² ª²  ±²°³ª²³°¨°®¢ »µ ¬ ²¥°¨ «®¢ ± ¿°ª® ¢»° ¦¥»¬¨ £¨¯¥°³¯°³-

£¨¬¨ ±¢®©±²¢ ¬¨ ±®¯°®²¨¢«¥¨¿ ¤¥´®°¬ ¶¨¨ ¯°¨ ¬¥¤«¥»µ  £°³¦¥¨¿µ

¬ «®© ¨²¥±¨¢®±²¨.

�©«¥°®¢» ¬¥²®¤» ±ª¢®§®£® ±·¥²  ª®² ª²  ½´´¥ª²¨¢» ¢ ª« ±±¥ § -

¤ · o ª° ²ª®¢°¥¬¥»µ ¯°®¶¥±± µ: § ¤ ·¨ ³¤ °  ±® ±ª®°®±²¿¬¨ ¯®°¿¤ª 

±ª®°®±²¨ §¢³ª , ® ¤¥²® ¶¨¨, ¢§°»¢¥, ª³¬³«¿¶¨¨, ±¢ °ª¥ ¢§°»¢®¬ ¨ ²®¬³

¯®¤®¡»µ ¯°®¶¥±± µ.

�«£®°¨²¬» ³« ¢«¨¢ ¨¿ ±ª ·ª®¢, ° §° ¡®² »¥ ¤«¿ ±ª¢®§®£® ±·¥² 

° §°»¢»µ °¥¸¥¨© ¢ ½©«¥°®¢»µ  «£®°¨²¬ µ £¨¤°®¤¨ ¬¨ª¨, ¬®£³² ¡»²¼

¯°¨¬¥¥» ¤«¿ ¯®¢»¸¥¨¿ ²®·®±²¨ ·¨±«¥®£® ¨²¥£°¨°®¢ ¨¿ ³° ¢¥-

¨¿ ¯¥°¥®±  ¯°¨ ®²±«¥¦¨¢ ¨¨ ¬¥¦´ §»µ £° ¨¶ ¨ ª®² ª²»µ ° §°»-

¢®¢ ¯°¨ ±®¢¬¥±²®¬ ¨±¯®«¼§®¢ ¨¨ ± ¬¥²®¤ ¬¨ « £° ¦¥¢»µ ¬ °ª¥°®¢. �

¬¥²®¤ ¬¨ ³« ¢«¨¢ ¨¿ ±ª ·ª®¢ ¬®¦® ®§ ª®¬¨²¼±¿ ¯® ®¡§®° ¬ ¨ ®¯¨± -

¨¿¬, ¤ »¬ ¢® ¬®£¨µ ±®¢°¥¬¥»µ ²°³¤ µ ¯® ·¨±«¥»¬ ¬¥²®¤ ¬ ° ±-

·¥²  ±¦¨¬ ¥¬»µ ²¥·¥¨©,  ¯°¨¬¥°, ¢ ° ¡®² µ (Benson, 1992 [262]; �³«¨-

ª®¢±ª¨©, �®£®°¥«®¢, �¥¬¥®¢, 2001 [438]).

� «¼¥©¸¥¥ ³²®·¥¨¥ °¥¸¥¨¿ ¢ §®¥ £° ¨¶ ° §¤¥«  ±°¥¤ ¬®¦¥² ¡»²¼

¤®±²¨£³²® ¯³²¥¬ ¯°¨¬¥¥¨¿  ¤ ¯²¨¢»µ ±¥²®ª.

�«£®°¨²¬»  ¤ ¯²¨¢»µ ±¥²®ª ³¬¥¼¸ ¾² ®¸¨¡ª¨  ¯¯°®ª±¨¬ ¶¨¨ ±¥-

²®·»µ ¬¥²®¤®¢ ¢ §® µ ¡®«¼¸¨µ £° ¤¨¥²®¢ ¯³²¥¬ «®ª «¼®£® ³¬¥¼¸¥-

¨¿ ¸ £  ±¥²ª¨, ®¯²¨¬¨§ ¶¨¨ ´®°¬» ¿·¥¥ª,  ¤ ¯² ¶¨¨ ±¥²®ª ª £° ¨¶ ¬

¯®¤®¡« ±²¥© ¨ ª °¥¸¥¨¾, ¢ · ±²®±²¨, ª ° §°»¢ ¬ ¨ ¯®£° ¨·»¬ ±«®¿¬.

� ª®© ¯³²¼ ¯®¤±ª §    «¨§®¬ ®¸¨¡®ª ±¥²®·®©  ¯¯°®ª±¨¬ ¶¨¨, ¯®ª -

§»¢ ¾¹¨¬, ·²® ®¨ ¯°®¯®°¶¨® «¼» ®°¬¥ ¯°®¨§¢®¤»µ, ¥ª®²®°®© ±²¥-

¯¥¨ µ ° ª²¥°®£® ¸ £  ±¥²ª¨ ¨ ¢®§° ±² ¾² ¯°¨ ¯®¿¢«¥¨¨ ®±²°»µ ³£«®¢ ¨

¨±ª ¦¥¨¿µ ´®°¬» ¿·¥¥ª ±¥²ª¨ (� ¬ °±ª¨©, 1971 [191]; �®ª¨, 1979 [211];

�²°¥£, �¨ª±, 1979 [197]).

32



� §¢¨²¨¾ ¯®¤µ®¤   ¤ ¯²¨¢»µ ¯®¤¢¨¦»µ ±¥²®ª (moving adaptive grid

method) ¯®±¢¿¹¥» ° ¡®²» ( �®¤³®¢ ¨ ¤°., 1976 [62]; �¨±¥©ª¨, �¥ª®,

1977, 1999 [473]; �®¢¥¿, �¥ª®, 1981 [110]; �°¨¤¥¢ , �¥°ª³«®¢ , 1983 [78];

�³° £®, 1984 [35]; Tompson, 1986 [628]; Li, Bettess, 1997 [467]; Carey, 1997

[287]; �¢ ¥ª® 1997, 2001 [99, 100]; � ° ¦ , 2000 [57]; �¨«¼¬ ®¢, 2000

[59]; �§ °¥®ª, 2001, 2002; [230, 231]), ¢ ª®²®°»µ ¬®¦®  ©²¨ ¡®«¥¥ ®¡±²®-

¿²¥«¼»©   «¨§ ¨ ®¡§®° ¨±±«¥¤®¢ ¨©. � ° ª²¥°®© ®±®¡¥®±²¼¾ ² ª¨µ

 «£®°¨²¬®¢ ¿¢«¿¥²±¿ ±®µ° ¥¨¥ ·¨±«  ³§«®¢ ±¥²ª¨ ¢ ¯°®¶¥±±¥ °¥¸¥¨¿ ¨

¯®¢»¸¥¨¥ ²®·®±²¨ ( ¤ ¯² ¶¨¿) §  ±·¥² ®¯²¨¬ «¼®£® ° ±¯®«®¦¥¨¿ ³§-

«®¢.

�±²®°¨¿ ¯®¤µ®¤  ª ®¯¨± ¨¾ ¯®¤¢¨¦»µ ª®² ª²»µ £° ¨¶, ®±®¢ -

®£®   «®ª «¼®¬ ¨§¬¥«¼·¥¨¨ ¨ ¯¥°¥±²°®©ª¥ ±¥²®ª (adaptive mesh re�ne-

ment method) ®¯¨±   ¢ ° ¡®²¥ ( �¨«¼¬ ®¢, 2000 [59]). � ½²®¬ ±«³· ¥

·¨±«® ³§«®¢ ±¥²ª¨, ¨µ ®¡º¥¤¨¥¨¥ ¢ ¿·¥©ª¨ ¨ ·¨±«® ¿·¥¥ª ¿¢«¿¾²±¿ ¯¥°¥-

¬¥»¬¨.

1.8. �² ±¥²®·»µ ª ¡¥±±¥²®·»¬ ¤¨±ª°¥²»¬  «£®°¨²¬ ¬

�²°¥¬«¥¨¥ ¨§¡¥¦ ²¼ ²°³¤®±²¥© ¯®±²°®¥¨¿ ±¥²®ª ¨ ¯®«³·¨²¼ ·¨±«¥-

®¥ °¥¸¥¨¥ ¡®«¥¥ ½ª®®¬»¬ ¨ ¯°®±²»¬ ¯³²¥¬ ¢»° §¨«®±¼ ¢ ¤¢³µ ª°³¯-

»µ  ¯° ¢«¥¨¿µ ° §¢¨²¨¿ ª®² ª²»µ  «£®°¨²¬®¢ ±¢¿§ »µ ± ¬¥²®-

¤ ¬¨ £° ¨·»µ ½«¥¬¥²®¢ (£° ¨·»µ ¨²¥£° «¼»µ ³° ¢¥¨©) ¨ ®¡-

¸¨°»¬ ±¥¬¥©±²¢®¬ ¡¥±±¥²®·»µ  «£®°¨²¬®¢ ±¢®¡®¤»µ ²®·¥ª.

�¡§®°» ª®² ª²»µ  «£®°¨²¬®¢ ¬¥²®¤  £° ¨·»µ ½«¥¬¥²®¢

¬®¦®  ©²¨ ¢ ° ¡®² µ ( �¥¤®°¥ª®, 1979 [203]; �®«¼¤¸²¥© ¨ ¤°., 1979

[64]; �° ¢·³ª, 1982 [132]; �° ¢·³ª, �µ³¤¦ ®¢, 1983 [133]; �¥¥°¤¦¨, � ²-

²¥°´¨«¤, 1984 [26]; �®«¼¤¸²¥©, �¯¥ª²®°, 1986 [65]; Aliabadi, Brebbia, 1993

[214]; Aliabadi, 1997 [215]; Eck et al., 1999 [330, 331]).

� ®±®¢¥  «£®°¨²¬®¢ £° ¨·»µ ½«¥¬¥²®¢ «¥¦¨² ¨¤¥¿ ±¢¥¤¥¨¿ ª« ±-

±¨·¥±ª¨µ «¨¥©»µ ³° ¢¥¨© ¬¥µ ¨ª¨ ±¯«®¸»µ ±°¥¤ ª £° ¨·»¬ ¨-

²¥£° «¼»¬ ³° ¢¥¨¿¬ ¯³²¥¬ ¯°¥¤±² ¢«¥¨¿ °¥¸¥¨© ¢ ¢¨¤¥ ±³¯¥°¯®§¨-

¶¨¨ ´³¤ ¬¥² «¼»µ °¥¸¥¨© ®²¢¥· ¾¹¨µ ¥¤¨¨·»¬ ¢®§¬³¹¥¨¿¬ ¨«¨

± ¨±¯®«¼§®¢ ¨¥¬ ´³ª¶¨© ¢«¨¿¨¿ �°¨ . �«¿ ¤¨±ª°¥²¨§ ¶¨¨ ®¡º¥¬ ¿

±¥²ª  ¥ ²°¥¡³¥²±¿ ¨ ¤®±² ²®·® ¢¢¥±²¨ ±¥²ª³ £° ¨·»µ ½«¥¬¥²®¢, ²®

¥±²¼ ° §¬¥°®±²¼ § ¤ · ³¬¥¼¸ ¥²±¿   ¥¤¨¨¶³. �¬¥¾²±¿ ¢ °¨ ²»  «-

£®°¨²¬®¢, ¢ ª®²®°»µ ±² ¤¨¿ ¢»¢®¤  £° ¨·»µ ¨²¥£° «¼»µ ³° ¢¥¨©

33



¬¨³¥²±¿ ¨ ³° ¢¥¨¿ ¤¨±ª°¥²®© § ¤ ·¨ ±®±² ¢«¿¾²±¿ ¥¯®±°¥¤±²¢¥® ±

¨±¯®«¼§®¢ ¨¥¬ ´³¤ ¬¥² «¼»µ °¥¸¥¨© ¤«¿ ¥¤¨¨·»µ ¢®§¬³¹¥¨© (

�®²²¥°, 1975 [171]; C. �¥«®¶¥°ª®¢±ª¨©, �¨¸², 1978 [25]).

� ¥«¨¥©»µ § ¤ · µ ¯°¨µ®¤¨²±¿ ¢¢®¤¨²¼ ¢¥¸¨¥ ¨²¥° ¶¨¨ ¯® ¥«¨-

¥©®±²¨,   ª ¦¤®© ¨§ ª®²®°»µ °¥¸ ¥²±¿ «¨¥ °¨§®¢  ¿ § ¤ ·  ± ª« ±-

±¨·¥±ª¨¬ «¨¥©»¬ ®¯¥° ²®°®¬ ¨ ¥«¨¥©»¬¨ ·«¥ ¬¨, ®²¥±¥»¬¨ ¢

¯° ¢»¥ · ±²¨ ¨ ¢»·¨±«¿¥¬»¬¨ ¯® ¯°¥¤»¤³¹¥¬³ ¯°¨¡«¨¦¥¨¾. �®§¨ª ¾-

¹¨¥ ²°³¤®±²¨ ±¢¿§ » ± ¥®¡µ®¤¨¬®±²¼¾ ¢»·¨±«¥¨¿ ®¡º¥¬»µ ¨²¥£° -

«®¢ ¨ ¢¢¥¤¥¨¿ ®¡º¥¬®© ±¥²ª¨,   ² ª¦¥ c ª ² ±²°®´¨·¥±ª¨¬ ³µ³¤¸¥¨¥¬

±µ®¤¨¬®±²¨ ¢¥¸¨µ ¨²¥° ¶¨© ±  ° ±² ¨¥¬ ¢«¨¿¨¿ ¥«¨¥©®±²¨.

�¢®¡®¤»¥ « £° ¦¥¢» ¤¨±ª°¥²»¥  «£®°¨²¬» ¯°¥¤±² ¢«¿¾² ¯®¯»²ª³

¨§¡ ¢¨²¼±¿ ®² ²°³¤®±²¥© ±¢¿§ »µ ± ¨±ª ¦¥¨¿¬¨ ¿·¥¥ª ¯®¤¢¨¦»µ ±¥-

²®ª ¯°¨ ®²±«¥¦¨¢ ¨¨ £° ¨¶ ° §¤¥« . �²® ¤¥« ¥²±¿ «¨¡® ¯³²¥¬ ¯®¸ -

£®¢®© ¯¥°¥±²°®©ª¨ ±¥²®ª ± ¨§¬¥¥¨¥¬ ±®±¥¤±²¢  (Pasta, Ulam, 1959 [551];

Ulam, 1964 [201]; �¼¿·¥ª®, 1967 [92]; Djachenko, 1973 [322]; Glagoleva et

al., 1972 [60]; Anuchina et al., 1980m [9]; Monaghan, 1982 [493]), «¨¡® ¯³-

²¥¬ ¯¥°¥¨²¥°¯®«¿¶¨¨   ³«³·¸¥»¥ ±¥²ª¨ (�£ ¨, �³§¥¶®¢, 1985 [1];

�¨«¼¬ ®¢, 2000[59])

�¥±±¥²®·»¥ ª®² ª²»¥  «£®°¨²¬» ¯°¥¤±² ¢«¿¾² ¤ «¼¥©¸³¾ ²¥-

¤¥¶¨¾ ª ®²ª §³ ®² ±¥²®ª ¢ ¯®«¼§³ ±¢®¡®¤»µ « £° ¦¥¢»µ ³§«®¢. �²¨

 «£®°¨²¬» °¥ «¨§³¾² ¬¥²®¤ � «¥°ª¨ -�¥²°®¢  ± ¨±¯®«¼§®¢ ¨¥¬ ±¯¥¶¨-

 «¼»µ ¥´¨¨²»µ, ® ¡»±²°® § ²³µ ¾¹¨µ ¡ §¨±»µ ´³ª¶¨©, ±²°®¿-

¹¨µ±¿ ± ³·¥²®¬ ° ±¯®«®¦¥¨¿ « £° ¦¥¢»µ ³§«®¢ (· ±²¨¶) ¡¥§ ¨µ ®¡º¥¤¨-

¥¨¿ ¢ ¿·¥©ª¨. �¢®«¾¶¨¾ ½²¨µ  «£®°¨²¬®¢ ¬®¦® ¯°®±«¥¤¨²¼ ¯® ° ¡®² ¬

(Monaghan 1982[493]; Belytschko et al., 1994, 1996[258, 259]; Duarte, Oden,

1996[328]; Melenk, Babushka, 1996[487]; J. Chen et al., 1996, 2001[296, 298];

Li, Liu, 2002[468]).

�«¿ ¢»¢®¤  ±¨±²¥¬» ³° ¢¥¨© ¤¨±ª°¥²¨§¨°®¢ ®© § ¤ ·¨ ¢ ¯¥°¢»µ

° ¡®² µ ¨±¯®«¼§®¢ «¨±¼ � ³±±®¢» ¯°®¶¥¤³°» ·¨±«¥®£® ¨²¥£°¨°®¢ ¨¿,

·²® ¯°¥¤±² ¢«¿«® ®¯°¥¤¥«¥»¥ ¢»·¨¨±«¨²¥«¼»¥ ²°³¤®±²¨. �«³·¸¥»¥

 «£®°¨²¬» ·¨±«¥®£® ¨²¥£°¨°®¢ ¨¿ (SCNI - stabilized conforming nodal

integration) ¯°¥¤±² ¢«¥» ¢ ° ¡®²e (J. Chen et al., 2001[298])

�  ±²®¿¹¥¥ ¢°¥¬¿ ¡¥±±¥²®·»¥ ¬¥²®¤»  ·¨ ¾² ³±¯¥¸® ª®ª³°¨°®-

¢ ²¼ ± ²° ¤¨¶¨®»¬¨ ±¥²®·»¬¨ ¬¥²®¤ ¬¨ ¯°¨ ·¨±«¥®¬ ¬®¤¥«¨°®¢ -

¨¨ ª®² ª²  ¯°¨ ¡®«¼¸¨µ ¤¥´®°¬ ¶¨¿µ ¨ ±«®¦®© °¥®«®£¨¨ ¬ ²¥°¨ « :
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Zhu, Atluri (1998) [685], J. Chen, Wang (1998) [297]).

1.9. �·¥² ª®² ª²®£® ²°¥¨¿

�® ¬®£¨µ ²¥µ®«®£¨·¥±ª¨µ ¯°®¡«¥¬ µ ³·¥² ª®² ª²®£® ²°¥¨¿ ¨£° ¥²

°¥¸ ¾¹³¾ °®«¼. �°ª¨¬ ¯°¨¬¥°®¬, £¤¥ ² ª®© ³·¥² ±®±² ¢«¿¥² ±³²¼ ¯°®-

¡«¥¬», ¿¢«¿¥²±¿ ¬®¤¥«¨°®¢ ¨¥ ° ¡®²»  ¢²®¬®¡¨«¼»µ ²®°¬®§®¢.

�¡§®°» ¯® ·¨±«¥®-  «¨²¨·¥±ª¨¬ ¬¥²®¤ ¬ ³·¥²  ²°¥¨¿ ±¤¥« » ¢

° ¡®² µ: �«¥ª± ¤°®¢, �µ¨² °¿ (1983) [2], �®°¿·¥¢ , �®¡»·¨ (1988) [71],

� « µ®¢, �±®¢ (1990) [56], Bhushan (1996) [266] ¨ °¿¤®¬  ¢²®°®¢ ¢ ±¡®°¨ª¥

®¡§®°®¢ ¯®¤ °¥¤ ª¶¨¥© �«¥ª± ¤°®¢  ¨ �®°®¢¨·  (2001) [3].

� ±±¬®²°¨¬ ²¨¯¨·»¥ ¬®¤¥«¨ ª®² ª²®£® ²°¥¨¿, ¯°¨¬¥¿¥¬»¥ ¢

·¨±«¥®-¤¨±ª°¥²»µ  «£®°¨²¬ µ. �® ¯¥°¢»µ, ±«¥¤³¥² ®²¬¥²¨²¼ ¬®¤¨-

´¨ª ¶¨¾ ª« ±±¨·¥±ª®© ¬®¤¥«¨ �³«®®¢  ²°¥¨¿ (Michalowski, Mroz, 1978,

[489]), ¢ ª®²®°®© ±¨«» ²°¥¨¿ ®£° ¨·¥» ¯°¥¤¥«¼»¬¨ ¢¥«¨·¨ ¬¨ ª -

± ²¥«¼»µ  ¯°¿¦¥¨©, ¯®¤¤¥°¦¨¢ ¥¬»µ ª®² ª²¨°³¾¹¨¬¨ ±°¥¤ ¬¨. �®

½²®© ¬®¤¥«¨ ¢¥«¨·¨  ¯®£° ¨·®£® ±¤¢¨£®¢®£® ª®² ª²®£®  ¯°¿¦¥¨¿

®£° ¨·¥   ¨¬¥¼¸¨¬ ¨§ ¯°¥¤¥«®¢ ²¥ª³·¥±²¨ ª®² ª²¨°³¾¹¨µ ¬ ²¥°¨-

 «®¢. Wriggers et al. (1990) [654] ¯°¥¤«®¦¨«¨ ¤¥² «¨§ ¶¨¾ ½²®© ¬®¤¥«¨

° §¤¥«¿¿ ² £¥¶¨ «¼»© ±ª ·®ª ±¬¥¹¥¨¿   ¬¨ª°®±¬¥¹¥¨¥, ¢»§¢ ®¥

¯®£° ¨·»¬¨ ³¯°³£¨¬¨ ¤¥´®°¬ ¶¨¿¬¨ ¨ ¬ ª°®±¬¥¹¥¨¥, ¢»§¢ ®¥ ¯« -

±²¨·¥±ª¨¬ (¥®¡° ²¨¬»¬) ±£« ¦¨¢ ¨¥¬ ¸¥°®µ®¢ ²®±²¥©. �²®°»¬ ¯°¨¬¥-

°®¬ · ±²® ¨±¯®«¼§³¥¬®£® § ª®  ²°¥¨¿ ¬®¦¥² ±«³¦¨²¼ ¬®¤¥«¼ ¤¨ ¬¨·¥-

±ª®£® ²°¥¨¿, ¢ ª®²®°®© ª®² ª²»¥  £°³§ª¨ ²°¥¨¿ § ¢¨±¿² ®² ±ª ·ª 

² £¥¶¨ «¼®© ±ª®°®±²¨ (Oden, Martins, 1985 [509]). �®¤°®¡»©   «¨§

§ ª®®¢ ²°¥¨¿ ¤«¿ ° ±·¥²  ¡®«¼¸¨µ ¤¥´®°¬ ¶¨© ¨¬¥¥²±¿ ¢ ° ¡®²¥ (Cheng,

Kikuchi, 1985 [301]).

�¯¨± ¨¥ ¨ ®¡§®°» ª®² ª²»µ  «£®°¨²¬®¢, ³·¨²»¢ ¾¹¨µ ²°¥¨¥, ¨¬¥-

¾²±¿ ¢ ° ¡®² µ: �° ¢·³ª, � ±¨«¼¥¢ (1980) [129], �° ¢·³ª (1980, 1981,

1988) [129, 130, 131, 134], Chaudhary, Bathe (1986) [294], Chen, Tsai (1986)

[299], Kikuchi (1986) [418], Bathe, Mijailovich (1988) [242], Ju, Taylor (1988)

[410], Klarbring, Bjorkman (1988) [421], Zhong (1988, 1993) [678, 681], Brunet

(1989) [284], Benson, Hallquist (1990) [261], Laursen, Simo (1991, 1992, 1993a,

1993b) [444, 446, 447, 454], Kwak (1991, 1997) [440, 441], Benson (1992) [262],

Cescotto, Charlier (1993) [291], Lee, Oden (1993a, 1993b, 1994) [460, 461, 462],

Jean (1995) [401], Kim, Kwak (1996) [419], Armero, Petocz (1996, 1998, 1999),
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[218, 219, 220], Ling, Stolarski (1997) [471], Christiansen et al. (1998) [305],

Chawla, Laursen (1998) [295], �®¬¨ ¨ ¤°. (1999) [205].

�«¥¤³¾¹¨¥ ° ¡®²» ¯®±¢¿¹¥» ¬®¤¥«¨°®¢ ¨¾ ¯°®¶¥±±®¢ ª®² ª² 

c ³·¥²®¬ ²°¥¨¿ ª ·¥¨¿: Kalker ¨ Paul (1972,1990) [411, 412], Batra

(1980,1981) [246, 247], Endo et al. (1984) [334], Oden, Lin (1986) [510], Padovan

et al. (1984,1987, 1994) [533, 534, 535], Bass (1987) [238], Stechschulte, Lu-

chini (1987) [603], Chang et al. (1988) [303], Faria et al. (1989,1992) [341, 342].

�°®¨§¢®«¼»© ½©«¥°®¢®-« £° ¦¥¢ ¯®¤µ®¤ ¢ § ¤ · µ ª ·¥¨¿ ¯°¥¤±² ¢«¥

¢ ° ¡®² µ: Nackenhorst (1993) [496], Lee, Oden (1994) [462].

1.10. �°®¡«¥¬®-®°¨¥²¨°®¢ »¥ ª®² ª²»¥  «£®°¨²¬».

�°¨¢¥¤¥¬ ¨¦¥ ±±»«ª¨   ®¡§®°» ¨ ®²¤¥«¼»¥ ° ¡®²», ±®¤¥°¦ ¹¨¥

®¯¨± ¨¥ ±¯¥¶¨ «¨§¨°®¢ »µ ª®² ª²»µ  «£®°¨²¬®¢,  ¤ ¯²¨°®¢ »µ

ª ®¯°¥¤¥«¥»¬ ¯°¨«®¦¥¨¿¬.

�®² ª²»¥  «£®°¨²¬» ¤«¿ ¬³«¼²¨¯«¨ª ¶¨¨ (²¨¯  ´¨«¼¬®¢ ® ¤¨®§ -

¢° µ) ¨±¯®«¼§³¾² ¯°®±²»¥ ¡¥§¨²¥° ¶¨®»¥ ¿¢»¥ ±µ¥¬», ¥ ¯°¥¤¯®« £ -

¾¹¨¥ ¢»¯®«¥¨¿ § ª®®¢ ¬¥µ ¨ª¨ ¨ ³¤®¢«¥²¢®°¿¾¹¨¥ ³±«®¢¨¿¬ ¥¯°®-

¨ª ¨¿ ± ¯®¬®¹¼¾ ½¢°¨±²¨·¥±ª¨µ ¬¥²®¤®¢, ®¡¥±¯¥·¨¢ ¾¹¨µ ¬¨¨¬ «¼®

¥®¡µ®¤¨¬³¾ ¯° ¢¤®¯®¤®¡®±²¼ °¥§³«¼² ² . �±®¢»¬ ²°¥¡®¢ ¨¥¬, ®²-

«¨· ¾¹¨¬  ¨¬ ¶¨®»¥ ª®² ª²»¥  «£®°¨²¬» ®² ¯°¨¬¥¿¥¬»µ ¢ ¬¥-

µ ¨ª¥ ±¯«®¸»µ ±°¥¤, ¿¢«¿¥²±¿ ¢®§¬®¦®±²¼ ¢¬¥¸ ²¥«¼±²¢   ¨¬ ²®° 

¢ ±¶¥ °¨© ¤¢¨¦¥¨¿ ª®² ª²¨°³¾¹¨µ ²¥« ¨ ±°¥¤ ¢ ¯°®¶¥±±¥ ±®§¤ ¨¿

´¨«¼¬ . � ª ·¥±²¢¥ ¯°¨¬¥°  ®²¬¥²¨¬  «£®°¨²¬ ª®¦®-±ª¥«¥²®© ¤¥´®°-

¬ ¶¨¨ (Lewis, Cordner, Fong, 2000 [466]). �®¤°®¡¥¥ ± ² ª¨¬¨  «£®°¨²¬ ¬¨

¬®¦® ®§ ª®¬¨²¼±¿ ¯® ®¡§®°³ (Bechmann, 1994 [251]).

�®² ª²»¥  «£®°¨²¬» ¤«¿ ¬¥¤¨ª®-¡¨®«®£¨·¥±ª¨µ ¯°¨«®¦¥¨©. � «¼-

¥©¸¥¥ ¯°¨¡«¨¦¥¨¥ ª °¥ «¼®±²¨, ¥®¡µ®¤¨¬®¥ ¢ ¬¥¤¨¶¨±ª¨µ ¯°¨«®¦¥-

¨¿µ ¢ ±¢¿§¨ ± ¬®¤¥«¨°®¢ ¨¥¬ µ¨°³°£¨·¥±ª¨µ ®¯¥° ¶¨© ¨ ¯®±²°®¥¨¥¬

®¡³· ¾¹¨µ ¯°®£° ¬¬-²°¥ ¦¥°®¢,   ² ª¦¥ ¤«¿ ª®¬¯¼¾²¥°®£® ¯°®£®§¨-

°®¢ ¨¿ °¥§³«¼² ²®¢ ¯« ±²¨·¥±ª¨µ ®¯¥° ¶¨©, ¤®±²¨£ ¥²±¿ ¯³²¥¬ · ±²¨·-

®£® ³·¥²  § ª®®¢ ¬¥µ ¨ª¨ ¤¥´®°¬¨°³¥¬®£® ²¥«  ¨ ¯°¨¤ ¨¿ ¬ ²¥¬ ²¨-

·¥±ª¨¬ ¬®¤¥«¿¬ ±¢®©±²¢ ±®¯°®²¨¢«¥¨¿ ¤¥´®°¬ ¶¨¨: (Gourret et al. (1989)

[368], Donzelli (1995) [325], Koch et al. (1996) [425].

�¯®¬¿³²»¥ ¢»¸¥ ³¯°®¹¥»¥ ¬®¤¥«¨ ¯°¨ ¯®¢»¸¥¨¨ ²°¥¡®¢ ¨© ª

±®®²¢¥²±²¢¨¾ °¥§³«¼² ²  ·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿ ¯®¢¥¤¥¨¾ °¥ «¼»µ
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®¡º¥ª²®¢ ±¬¥¿¾²±¿ ³¦¥ ¯®«®¶¥»¬¨ ª®² ª²»¬¨  «£®°¨²¬ ¬¨, ° §-

° ¡ ²»¢ ¥¬»¬¨ ¢ ° ¬ª µ ¬¥µ ¨ª¨ ±¯«®¸»µ ±°¥¤. �¥¯°¥°»¢® ¢®§°®±² -

¾¹ ¿ ¯°®¨§¢®¤¨²¥«¼®±²¼ ª®¬¯¼¾²¥°®¢ ±¯®±®¡±²¢³¥²  ª²¨¢¨§ ¶¨¨ ¨±±«¥-

¤®¢ ¨© ¯® ° §° ¡®²ª¥  «£®°¨²¬®¢ ¬®¤¥«¨°®¢ ¨¨ ¤¢¨¦¥¨© ¦¨¢»µ ²¥« ±

³·¥²®¬ ¨µ ±«®¦®© ¢³²°¥¥© ±²°³ª²³°», µ®²¿ ¯®ª  ² ª¨µ ° ¡®² ¬ «® ¨

®¨ °¥ «¨§³¾² «¨¸¼ ®·¥¼ ¯°®±²»¥ ¬¥µ ¨·¥±ª¨¥ ¬®¤¥«¨. �¥µ ¨·¥±ª¨¥

±¢®©±²¢  ¦¨¢»µ ²¥« ° ±±¬®²°¥» ¢ ª¨£¥ (Fung, 1993 [356]). �®¯»²ª¨

 ¨¬ ¶¨¨ ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© ³¯°³£¨µ ²¥« ± ¯°¨«®¦¥¨¿¬¨ ª ¯®-

²°¥¡®±²¿¬ ¬¥¤¨¶¨» ¤¥« «¨±¼ ¢ ° ¡®² µ (Terzopoulos et al. (1987) [622],

Bara�, Witkin (1992) [235] Miller, et al. (2000) [491], Zhuang (2000) [686].

�¡§®°» ª®² ª²»µ  «£®°¨²¬®¢, ¯°¨¬¥¿¥¬»µ ¢ ¬¥¤¨¶¨¥, ±¤¥« » ¢ ° -

¡®² µ: Klisch (1999) [111], Hirota et al. (2001) [391].

�°¨¢¥¤¥¬ ±±»«ª¨   ®¡§®°» ¯°®¡«¥¬®-®°¨¥²¨°®¢ »µ ª®² ª²»µ

 «£®°¨²¬®¢: ¯® £¥®¬¥µ ¨ª¥ (Moresi et al., 2002 [494]), ¯® ° ±·¥²³ ²¥·¥¨©

±® ±¢®¡®¤»¬¨ ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ (Floryan, Rasmussen, 1989 [352];

Shyy et al., 2001 [589]; Gillow, Howison, 2002 [360]), ¯® ¬¥¦´ §»¬ £° ¨¶ ¬

(Tarzia,1988; Udaykumar et al. 1999 [618]), ¯® ª ¢¨² ¶¨¨ (Wikstrom, 2000

[643]), ¯® ¬®¤¥«¨°®¢ ¨¾ ¯®¢¥¤¥¨¿ ®¤¥¦¤» (Bara�, Witkin, 1998 [236]).

�«¥¤³¥² ² ª¦¥ ®¡° ²¨²¼ ¢¨¬ ¨¥   ³¤¨¢¨²¥«¼»¥ ¯® ° §®®¡° §¨¾ ¯°¨-

«®¦¥¨© ° ¡®²» ¯® ° ±·¥²³ £° ¨¶ ° §¤¥«  (Sethian, 1996, 1999 [583, 585]),

ª®²®°»¥ ®±®¢ »   ¬¥²®¤ µ ´³ª¶¨© ³°®¢¿ (level set function method).

1.11. �«£®°¨²¬» ®¯²¨¬¨§ ¶¨¨ ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨©.

�®² ª²»¥  £°³§ª¨ ° ±¯°¥¤¥«¿¾²±¿ ¢ ®¡¹¥¬ ±«³· ¥ ¥° ¢®¬¥°® ¢

§ ¢¨±¨¬®±²¨ ®² ´®°¬» ¯®¢¥°µ®±²¥© ª®² ª²  ¨ ¬®£³² ¨¬¥²¼ ¥¦¥« ²¥«¼-

»¥ ¯¨ª¨, ³µ³¤¸ ¾¹¨¥ µ ° ª²¥°¨±²¨ª¨ ²¥µ®«®£¨·¥±ª¨µ ¯°®¶¥±±®¢ ¨ ±®-

ª° ¹ ¾¹¨¥ ¢°¥¬¿ ¦¨§¨ ²¥µ¨·¥±ª¨µ ¨§¤¥«¨©.

�¤  ¨§ ¯¥°¢»µ ¯®¯»²®ª ¢»° ¢¨¢ ¨¿ ª®² ª²»µ  £°³§®ª ¯³²¥¬

®¯²¨¬¨§ ¶¨¨ ´®°¬» ¯®¢¥°µ®±²¨ ª®² ª²  ¡»«  ±¤¥«   ¢ ° ¡®²¥ (Conry,

Seireg, 1972 [309]) ± ¨±¯®«¼§®¢ ¨¥¬ ¬¥²®¤®¢ «¨¥©®£® ¯°®£° ¬¬¨°®¢ ¨¿.

� «¼¥©¸¥¥ ° §¢¨²¨¥   ®±®¢¥ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢ ¨ «¨¥©®£®

¯°®£° ¬¬¨°®¢ ¨¿ ½²  ²¥¬  ¯®«³·¨«  ¢ ¨±±«¥¤®¢ ¨¨ (Haug, Kwak, 1978

[382]),   ± ¯°¨¬¥¥¨¥¬ ¬¥²®¤®¢ ¥«¨¥©®£® ¯°®£° ¬¬¨°®¢ ¨¿ ¯°®¤®«-

¦¥  ¢ ° ¡®² µ (Cheng et al., 1988 [303]; Park and Anderson, 1995 [548]). �

° ¡®² µ (Fancello et al., 1994, 1995 [337, 338]) ¯°¥¤«®¦¥» ¶¥«¥¢»¥ ´³ª¶¨¨
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¤«¿ ®¯²¨¬¨§ ¶¨¨ ¯®¢¥°µ®±²¥© ª®² ª² .

�¯°®¹¥ ¿ ¨²¥° ¶¨® ¿ ¯°®¶¥¤³°  ¤«¿ ±£« ¦¨¢ ¨¿ ¯¨ª®¢ ª®² ª²-

»µ  £°³§®ª ¯°¨ ¯®±²®¿®¬ ®¡º¥¬¥ ª®² ª²¨°³¾¹¨µ ²¥« ¯°¥¤«®¦¥  ¢

° ¡®²¥ (Tada, Nishihara, 1993 [612]). � «¼¥©¸¥¥ ³¯°®¹¥¨¥ ®¯²¨¬¨§ ¶¨¿

ª®² ª²  ¯®«³·¨«  ¢  «£®°¨²¬¥ ESO (evolutionary structural optimisation),

¯°¥¤«®¦¥®¬ ¢ ° ¡®² µ (Xie, Steven, 1993, 1997 [665, 666]) ¨ ¯°¨£®¤®¬

¤«¿ ¸¨°®ª®£® ª« ±±  ª®² ª²»µ ®¯²¨¬¨§ ¶¨®»µ § ¤ ·.

�±¥ ³¯®¬¿³²»¥ ®¯²¨¬¨§ ¶¨®»¥ § ¤ ·¨ ° ±±¬ ²°¨¢ ¾²±¿ ¤«¿ ±«³· ¥¢

®·¥¼ ¯°®±²®© °¥®«®£¨¨ («¨¥© ¿ ¨§®²°®¯ ¿ ³¯°³£®±²¼) ¨ £¥®¬¥²°¨¨

(¯°®±²° ±²¢¥® ¤¢³¬¥°»¥ ±² ²¨·¥±ª¨¥ § ¤ ·¨, ¤¢  ª®² ª²¨°³¾¹¨µ

²¥« ) ¨ ®±¿² ¬®¤¥«¼»© µ ° ª²¥°. �® ¥±²¼ ½²®  ¯° ¢«¥¨¥ ¯®ª   µ®-

¤¨²±¿ ¢ ±² ¤¨¨ ±² ®¢«¥¨¿.

1.12. �¥ª²®°¨§ ¶¨¿ ¨ ° ±¯ ° ««¥«¨¢ ¨¥ ª®² ª²»µ  «£®°¨²-

¬®¢

�°¨   «¨§¥ ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© ¢ ±«®¦»µ ª®±²°³ª¶¨¿µ ¤¨±-

ª°¥²»¥ ¬®¤¥«¨ ¨¬¥¾² ®·¥¼ ¢»±®ª³¾ ° §¬¥°®±²¼ ¨ ¤«¿ ¯®«³·¥¨¿ °¥-

¸¥¨¿ ¢ ° §³¬®¥ ¢°¥¬¿ ¨±¯®«¼§³¾²±¿ ¢¥ª²®°»¥ ¨ ¬®£®¯°®¶¥±±®°»¥

ª®¬¯¼¾²¥°». �®½²®¬³ ¬®£¨¥ ° ¡®²» ¯® ª®² ª²³ ±¯¥¶¨ «¼® ¯®±¢¿¹¥»

¢®¯°®± ¬ ¢¥ª²®°¨§ ¶¨¨ ¨ ° ±¯ ° ««¥«¨¢ ¨¿ ¨¬¥¾¹¨µ±¿ ª®² ª²»µ  «-

£®°¨²¬®¢. �®¯°®±» ¢¥ª²®°¨§ ¶¨¨ ª®² ª²»µ  «£®°¨²¬®¢ ° ±±¬®²°¨¢ «¨

(Hallquist 1976, 1983, 1993 [372, 374, 377]; �³° £®, 1987b [42]; �³° £®, �³-

ª³¤¦ ®¢, 1988, 1991 [43, 45]; Ginsberg, Katnik, 1989 [362]).

� 80-¥ ¨ 90-¥ £®¤» ¡»«¨ ° §° ¡®² » ¨ ¨±¯»² » ¯ ° ««¥«¼»¥ ª®¬-

¯¼¾²¥°» ° §«¨·»µ ²¨¯®¢ ¨ ¢  ±²®¿¹¥¥ ¢°¥¬¿  ¨¡®«¥¥ ¯®¤µ®¤¿¹¨¬¨

¤«¿ ° ±¯ ° ««¥«¨¢ ¨¿  «£®°¨²¬®¢ °¥¸¥¨¿ § ¤ · ¬ ²¥¬ ²¨·¥±ª®© ´¨§¨ª¨

¿¢«¿¾²±¿ ¬®£®¯°®¶¥±±®°»¥ ª®¬¯¼¾²¥°» ± «®ª «¼® ° ±¯°¥¤¥«¥®© ¯ -

¬¿²¼¾ ¢ ª®¬¡¨ ¶¨¨ ± MIMD (Multiple instruction, multiple data) ²¥µ®«®-

£¨¥© ¢»·¨±«¥¨© ±¬. ®¡§®°» (�®¤°¨£ , 1986 [177]; Oishi, 1999 [513]). �»«¨

¨±¯»² » ±¯®±®¡» ° ±¯ ° ««¥«¨¢ ¨¿, ®°¨¥²¨°®¢ »¥   £°³¯¯» ³§-

«®¢ ±¥²ª¨,   £°³¯¯» ½«¥¬¥²®¢ ¨   ¯®¤®¡« ±²¨. � ¨¡®«¥¥ ½´´¥ª²¨¢»¬

¯°¨§  ±¯®±®¡ ° ±¯ ° ««¥«¨¢ ¨¿ ¯® ¯®¤®¡« ±²¿¬ (DDM - domain decom-

position method), ½«¥¬¥²» ª®²®°®£® ¯°¨¬¥¨²¥«¼® ª ª®² ª²»¬ § ¤ -

· ¬ ¬®¦®  ©²¨ ¢ ° ¡®² µ (Malone, 1988 [478]; Carter, 1989 [289]; Farhat,

1991, 1994, 1995 [343, 344, 345]; Oishi, 1999 [513]).
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�¨ª²¨¢»¥ ¯®¤®¡« ±²¨ ¨¬¥¾² ¯¥°¥ª°»¢ ¾¹¨¥±¿ £° ¨¶»,   ª®²®°»µ

®¡¥±¯¥·¨¢ ¥²±¿ ¥¯°¥°»¢®±²¼ °¥¸¥¨¿ ¯³²¥¬ ¬¥¦¯°®¶¥±±®°®£® ®¡¬¥ 

¯®£° ¨·»¬¨ ¤ »¬¨ ¢ ¯°®¶¥±±¥ °¥ «¨§ ¶¨¨ ¨²¥° ¶¨®»µ ¬¥²®¤®¢.

�¤¨¬ ¨§  ¨¡®«¥¥ ½´´¥ª²¨¢»µ ¨ ³¤®¡»µ ¤«¿ ° ±¯ ° ««¥«¨¢ ¨¿ ¨ ¢¥ª-

²®°¨§ ¶¨¨ ¿¢«¿¥²±¿ ¨²¥° ¶¨®»©¬¥²®¤ ±®¯°¿¦¥»µ £° ¤¨¥²®¢, ¢®¯°®-

± ¬ °¥ «¨§ ¶¨¨ ª®²®°®£® ¯°¨¬¥¨²¥«¼® ª ª®² ª²»¬  «£®°¨²¬ ¬ ¯®±¢¿-

¹¥» ° ¡®²» (�³° £®, 1987b [42]; �³° £®, �³ª³¤¦ ®¢, 1988, 1991 [43, 45];

Yagawa, 1991, 1993 [669, 670, 671]; Oishi, 1999 [513]).

� ±±¬ ²°¨¢ ¢¸¨¥±¿ ¢»¸¥  «£®°¨²¬» ¯®¨±ª  §® ª®² ª²  (¢ ²®¬ ·¨±«¥

£«®¡ «¼»¥ LPOCA, HITA ¨ «®ª «¼»¥ (¯¨¡®««, £®±¯®¤¨-±«³£  ¨ ¤°.) ¢

¨±µ®¤®© ´®°¬¥ ¯«®µ® ¯°¨±¯®±®¡«¥» ª ¯ ° ««¥«¼»¬ ¢»·¨±«¥¨¿¬ ¨ ¨µ

¯®¤ª«¾·¥¨¥ § ·¨²¥«¼® ±¨¦ ¥² ¢»¨£°»¸ ®² ¨±¯®«¼§®¢ ¨¿ ¯ ° ««¥«¼-

»µ ¯°®¶¥±±®°®¢. �°¨ ° ±¯ ° ««¥«¨¢ ¨¨ ª®² ª² ¿ ¯®¢¥°µ®±²¼ ° §¡¨-

¢ ¥²±¿   ¯®¤®¡« ±²¨, ¤«¿ ° ±·¥²  ª®²®°»µ ¯®¤ª«¾· ¾²±¿ ¤®¯®«¨²¥«¼-

»¥ ¯°®¶¥±±®°», ®²«¨·»¥ ®² ²¥µ, ·²® § ¤¥©±²¢®¢ » ¤«¿ ° ±·¥²  ¢³-

²°¥¨µ ¯®¤®¡« ±²¥© ª®² ª²¨°³¾¹¨µ ²¥« (±¬. ° ¡®²» Hoover, 1997 [394];

Oishi,1999 [513]). � ±¯ ° ««¥«¥»¥ ª®² ª²»¥  «£®°¨²¬» ¯°¥¤±² ¢«¥»

² ª¦¥ ¢ ° ¡®² µ (Ginsberg, Johnson, 1988 [361]; Praskacz, 1995 [560]; Malone,

Johnson, 1994 [479, 480]; Elsner et al, 1996 [333]; Attaway et al., 1997, 1998

[226, 227]).

� ¨¢»±¸¥¥ ¢ ±¬»±«¥ ¡»±²°®¤¥©±²¢¨¿ ¤®±²¨¦¥¨¥ ¢ ° ±¯ ° ««¥«¨¢ ¨¨

ª®² ª²»µ § ¤ · ® ¢»±®ª®±ª®°®±²»µ ±®³¤ °¥¨¿µ §  2001 £®¤ ¯°¨ ¤-

«¥¦¨²  ¬¥°¨ª ±ª®© £®±³¤ °±²¢¥®© ¨±±«¥¤®¢ ²¥«¼±ª®© ®°£ ¨§ ¶¨¨ San-

dia National Laboratories (SNL), ¤®±²¨£³²®¥ ¯°¨ ¨±¯®«¼§®¢ ¨¨ ° ±¯ ° «-

«¥«¥®£® ¯ ª¥²  ¯°®£° ¬¬ PRONTO   ª®¬¯¼¾²¥°¥ Intel Teraop Com-

puter (3600 ¯°®¶¥±±®°®¢). �»«® ¤®±²¨£³²® ¡»±²°®¤¥©±²¢¨¥ ¯®°¿¤ª  1/10

±¥ª³¤»   ¸ £ ¯® ¢°¥¬¥¨ ¤«¿ § ¤ · ° §¬¥°®±²¼¾ ¡®«¥¥ 10-15 ¬¨««¨-

®®¢ ²°¥µ¬¥°»µ 8-³§«®¢»µ ª®¥·»µ ½«¥¬¥²®¢. � ±±·¨²  °¿¤ ¯°¨¬¥-

°®¢ ®² ¯°®±²»µ ²¥±²®¢ ¤® ¯° ª²¨·¥±ª¨ ¢ ¦®© ¨ ¥¹¥ ¥¤ ¢®  ¡±®«¾²®

¡¥§ ¤¥¦®© ¤«¿ ·¨±«¥®£® °¥¸¥¨¿ § ¤ ·¨ ® ª°³¸¥¨¨ ± ¬®«¥²  ± ³·¥-

²®¬ ¤¥´®°¬ ¶¨© ±®±² ¢®© ª®±²°³ª¶¨¨, £¨¤°®¤¨ ¬¨ª¨ ²®¯«¨¢  (¬¥²®¤

· ±²¨¶) ¨ ¤¥´®°¬ ¶¨© £°³² . � ¤ ®© § ¤ ·¥ ±®¡° » ¢±¥ ½«¥¬¥²»

¿¢«¥¨¿ ª®² ª² , ®¡±³¦¤ ¢¸¨¥±¿ ¢»¸¥, ¨ ± ¬®ª®² ª², ¨ ¬®¦¥±²¢¥-

»© ª®² ª² ¤¥´®°¬¨°³¥¬»µ ²¥«, ¨ ½«¥¬¥²» ¬¥²®¤®¢ ±ª¢®§®£® ±·¥²  ¨

².¤., ¨ ².¯. �¯¨± ¨¥ ½²®£® ³¨ª «¼®£® ° ±·¥²  ¯°¨¢¥¤¥® ¢ ®²·¥²¥ SNL
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(Attaway et al., 2001 [228]).

�·¨²»¢ ¿ ¨²¥±¨¢®¥ ° §¢¨²¨¥ ¯ ° ««¥«¼»µ ª®¬¯¼¾²¥°®¢, ±®¯°®¢®-

¦¤ ¾¹¥¥±¿ ¨§¬¥¥¨¿¬¨ ¢ ¨µ  °µ¨²¥ª²³°¥ ¨ ¬ ²¥¬ ²¨·¥±ª®¬ ®¡¥±¯¥·¥¨¨,

¨µ ¢®§¬®¦³¾ ½ª±¯ ±¨¾ ¢ ¬¨° ¯¥°±® «¼»µ ª®¬¯¼¾²¥°®¢ ¬®¦® ®¦¨-

¤ ²¼, ·²® ¯°®¡«¥¬   ¤ ¯² ¶¨¨ ª®² ª²»µ  «£®°¨²¬®¢ ª ¯ ° ««¥«¼»¬

ª®¬¯¼¾²¥° ¬ ¢ ¡«¨¦ ©¸¥¥ ¢°¥¬¿ ¡³¤¥² ¢¥±¼¬   ª²³ «¼®©.

�¥ ±«¥¤³¥², ®¤ ª®, ¯¥°¥®¶¥¨¢ ²¼ § ·¥¨¥ ¤ ®£®  ¯° ¢«¥¨¿. �¥«®

¢ ²®¬, ·²® ¯ ° ««¥«¼»¥ ª®¬¯¼¾²¥°» ¯®ª  ±®±² ¢«¿¾² ¢¥±¼¬  ¬ «³¾ · ±²¼

¨¬¥¾¹¥£®±¿ ª®¬¯¼¾²¥°®£® ¯ °ª  ¨ ¨±¯®«¼§³¾²±¿, ª ª ¯° ¢¨«®, ¢ °¥¦¨¬¥

³¤ «¥®£® ¤®±²³¯ . �²® °¥§ª® ³¢¥«¨·¨¢ ¥² ¢°¥¬¿ ®¦¨¤ ¨¿ °¥¸¥¨¿ ¨

±®§¤ ¥² ¯ ° ¤®ª± «¼³¾ ±¨²³ ¶¨¾: ´®°¬ «¼® ¢°¥¬¿ ° ±·¥²  °¥§ª® ±®-

ª° ¹ ¥²±¿,   ´ ª²¨·¥±ª¨ ¢°¥¬¿ ®¦¨¤ ¨¿ °¥¸¥¨¿ ³¢¥«¨·¨¢ ¥²±¿ ¨§-§ 

¬ «®© ±ª®°®±²¨ ¯¥°¥¤ ·¨ ¤ »µ ¯® ±¥²¨ ¨ ¨§-§  ¢®§¬®¦®© ª®ª³°¥¶¨¨,

¯®±ª®«¼ª³ ¯ ° ««¥«¼»¥ ¬ ¸¨» ¿¢«¿¾²±¿ ª®¬¯¼¾²¥° ¬¨ ª®««¥ª²¨¢®£®

¯®«¼§®¢ ¨¿. �® ±° ¢¥¨¾ ± ²° ¤¨¶¨®»¬ ±ª «¿°»¬ ¯°®£° ¬¨°®¢ -

¨¥¬ ° ±¯ ° ««¥«¨¢ ¨¥ ¯°®£° ¬¬ ²°¥¡³¥² § ·¨²¥«¼® ¡®«¼¸¨µ ³±¨«¨©

¨ ª °¤¨ «¼®£® ¯¥°¥¯°®£° ¬¬¨°®¢ ¨¿ ¨ °¥¢¨§¨¨ ®¡»·»µ ±ª «¿°»µ

 «£®°¨²¬®¢. �®½²®¬³ ¤«¿ ³±¯¥¸®£® ° ±¯ ° ««¥«¨¢ ¨¿ ²°¥¡³¥²±¿ ®·¥¼

µ®°®¸ ¿ ¬ ²¥°¨ «¼ ¿ ¡ §  ¨ ¬®¹ ¿ ´¨ ±®¢ ¿ ¯®¤¤¥°¦ª , ¯®±¨«¼»¥

¯®ª  ²®«¼ª® ¡®«¼¸¨¬ ¨±±«¥¤®¢ ²¥«¼±ª¨¬ ¶¥²° ¬, ¢»¯®«¿¾¹¨¬ ª°³¯»¥

£®±³¤ °±²¢¥»¥ § ª §».

�°¨ ¯« ¨°®¢ ¨¨ ° ¡®² ¯® ° ±¯ ° ««¥«¨¢ ¨¾ (ª®² ª²»µ)  «£®°¨²-

¬®¢ ¥®¡µ®¤¨¬® ³·¨²»¢ ²¼ ¨ ¢°¥¬¥»¥ ´ ª²®°»,   ¨¬¥® ¢°¥¬¿ ¦¨§¨

¯ ° ««¥«¼®£® ª®¬¯¼¾²¥°  ¨ ¥£® ¬ ²¥¬ ²¨·¥±ª®£® ®¡¥±¯¥·¥¨¿, ¢°¥¬¿,

²°¥¡³¾¹¥¥±¿   ° §° ¡®²ª³ ¯ ° ««¥«¼®£® ¢ °¨ ²  ¯°®£° ¬¬» ¨ ¢°¥¬¿,

¢ ²¥·¥¨¥ ª®²®°®£® ¯ ° ««¥«¼»© ª®¬¯¼¾²¥° ¿¢«¿¥²±¿ ±³¯¥°ª®¬¯¼¾²¥-

°®¬. �®±«¥¥¥ ®¡±²®¿²¥«¼±²¢® ®¡³±«®¢«¥® ²¥¬, ·²® ±ª «¿°»¥ (¢ · ±²®-

±²¨, ¯¥°±® «¼»¥) ª®¬¯¼¾²¥°», ² ª¦¥ ¡»±²°® ¯°®£°¥±±¨°³¾², ¨ ¥°¥¤ª®

³±¯¥¸® ª®ª³°¨°³¾² ¯® ¢±¥¬ ±² ²¼¿¬ ±® ¬®£¨¬¨ ¯ ° ««¥«¼»¬¨ ¥¹¥

¥¤ ¢® "±³¯¥°ª®¬¯¼¾²¥° ¬¨". � ¯°¨¬¥°, ±° ¢¥¨¥ ±®¢°¥¬¥®£® ¯¥°-

±® «¼®£® Pentium/4 c 5-²¨ «¥²¥© ¤ ¢®±²¨ ¯ ° ««¥«¼»¬ "8-£®«®¢»¬"

Parsytec'®¬ ¡³¤¥² ¥ ¢ ¯®«¼§³ Parsytec' .

1.13. O¶¥ª¨ ²®·®±²¨ ¨ ±° ¢¥¨¿ ª®² ª²»µ  «£®°¨²¬®¢

�° ª²¨·¥±ª¨ ¢±¥ ª®² ª²»¥  «£®°¨²¬» ¤ ¾² «¨¸¼ ¯°¨¡«¨¦¥»¥
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°¥¸¥¨¿. � ¦®¥, ® ¯®ª  ¥ ®·¥¼ ° §¢¨²®¥  ¯° ¢«¥¨¥ ° ¡®² ¯®

ª®² ª²³ ¯®±¢¿¹¥® ¨±±«¥¤®¢ ¨¾ ²®·®±²¨ ª®² ª²»µ  «£®°¨²¬®¢ ¨

 ¯°¨®°®¬³/ ¯®±²¥°¨®°®¬³   «¨§³ ®¸¨¡®ª ·¨±«¥»µ °¥¸¥¨©. �²-

¬¥²¨¬ ° ¡®²» ¯® ®¶¥ª¥ ²®·®±²¨ « £° ¦¥¢»µ  «£®°¨²¬®¢ (Lee, Oden,

Ainsworth, 1991 [459]; Lee, Oden, 1993, 1994 [460, 461, 462]; �¢¥²ª®¢ , 1995,

1996 [208, 209]; Twodzydlo et al., 1997 [632]; Sharif, Wiberg, 2001 [588]).

�° ¢¨²¥«¼»©   «¨§ ° §«¨·»µ ¯®¤µ®¤®¢ ®±«®¦¿¥²±¿ ²¥¬, ·²® § -

·¨²¥«¼®¥ ¢«¨¿¨¥   ³±¯¥µ ¯°¨¬¥¥¨¿ ²®£® ¨«¨ ¨®£® ª®² ª²®£®  «£®-

°¨²¬  ®ª §»¢ ¥² ª ·¥±²¢® ¯°®£° ¬¬®© °¥ «¨§ ¶¨¨ ¨ ¥¤®ª³¬¥²¨°³¥¬»¥

®±®¡¥®±²¨  «£®°¨²¬®¢. � ±®¦ «¥¨¾, ¯®ª  ®·¥¼ ¬ «® ¨¬¥¥²±¿ ° ¡®²,

¢ ª®²®°»µ ±° ¢¥¨¥ ° §«¨·»µ ¯®¤µ®¤®¢ ¯°®¢®¤¨²±¿ ®¤¨¬¨ ¨ ²¥¬¨ ¦¥

 ¢²®° ¬¨. �° ¢¥¨¿, ª®²®°»¥ ¢»¯®«¿¾²±¿ ¢ ³±«®¢¨¿µ ®¤®© ¨ ²®© ¦¥

"ª³µ¨", ¤ ¾² ¡®«¥¥ ¿±»¥ ¨ ®¯°¥¤¥«¥»¥ °¥§³«¼² ²». �¥«® ¢ ²®¬, ·²®

¥°¥¤ª® ¥§ ·¨²¥«¼ ¿,   ¯¥°¢»© ¢§£«¿¤, ¤¥² «¼  «£®°¨²¬ , ¥ ³¯®¬¨ -

¥¬ ¿ ¢ ±² ²¼¿µ ¨ ®²·¥² µ, ¬®¦¥² ¨£° ²¼ °¥¸ ¾¹³¾ °®«¼ ¢ ³±¯¥µ¥/¥³±¯¥µ¥

 «£®°¨²¬  ¢ ¶¥«®¬. �²® ¯°®¨±µ®¤¨² ¥ ¯® §«®¬³ ³¬»±«³  ¢²®°®¢, ±ª°»-

¢ ¾¹¨µ "±¥ª°¥²",   · ¹¥ ¢±¥£® ¨§-§  ®¡¨«¨¿ ±®±² ¢«¿¾¹¨µ  «£®°¨²¬  ¨

¥®¤®§ ·®±²¨ ¥£® ¢®§¬®¦»µ ´®°¬³«¨°®¢®ª. �« ±±¨·¥±ª¨¬ ®¡° §¶®¬

±° ¢¨²¥«¼®£®   «¨§  ª®² ª²»µ  «£®°¨²¬®¢ ¬®¦¥² ±«³¦¨²¼ ° ¡®² 

(Rider, Kothe, 1995 [571]), ¢ ª®²®°®© ª ·¥±²¢® ·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿

ª®² ª²»µ ° §°»¢®¢ ° §«¨·»¬¨ ¬¥²®¤ ¬¨ ±ª¢®§®£® ±·¥²  ®¶¥¨¢ «®±¼

  ·¥²»°¥µ ²¥±²®¢»µ § ¤ · µ ¯¥°¥®±  ¥ª®²®°®© ±¯¥¶¨ «¼»¬ ®¡° §®¬

° ±¯°¥¤¥«¥®© ±ª «¿°®© ±³¡±² ¶¨¨ ¢ § ¤ »µ ¯®±²®¿»µ ¢® ¢°¥¬¥¨

¯®«¿µ ±ª®°®±²¨, ®¯¨±»¢ ¾¹¨µ ¯°®±²³¾ ²° ±«¿¶¨¾, ¢° ¹¥¨¥ ¦¥±²ª®£®

²¥« , ®²¤¥«¼»© ¢¨µ°¼ ¨ ¯®«¥ ±«®¦®© ¤¥´®°¬ ¶¨¨. �±¯»²»¢ «¨±¼ ±«¥-

¤³¾¹¨¥ ·¥²»°¥ ¬¥²®¤ : 1)  ¨¡®«¥¥ ±¢¥¦ ¿ ¢¥°±¨¿  «£®°¨²¬  ¬ °ª¥°®¢ ¨

¿·¥¥ª, 2) ¬¥²®¤ ¦¨¤ª®±²¨ ¢ ¿·¥©ª µ, 3) ¬¥²®¤ ´³ª¶¨© ³°®¢¿ ¨ 4) ¬¥²®¤»

³« ¢«¨¢ ¨¿ ±ª ·ª®¢ ²¨¯  TVD ¨ ENO.

�® ª ·¥±²¢³ °¥§³«¼² ²  ®² «³·¸¥£® ª µ³¤¸¥¬³ ¬¥²®¤» ° ±¯°¥¤¥«¨«¨±¼ ¢

¯®°¿¤ª¥ ¯°¨¢¥¤¥®£® ¯¥°¥·¨±«¥¨¿. �¥§³«¼² ²» ¯® ¬¥²®¤³ ¥¯°¥°»¢®£®

¬ °ª¥°  ¡»«¨ ³«³·¸¥» ¢ ° ¡®²¥ (Enright et al., 2002 [335]) ± ¯®¬®¹¼¾ ®-

¢®£® ¬¥²®¤  HPLS (Hybrid Particle Level Set method), ª®²®°»© ¢®¯«®¹ ¥²

²¥µ¨ª³ ¤¨±ª°¥²»µ ¨ ¥¯°¥°»¢»µ « £° ¦¥¢»µ ¬ °ª¥°®¢ ¢ ¥¤¨®¬  «-

£®°¨²¬¥.

�°¥¤¨ ®¯³¡«¨ª®¢ »µ ° ¡®², ¨¬¥¾¹¨µ ®²®¸¥¨¥ ª ª°¨²¨·¥±ª®¬³   -
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«¨§³ ª®² ª²»µ  «£®°¨²¬®¢, ¨¬¥¥²±¿ ®·¥¼ «¾¡®¯»²»© ¤®ª« ¤ (N. John-

son, 1996 [409]), ¢ ª®²®°®¬ ¯°¨¢¥¤¥  ¨°®¨·¥±ª ¿ ª®««¥ª¶¨¿ ²¨¯¨·»µ

®¡° §¶®¢  ¢²®°±ª®© ¥®¡º¥ª²¨¢®±²¨ ¢ ®¶¥ª µ °¥ «¼»µ ¤®±²®¨±²¢ ¨¬¥-

¾¹¨µ±¿ ·¨±«¥»µ ¬¥²®¤®¢ ¨ ª®¬¯¼¾²¥°»µ ¯°®£° ¬¬ ¢»·¨±«¨²¥«¼®©

¬¥µ ¨ª¨:

* �°®£° ¬¬  °¥¸¨² � ¸³ ¯°®¡«¥¬³ ¡¥§ ¬®¤¨´¨ª ¶¨©.

* �³ª®¢®¤±²¢® ±®¤¥°¦¨² ¢±¥, ·²® ³¦®, ·²®¡» § ¯³±²¨²¼ ¯°®£° ¬¬³.

* �² ¤ °²»© £° ´¨·¥±ª¨© ¢»¢®¤, ±®¢¬¥±²¨¬»© ± «¾¡»¬¨ ¯®±²¯°®-

¶¥±±®° ¬¨.

* �¥£ª® ¨±¯®«¼§³¥¬ ¿ ¯°®£° ¬¬ .

* �±¯®«¿¥¬ ¿   ¢±¥µ ª®¬¯¼¾²¥° µ ¡¥§ ¨§¬¥¥¨©.

* �¨¢¥°± «¼ ¿ ¨ ²®· ¿.

* �®ª°»¢ ¾¹ ¿ ¢±¾ ´¨§¨ª³.

* �¬¥¾¹ ¿ ¤°³¦¥±²¢¥»© ¨²¥°´¥©±.

* �¥ ±®¤¥°¦ ¹ ¿ ®¸¨¡®ª,   ²®«¼ª® ¥¤®ª³¬¥²¨°®¢ »¥ ®±®¡¥®±²¨.

* �» ±¬®¦¥²¥ § ¯³±²¨²¼ ¯°®£° ¬¬³ ¡¥§ °³ª®¢®¤±²¢ .

* �¥²®¤ ¡»« ¢¯¥°¢»¥ ° §° ¡®²  §¤¥±¼."

�¦¥ ± ¬ ²®² ´ ª², ·²® ®¤®¢°¥¬¥® ±®±³¹¥±²¢³¥² ¢¥«¨ª®¥ ¬®¦¥±²¢®

ª®² ª²»µ  «£®°¨²¬®¢, £®¢®°¨² ® ²®¬, ·²® ®¨ ¥ ¨¤¥ «¼». �°¨¢®¤¨-

¬»¥ ¢ ±² ²¼¿µ ± ¬®®¶¥ª¨ ¯°¥¤« £ ¥¬»µ  «£®°¨²¬®¢ ¨ °¥§³«¼² ²®¢  ¤®

¢®±¯°¨¨¬ ²¼ ®·¥¼ ®±²®°®¦®.

1.14. � ª«¾·¨²¥«¼»¥ § ¬¥· ¨¿

�  ±²®¿¹¥¬³ ¢°¥¬¥¨ ¬¨°®¢ ¿ «¨²¥° ²³°  ¯® ·¨±«¥»¬ ¬¥²®¤ ¬ ° ±-

·¥²  ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© ¤¥´®°¬¨°³¥¬»µ ²¥«  ±·¨²»¢ ¥² ³¦¥

±®²¨  ¨¬¥®¢ ¨© ° ¡®², ®¯³¡«¨ª®¢ »µ §  ¯®±«¥¤¨¥ 3-4 ¤¥±¿²¨«¥-

²¨¿. �«¿ ®¡§®°  ¡»«¨ ®²®¡° » ²®«¼ª® µ ° ª²¥°»¥ ° ¡®²», ¯®±¢¿¹¥-

»¥ ¨¬¥® ° §° ¡®²ª¥  «£®°¨²¬®¢. �±«¨ ¡» ¢ ®¡§®° ¡»«¨ ¢ª«¾·¥» ¥¹¥

¨ ¨±±«¥¤®¢ ¨¿, ¯®±¢¿¹¥»¥ ¨§³·¥¨¾ ´¨§¨ª¨ ª®² ª²  ¨ °¥¸¥¨¾ ®²-

¤¥«¼»µ § ¤ ·, ²® ±·¥² ° ¡®² ¯®¸¥« ¡» ³¦¥   ²»±¿·¨,   ®¡º¥¬ ®¡§®° 

¯°¥¢»±¨« ¡» ° §³¬»¥ ° ¬ª¨.

�°¥¤±² ¢«¥»© ®¡§®° °¨±³¥² ¢¯¥· ²«¿¾¹³¾ ª °²¨³ ¨±±«¥¤®¢ ¨© ¯®

·¨±«¥®¬³ ¬®¤¥«¨°®¢ ¨¾ ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨©, ¯®§¢®«¿¥² ¯®«³-

·¨²¼ ¯°¥¤±² ¢«¥¨¥ ® ¢®¬®¦®±²¿µ, ¯°¥¤®±² ¢«¿¥¬»µ ª®² ª²»¬¨  «£®-

°¨²¬ ¬¨ ¤«¿ ¨±±«¥¤®¢ ¨© ¿¢«¥¨¿ ª®² ª² . �¡§®° ¬®¦¥² ¡»²¼ ¨±¯®«¼-
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§®¢  ª ª ¯³²¥¢®¤¨²¥«¼ ¯® ª®² ª²»¬  «£®°¨²¬ ¬ ¨ ®¡«¥£·¨²¼ ¢»¡®°

¯®¤µ®¤¿¹¥£®  «£®°¨²¬ , ®¶¥ª³ ®¢¨§» ¨ ¯®¤¡®° «¨²¥° ²³°» ¤«¿ ¨§³·¥-

¨¿ ¨ ¶¨²¨°®¢ ¨¿.

�¥±¬®²°¿   ®¡¨«¨¥ ¯°¥¤«®¦¥»µ ª®² ª²»µ  «£®°¨²¬®¢, ¨µ ®±®¢-

»¥ ¨¤¥¨ ¢¯®«¥ ®¡®§°¨¬» ¨ ¯®¤¤ ¾²±¿ ª« ±±¨´¨ª ¶¨¨. �¤  ¨§ ¢®§¬®¦-

»µ ª« ±±¨´¨ª ¶¨© ¡»«  ¯°¥¤±² ¢«¥  ¢ ¤ ®¬ ®¡§®°¥. �  ¥ ®¯²¨-

¬ «¼ , ® ¯°®¤¨ª²®¢   ±®°²¨°³¥¬»¬ ¬ ²¥°¨ «®¬. � »© ®¡§®° ®¯³-

¡«¨ª®¢  ¢ ±®ª° ¹¥®¬ ¢ °¨ ²¥ (250 ° ¡®²) ¢ ° ¡®²¥ Bourago, 2002 [279]

(   £«¨©±ª®¬ ¿§»ª¥).
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�« ¢  2.

O±o¢»e ³°a¢e¨¿ ¨
o¯°e¤e«¿¾¹¨e ±oo²o¸e¨¿

�  ±²®¿¹¥© £« ¢¥ ° ±±¬ ²°¨¢ ¥²±¿ ¯o±²ao¢ª  o¡¹e© §a¤a·¨ ¬eµa¨ª¨

±¯«o¸o© ±°e¤» ¤«¿ ¡e§¬o¬e²»µ ±¯«o¸»µ ±°e¤ ¤¨´´e°e¶¨a«¼o£o

²¨¯a, «¥¦ ¹ ¿ ¢ ®±®¢¥  ±²®¿¹¥© ° ¡®²». �¢¨¦¥¨¥ ¨ ½¢®«¾¶¨¿ ²¥°-

¬®¬¥µ ¨·¥±ª®£® ±®±²®¿¨¿ £ § , ¦¨¤ª®±²¨ ¨ ²¢¥°¤»µ ¤¥´®°¬¨°³¥¬»µ

²¥« ®¯¨±»¢ ¾²±¿ ± ¥¤¨»µ ¯®§¨¶¨©   ®±®¢¥ ¯°®¨§¢®«¼®£® ½©«¥°®¢®-

« £° ¦¥¢  ¯®¤µ®¤ , § ª®®¢ ±®µ° ¥¨¿ ¨ ®¡¹¨µ § ª®®¢ ²¥°¬®¤¨ ¬¨ª¨.

�°¨¬¥¿¥²±¿ ²¥°¬®¤¨ ¬¨·¥±ª¨© ¬¥²®¤ ¯®±²°®¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ±®®²-

®¸¥¨©,®±®¢ »©   ¥° ¢¥±²¢¥ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ ¨ ª®¶¥¯¶¨¨

¯ ° ¬¥²°®¢ ±®±²®¿¨¿. �®°¬³«¨°³¥²±¿ ¬®¤¨´¨ª ¶¨¿ ½²®£® ¬¥²®¤ , ¥

²°¥¡³¾¹ ¿, ¢ ®²«¨·¨¥ ®² ²° ¤¨¶¨®®©, ¤®¯®«¨²¥«¼»µ ½ª±²°¥¬ «¼»µ

¯°¨¶¨¯®¢ ¤«¿ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨. � ¨±¯®«¼§®¢ ¨¥¬ ²¥°¬®¤¨ ¬¨·¥-

±ª®£® ¬¥²®¤  ¥¤¨®®¡° §® ¢»¢¥¤¥» ®¯°¥¤¥«¿¾¹¨¥ ±®®²®¸¥¨¿ ¤«¿ ¨§-

¢¥±²»µ ¬®¤¥«¥© £ §®®¡° §»µ, ¦¨¤ª¨µ ¨ ²¢¥°¤»µ ¤¥´®°¬¨°³¥¬»µ ±°¥¤,

  ² ª¦¥ ±®®²®¸¥¨¿ ¤«¿ ®¯¨± ¨¿ ¯°®¶¥±±®¢ ° §°³¸¥¨¿ ¨ ª®±®«¨¤ ¶¨¨

³¯°³£®¢¿§ª®¯« ±²¨·¥±ª¨µ ±°¥¤.

2.1 �®±²®¿¨¥ ¢®¯°®± 

�« ¢»¬ ¬®²¨¢®¬ ¤«¿ ¯®±²°®¥¨¿ ®¢»µ ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨©

¿¢«¿¥²±¿ ¦¥« ¨¥ ²¥®°¥²¨·¥±ª¨ ¢®±¯°®¨§¢¥±²¨ °¥§³«¼² ²» ´¨§¨·¥±ª¨µ

½ª±¯¥°¨¬¥²®¢, ª®²®°»¥ ¥ ®¯¨±»¢ ¾²±¿ ¢®®¡¹¥ ¨«¨ ®¯¨±»¢ ¾²±¿, ®

¥ ¤®±² ²®·® µ®°®¸® ¨¬¥¾¹¨¬¨±¿ ±®®²®¸¥¨¿¬¨. �®¢»¥ ±®®²®¸¥¨¿

¤®«¦» ¡»²¼ ¢ ±®£« ±¨¨ ± ¨¬¥¾¹¨¬¨±¿ ¢ ®¡« ±²¨ ¯ ° ¬¥²°®¢, £¤¥ ±³¹¥-

±²¢³¾¹¨¥ ±®®²®¸¥¨¿ ¤ ¾² µ®°®¸¨¥ °¥§³«¼² ²». � ª®¥¶, ®¢»¥ ±®®²-

®¸¥¨¿ ¤®«¦» ¡»²¼ ´¨§¨·¥±ª¨ ¨ ¬ ²¥¬ ²¨·¥±ª¨ ª®°°¥ª²». �²® ®§ -

· ¥², ·²® ®¨ ¤®«¦» ³¤®¢«¥²¢®°¿²¼ ´³¤ ¬¥² «¼»¬ § ª® ¬ ²¥°¬®¤¨-

 ¬¨ª¨, ²¥®°¨¨ ° §¬¥°®±²¨, ¯°¨¶¨¯ ¬ ¨¢ °¨ ²®±²¨ ¨ ®¡º¥ª²¨¢®-

±²¨.

� ²¥¬ ²¨·¥±ª¨ ¨ ´¨§¨·¥±ª¨ ¿±»© ¯®¤µ®¤ ª ¯®±²°®¥¨¾ ®¯°¥¤¥«¿¾-

¹¨µ ±®®²®¸¥¨© ®±®¢    ª®¶¥¯¶¨¨ ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ¨ ²¥°¬®-

¤¨ ¬¨·¥±ª®¬ ¥° ¢¥±²¢¥ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ (±¬.  ¯°¨¬¥°, Ziegler,
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1966; Malvern, 1969; �¥¤®¢, 1970; �«¼¾¸¨, 1971; Christensen, 1971; As-

tarita, Marrucci, 1978; �®« °®¢, � «²®¢, �®·¥¢ , 1979; �®¤ ³°®¢, 1982;

�³ª³¤¦ ®¢, 1985; Simo, 1986; �¥¢¨² ±, 1986; �°³±®¢, 1986). �¢¨¤³ ²®£®,

·²® ·¨±«® ®¯³¡«¨ª®¢ »µ ° ¡®², ¢ ª®²®°»µ ¤ »© ¯®¤µ®¤ ° §¢¨¢ «±¿

®·¥¼ ¢¥«¨ª® ¨ ¤ ²¼ §¤¥±¼ ±±»«ª¨   ¢±¥ ° ¡®²» ¥¢®§¬®¦®, ±±»«ª¨ ¤ »

²®«¼ª®   ²¥ ° ¡®²», ª®²®°»¥ ¥¯®±°¥¤±²¢¥® ±¯®±®¡±²¢®¢ «¨ ¢»° ¡®²ª¥

¯°¥¤« £ ¥¬®£® ¬¥²®¤ . � ¶¨²¨°®¢ »µ ° ¡®² µ ¨¬¥¾²±¿ ¤®¯®«¨²¥«¼»¥

±±»«ª¨.

�®²¿ ° ±±¬ ²°¨¢ ¥¬»© ¯®¤µ®¤ ° §¢¨² ¢® ¬®¦¥±²¢¥ ¨±±«¥¤®¢ ¨©,  -

·¨ ¿ ± ¯¿²¨¤¥±¿²»µ £®¤®¢ 20 ¢¥ª  ¨ ³¦¥ ¬®¦¥² ±·¨² ²¼±¿ ²° ¤¨¶¨®»¬,

¨¬¥¥² ±¬»±« ¢®±¯°®¨§¢¥±²¨ ®±®¢»¥ ¥£® ¯®«®¦¥¨¿ §¤¥±¼. �¥«® ¢ ²®¬,

·²® ¢ «¨²¥° ²³°¥ ®²±³²±²¢³¥² ¯®±«¥¤®¢ ²¥«¼®¥ ¨§«®¦¥¨¥ ½²®£® ¯®¤µ®¤ .

�°¥¤« £ ¥¬ ¿ ±µ¥¬  ²¥°¬®¤¨ ¬¨·¥±ª®£® ¢»¢®¤  ®¯°¥¤¥«¿¾¹¨µ ±®®²®-

¸¥¨© (�³° £®, 1984; �³° £®, �³ª³¤¦ ®¢, 1988, 1991; �³° £®, 1995; �³-

° £®, 1999; �³° £®, �«³¸ª®, �®¢¸®¢, 2000) ®²«¨· ¥²±¿ ®² ²° ¤¨¶¨®®©

¨ ¯®«³·¥  ¯³²¥¬   «¨§  ¡®«¼¸®£® ·¨±«  ° ¡®², ·²®¡» ¢»¤¥«¨²¼ ®¡¹¥¥,

³±²° ¨²¼ ¯°®²¨¢®°¥·¨¿ ¨ ¢®±¯®«¨²¼ ¯°®¡¥«». � ª  ¬ ¯°¥¤±² ¢«¿¥²±¿,

¯®±«¥¤®¢ ²¥«¼®¥ ¯°¨¬¥¥¨¥ ½²®£® ¯®¤µ®¤  ¯®§¢®«¿¥² ¯°®¿±¨²¼ ´¨§¨·¥-

±ª¨¥ ¨ ¬ ²¥¬ ²¨·¥±ª¨¥ ®±®¢» ª ª ³¦¥ ¨§¢¥±²»µ, ² ª ¨ ®¢»µ ®¯°¥¤¥«¿-

¾¹¨µ ±®®²®¸¥¨©.

�¥°¬®¤¨ ¬¨·¥±ª¨©   «¨§ ¯®ª §»¢ ¥², ·²® °¥®«®£¨·¥±ª¨¥ ±¢®©±²¢ 

±¯«®¸®© ±°¥¤» ®¯°¥¤¥«¿¾²±¿  ¡®°®¬ ¢³²°¥¨µ ¯ ° ¬¥²°®¢ ±®±²®¿-

¨¿ ¡¥±ª®¥·® ¬ «®£® ®¡º¥¬  ±°¥¤» ¨ § ¢¨±¨¬®±²¼¾ ´³ª¶¨© ±¢®¡®¤®©

½¥°£¨¨ ¨ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨ ®² ½²¨µ ¯ ° ¬¥²°®¢. �¯°¥¤¥«¿¾¹¨¥ ±®®²-

®¸¥¨¿ ¤«¿ ½²°®¯¨¨,  ¯°¿¦¥¨© ¨ ²¥¯«®¢»µ ¯®²®ª®¢,   ² ª¦¥ ª¨¥²¨-

·¥±ª¨¥ ³° ¢¥¨¿ ¤«¿ ±²°³ª²³°»µ ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ¿¢«¿¾²±¿ ¯°¨

½²®¬ ±«¥¤±²¢¨¿¬¨.

2.2. � ª® ¤¢¨¦¥¨¿.

�aªo ¤¢¨¦e¨¿ ¬a²e°¨a«¼o© ±¯«o¸o© ±°e¤» ¯°¨¬e¬ ¢

¯a°a¬e²°¨·e±ªo¬ ¢¨¤e (�³° £®, 1984)

x = x(~x; t) ;
o
x=

o
x (~x; t) (2:1)

£¤e x - °a¤¨³± ¢eª²o° ¬a²e°¨a«¼o© ²o·ª¨ ¯°¨ t � 0,
o
x - °a¤¨³± ¢eª²o°

¬a²e°¨a«¼o© ²o·ª¨ ¯°¨ t = 0 ¨ ±¯° ¢¥¤«¨¢®  · «¼®¥ ³±«®¢¨¥
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t = 0 : x =
o
x

�¥§ ¢¨±¨¬»¥ ª°¨¢o«¨e©»e ªoo°¤¨a²» ~x ¬o£³² ¡»²¼ ±o¯°¿¦e» ±

a·a«¼o© ªo´¨£³°a¶¨e© ~x = ~x(
o
x) , ±  ª²³ «¼®© ªo´¨£³°a¶¨e© ~x =

~x(x) ¨«¨, ¢ ®¡¹¥¬ ±«³· ¥, µ ° ª²¥°¨§®¢ ²¼ ¯°o¨§¢o«¼³¾ ¯®¤¢¨¦³¾

¯°o¬e¦³²o·³¾ ªo´¨£³°a¶¨¾.

� ª, ±«³· © ~x = ~x(x) ®²¢¥· ¥² �©«e°o¢o¬³ ¯°e¤±²a¢«e¨¾ ¤¢¨¦e¨¿,

±«³· © ~x = ~x(
o
x) ®²¢¥· ¥² �a£°a¦e¢o¬³ ¯°e¤±²a¢«e¨¾ ¤¢¨¦e¨¿,   ¢

®¡¹¥¬ ±«³· ¥ ¨¬¥¥¬ ¯°®¨§¢®«¼®¥ ½©«¥°®¢®-« £° ¦¥¢® ¯°¥¤±² ¢«¥¨¥.

�ªo°o±²¼ ²®·ª¨ ± ªoo°¤¨a² ¬¨ ~x , a§»¢ae¬»µ ¯o¤¢¨¦»¬¨,

o¡o§a·¨¬

w =
@x

@t

(2:2)

£¤¥ ¢°¥¬¥®¥ ¤¨´´¥°¥¶¨°®¢ ¨¥ ¢»¯®«¿¥²±¿ ¯°¨ ~x=const, ²® ¥±²¼

¢¤®«¼ ²° ¥ª²®°¨© ¯®¤¢¨¦»µ ª®®°¤¨ ².

�ª®°®±²¼ ¬a²e°¨a«¼o© ²®·ª¨
o
x ¯® o¯°¥¤¥«¥¨¾ ° ¢ 

u =
dx

dt

(2:3)

£¤e ¢°¥¬¥®¥ ¤¨´´¥°¥¶¨°®¢ ¨¥ ¢»¯®«¿¥²±¿ ¯°¨
o
x=const, ²® ¥±²¼

¢¤®«¼ ²° ¥ª²®°¨© ¬ ²¥°¨ «¼»µ · ±²¨¶ ¨ ®¯¥° ²®°

d

dt

=
@

@t

+ (u�w) � r

®¡®§ · ¥² ¬a²e°¨a«¼³¾ ¢°e¬e³¾ ¯°o¨§¢o¤³¾,   r e±²¼ o¯e°a²o°

¯°o±²°a±²¢eo£o ¤¨´´e°e¶¨°o¢a¨¿ ¢  ª²³ «¼®© ªo´¨£³°a¶¨¨. �»-

¯¨± ®¥ ¢»° ¦¥¨¥ ¬ ²¥°¨ «¼®© ¢°¥¬¥®© ¯°®¨§¢®¤®© ¿¢«¿¥²±¿ ±«¥¤-

±²¢¨¥¬ ±®®²®¸¥¨© (2.1)-(2.3) ¨ ¯° ¢¨«  ¤¨´´¥°¥¶¨°®¢ ¨¿ ±«®¦®©

´³ª¶¨¨. �® ¢»¢®¤¨²±¿ ² ª: ¯® ¯° ¢¨«³ ¤¨´´¥°¥¶¨°®¢ ¨¿ ±«®¦®©

´³ª¶¨¨ ¨¬¥¥¬:
d

dt

=
@

@t

+
d~x

dt

� ~r

²®£¤ , ³·¨²»¢ ¿ ±¢¿§¼ ~r = (r~x)�1 � r , ¯®«³· ¥¬

dx

dt

=
@x

@t

+
d~x

dt

� ~rx � >

dx

dt

=
@x

@t

+
d~x

dt

� (r~x)�1
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®²ª³¤  ± ³·¥²®¬ ®¯°¥¤¥«¥¨© ±ª®°®±²¥© u ¨ w ¯®«³· ¥¬

d~x

dt

= (u �w) � r~x

·²® ¨ ¯°¨¢®¤¨² ª ¨±ª®¬®¬³ ¢»° ¦¥¨¾ ¤«¿ d=dt.

2.3. �e´o°¬a¶¨¨.

�«¿ ¥¤¨®®¡° §®© ´®°¬³«¨°®¢ª¨ § ¤ ·  ¨¡®«¥¥ ³¤®¡» ¯°o±²°a-

±²¢e»¥ ¯ ° ¬¥²°» ±®±²®¿¨¿ ½«¥¬¥² °®£® ®¡º¥¬  ±¯«®¸®© ±°¥¤».

�°®±²° ±²¢¥»© ²e§o° ¤e´o°¬a¶¨¨ (�«¼¬ ±¨) " ¨ ±®®²¢¥²±²¢³¾¹¨©

²¥§®° ±ª®°®±²¥© ¤¥´®°¬ ¶¨© (�©«¥°) o¯°e¤e«¿¾²±¿ ±«e¤³¾¹¨¬¨ ±oo²-

o¸e¨¿¬¨:

dx = F � d
o
x ; dxT � dx � d

o
x
T

�d
o
x= dxT � 2" � dx

du = L � dx ;

d

dt

 
dxT � dx � d

o
x
T

�d
o
x

!
= dxT � 2e � dx

£¤e F - ²e§o° £°a¤¨e²a ¤e´o°¬a¶¨¨, L ²e§o° £°a¤¨e²o¢ ±ªo°o±²e©, " -

¯°®±²° ±²¢¥»© ²¥§®° ¤¥´®°¬ ¶¨¨ �«¼¬ ±¨ ¨ e - ¯°o±²°a±²¢e»©

(�©«¥°®¢) ²e§o° ±ªo°o±²¨ ¤e´o°¬a¶¨¨.

�oo²o¸e¨¿ ¬e¦¤³ F ,L ," ¨ e ¿¢«¿¾²±¿ ±«¥¤±²¢¨¿¬¨ ®¯°¥¤¥«¥¨© ½²¨µ

¢¥«¨·¨:

L =
dF

dt

� F�1
; " =

1

2
(I� F�T � F�1) ;

e =
1

2
(L�T + L) ; e =

d"

dt

+ " � L + L�T � " (2:4)

£¤e I - ¥¤¨¨·»© ²e§o°.

2.4. �«o²o±²¼, a¯°¿¦e¨¿ ¨ ²e¯«o¢»e ¯o²oª¨.

�«o²o±²¼ � , ¯°o±²°a±²¢e»© ²e§o° a¯°¿¦e¨© �o¸¨ � ¨

¯°o±²°a±²¢e»¨ ¢eª²o° ¤¨´´³§¨oo£o ¯o²oªa ²e¯«a q o¯°e¤e«¿¾²±¿

±«e¤³¾¹¨¬¨ ±oo²o¸e¨¿¬¨

dm = �dV ; dP = � � ndS ; dQ = q � ndS

£¤e dm - ¬a±±a ¡e±ªoe·o ¬a«o£o o¡ºe¬a dV ¢  ª²³ «¼®© ªo´¨£³°a¶¨¨,

dP - ±¨«a, ¤e©±²¢³¾¹a¿ a ¡e±ªoe·o ¬a«o© ¯«o¹a¤ªe dS ± e¤¨¨·o©
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o°¬a«¼¾ n , dQ - ªo«¨·e±²¢o ²e¯«a ¤¨´´³¤¨°o¢a¢¸e£o ·e²e§ ¯«o¹a¤ª³

dS ¢ e¤¨¨¶³ ¢°e¬e¨. E±«¨ ¢ o¯°e¤e«e¨¨ ²e¯«o¢o£o ¯o²oªa ¢ ¯°a¢o©

·a±²¨ °a¢e±²¢a ¯o±²a¢¨²¼ §aª ¬¨³±, ²o ¢eª²o° q ¡³¤e² ³ªa§»¢a²¼ a-

¯°a¢«e¨e, o¡°a²oe £°a¤¨e²³ ²e¬¯e°a²³°», ±o¢¯a¤a¾¸ee ± a¯°a¢«e¨e¬

¤¨´´³§¨¨ ²e¯«a. �«o²o±²¼ ¯o¤·¨ea §aªo³ ±oµ°ae¨¿ ¬a±±» (³°a¢-

e¨¾ e°a§°»¢o±²¨):
�

o
�

= det(F�1)

¨«¨
d�

dt

+ �r � u = 0 (2:5)

£¤e
o
� - a·a«¼a¿ ¯«o²o±²¼.

2.5. Ma²e°¨a«¼»e ¬e°» ¤e´o°¬a¶¨© ¨ a¯°¿¦e¨©.

�«¿ ¢»¢®¤  ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨©, ²® ¥±²¼ ±¢¿§¥© ¬¥¦¤³ ¯ ° ¬¥-

²° ¬¨, µ ° ª²¥°¨§³¾¹¨¬¨ ±®±²®¿¨¥ ¡¥±ª®¥·® ¬ «®£® ®¡º¥¬  ±¯«®¸®©

±°¥¤», ¡³¤¥¬ ¨±¯®«¼§®¢ ²¼ ¬a²e°¨a«¼»e ²e§o°» ¤e´o°¬a¶¨©
o
" (²¥§®°

�°¨ ) ¨ ±ªo°o±²e© ¤e´o°¬a¶¨©
0
e, ª®²®°»¥ o¯°e¤e«¿¾²±¿ ²aª

dxT � dx � d

o
x
T

�d
o
x= d

o
x
T

�2
o
" �d

o
x

d

dt

 
dxT � dx � d

o
x
T

�d
o
x

!
= d

o
x
T

�2
o
e �d

o
x

�«¥¤±²¢¨¥¬ ½²¨µ ®¯°¥¤¥«¥¨© ¿¢«¿¾²±¿ ±¢¿§¨:

o

"= FT � " � F ;

o

e= FT � e � F ;

d

o
"

dt

=
o

e (2:6)

�a²e°¨a«¼»© ²e§o°  ¯°¿¦¥¨© ®¯°¥¤¥«¿¥²±¿ ·¥°¥§ ¬®¹®±²¼  ¯°¿-

¦¥¨©

o
�:

o

e = � : e

®²ª³¤  ±«¥¤³¥² ´®°¬³« , ±¢¿§»¢ ¾¹ ¿ ¥£® ± ¯°®±²° ±²¢¥»¬ ²¥§®°®¬:

o
�= F�1 � � � F�T (2:7)
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�ª®°®±²¼ ¨§¬¥¥¨¿ ¢® ¢°¥¬¥¨ ¯°®±²° ±²¢¥»µ ²¥§®°®¢ µ ° ª²¥°¨-

§³¥²±¿ ®¡º¥ª²¨¢»¬¨ ²¥§®°»¬¨ ¢°¥¬¥»¬¨ ¯°®¨§¢®¤»¬¨, ³·¨²»¢ -

¾¹¨¬¨ ¤¥´®°¬ ¶¨¾ ¨ ¯®¢®°®² ½«¥¬¥² °®£® ®¡º¥¬ . �°¨¬¥°®¬ ¬®-

¦¥² ±¢¿§¼ ¯°®±²° ±²¢¥»µ ²¥§®°®¢ ¤¥´®°¬ ¶¨¨ ¨ ±ª®°®±²¨ ¤¥´®°¬ -

¶¨¨ (¯®±«¥¤¥¥ ¨§ ±®®²®¸¥¨© (2.4)), ¯°¥¤±² ¢«¿¾¹ ¿ ¢°¥¬¥³¾ ¯°®¨§-

¢®¤³¾ �¨¢«¨ . �ªo°o±²¨ ¬a²e°¨a«¼»µ ²e§o°o¢ o¯°e¤e«¿¾²±¿ ¡o«ee

¯°o±²o - ± ¯o¬o¹¼¾ ®¡»·®£® o¯e°a²o°a ¬a²e°¨a«¼o© ¢°e¬eo© ¯°o¨§-

¢o¤o©, ¯o½²o¬³ ¨¬eo ¬a²e°¨a«¼»e ²e§o°» ¨±¯o«¼§³¾²±¿ ¯°¨ ¢»ª«a¤-

ªaµ ¯o ¢»¢o¤³ o¯°e¤e«¿¾¹¨µ ±oo²o¸e¨©.

�a¬ea ¯e°e¬e»µ "¬a²e°¨a«¼»e ¬e°»" a "¯°o±²°a±²¢e»e ¬e°»"

¨ o¡°a²o ¤e«ae²±¿ ¤o±²a²o·o ¯°o±²o, ¯o½²o¬³ ±o¢±e¬ e o¡¿§¿²e«¼o

¯°¨ §a¯¨±¨ ´o°¬³« ¨±¯o«¼§o¢a²¼ ¨±ª«¾·¨²e«¼o ¬a²e°¨a«¼»e ¨«¨ ¨±-

ª«¾·¨²e«¼o ¯°o±²°a±²¢e»e ¬e°». E±«¨ ½²o ³¤o¡o, ²o ¢¯o«e ¤o¯³-

±²¨¬o ¨±¯o«¼§o¢a²¼ ±o§a²e«¼o ¨ ±¬e¸a»e ´o°¬» §a¯¨±¨. �²o¡» o²-

«¨·¨²¼ ¬a²e°¨a«¼»e ²e§o°a, a¤ ¨¬¨ ±²a¢¨²±¿ "³«¨ª".

2.6. �a¬e·a¨e o ®² ¶¨¿µ ¨ ® ¢»¡o°e ²e§o°o¢ a¯°¿¦e¨© ¨

¤e´o°¬a¶¨©.

O²¬e²¨¬, ·²o ¨±¯o«¼§³e¬»© §¤e±¼ "½¥°£¥²¨·¥±ª¨©" ¬a²e°¨a«¼»© ²e-

§o° a¯°¿¦e¨© ±¢¿§a ± ±¨¬¬e²°¨·»¬ ²e§o°o¬ a¯°¿¦e¨© �¨o«»-

�¨°µ£o´a �� ²aª

�� =

o
�

�

o
�

�a¡o° ¢o§¬o¦»µ °a§«¨·»µ ²e§o°o¢ a¯°¿¦e¨© ¨ ¤e´o°¬a¶¨©

¡e±ªoe·e ¨ ªaª¨e ¨§ ¨µ ¨±¯o«¼§o¢a²¼ ¢ °a±·e²aµ ¨ ¯°¨ ´o°¬³«¨°o¢ªe

§a¤a· - ½²o ¢o¯°o± ³¤o¡±²¢a. �¯o«e ¤o¯³±²¨¬o ¨±¯o«¼§o¢a¨e o¤o-

¢°e¬eo e±ªo«¼ª¨µ °a§«¨·»µ ²e§o°o¢, ªaª ½²o ¤e«ae²±¿ §¤e±¼. �a¦o,

·²o¡» ¯°¨ ½²o¬ ±o¡«¾¤a«¨±¼ ¨µ ±¢¿§¨ ± o¡ºeª²¨¢»¬¨ ´¨§¨·e±ª¨¬¨ µa°aª-

²e°¨±²¨ªa¬¨, e §a¢¨±¿¹¨¬¨ o² ¢»¡o°a ½²¨µ ¬e°. �a¯°¨¬e°, ²e§o° a-

¯°¿¦e¨© ¤o«¦e ¡»²¼ o¯°e¤e«e «¨¡o ·e°e§ ¬o¹o±²¼ a¯°¿¦e¨© ¢ e¤¨-

¨¶e o¡ºe¬a/¬a±±», «¨¡o ·e°e§ ¢eª²o° ±¨« a ½«e¬e²e ¯o¢e°µo±²¨, «¨¡o

·e°e§ ªaªo© «¨¡o ¤°³£o© ²e§o° a¯°¿¦e¨©, ¤«¿ ªo²o°o£o ±¢¿§¨ ± ¬o¹-

o±²¼¾ a¯°¿¦e¨© ¨«¨ ± ¢eª²o°o¬ ¯o¢e°µo±²»µ ±¨« ¨§¢e±²». � §a¢¨-

±¨¬o±²¨ o² ²o£o, ªaªo¢» ½²¨ ±¢¿§¨, ¬o¦o ±³¤¨²¼ o ²o¬, ·²o ½²o §a ²e§o°

a¯°¿¦e¨©.
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Aa«o£¨·o, ¤«¿ ²e§o°a ¤e´o°¬a¶¨¨ ¤o«¦a ¡»²¼ o¯°e¤e«ea e£o ±¢¿§¼

± ¤e´o°¬a¶¨e© ¡e±ªoe·o ¬a«o£o ¬a²e°¨a«¼o£o ¢eª²o°a ¢ ±¯«o¸o©

±°e¤e, «¨¡o e£o ±¢¿§¼ ± ¤°³£¨¬ ¨§¢e±²»¬ ²e§o°o¬ ¤e´o°¬a¶¨©.

�±ªa²e«¼±²¢o "a¨«³·¸¨µ" ¨«¨ "e¤¨±²¢eo ¯°a¢¨«¼»µ" ²e§o°o¢,  

² ª¦¥ ¯®¨±ª ¢¥ª²®°»µ µ ° ª²¥°¨±²¨ª  ¯°¿¦¥¨¿ ¨ ¤¥´®°¬ ¶¨¨ (°¥-

¯¥°», ²°¨¢¥ª²®°»), ¯o«³·¨«® eªo²o°oe °a±¯°o±²°ae¨e ¢ ¯o±«e¤¨e

¤¢e ¤eªa¤» 20-£o ¢eªa ¢ ±¢¿§¨ ± °a§¢¨²¨e¬ ²eo°¨¨ ¡o«¼¸¨µ (³¯°³£o-

¯«a±²¨·e±ª¨µ) ¤e´o°¬a¶¨© ¨ ±²°¥¬«¥¨¥¬ ³¯°®±²¨²¼ ¨«¨ ±¤¥« ²¼ ¡®«¥¥  -

£«¿¤»¬ ¬ ²¥¬ ²¨·¥±ª¨©  ¯¯ ° ² ���. �® ¬¥¨¾  ¢²®° , ³¤ ·   ½²®¬

¯³²¨ ¯®ª  ¥  ¡«¾¤ «®±¼ ¨ ¥² ¯®ª § ¨© ¤«¿ ¨µ ®¦¨¤ ¨¿. � ª®¥·-

®¬ ±·¥²¥ ¢a¦» e ´®°¬» § ¯¨±¨,   ´¨§¨·¥±ª®¥ ±®¤¥°¦ ¨¥ ³° ¢¥¨©,

ª®²®°»¥ ¬o¦o §a¯¨±»¢ ²¼ ° §»¬¨ ±¯®±®¡ ¬¨, e ¨§¬e¿¿ ¨µ ±¬»±«a.

� ¦®, ·²®¡» ° §»¥ ´®°¬» § ¯¨±¨ ¡»«¨ ¡» ±®£« ±®¢ » ¬¥¦¤³ ±®¡®© ¨

¥ ¯°®²¨¢®°¥·¨«¨ ¡» ¤°³£ ¤°³£³.

�  ±²®¿¹¥© ° ¡®²¥ ¯°e¤¯o·²e¨e o²¤ao ²°a¤¨¶¨o»¬ ²e§o°a¬.

�°®¬¥ ²®£®, ¯°¥¤¯®·²¥¨¥ ®²¤ ®  ¡±²° ª²®© ²¥§®°®© ®² ¶¨¨, ¥ ¯°¨-

¢¿§ ®© ª ª ª®©-«¨¡® ±¨±²¥¬¥ ª®®°¤¨ ² ¢ ®²«¨·¨¥, ±ª ¦¥¬, ®² ª®¬¯®-

¥²®©, ¨¤¥ª±®©, ¬ ²°¨·®© ¨«¨ °¥¯¥°®-²°¨¢¥ª²®°®© ®² ¶¨©. �¥°¥-

µ®¤ ª ª®¬¯®¥²®© ´®°¬¥ ³° ¢¥¨©, ¨±¯®«¼§³¥¬®© ¯°¨ ·¨±«¥®¬ °¥¸¥-

¨¨ ª®ª°¥²»µ § ¤ ·, ¤¥« ¥²±¿ ¢ ±®®²¢¥²±²¢¨¨ ± ¢»¡®°®¬ ±¨±²¥¬» ª®®°-

¤¨ ² ¯³²¥¬ ±ª «¿°®£® ³¬®¦¥¨¿ ²¥§®°»µ ±®®²®¸¥¨©   ¡ §¨±»¥

¢¥ª²®°».
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2.7. O¯°e¤e«¿¾¹¨e ±oo²o¸e¨¿

�aªo» ²e°¬o¤¨a¬¨ª¨ ¤«¿ eo¡°a²¨¬»µ ²e°¬o¬eµa¨·e±ª¨µ ¯°o¶e±±o¢

¨¬e¾² ¢¨¤:

�

dU

dt

= � : e+rq+ �r = 0

�

d�

dt

�r �

 
q

T

!
�
�r

T

� 0;

£¤e ¢³²°e¿¿ ½e°£¨¿ U , ¢e¸¨e ¨±²o·¨ª¨ ²e¯«a r ¨ ½²°o¯¨¿ � o²-

e±e» ª e¤¨¨¶e ¬a±±»; T - ²e¬¯e°a²³°a. �±ª«¾·a¿ ¢e¸¨e ¨±²o·¨ª¨

²e¯«a r ¨ ¢¢o¤¿ ±¢o¡o¤³¾ ½e°£¨¾ ' = U �T� ¬o¦o ¯o«³·¨²¼ ±«e¤±²¢¨e

§aªoo¢ ²e°¬o¤¨a¬¨ª¨ - e°a¢e±²¢o ±¢o¡o¤o© ½e°£¨¨:

��
d'

dt

� ��

dT

dt

+
o
�:

d

o
"

dt

+
1

T

q � rT � 0 (2:8)

�²o e°a¢e±²¢o ±o¤e°¦¨² ²o«¼ªo ¯a°a¬e²°», µa°aª²e°¨§³¾¹¨e ¢³²°e-

ee ²e°¬o¬eµa¨·e±ªoe ±o±²o¿¨e ¡e±ªoe·o ¬a«o£o o¡ºe¬a ±¯«o¸o©

±°e¤» ¨ ¤o«¦o ¢»¯o«¿²¼±¿ ¢ «¾¡o¬ ²e°¬o-¬eµa¨·e±ªo¬ ¯°o¶e±±e. �«¿

¥£® ¢»¯®«¥¨¿ ¯ ° ¬¥²°» ±®±²®¿¨¿ ½«¥¬¥² °®£® ®¡º¥¬ ,   ¨¬¥®,

²¥¬¯¥° ²³° , ¯«®²®±²¼, ¤¥´®°¬ ¶¨¿, ½²°®¯¨¿,  ¯°¿¦¥¨¥, ²¥¯«®¢®© ¯®-

²®ª, ±ªo°o±²¨ ¨§¬ee¨¿ ±¢o¡o¤o© ½e°£¨¨, ²e¬¯e°a²³°» ¨ ¤e´o°¬a¶¨¨,

a ²aª¦e £°a¤¨e² ²e¬¯e°a²³°» ¤o«¦» ¡»²¼ ¯®¤·¨¥» ±®®²®¸¥¨¿¬,

 §»¢ ¥¬»¬ ®¯°¥¤¥«¿¾¹¨¬¨ ±®®²®¸¥¨¿¬¨.

�¨¨¬ «¼»©  ¡®° ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ±®¤¥°¦¨² ¯ ° ¬¥²°», ¨§¬¥-

¥¨¿ ª®²®°»µ ¢§ ¨¬® ¥§ ¢¨±¨¬». �»¡®° ² ª¨µ ¯ ° ¬¥²°®¢ ®¯°¥¤¥«¿¥²

ª« ±± ° ±±¬ ²°¨¢ ¥¬»µ ±¯«®¸»µ ±°¥¤. � ®¡¹¥¬ ±«³· ¥ ·¨±«® ¯ ° ¬¥²°®¢

±®±²®¿¨¿ ¬®¦¥² ¡»²¼ ¡¥±ª®¥·»¬,  ¯°¨¬¥° ¢ ±«³· ¥ ¢¿§ª®-³¯°³£¨µ ±°¥¤

¨²¥£° «¼®£® ²¨¯  (Christensen, 1971). �¤¥±¼ ° ±±¬ ²°¨¢ ¥²±¿ ¡®«¥¥ ¯°®-

±²®© ±«³· © ±°¥¤ ± ª®¥·»¬ ·¨±«®¬ ¯ ° ¬¥²°®¢ ±®±²®¿¨¿,   ¨¬¥®, ±«³-

· © ¡¥§¬®¬¥²»µ ±°e¤ ¤¨´´e°e¶¨a«¼o£o ²¨¯a.

� ±±¬®²°¨¢ ¥²±¿ ±«¥¤³¾¹¨©  ¡®° ¯ ° ¬¥²°®¢ ±®±²®¿¨¿:

� = (T;
o
";

o
�;

dT

dt

;

o
e;
d

o

�

dt

;rT ) (2:9)

£¤¥ � - ±²°³ª²³°»¥ ¯ ° ¬¥²°» ±®±²®¿¨¿, ®²¢¥· ¾¹¨¥ §  ¯°®¶¥±±» ¯¥-

°¥±²°®©ª¨ ¢³²°¥¥© ±²°³ª²³°» ±°¥¤» ² ª¨¥, ª ª ¯« ±²¨·¥±ª®¥ ²¥·¥¨¥,
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° §°³¸¥¨¥ ¨«¨ ±¯¥ª ¨¥. �o±ªo«¼ª³ o¨ e ´¨£³°¨°³¾² ¿¢o ¢ e°a¢e-

±²¢e ±¢o¡o¤o© ½e°£¨¨, o¨ ²aª¦e a§»¢a¾²±¿ e¿¢»¬¨ ¨«¨ ±ª°»²»¬¨

¯a°a¬e²°a¬¨ ±o±²o¿¨¿.

� ¤ «¼¥©¸¥¬ ¡³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²®  ¡®° ¯ ° ¬¥²°®¢ ¬¨¨¬ «¥.

�²® ®§ · ¥², ·²® ¢±¥ ®±² «¼»¥ ¢³²°¥¨¥ ¯¥°¥¬¥»¥ (½²°®¯¨¿,  -

¯°¿¦¥¨¿, ²¥¯«®¢»¥ ¯®²®ª¨ ¨ ².¤.) ¿¢«¿¾²±¿ ´³ª¶¨¿¬¨ ½²¨µ ¯ ° ¬¥²°®¢

¨, ¢ · ±²®±²¨, ½²® ®²®±¨²±¿ ¨ ª ±¢®¡®¤®© ½¥°£¨¨:

' = '(�) (2:10)

�±¯®«¼§³¿ (2.9-2.10) ¬®¦® ¯¥°¥¯¨± ²¼ ¥° ¢¥±²¢® (2.8):
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� 0 (2:11)

�°o¨§¢o¤»e dTt

dt
, d

o
e

dt
, d

o
�t

dt
, drT

dt
e ¯°¨a¤«e¦a² a¡o°³ ¯a°a¬e²°o¢ ±o±²o¿-

¨¿ (2.8), ¢ ²o ¢°e¬¿ ªaª ¬o¦¨²e«¨ ¯°¨ ½²¨µ ¯°o¨§¢o¤»µ ¿¢«¿¾²±¿

´³ª¶¨¿¬¨ o¯°e¤e«¿¾¹¨µ ¯a°a¬e²°o¢, ¯o½²o¬³ ¯°¨±³²±²¢¨e ±o¤e°¦a-

¹¨µ ½²¨ ¯°o¨§¢o¤»e ·«eo¢ a°³¸ae² e°a¢e±²¢o (2.11) ¨ §aªo» ²e°-

¬o¤¨a¬¨ª¨. �o½²o¬³

@'

@Tt

= 0 ;
@'

@

o
e
= 0 ;

@'

@

o
�t

= 0 ;
@'

@rT
= 0

¨ ´³ª¶¨¿ ±¢o¡o¤o© ½e°£¨¨ §a¢¨±¨² ²o«¼ªo o² ·a±²¨ a¡o°a ¯a°a¬e²°o¢

±o±²o¿¨¿

' = '(�1) ; �1 = (T;
o
";

o
�)

�e°a¢e±²¢o ±¢®¡®¤®© ½¥°£¨¨ ¯°¨¨¬ae² ´o°¬³, a§»¢ae¬³¾ e°a¢e-

±²¢o¬ ±ªo°o±²¨ ¤¨±±¨¯a¶¨¨:

D = ��

 
� +
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@T

!
dT

dt
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:
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� 0

£¤e ·e²»°e £°³¯¯» ±«a£ae¬»µ ¯°e¤±²a¢«¿¾² o±o¢»e ¤¨±±¨¯a²¨¢»e

¯°o¶e±±»: eo¡°a²¨¬»© °o±² ½²°o¯¨¨, ¤¨´´³§¨¾ ¨¬¯³«¼±a, ±²°³ª²³°-

³¾ ¯e°e±²°o©ª³ ±¯«o¹o© ±°e¤» ¨ ¤¨´´³§¨¾ ²e¯«a.
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O¡¹¨¬ °e¸e¨e¬ e°a¢e±²¢a ±ªo°o±²¨ ¤¨±±¨¯a¶¨¨ ¿¢«¿¾²±¿ ¨±ª®¬»¥

®¯°¥¤¥«¿¾¹¨¥ ±®®²®¸¥¨¿, ¨¬¥¾¹¨¥ ±«¥¤³¾¹¨© ®¡¹¨© ¢¨¤:
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; [rT ]) (2:12)

£¤e ª¢a¤°a²»e ±ªo¡ª¨ ¯°¨ eªo²o°»µ a°£³¬e²aµ e o§aa¾² ªaª¨µ- «¨¡o

¬a²e¬a²¨·e±ª¨µ o¯e°a¶¨© ¨ ¨±¯o«¼§³¾²±¿ ¤a«ee. �³ª¶¨¨ Z1 = ��D,

Z2 = �D, Z3 = XD, Z4 = qD a§»¢a¾²±¿ ¤¨±±¨¯a²¨¢»¬¨ ¯o²oªa¬¨ ¨«¨

o¡o¡¹e»¬¨ ¤¨±±¨¯a²¨¢»¬¨ ±¨«a¬¨ ¨ ¤o«¦» o¡e±¯e·¨¢a²¼ ¢»¯o«e¨e

e°a¢e±²¢a ±ªo°o±²¨ ¤¨±±¨¯a¶¨¨, ªo²o°oe ³¤o¡o §a¯¨±a²¼ ²e¯e°¼ ¢ ²aªo¬

¢¨¤e

D =
4X
i=1

Di � 0 ; Di = Zi�
(2)
i (2:13)

£¤¥ �

(2)
1 = dT

dt
, �

(2)
2 = e, �

(2)
3 = d�

dt
, �

(2)
4 = rT - ®¡®¡¹¥»¥ ±ª®°®±²¨. �

·a±²o¬ ±«³·ae o¡°a²¨¬»µ ¯°o¶e±±o¢ ´³ª¶¨¨ �D , �D , XD ,qD ° ¢»

³«¾ ¨ e°a¢e±²¢o (2.13) ±²ao¢¨²±¿ °a¢e±²¢o¬.

�®¿±¨¬ «®£¨ª³ ¢»¢®¤  ®¡¹¥© ´®°¬» ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨©

(2.12)   ¯°®±²®¬ "¸ª®«¼®¬" ¯°¨¬¥°¥. �¥° ¢¥±²¢® ab > 0 ¨¬¥¥² °¥¸¥-

¨¥: a > 0 ¨ b > 0 ¨«¨ a < 0 ¨ b < 0. �±«¨ ° ±±¬ ²°¨¢ ²¼ b ª ª  °£³¬¥²,

¬¥¿¾¹¨©±¿ ¥§ ¢¨±¨¬® ®² �1 ¤® +1, ²® ¨§ °¥¸¥¨¿ ¥° ¢¥±²¢  ±«¥-

¤³¥², ·²® a ¥±²¼ ¥ª®²®° ¿ ´³ª¶¨¿ ®² b: a = a(b). �±®, ·²® ±³¹¥±²¢³¥²

¡¥±·¨±«¥®¥ ¬®¦¥±²¢® ´³ª¶¨© a(b), ³¤®¢«¥²¢®°¿¾¹¨µ ² ª®¬³ ¥° ¢¥-

±²¢³. �±«¨ ¦¥ § ¤ ²¼ ab = d(b) > 0 (  «®£ ¤¨±±¨¯ ¶¨¨), ²® ´³ª¶¨¿ a(b)

®¯°¥¤¥«¨²±¿ ®¤®§ ·® a(b) = d(b)b�1. �®² ² ª®¥ ¯°®±²®¥ ±®®¡° ¦¥¨¥

«¥¦¨² ¢ ®±®¢¥ ¢»¢®¤ .

� ª¨¬ ®¡° §®¬, ¤«¿ ¯®«³·¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨© ¥®¡µ®¤¨¬®

ª®ª°¥²¨§¨°®¢ ²¼  ¡®° ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ¨ ¯®±²°®¨²¼ ¤¢¥ ´³ª¶¨¨:
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´³ª¶¨¾ ±¢®¡®¤®© ½¥°£¨¨ ' = '(�(1)) ¨ ´³ª¶¨¾ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨

D = D(�(1); �(2)) , °³ª®¢®¤±²¢³¿±¼ ¯°¨ ½²®¬ ´¨§¨·¥±ª¨¬¨ ¯°¥¤±² ¢«¥¨¿¬¨

® ±¢®©±²¢ µ ° ±±¬ ²°¨¢ ¥¬®© ±°¥¤».

�¨±±¨¯a²¨¢»e ¯o²oª¨ ¨«¨ "±¨«»" : �D , �D , XD ,qD ±²°®¿²±¿ ®¤-

®¢°¥¬¥® ¨ ±®£« ±®¢ ® ± ´³ª¶¨¥© ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨ ² ª, ·²®¡»

³¤®¢«¥²¢®°¨²¼ ¥° ¢¥±²¢³ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨. �¥¬ ± ¬»¬ § ¤ ·  ¯®-

±²°®¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨© § ¬»ª ¥²±¿. �«¿ ¢»¯®«¥¨¿ ²°¥¡®-

¢ ¨© ¯°¨¶¨¯®¢ ¨¢ °¨ ²®±²¨ ¨ ®¡º¥ª²¨¢®±²¨ ¤®±² ²®·® ³¡¥¤¨²¼±¿,

·²® ¢»° ¦¥¨¿ ´³ª¶¨© ±¢®¡®¤®© ½¥°£¨¨ ¨ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨ ¥

§ ¢¨±¿² ®² ®°²®£® «¼»µ ¯°¥®¡° §®¢ ¨©  · «¼®© ¨ ²¥ª³¹¥© ( ª²³-

 «¼®©)ª®´¨£³° ¶¨© ¨ ®² ¢»¡®°  ¨¥°¶¨ «¼®© ±¨±²¥¬» ®²±·¥² . �²¨

²°e¡o¢a¨¿ §a¢e¤o¬o ¡³¤³² ¢»¯o«e», e±«¨ ´³ª¶¨¨' ¨D §a¢¨±¿² ²o«¼ªo

o² ²e§o°»µ ¨¢a°¨a²o¢ o¯°e¤e«¿¾¹¨µ ¯a°a¬e²°o¢.

M®¦® ¨±ª ²¼ °¥¸¥¨¿ ¥° ¢¥±²¢  ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨ ¨ ¢ ¡®«¥¥ ³§-

ª¨µ ª« ±± µ ´³ª¶¨©, ®¯¨±»¢ ¾¹¨µ ®±®¢»¥ ¤¨±±¨¯ ²¨¢»¥ ¯°®¶¥±±».

� ¯°¨¬¥°, ¥±«¨ ¯®²°¥¡®¢ ²¼, ·²®¡» ªa¦¤a¿ ¨§ ±®±² ¢«¿¾¹¨µ ±ªo°o±²¨

¤¨±±¨¯a¶¨¨ Di ¡»«a ¡» o¤o°o¤o© ´³ª¶¨e© ±oo²¢e²±²¢³¾¹e© o¡o¡¹e-

o© ±ªo°o±²¨:�
(2)
i . � o¡¹¨µ o¯°e¤e«¿¾¹¨µ ±oo²o¸e¨¿µ (2.12) o¤o°o¤-

»e ¯a°a¬e²°» ¢»¤e«e» ª¢a¤°a²»¬¨ ±ªo¡ªa¬¨. To£¤a ¢ ±oo²¢e²±²¢¨¨ ±

²eo°e¬o© �©«e°a o¡ o¤o°o¤»µ ´³ª¶¨¿µ ¢»°a¦e¨¿ ¤«¿ ¤¨±±¨¯a²¨¢»µ

¯o²oªo¢ ¯°¨¨¬a¾² ±«e¤³¾¹¨© ¢¨¤:

Zi = �i

@Di

@�

(2)
i

; �i = �
Di

( @Di

@�
(2)
i

)�
(2)
i

(2:14)

�²o² ¦e ª«a±± °e¸e¨© ¢»¤e«¿e²±¿ ¤®¯®«¨²¥«¼»¬¨ ½ª±²°e¬a«¼»¬¨

¯°¨¶¨¯a¬¨ ¤«¿ ±ªo°o±²¨ ¤¨±±¨¯a¶¨¨, ¯°e¤«o¦e»¬¨ �¨£«e°o¬ ¨ O-

§a£e°o¬ (±¬. Ziegler, 1966; �¥¤®¢, 1970). �¨¦¥±«¥¤³¾¹¨©   «¨§ ®¯°¥¤¥«¿-

¾¹¨µ ±®®²®¸¥¨© ¥ ¨±¯®«¼§³¥² ³¯®¬¿³²»¥ ¯°¨¶¨¯», ¥ ²°¥¡³¥² ®¤®-

°®¤®±²¨ ¤¨±±¨¯ ²¨¢»µ ´³ª¶¨© ¨ ¥ ¨±¯®«¼§³¥² · ±²»¥ ±®®²®¸¥¨¿

(2.14),   ®±®¢»¢ ¥²±¿ ¥¯®±°¥¤±²¢¥®   ®¡¹¨µ ±®®²®¸¥¨¿µ (2.12).
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2.8. �°¨¬e°» o¯°e¤e«¿¾¹¨µ ±oo²o¸e¨©

�®ª ¦¥¬   µ ° ª²¥°»µ ¯°¨¬¥° µ ¬®¤¥«¥© ±¯«®¸»µ ±°¥¤ ª ª ®¯¨± -

 ¿ ¢»¸¥ ±µ¥¬  ¯®§¢®«¿¥² ¢»¢®¤¨²¼ ®¯°¥¤¥«¿¾¹¨¥ ±®®²®¸¥¨¿.

�«¿ ¯®«³·¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨©  ¤®:

1) ³ª § ²¼ ¯°®¶¥±±», ª®²®°»¥ ±³¹¥±²¢¥» ¤«¿ ¤ ®© ±°¥¤» ¨ ¢¢¥±²¨

±®®²¢¥²±²¢³¾¹¨¥ ¯ ° ¬¥²°» ±®±²®¿¨¿ (2.9),

2) ¯®±²°®¨²¼ ¢»° ¦¥¨¿ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ ¨ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨,

¨

3) ¢®±¯®«¼§®¢ ²±¿ ´®°¬³« ¬¨ (2.12).

�°®¶¥¤³°  ¯®±²°®¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨©, ª ª ¬®¦® ³±¬®-

²°¥²¼ ¢ ° §¡¨° ¥¬»µ ¨¦¥ ¯°¨¬¥° µ, ®·¥¼  ¯®¬¨ ¥² ¨£°³: ·²® § -

«®¦¨¸¼, ²® ¨ ¯®«³·¨¸¼. �¯¨±  ¿ ±µ¥¬  ³±²  ¢«¨¢ ¥² ¯° ¢¨«  ² ª®©

¨£°», ª®²®°»¥ ®£° ¨·¨¢ ¾² ¯®«¥² ´ ² §¨¨ ¨ £ ° ²¨°³¾² °¥§³«¼² ²,

 µ®¤¿¹¨©±¿ ¢ ±®£« ±¨¨ ± ®±®¢»¬¨ § ª® ¬¨ ¨ ¯°¨¶¨¯ ¬¨ ²¥°¬®¬¥µ -

¨ª¨.

�¥°¥¤ ° ±±¬®²°¥¨¥¬ ¯°¨¬¥°®¢ ±¤¥« ¥¬ ¥±ª®«¼ª® ±³¸¥±²¢¥»µ § ¬¥-

· ¨©:

1) �²¬¥²¨¬, ·²® ¤«¿ ¯°¨¿²®£®  ¡®°  ¯ ° ¬¥²°®¢ ±®±²®¿¨¿, ¢ª«¾· -

¾¹¥£® ¿¢® ²¥§®° ¤¥´®°¬ ¶¨¨, ¯«®²®±²¼ ¥ ¿¢«¿¥²±¿ ¥§ ¢¨±¨¬»¬ ¯ -

° ¬¥²°®¬ ±®±²®¿¨¿, ² ª ª ª ±ª®°®±²¼ ¥¥ ¨§¬¥¥¨¿ ®¯°¥¤¥«¿¥²±¿ ®¤¨¬

¨§ ®±®¢»µ ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ - ²¥§®°®¬ ±ª®°®±²¥© ¤¥´®°¬ ¶¨© ¢

±®®²¢¥²±²¢¨¨ ± ³° ¢¥¨¥¬ ¥° §°»¢®±²¨ (2.5).

2)�®¬¨¬® ¯°¨¿²®£® §¤¥±¼, ¡¥§³±«®¢®, ¬®¦® ¨±¯®«¼§®¢ ²¼ ¨ ¤°³£¨¥  -

¡®°» ¯ ° ¬¥²°®¢ ±®±²®¿¨¿. � ¯°¨¬¥°, ¢¬¥±²® ¯®«®© ¨ ¯« ±²¨·¥±ª®©

¤¥´®°¬ ¶¨¨ ¬®¦® ¡»«® ¡» ¨±¯®«¼§®¢ ²¼ ³¯°³£³¾ ¨ ¯« ±²¨·¥±ª³¾ ¤¥-

´®°¬ ¶¨¨ ¨«¨  ¯°¿¦¥¨¥ ¨ ¤¥´®°¬ ¶¨¾, ª ª ½²® ¨ ¤¥« ¥²±¿ ¨®£¤  ¯°¨

ª®±²°³¨°®¢ ¨¨ ¬®¤¥«¥© ³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤ (±¬.,  ¯°¨¬¥°, �®« -

°®¢, � «²®¢, �®·¥¢ , 1979). �«¨ ¬®¦® ¡»«® ¡» ° ±±¬®²°¥²¼ ¢ ª ·¥±²¢¥

¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ¯«®²®±²¼ ¨ ²¥¬¯¥° ²³°³, ¤ ¢«¥¨¥ ¨ ²¥¬¯¥° ²³°³,

¯«®²®±²¼ ¨ ½² «¼¯¨¾ ¨ ² ª ¤ «¥¥. � ±®¦ «¥¨¾, ¥ ¢±¥ ² ª¨¥  ¡®°»

¯ ° ¬¥²°®¢ ¯®¤µ®¤¿² ª ¸¨°®ª®¬³ ª« ±±³ ±°¥¤.

�°¨ ¥³¤ ·®¬ ¢»¡®°¥  ¡®°  ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ¥£® ±®±² ¢ ¯°¨-

µ®¤¨²±¿ ª®°°¥ª²¨°®¢ ²¼ ¯°¨ ¨§¬¥¥¨¨ ¨«¨ ° ±¸¨°¥¨¨ ª« ±±  ° ±±¬ -

²°¨¢ ¥¬»µ ¯°®¶¥±±®¢, ¯®±ª®«¼ª³ ¥ ¢±¥ µ ° ª²¥°¨±²¨ª¨ £®¤¿²±¿   °®«¼
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¥§ ¢¨±¨¬®£® ¯ ° ¬¥²°  ±®±²®¿¨¿ ¢® ¬®¦¥±²¢¥ ° ±±¬ ²°¨¢ ¥¬»µ ¯°®-

¶¥±±®¢ ¨ ¥ ¢±¥ µ ° ª²¥°¨±²¨ª¨ ±®±²®¿¨¿ ±®µ° ¿¾² ±¬»±« ¢ ¸¨°®ª®¬

ª« ±±¥ ±¯«®¸»µ ±°¥¤. � ¯°¨¬¥°, ¡¥±±¬»±«¥® ¯»² ²¼±¿ ®¯¥°¨°®¢ ²¼ ¯®-

¿²¨¿¬¨ ³¯°³£ ¿ ¨ ¯« ±²¨·¥±ª ¿ ¤¥´®°¬ ¶¨¨ ¯°¨ ° ±±¬®²°¥¨¨ ¢¿§ª®£®

²¥¯«®¯°®¢®¤®£® £ § . �¯¥°¨°®¢ ²¼ ¦¥ ¯®«®© ¨ ¯« ±²¨·¥±ª®© ¤¥´®°¬ -

¶¨¥© ° ±±¬ ²°¨¢ ¿ ¨ £ §, ¨ ¦¨¤ª®±²¼, ¨ ³¯°³£®- ¯« ±²¨·¥±ª³¾ ±°¥¤³ ¢¯®«¥

¢®§¬®¦®. �±¯®«¼§³¥¬»© §¤¥±¼  ¡®° ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ (2.9)  ¨«³·-

¸¨¬ ®¡° §®¬ ®²¢¥· ¥² ¶¥«¿¬  ±²®¿¹¥© ° ¡®²».

3)�®¤·¥°ª¥¬ ®±®¡® ¥®¡µ®¤¨¬®±²¼ ¯¥°¥µ®¤  ª ¬ ²¥°¨ «¼»¬ ¬¥° ¬ ²¥-

§®°»µ ¯ ° ¬¥²°®¢ ¯°¨ ¯°®¢¥¤¥¨¨ ¢»ª« ¤®ª ¯® ¢»¢®¤³ ®¯°¥¤¥«¿¾¹¨µ

±®®²®¸¥¨©. � ª®¨ ¯¥°¥µ®¤ ¥®¡°¥¬¥¨²¥«¥ ¨ ³¯°®¹ ¿ ¢»ª« ¤ª¨, ¨§¡ -

¢«¿¥² ®² ¢®§¬®¦»µ ®¸¨¡®ª.

�«¿ ¬ ²¥°¨ «¼»µ ¬¥° ®¯¥° ¶¨¿ ¤¨´´¥°¥¶¨°®¢ ¨¿ ¯® ¢°¥¬¥¨ ¢»-

° ¦ ¥²±¿ ®¡»·»¬¨ ¬ ²¥°¨ «¼»¬¨ ¯°®¨§¢®¤»¬¨, ¢ ²® ¢°¥¬¿ ª ª ¤«¿

¯°®±²° ±²¢¥»µ ²¥§®°®¢ ²  ¦¥ § ¢¨±¨¬®±²¼ ±®¤¥°¦¨² ¤®¯®«¨²¥«¼»¥

·«¥», ³·¨²»¢ ¾¹¨¥ ¤¥´®°¬ ¶¨¾ ¨ ¯®¢®°®² ½«¥¬¥² °®£® ®¡º¥¬ .

�¡° ²»© ¯¥°¥µ®¤ ª ¯°®±²° ±²¢¥»¬ ²¥§®° ¬ ¬®¦® ±¤¥« ²¼ ¯®-

±«¥ ¢»¢®¤  ®¯°¥¤¥«¿¾¹¨µ ±®®²®¸¥¨©. �°®±²° ±²¢¥»¥ ²¥§®°» · ±²®

®ª §»¢ ¾²±¿ ¡®«¥¥ ³¤®¡»¬¨ ¤«¿ °e¸e¨¿ §a¤a· (§ ¤ ·¨  ½°®£¨¤°®¬¥µ -

¨ª¨,  ½°®³¯°³£®±²¨, ¢»±®ª®±ª®°®±²®£® ³¤ °  ²¢¥°¤»µ ¤¥´®°¬¨°³¥¬»µ

²¥«, ¢§°»¢  ¨ ².¯.).

4)�°¨ ¬ ²¥¬ ²¨·¥±ª¨µ ®¯¥° ¶¨¿µ ± ®¯°¥¤¥«¿¾¹¨¬¨ ±®®²®¸¥¨¿¬¨ ¯°¨-

¿² ¿ §¤¥±¼  ¡±²° ª² ¿ ²¥§®° ¿ ®² ¶¨¿ (±¬.  ¯°¨¬¥° �±² °¨²a ¨

� °°³··¨, 1978 ¨«¨ �®« °®¢, � «²®¢ ¨ �®·¥¢ , 1979) ² ª¦¥ ¡®«¥¥ ³¤®¡ 

¨ ¯®§¢®«¿¥² ¨§¡¥¦ ²¼ ¬®£¨µ ¥¤®° §³¬¥¨©, ±«³· ¾¹¨µ±¿ ¯®°®©, ¥±«¨

° ±±³¦¤¥¨¿ ¯°®¢®¤¿²±¿ ± ª®¬¯®¥² ¬¨ ²¥§®°®¢ ®²®±¨²¥«¼® ±¨±²¥¬

¡ §¨±»µ ¢¥ª²®°®¢, ®²¥±¥»µ ª ° §«¨·»¬ ª®´¨£³° ¶¨¿¬. �¥¸¥ ±®-

®²®¸¥¨¿, ¢»¯¨± »¥ ¢ ª®¬¯®¥² µ ²¥§®°®¢, ¬®£³² ¢»£«¿¤¥²¼ ² ª¦¥,

ª ª ¯°¨¢®¤¨¬»¥ §¤¥±¼  ¡±²° ª²»¥ ²¥§®°»¥ ±®®²®¸¥¨¿, ®¤ ª® ¢ § -

¢¨±¨¬®±²¨ ®² ¨±¯®«¼§³¥¬®£® ¢¥ª²®°®£® ¡ §¨±  ®¨ ¬®£³² ¢»° ¦ ²¼ ±®-

¢¥°¸¥® ¤°³£¨¥ § ª®®¬¥°®±²¨. �®½²®¬³ ±° ¢¥¨¥ ®¯°¥¤¥«¿¾¹¨µ ±®-

®²®¸¥¨©  ¤® ¯°®¢®¤¨²¼ ¢ ³±«®¢¨¿µ ª ª®©-«¨¡® ®¤®© ¨ ²®© ¦¥ ±¨±²¥¬»

§ ¯¨±¨.
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2.8.1 �¿§ª¨e £a§ ¨ ¦¨¤ªo±²¼

� ±±¬®²°¨¬ ¬®¤¥«¼ ¢¿§ª®© ²¥¯«®¯°®¢®¤®© ±°¥¤» � ¢¼¥-�²®ª± . � 

¬®¦¥² ¡»²¼ ®¯°¥¤¥«¥  ª ª ±°¥¤ , ª®²®° ¿  ª ¯«¨¢ ¥² ²¥¯«® ( ±¢®¡®¤-

 ¿ ½¥°£¨¿ § ¢¨±¨² ®² ²¥¬¯¥° ²³°»), ±®¯°®²¨¢«¿¥²±¿ ®¡¼¥¬®¬³ ±¦ ²¨¾

(±¢®¡®¤ ¿ ½¥°£¨¿ § ¢¨±¨² ®² ¯«®²®±²¨), ¥ ¯®¬¨²  · «¼®£® ±®±²®¿-

¨¿ (¥² § ¢¨±¨¬®±²¨ ®²  · «¼®© ¯«®²®±²¨) ¨ ®¡« ¤ ¥² ±¢®©±²¢®¬ ¤¨´-

´³§¨¨ ª®«¨·¥±²¢  ¤¢¨¦¥¨¿ ¨ ²¥¯«  (±ª®°®±²¼ ¤¨±±¨¯ ¶¨¨ § ¢¨±¨² ®² ±ª®-

°®±²¨ ¤¥´®°¬ ¶¨¨ ¨ £° ¤¨¥²  ²¥¬¯¥° ²³°»). �ª § ®¥ ¬®¦® § ¯¨± ²¼

² ª:

' = '1(�; T ) ; D = �v(e : I)
2 + 2�v(e

0 : e0) +
kT

T

rT � rT

£¤e I - e¤¨¨·»© ²e§o°, �v , �v - ªo½´´¨¶¨e²» ¢¿§ªo±²¨, kT - ªo½´´¨-

¶¨e² ²e¯«o¯°o¢o¤o±²¨. �a¬e²¨¬, ·²o ±ªo°o±²¼ ¤¨±±¨¯a¶¨¨ §a¯¨±aa ±

¨±¯o«¼§o¢a¨e¬ ¨¢a°¨a²o¢ ¯°o±²°a±²¢e®£® ²¥§®°  ±ªo°o±²¨ ¤e´o°-

¬a¶¨¨. E±«¨ ¯e°e©²¨ ª ¬a²e°¨a«¼»¬ ²e§o°a¬, ²a ¦e ´o°¬³«a ¯°¨¬e²

¢¨¤

D = (�v(F
�1 � F�T :

o

e)F�1 � F�T + �vF
�1 �F�T �

o

e �F�1 � F�T ) :
o

e +
kT

T

rT � rT

Aa«o£¨·»© ¯e°eµo¤ ª ¬a²e°¨a«¼»¬ ²e§o°a¬ ¤e«ae²±¿ ¨ ¤a«ee, o ¯o±«e

¢»ª«a¤oª oªo·a²e«¼»© °e§³«¼²a² §a¯¨±»¢ae²±¿ o¯¿²¼ ± ¨±¯o«¼§o¢a¨e¬

¯°o±²°a±²¢e»µ ²e§o°o¢. �°o¬e¦³²o·»e ¢»ª«a¤ª¨ o¯³±ªa¾²±¿.

�¯°¥¤¥«¿¾¹¨¥ ³° ¢¥¨¿ ¤«¿ ±¦¨¬ ¥¬®£® ¢¿§ª®£® £ §  ¯®«³· ¾²±¿ ¢

o¡»·o¬ ¢¨¤¥, e §a¢¨±¿¹e¬ o² a·a«¼o© ªo´¨£³°a¶¨¨ ±¯«o¸o© ±°e¤»:

� = �C = �
@'1

@T

; � = �C + �D ; �C = �pI ; p = �
2@'1

@�

�D = �v(e : I)I+ 2�ve ; q = kTrT ; U = UC = ' � T

@'

@T

(2:15)

�¤¥±¼ ¨ ¤ «¥¥ ¨¤eª± "C" ¢»¤e«¿e² ªo±e°¢a²¨¢»e ±o±²a¢«¿¾¹¨e,

ªo²o°»e o¯°e¤e«¿¾²±¿ ±¢o¡o¤o© ½e°£¨e©,   ¨¤¥ª± "D" ®²¬¥· ¥² ¤¨±±¨-

¯ ²¨¢»¥ ±®±² ¢«¿¾¹¨¥, ®¯°¥¤¥«¿¥¬»¥ ±ª®°®±²¼¾ ¤¨±±¨¯ ¶¨¨. � ·a±²o¬

±«³·ae ¨¤ea«¼o£o £a§a ¤«¿ ±¢o¡o¤o© ½e°£¨¨ ¨¬ee¬:

'1(�; T ) = cvT

 
( � 1) ln

�

�0

� ln
T

T0

!
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£¤e cv - ²e¯«oe¬ªo±²¼ ¯°¨ ¯o±²o¿o¬ o¡ºe¬e,  - o²o¸e¨e ²e¯«oe¬-

ªo±²e©, �0 ¨ T0 µ ° ª²¥°»¥ §a·e¨¿ ¯«o²o±²¨ ¨ ²e¬¯e°a²³°», ¯°¨ ª®-

²®°»µ ±®±² ¢«¿¾¹ ¿ ±¢®¡®¤®© ½¥°£¨¨ '1, ®¯°¥¤¥«¿¥¬ ¿ ± ²®·®±²¼¾ ¤®

ª®±² ²», ®¡° ¹ ¥²±¿ ¢ ³«¼. �oo²o¸e¨¿ ¤«¿ ½²°o¯¨¨, ¤a¢«e¨¿ ¨

¢³²°ee© ½e°£¨¨ ¨¬e¾² ¨§¢¥±²»© ¢¨¤:

� = �C = cv

 
1 � ( � 1) ln

�

�0

+ ln
T

T0

!
; p = ( � 1)�U ; U = cvT

� · ±²®¬ ±«³· ¥ ¥±¦¨¬ ¥¬®© ±°¥¤» ±¢®¡®¤ ¿ ½¥°£¨¿ ¥ § ¢¨±¨² ®²

¯«®²®±²¨ ¨ ¤ ¢«¥¨¥ ®¯°¥¤¥«¿¥²±¿ ³±«®¢¨¥¬ ¥±¦¨¬ ¥¬®±²¨.

2.8.2 Te°¬o-³¯°³£a¿ ±°e¤a

� ±±¬®²°¨¬ ¥«¨¥©³¾ ²¥°¬®³¯°³£³¾ ¨§®²°®¯³¾ ²¥¯«®¯°®¢®¤³¾

±°¥¤³. �  ¬®¦¥² ¡»²¼ ®¯°¥¤¥«¥  ª ª ±°¥¤ , ª®²®° ¿  ª ¯«¨¢ ¥² ²¥-

¯«® ¨ ¯®¬¨²  · «¼®¥ ¥¤¥´®°¬¨°®¢ ®¥ ±®±²®¿¨¥ (±¢®¡®¤ ¿ ½¥°-

£¨¿ § ¢¨±¨² ®² ²¥¬¯¥° ²³°» ¨ ¤¥´®°¬ ¶¨¨ ¨ ¥¥ ¬¨¨¬³¬ ¯® ¤¥´®°¬ -

¶¨¿¬ ¤®±²¨£ ¥²±¿ ¢ ¥¤¥´®°¬¨°®¢ ®¬ ±®±²®¿¨¨ ¯°¨ »«e¢o¬ §a·e¨¨

¤e´o°¬a¶¨¨),   ² ª¦¥ ° ±±¥¨¢ ¥² ²¥¯«® (±ª®°®±²¼ ¤¨±±¨¯ ¶¨¨ § ¢¨±¨² ®²

£° ¤¨¥²  ²¥¬¯¥° ²³°»). � ¯¥°¢®¬ ¯°¨¡«¨¦¥¨¨ ¬®£³² ¡»²¼ ¯®±²°®¥»

±«¥¤³¾¹¨¥ ¢»° ¦¥¨¿ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ ¨ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨:

' = '1(�; T ) + h1

�(�; T )

�

"
0 : "0 ; D =

kT

T

rT � rT

£¤e "0 = " � (" : I)I=3 - ¤¥¢¨ ²®° ¤¥´®°¬ ¶¨©, � - ¬o¤³«¼ ³¯°³£o±²¨ a

±¤¢¨£ ¨ h1 =
�
1 � 2

3
(" : I)

�
�1

.

O¯°e¤e«¿¾¹¨e ±oo²o¸e¨¿ ¨¬e¾² ¢¨¤:

� = �C = �
@'1

@T

� h1

@�

@T

"
0 : "0 ; � = �C = �pI + 2�"0 ; p = �

2@'1

@�

U = UC = ' � T

@'1

@T

+
h1

�

(�� T

@�

@T

)"0 : "0 ; q = kTrT (2:16)

� ·a±²o¬ ±«³·ae, e±«¨ ´³ª¶¨¿ '1 ¨¬ee² ¢¨¤:

'1(�; T ) =
K

2�0

 
ln

�

�0

!2
�K�(T � T0) ln

�

�0
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²o£¤a ¤«¿ ¤a¢«e¨¿ ¯o«³·ae²±¿ ¯°o±²oe ¢»°a¦e¨e:

p = K

�

�0

 
ln

�

�0

� �(T � T0)

!

£¤e K - o¡ºe¬»© ¬o¤³«¼ ³¯°³£o±²¨, � - ªo½´´¨¶¨e² ²¥¬¯¥° ²³°®£o

°a±¸¨°e¨¿, �0 ¨ T0 - µ ° ª²¥°»¥ (®°¬ «¼»¥) § ·¥¨¿ ¯«®²®±²¨ ¨

²¥¬¯¥° ²³°», ¯°¨ ª®²®°»µ ±®±² ¢«¿¾¹ ¿ ±¢®¡®¤®© ½¥°£¨¨ '1, ®¯°¥¤¥-

«¿¥¬ ¿ ± ²®·®±²¼¾ ¤® ª®±² ²», ®¡° ¹ ¥²±¿ ¢ ³«¼.

2.8.3. Te°¬o-³¯°³£o-¢¿§ªo-¯«a±²¨·e±ªa¿ ±°e¤a

�¥°¥©¤¥¬ ª   «¨§³ ±°¥¤ ±® ±²°³ª²³°»¬¨ ¯ ° ¬¥²° ¬¨ ±®±²®¿¨¿.

� · «  ° ±±¬®²°¨¬ ¯°¨¬¥° ²¥°¬®³¯°³£®¢¿§ª®¯« ±²¨·¥±ª®© ±°¥¤». � 

®¯°¥¤¥«¿¥²±¿ ±«¥¤³¾¹¨¬¨ ±¢®©±²¢ ¬¨: ®   ª ¯«¨¢ ¥² ²¥¯«® ¨, ¢ ®²«¨-

·¨¥ ®² ³¯°³£®© ±°¥¤», ¨¬¥¥² ° §£°³¦¥®¥ ±®±²®¿¨¥ (±®±²®¿¨¥ ± ³«¥-

¢»¬ ª®±¥°¢ ²¨¢»¬  ¯°¿¦¥¨¥¬), ª®²®°®¥ ®²¢¥· ¥² ¥³«¥¢®© (¯« ±²¨-

·¥±ª®©) ¤¥´®°¬ ¶¨¨: " = "p .

�¥§®° "¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨©" "p µ ° ª²¥°¨§³¥² ±²°³ª²³°³¾ ¯¥-

°¥±²°®©ª³ ±¯«®¸®© ±°¥¤» ¡« £®¤ °¿ ¯®¿¢«¥¨¾, °®±²³ ¨ ¤¢¨¦¥¨¾ ¤¨±-

«®ª ¶¨©. �¥§®° "¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨©" ¿¢«¿¥²±¿ ®¤¨¬ ¨§ ¢³²°¥-

¨µ ±²°³ª²³°»µ ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ � ¨, ±²°®£® £®¢®°¿, ¥ ±¢¿§  ±

ª ª¨¬-«¨¡® ¯®«¥¬ ¯¥°¥¬¥¹¥¨© ¨ ®¯°¥¤¥«¿¥²±¿ ¥ ª¨¥¬ ²¨ª®©,  , ª ª ¨

¯®«®¦¥® ±²°³ª²³°®¬³ ¯ ° ¬¥²°³, ±¯¥¶¨ «¼»¬ ª¨¥²¨·¥±ª¨¬ ³° ¢¥-

¨¥¬ (§ ª®®¬ ¯« ±²¨·¥±ª®£® ²¥·¥¨¿).

�®¿²¨¥ "° §£°³¦¥ ¿ ª®´¨£³° ¶¨¿" ¨¬¥¥² ±¬»±« ³±«®¢® ²®«¼ª® «®-

ª «¼® ¢ ¯°¨¬¥¥¨¨ ª ®ª°¥±²®±²¨ ¬ ²¥°¨ «¼®© ²®·ª¨ (±¬. ° ¡®²» �¨,

1969;¨ �¥¤®¢ , 1970). �o½²o¬³ ¨ªaªo© ª¨e¬a²¨ª¨ (²® ¥±²¼ ±¢¿§¥© ¬¥¦¤³

¯®«¿¬¨ ¯¥°¥¬¥¹¥¨© ¨ ¤¥´®°¬ ¶¨© ¨«¨ ®²®¡° ¦¥¨© "° §£°³¦¥®© ª®-

´¨£³° ¶¨¨"   ¤°³£¨¥) ¤«¿ ¯«a±²¨·e±ª¨µ ¤e´o°¬a¶¨© e² ¨ ¥¤¨±²¢¥»©

±¯®±®¡ ®¯°¥¤¥«¥¨¿ ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨ ±®±²®¨² ¢ ¯®±²³«¨°®¢ ¨¨

¨«¨ ¢»¢®¤¥ ±¯¥¶¨ «¼®£® ®¯°¥¤¥«¿¾¹¥£® ª¨¥²¨·¥±ª®£® ³° ¢¥¨¿. �° -

¢¨«¼¥¥ ¯®½²®¬³ £®¢®°¨²¼ ¥ ® ° §£°³¦¥®© ª®´¨£³° ¶¨¨,   ® ° §£°³-

¦¥®¬ ±®±²®¿¨¨.

�¥§®° ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨
o
"p ®¯°¥¤¥«¿¥² ¯®¤¢¨¦³¾ ²®·ª³ ¢

¸¥±²¨¬¥°®¬ ¯°®±²° ±²¢¥ ²¥§®°  ¤¥´®°¬ ¶¨©, ®²¬¥· ¾¹³¾ ½²® ° §-

£°³¦¥®¥ ±®±²®¿¨¥, ¨«¨, ·²® ²® ¦¥ ± ¬®¥, ²®·ª³ ¬¨¨¬³¬  ±¢®¡®¤®©
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½¥°£¨¨ ¯® ¤¥´®°¬ ¶¨¿¬. � ° §£°³¦¥®¬ ±®±²®¿¨¨ ª®±¥°¢ ²¨¢»¥ ±®-

±² ¢«¿¾¹¨¥  ¯°¿¦¥¨© (®¯°¥¤¥«¿¥¬»¥ ±¢®¡®¤®© ½¥°£¨¥©) ®¡° ¹ ¾²±¿

¢ ³«¼.

Ma²e°¨a«¼»© ²¥§®° ±ª®°®±²¥© ¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨©
o
ep ¢¢®¤¨²±¿

ªaª ¬a²e°¨a«¼a¿ ¯°o¨§¢o¤a¿ o² ¬a²e°¨a«¼o£o ²e§o°a ¯«a±²¨·e±ª¨µ

¤e´o°¬a¶¨©:

o

ep=

o
"p

dt

�¢¿§¼ ±oo²¢e²±²¢³¾¹¨µ ¯°o±²°a±²¢e»µ ²¥§®°o¢

"p = F�T �
o
"p �F

�1
; ep = F�T �

o
ep �F

�1

¯°¨ ½²o¬ ¯o«³·ae²±¿, ª ª ¨ ¢ ±«³· ¥ ²¥§®°  ¯®«®© ¤¥´®°¬ ¶¨¨, ¢ ´o°¬e

¢°¥¬¥o© ²¥§®°o© ¯°®¨§¢®¤o© �¨¢«¨ :

ep =
d"p

dt

+ "p � L +L�T � "p

�« ±²¨·¥±ª ¿ ¤¥´®°¬ ¶¨¿ ¨§¬¥¿¥²±¿ ¯°¨ ¢»¯®«¥¨¨ ³±«®¢¨¿  ª²¨¢®£®

 £°³¦¥¨¿

�p(T;
o
";

o
"p; e) � 0

�¨¥²¨·¥±ª®¥ ³° ¢¥¨¥ ¤«¿ ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨,  §»¢ ¥¬®¥ § -

ª®®¬ ¯« ±²¨·¥±ª®£® ²¥·¥¨¿ ¢»¢®¤¨²±¿ ¨¦¥. � § ¯¨±»¢ ¥¬®¬ · ±²®¬

¢ °¨ ²¥ ²¥®°¨¨ ¯®« £ ¥²±¿ ² ª¦¥, ·²® ¬ ²¥°¨ « ¯« ±²¨·¥±ª¨ ¥±¦¨¬ ¥¬

(±ª®°®±²¼ ¤¨±±¨¯ ¶¨¨ § ¢¨±¨² ²®«¼ª® ®² ¤¥¢¨ ²®°  ±ª®°®±²¨ ¯« ±²¨·¥±ª®©

¤¥´®°¬ ¶¨¨, ·²® ®¡»·® µ®°®¸® ¢»¯®«¿¥²±¿ ¤«¿ ¬¥² ««®¢).

� ³·¥²®¬ ±¤¥« ®£® ®¯¨± ¨¿ ³¯°³£®-¢¿§ª®-¯« ±²¨·¥±ª®© ±°¥¤» ¯°®-

±²¥©¸¨¥ ¢»° ¦¥¨¿ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ ¨ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨ ¬®£³²

¡»²¼ § ¯¨± » ¢ ±«¥¤³¾¹¥¬ ¢¨¤¥:

' =
K

2�0

 
ln

�

�0

+ �(T � T0))

!2
+ h1

�

�

"
0

e
: "0

e

D = H(�p)kpfp +
kT

T

rT � rT

£¤e "0
e
= "

0 � "
0

p
- ¤¥¢¨ ²®° ³¯°³£®© ¤¥´®°¬ ¶¨¨, ª®²®°»© ±·¨² ¥²±¿ ¬ -

«»¬ ¯® ±° ¢¥¨¾ ± ¥¤¨¨¶¥©, kT - ª®½´´¨¶¨¥² ²¥¯«®¯°®¢®¤®±²¨, H -

´³ª¶¨¿ �¥¢¨± ©¤ , ° ¢ ¿ ³«¾ ¤«¿ ®²°¨¶ ²¥«¼»µ § ·¥¨©  °£³¬¥² 
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¨ ¥¤¨¨¶¥ ¢ ¯°®²¨¢®¬ ±«³· ¥, kp = kp(T; "; �) - ´³ª¶¨¿, ®¯°¥¤¥«¿¾¹ ¿

±² ²¨·¥±ª¨© ¯°¥¤¥« ²¥ª³·¥±²¨, fp - ´³ª¶¨¿, ®¯°¥¤¥«¿¾¹ ¿ § ¢¨±¨¬®±²¼

¯°¥¤¥«  ²¥ª³·¥±²¨ ®² ±ª®°®±²¨ ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨:

fp = fp

�
e0p : e

0

p

�
�´´¥ª² ²¥¬¯¥° ²³°®£® ° ±¸¨°¥¨¿ ³·¨²»¢ ¥²±¿ ·«¥®¬ ± ª®½´´¨¶¨¥-

²®¬ � .

O¯°e¤e«¿¾¹¨e ±oo²o¸e¨¿ ¨¬e¾² ¢¨¤:

� = �
@'

@T

; U = '� T

@'

@T

; q = kTrT; � = �pI + �
0

; �
0 = 2�("0 � "

0

p
);

p = K

�

�0

 
ln

�

�0

+ �(T � T0)

!
; e0p = H(�p)

0@e0p : e0p
kpfp

1A
�
0 (2:17)

�¨ ¬¨·¥±ª¨¥ ³±«o¢¨¿ ¯« ±²¨·®±²¨, ³·¨²»¢ ¾¹¨¥ § ¢¨±¨¬®±²¼ ¯°¥-

¤¥«  ²¥ª³·¥±²¨ ®² ±ª®°®±²¨ (¯« ±²¨·¥±ª®©) ¤¥´®°¬ ¶¨¨, ¿¢«¿¾²±¿ ¯°¨

½²o¬ ±«e¤±²¢¨¿¬¨:

�p � 0 ; �
0 : �0 =

0@ kpfpq
e0
p
: e0

p

1A2

�¯°³£o-¯«a±²¨·e±ª ¿ ±°e¤  ¿¢«¿¥²±¿ · ±²»¬ ±«³· ¥¬ ° ±±¬®²°¥-

®© ³¯°³£®-¢¿§ª®-¯« ±²¨·¥±ª®© ±°¥¤». �  µa°aª²e°¨§³e²±¿ ´³ª¶¨¿¬¨

±ªo°o±²¨ ¤¨±±¨¯a¶¨¨ ± ¯oªa§a²e«¿¬¨ o¤o°o¤o±²¨ ¯® ±ª®°®±²¨ ¯« ±²¨·¥-

±ª®© ¤¥´®°¬ ¶¨¨ °a¢»¬¨ e¤¨¨¶e. � ¯°¨¬¥°, ² ª¨¬¨

fp =
q
e0
p
: e0

p

�°¨ ½²®¬ ¤¨ ¬¨·¥±ª¨¥ ³±«o¢¨¿ ¯« ±²¨·®±²¨ e §a¢¨±¿² o² ±ªo°o±²¨

¯«a±²¨·e±ªo© ¤e´o°¬a¶¨¨ ¨ ±®¢¯ ¤ ¾² ±® ±² ²¨·¥±ª¨¬¨.

�  ¿ ³¯°³£®-¢¿§ª®-¯« ±²¨·¥±ª ¿ ¬®¤¥«¼ ¿¢«¿¥²±¿ «¨¸¼ ®¤®© ¨§ ¡®«¼-

¸®£® ·¨±«  ¢®§¬®¦»µ.

2.9. Teo°¨¿ °a§°³¸e¨¿ ¨ ªo±o«¨¤a¶¨¨ ³¯°³£o-¢¿§ª®-

¯«a±²¨·e±ªo© ±°e¤»

�o²¨³a«¼oe °a§°³¸e¨e ±¯«o¸o© ±°e¤» ¯o¤°o¡o o¡±³¦¤a«®±¼ ¢®

¬®£¨µ °a¡o²aµ (±¬.  ¯°¨¬¥° �³ª³¤¦ ®¢,1985; �¯²³ª®¢, 1986; �«³¸ª®,
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1988; �®¤ ³°®¢, 1988, 1991, 2001; �®¤ ³°®¢, �. �¨ª¨²¨, 1989; Lemaitre,

1992; Ottosen, 1993; �³ª³¤¦ ®¢, �³° £® ¨ ¤°., 1995, 2002; �®¬¨, �³«¨-

¤®¢, � ¯®¦¨ª®¢ ¨ ¤°. 1999; �³° £®, �«³¸ª®, �®¢¸®¢, 2000, 2001 ¨ ² ª

¤ «¥¥).

�¡§®°» ° ¡®² ¯® ª®±®«¨¤ ¶¨¨ (®²¢¥°¤¥¨¾) ±¯«®¸®© ±°¥¤» ¨ ®¯¨± -

¨¥ ¨¬¥¾¹¨µ±¿ ²¥®°¨© ª®±®«¨¤ ¶¨¨ ¬®¦®  ©²¨ ¢ ±«¥¤³¾¹¨µ ° ¡®² µ:

German, 1985; Chenot, 1990; Mehrabadi, 1992; Riedel 1992, �®°²®¢, �®¤ -

³°®¢, 2002).

�¨¦¥ ¯°e¤«a£ae²±¿ ®·¥¼ ¯°o±²a¿ ²eo°¨¿ ¯°o¶e±±o¢ ° §°³¸¥¨¿ ¨ ª®±®-

«¨¤ ¶¨¨, ªo²o°a¿ ¬o¦e² °a±±¬a²°¨¢a²¼±¿ ªaª ¯o¯»²ªa ¨±²o«ªo¢a²¼ ¨¬e¾-

¹¨e±¿ ²eo°¨¨ ± ¯o§¨¶¨© ²e°¬o¤¨a¬¨ª¨.

2.9.1. �o°¨±²o±²¼ ªaª o¯°e¤e«¿¾¹¨© ¯a°a¬e²°.

�a±±¬o²°¨¬ ¯«a±²¨·e±ª¨ ±¦¨¬ae¬»e ¯®°¨±²»¥ ±°e¤». �«o²o±²¼ ¯o°

o¯°e¤e«¿e²±¿ ªaª o²o¸e¨e o¡ºe¬a, §a¿²o£o ¯o°a¬¨ ª ¯o«o¬³ o¡ºe¬³

§a¿²o¬³ ±¯«o¸o© ±°e¤o©. O±²a²o·a¿ ¯«o²o±²¼ �po²¢e·ae² °a§£°³¦e-

o¬» ±o±²o¿¨¾, ²o e±²¼ ±o±²o¿¨¾ ± ³«e¢»¬ ³°o¢e¬ ªo±e°¢a²¨¢»µ

a¯°¿¦e¨© ¨ ¬o¦e² ¡»²¼ ¢»·¨±«ea ªaª ± ¯o¬o¹¼¾ ¯o°¨±²o±²¨ ! , ²aª

¨ ± ¯o¬o¹¼¾ ¯«a±²¨·e±ªo© ¤e´o°¬a¶¨¨:

�p = �max(1� !) ;
d�p

dt

+ �pep: I =0

£¤¥ �max - ¯«®²®±²¼ ° §£°³¦¥®£® ±®±²®¿¨¿ ¬ ²¥°¨ «  ¯°¨ ®²±³²±²¢¨¨

¯®°.

�oo²o¸e¨e ¬e¦¤³ ¯o°¨±²o±²¼¾ ¨ o¡ºe¬o© ¯«a±²¨·e±ªo© ¤e´o°¬a-

¶¨e© ¨¬ee² ¢¨¤

ep: I =
1

1� !

d!

dt

�§ o¯°e¤e«e¨¿ ¯o°¨±²o±²¨ ±«e¤³e², ·²o 0 � ! � !max < 1, £¤e

!max - ¬aª±¨¬a«¼o ¢o§¬o¦a¿ ¢e«¨·¨a ¯o°¨±²o±²¨ ±¯«o¸o© ±°e¤»,

¯°¨ ¤o±²¨¦e¨¨ ªo²o°o© ±°e¤a °a±¯a¤ae²±¿ a o²¤e«¼»e ¬a²e°¨a«¼»e

·a±²¨¶». �a¢e±²¢o ! = !max ¨¬ee² ¬e±²o, a¯°¨¬e° ¢ ±«³·ae a·a«¼o£o

±o±²o¿¨¿ ¯o°o¸ªo¢o£o ªo¬¯o§¨²a, ªo£¤a o ¯°e¤±²a¢«e ªaª ¯o°o¸oª,

§a±»¯a»© ¢ ´o°¬³-ªo²e©e°. �e«¨·¨a !max ¬o¦e² ¡»²¼ «e£ªo ¯o¤-

±·¨²aa ·e°e§ ¯«o²o±²¨ ªo¬¯oe²o¢ ªo¬¯o§¨²a, ¨µ ¯°®¶¥²®¥ ±o¤e°-

¦a¨e ¨ a·a«¼»© o¡ºe¬. �°¨  £°¥¢ ¨¨ «¥£ª®¯« ¢ª ¿ ±®±² ¢«¿¾¹ ¿
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ª®¬¯®§¨²  ¯« ¢¨²±¿ ¨ ®¡¢®« ª¨¢ ¥² · ±²¨¶» ²³£®¯« ¢ª®© ±®±² ¢«¿¾¹¥©.

� ¯®«¥»¥ ¢®§¤³µ®¬ (£ §®¬) ¯o°» ¯°¨ ½²®¬ £° ¨· ² ¯® · ±²¨ ¯®¢¥°µ-

®±²¨ ± ²¢¥°¤»¬¨ · ±²¨¶ ¬¨,   ¯® ¤°³£®© · ±²¨ ¯®¢¥°µ®±²¨ ± ¦¨¤ª®©

°a±¯«a¢«e®© «¥£ª®¯« ¢ª®© ±®±² ¢«¿¾¹¥©. �a ¯o¢e°µo±²¨ ² ª¨µ ¯o°,

 §»¢ ¥¬»µ  ª²¨¢»¬¨, ¤e©±²¢³¾² ¯o¢e°µo±²»e ªa¯¨««¿°»e ±¨«», ª®-

²®°»¥ ¯°¨ ³±«®¢¨¨ ±¬ ·¨¢ ¨¿ ¨ ¢»§»¢a¾² ½´´eª² ³¯«o²e¨¿ ±°e¤»,  -

§»¢ ¥¬»© ±¯eªa¨¥¬ ¨«¨ ª®±®«¨¤ ¶¨¥©.

�«¿ o¯¨±a¨¿ ½´´eª²a ±¯¥ª ¨¿ ±¢o¡o¤a¿ ½e°£¨¿ aª²¨¢»µ ¯o°

¤o«¦a ¡»²¼ ³·²ea ªaª ·a±²¼ ±¢o¡o¤o© ½e°£¨¨ ªo¬¯o§¨²o© ±¯«o¸¨©

±°e¤» : '!(T; !). �§¬ee¨e ¯o°¨±²o±²¨ ¿¢«¿e²±¿ eo¡°a²¨¬»¬ ¯°o¶e±-

±o¬, ¯o½²o¬³ ±ªo°o±²¼ ¨§¬¥¥¨¿ ¯o°¨±²o±²¨ ¤o«¦a ±²a²¼ a°£³¬e²o¬

´³ª¶¨¨ ±ªo°o±²¨ ¤¨±±¨¯ ¶¨¨.

�·¨²»¢ ¿  «¨·¨¥ ±¢¿§¨ ¬¥¦¤³ ±ª®°®±²¼¾ ¨§¬¥¥¨¿ ¯®°¨±²®±²¨ ¨ ±ª®-

°®±²¼¾ ®¡º¥¬®© ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨, ¬®¦® ±ª § ²¼, ·²® ²¥®°¨¿

±¯¥ª ¨¿ ¿¢«¿¥²±¿ ¢ °¨ ²®¬ ²¥®°¨¨ ³¯°³£®¢¿§ª®¯« ±²¨·®±²¨, ¯°¨ ª®-

²®°®¬ ±¢®¡®¤ ¿ ½¥°£¨¿ ¨¬¥¥² ¤®¯®«¨²¥«¼»© ·«¥, § ¢¨±¿¹¨© ®² ®¡º-

¥¬®© ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨. �²¬¥²¨¬, ·²® ² ª®© ·«¥ ¢ ¢»° ¦¥¨¨

±¢®¡®¤®© ½¥°£¨¨, ¯° ¢¤  ¢¥ ±¢¿§¨ ± ¯°®¶¥±± ¬¨ ª®±®«¨¤ ¶¨¨, ¡»« ¯°¥¤-

±² ¢«¥ ¢ ° ¡®²¥ �®¤ ³°®¢  ¨ �³ª³¤¦ ®¢ , 1978. �® ²®£¤  ¥ ¡»«® ¿±®

¤«¿ ®¯¨± ¨¿ ª ª¨µ ½´´¥ª²®¢ ® ¬®£ ¡» ¡»²¼ ¨±¯®«¼§®¢ .

2.9.2. �a°a¬e²° °a§°³¸e¨¿ (¯®¢°¥¦¤eo±²¼)

�°o¶e±± °a§°³¸e¨¿ ¬o¦o ²°aª²o¢a²¼ ªaª ¢o§¨ªo¢e¨e ¨ °o±² ¬¨-

ª°o²°e¹¨, ¢»§»¢a¾¹¨µ o±«a¡«e¨e ±¯®±®¡®±²¨ ±°¥¤» ª ±o¯°o²¨¢«e¨¾

¤e´o°¬a¶¨¨. O¯°e¤e«¨¬ ¯a°a¬e²° °a§°³¸e¨¿ - ¯o¢°e¦¤¥o±²¼ � ªaª

¯«®²®±²¼ ¬¨ª°o²°e¹¨. �°¥¤¯®« £ ¥²±¿, ·²® ¯®¢°¥¦¤¥®±²¼  ·¨ ¥²

° ±²¨ ¯°¨ ¢»¯®«¥¨¨ ¥ª®²®°®£® ª°¨²¥°¨¿ ° §°³¸¥¨¿

�d(T; "; "p; !; �) � 0

¨ ·²® ¯°¨ ½²®¬ ± °®±²®¬ ¯®¢°¥¦¤¥®±²¨ ±®¯°®²¨¢«¥¨¥ ±°¥¤» ¯ ¤ ¥² § 

±·¥² ±²°¥¬«¥¨¿ ¢¥«¨·¨ ª®½´´¨¶¨¥²®¢ ³¯°³£®±²¨ ¨ ¯°¥¤¥«  ²¥ª³·¥±ª¨

ª ³«¾.

� ª¨¬ ®¡° §®¬ ¯°¨µ®¤¨¬ ª ¢»¢®¤³, ·²® ±¢o¡o¤a¿ ½e°£¨¿ §a¢¨±¨² o²

¯o¢°e¦¤eo±²¨ ·¥°¥§ § ¢¨±¨¬®±²¼ ®² ¯®¢°¥¦¤¥®±²¨ � ¬®¤³«¥© ³¯°³£®-

±²¨,   ±ªo°o±²¼ ¤¨±±¨¯a¶¨¨ ±®¤¥°¦¨² ·«¥, §a¢¨±¿¹¨© o² ±ªo°o±²¨ ¯o¢°e-
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¦¤eo±²¨ d�=dt ¨ ®²¢¥· ¾¹¨© §  ¥®¡° ²¨¬»© ¯°®¶¥±± ° §°³¸¥¨¿.

2.9.3. �a¢¨±¨¬o±²¼ ³¯°³£o±²¨ o² ¯o°¨±²o±²¨ ¨ ¯®¢°¥¦¤¥®±²¨

�a¢¨±¨¬o±²¼ ¬o¤³«e© ³¯°³£o±²¨ ¨ ¯°e¤e«a ²eª³·e±²¨ o² ¯o°¨±²o±²¨ ¨

¯o¢°e¦¤eo±²¨ §a¯¨¸e¬ ¢ ±«e¤³¾¹e© o¡¹e© ´o°¬e:

� = �(T; "; "p; !; �) ; K = K(T; "; "p; !; �) ;

kp = kp(T; "; "p; !; �)

£¤e ¯°¨ � = 0 ¨ ! = 0 ¬o¤³«¨ ³¯°³£o±²¨ ¨ ¯°e¤e« ²e«³·e±²¨ ¯°¨¨¬ ¾²

§ ·¥¨¿ ¤«¿ ¯«®²®© (e¯o¢°e¦¤eo© ¨ e¯o°¨±²o©) ±¯«o¸o© ±°e¤». �

°o±²o¬ ¯o°¨±²o±²¨ ¨ ¯o¢°e¦¤eo±²¨ ±o¯°o²¨¢«¿e¬o±²¼ ±°e¤» ¯a¤ae²:

@�

@�

� 0 ;
@K

@�

� 0 ;
@kp

@�

� 0

@�

@!

� 0 ;
@K

@!

� 0 ;
@kp

@!

� 0

� ° ¬ª µ ¤ ®© ¤¨±±¥°² ¶¨¨ ¯°®¶¥±±» ° §°³¸¥¨¿ ¨ ª®±®«¨¤ ¶¨¨

° ±±¬ ²°¨¢ ¾²±¿ ° §¤¥«¼®: ¤«¿ ª ¦¤®£® ¨§ ¨µ ¢¢¥¤¥ ±¢®© ¯ ° ¬¥²°.

�¥ ¨±ª«¾·¥®, ·²® ¨¬¥¥² ¡®«¼¸®© ±¬»±« ®¡º¥¤¨¥¨¥ ²¥®°¨© ¢ ¥¤¨³¾

, ¨±¯®«¼§³¾¹³¾ ®¡¹¨© ¯ ° ¬¥²° ( ¯°¨¬¥°, ¯®°¨±²®±²¼). � ±±¬ ²°¨¢ ¿

´®°¬³«» ½²¨µ ²¥®°¨©, ¢»¯¨±»¢ ¥¬»¥ ¨¦¥, ¬®¦® ³£«¿¤¥²¼, ·²® ² ª®¥

®¡º¥¤¨¥¨¥ ¢¯®«¥ ¢®§¬®¦®. �¥¬ ± ¬»¬ ¬®¦® ¡»«® ¡» ¯®ª § ²¼ ¡®-

£ ²»© ¯®²¥¶¨ «, § ª«¾·¥»© ¢ ²¥§®°¥ ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨ (¨«¨,

¢ ¡®«¥¥ ®¡¹¥© ²° ª²®¢ª¥, ¥®¡° ²¨¬®© ¤¥´®°¬ ¶¨¨), ¯®§¢®«¿¾¹¨© ¥¤¨-

®®¡° §® ®¯¨± ²¼ ¸¨°®ª¨© ±¯¥ª²° ¯°®¶¥±±®¢: ¨ ¯« ±²¨·¥±ª®¥ ²¥·¥¨¥, ¨

° §°³¸¥¨¥, ¨ ª®±®«¨¤ ¶¨¾ (... ¨ ¯®«§³·¥±²¼,...). �²® §¤¥±¼ ¥ °¥ «¨§®-

¢ ®.

2.9.4. �¢o¡o¤a¿ ½e°£¨¿ ¨ ±ªo°o±²¼ ¤¨±±¨¯a¶¨¨

�°o±²e©¸¨e ¢»°a¦e¨¿ ¤«¿ ±¢o¡o¤o© ½e°£¨¨ ¨ ±ªo°o±²¨ ¤¨±±¨¯a¶¨¨

¨¬e¾² ¢¨¤:

' =
K

2�p

0@
ln

�

�p

+ �(T � T0))

1A2 + h1

�

�

"
0

e
: "0

e
+H(T � Tm)'!(T � Tm; !)

D = H(�p)kpfp +
kT

T

rT � rT+

64



+H(�d)kd

 
d�

dt

!2
+H(!)kc

 
d!

dt

!2
(2:15)

£¤e kp; kd; kc ¨ kT - eo²°¨¶a²e«¼»e ´³ª¶¨¨ o² T; "; "p; !; � . �e«¨-

·¨a Tm o²¬e·ae² ¯o°o£o¢oe §a·e¨e ²e¬¯e°a²³°», ¯°¨ ªo²o°o© ¯o°»

±²ao¢¿²±¿ aª²¨¢»¬¨, �e«¨·¨» �p,! ¿¢«¿¾²±¿ §a¢¨±¨¬»¬¨ o¯°e¤e«¿-

¾¹¨¬¨ ¯a°a¬e²°a¬¨, ¯o±ªo«¼ª³ ¨µ ±ªo°o±²¨ ¨§¬ee¨¿ o¯°e¤e«¿¾²±¿

±ªo°o±²¼¾ ¯«a±²¨·e±ªo© ¤e´o°¬a¶¨¨, ·²o e ¬e¸ae² ¨µ ¯°¨¬e¿²¼ ®¤®-

¢°¥¬¥® ¯°¨ §a¯¨±¨ ¢»°a¦e¨© ¤«¿ ±¢o¡o¤o© ½e°£¨¨ ¨ ±ªo°o±²¨ ¤¨±-

±¨¯a¶¨¨.

2.9.5. O¯°e¤e«¿¾¹¨e ±oo²o¸e¨¿ ¤«¿ ²eo°¨¨ °a§°³¸e¨¿ ¨ ªo-

±o«¨¤a¶¨¨

�±¯o«¼§³¿ o¡¹¨e ±oo²o¸e¨¿ (2.10), ¢»°a¦e¨¿ (2.15) ¨ ¯°ee¡°e£a¿

·«ea¬¨ ¢»±¸¨µ ¯o°a¤ªo¢ ¬a«o±²¨, ¯°oµo¤¨¬ ª ±«e¤³¾¹¨¬ o¯°e¤e«¿¾¹¨¬

±oo²o¸e¨¿¬:

� = �pI + �

0

; �

0

= 2�("
0

� "

0

p) ; e
0

p = �p�
0

; q = kTrT

p = K

�

�p

0@
ln

�

�p

+ �(T � T0)

1A
; � = �

@'

@T

; U = ' � T� ; s! =
@'!

@!

(1 � !)

d!

dt

= �H(!)k�1
!
(p+ s!) ;

d�

dt

= �H(�d)k
�1
d

@'

@�

(2:18)

£¤e s! - "a¯°¿¦e¨e ±¯eªa¨¿" (German, 1985).

�a¯°¿¦e¨e ±¯eªa¨¿ ¨ ±¢o¡o¤a¿ ½e°£¨¿ ¯o° ¤o«¦» ¡»²¼

eo²°¨¶a²e«¼»¬¨. To£¤a a¯°¿¦e¨e ±¯eªa¨¿ ¡³¤e² o¡e±¯e·¨¢a²¼ ³¯«o²-

e¨e ¬a²e°¨a«a ¯°¨ ±¯eªa¨¨. �a¯°¿¦e¨e ±¯eªa¨¿ e ¯o¤·¨eo

³±«o¢¨¿¬ °a¢o¢e±¨¿ ¨ e ¿¢«¿¥²±¿ °ea«¼»¬ a¯°¿¦e¨e¬. Oo ¯°e¤±²a-

¢«¿e² ¥²¥°¬®¬¥µ ¨·¥±ª¨¥ ªa¯¨««¿°»e ±¨«», ¤e©±²¢³¾¹¨e a ¯o¢e°µ-

o±²¨ ¯o° ¨ ¢»§»¢ ¾¹¨¥ ¥®¡° ²¨¬®¥ ±¦ ²¨¥ ±°¥¤» §  ±·¥² "±µ«®¯»¢ -

¨¿" ¯®°, ·²® ¨ ¨¬¥³¥²±¿ ±¯¥ª ¨¥¬.

�oo²o¸e¨¿ (2.18) ¯°e¤±²a¢«¿¾² ¬o¤¨´¨¶¨°o¢a»e o¯°e¤e«¿¾¹¨e

±oo²o¸e¨¿ ¤«¿ ³¯°³£o¯«a±²¨·e±ªo© ±°e¤», ªo²o°»e ¬o£³² ¡»²¼ ¨±-

¯o«¼§o¢a» ¤«¿ ¬o¤e«¨°o¢a¨¿ ªo²¨³a«¼o£o °a§°³¸e¨¿ ¨ ±¯eªa¨¿.

�°e¤e« ²eª³·e±²¨ ¨ ¬o¤³«¨ ³¯°³£o±²¨ ¯°¨ ½²o¬ ¿¢«¿¾²±¿ ´³ª¶¨¿¬¨ ¯o-

¢°e¦¤eo±²¨ ¨ ¯o°¨±²o±²¨, ªo²o°»e ±²°e¬¿²±¿ ª ³«¾, e±«¨ � ! 1 ,

! ! !max ¨ ª ¨µ §a·e¨¿¬ ¤«¿ ¯«o²o£o ¬a²e°¨a«a ¯°¨ � = 0 , ! = 0.
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O¡a ±²°³ª²³°»µ ¯a°a¬e²°a: ¨ ¯o¢°e¦¤eo±²¼, ¨ ¯o°¨±²o±²¼ ¯o¤-

·¨e» ½¢o«¾¶¨o»¬ o¯°e¤e«¿¾¹¨¬ ³°a¢e¨¿¬. �o°¨±²o±²¼ e¯o±°e¤-

±²¢eo ±¢¿§aa ± o¡ºe¬o© ¯«a±²¨·e±ªo© ¤e´o°¬a¶¨e© ¨ ¬e¿e²±¿ ¯o¤

¢«¨¿¨e¬ ¢e¸e£o ¤a¢«e¨¿ ("µo«o¤oe ¯°¥±±®¢ ¨e") ¨«¨ ¯®¤ ¤¥©±²¢¨¥¬

¢³²°ee£o "a¯°¿¦e¨¿" ±¯eªa¨¿ ("£o°¿·ee ±¯eªa¨e").

�o¢°e¦¤eo±²¼ ¨§¬e¿e²±¿ ¯°¨ ³±«o¢¨¨, ·²o ª°¨²e°¨© °a§°³¸e¨¿

�d(�
(1)) � 0 ¢»¯o«e.

�»¢e¤e»e ±oo²o¸e¨¿ ¤«¿ ±¯¥ª ¨¿ ±®£« ±³¾²±¿ ± ¢ °¨ ² ¬¨ ±®-

®²®¸¥¨© ¨§ ° ¡®² (German, 1985; Mehrabadi, 1992), ¯®±²³«¨°®¢ »¬¨

  ®±®¢ ¨¨ ½ª±¯¥°¨¬¥² «¼»µ ¤ »µ. �¤¥±¼ ¯®«³·¥ ®¡¹¨© ¢¨¤ ½²¨µ

±®®²®¸¥¨©, ¯°¥¤±ª §»¢ ¥¬»© ²¥°¬®¤¨ ¬¨ª®©. �±«¨ ¢±¯®¬¨²¼, ·²®

§ ª®» ²¥°¬®¤¨ ¬¨ª¨ ª ª ° § ¨ ®¡®¡¹ ¾² ®¯»²  ¡«¾¤¥¨© §  ¯°¨°®¤-

»¬¨ ¯°®¶¥±± ¬¨, ²® µ®°®¸¥¥ ±®£« ±®¢ ¨¥ ³° ¢¥¨©, ¯®«³·¥»µ ³¯®-

¬¿³²»¬¨ ° §»¬¨ ¯³²¿¬¨, ¿¢«¿¥²±¿ § ª®®¬¥°»¬.

2.10. �° ¢¥¨¿ ¯®¤¢¨¦»µ  ¤ ¯²¨¢»µ ª®®°¤¨ ²

� ±±¬®²°¨¬ ³° ¢¥¨¿ ¤«¿ ¯®¤¢¨¦»µ  ¤ ¯²¨¢»µ ª®®°¤¨ ² ¨«¨, ¢

¤°³£®© ²¥°¬¨®«®£¨¨, ³° ¢¥¨¿ ¤«¿ £¥¥° ¶¨¨  ¤ ¯²¨¢»µ ±¥²®ª ¬¥²®-

¤®¬ ®²®¡° ¦¥¨©.

� §«¨· ¾²  ¤ ¯² ¶¨¾ ª ¯¥°¥¬¥®© £¥®¬¥²°¨¨ ®¡« ±²¨ °¥¸¥¨¿ (£¥®-

¬¥²°¨·¥±ª ¿  ¤ ¯² ¶¨¿) ¨ ª ¯®¢¥¤¥¨¾ °¥¸¥¨¿ ¤«¿ ¬¨¨¬¨§ ¶¨¨ ®¸¨¡®ª

±¥²®·®©  ¯¯°®ª±¨¬ ¶¨¨ (¤¨ ¬¨·¥±ª ¿  ¤ ¯² ¶¨¿). �° ¢¥¨¿ £¥¥° -

¶¨¨ ±¥²®ª ¨ ³¯° ¢«¥¨¿ (ª®®°¤¨ ²®©) ±¥²ª®© ®¯¨±»¢ ¾² ¢§ ¨¬® ®¤®-

§ ·»¥ ®²®¡° ¦¥¨¿ ¬¥¦¤³ ®¡° § ¬¨ ®¡« ±²¨ °¥¸¥¨¿ ¢ ¯®¤¢¨¦®© ¨

 ª²³ «¼®© ª®´¨£³° ¶¨¿µ.

�¢®«¾¶¨¿ ±¥²®·»µ ³° ¢¥¨© ¨ ±®®²¢¥²±²¢³¾¹¨µ  «£®°¨²¬®¢ ¯®-

¤°®¡® ° ±±¬ ²°¨¢ ¥²±¿ ¢ ±¢¥¦¨µ ¬®®£° ´¨¿µ �¨«¼¬ ®¢  (2001), �¢ -

¥ª® (1997), �¨±¥©ª¨  (2001), ¢ ±¯° ¢®·¨ª¥ ¯® £¥¥° ¶¨¨ ±¥²®ª (Tomp-

son & Soni, eds., 1998), ¨§ ª®²®°»µ ¢¨¤®, ·²® ° §° ¡®²ª  ±¥²®·»µ  «-

£®°¨²¬®¢  ¯° ¢«¿¥²±¿ ¦¥« ¨¥¬ ®¡¥±¯¥·¨²¼ µ®°®¸¥¥ ª ·¥±²¢® ° ±·¥²-

»µ ±¥²®ª ¢ ®¡« ±²¿µ ±«®¦®© ´®°¬». �¥°¢»¥  «£®°¨²¬» ¯®±²°®¥¨¿

±¥²®ª ± ¯®¬®¹¼¾ ®²®¡° ¦¥¨© ±² °²®¢ «¨ ¢ ¸¥±²¨¤¥±¿²»¥ £®¤» 20-£®

¢¥ª  ± ¯°¥®¡° §®¢ ¨©, ®¯¨±»¢ ¥¬»µ ³° ¢¥¨¿¬¨ � ¯« ±  (£ °¬®¨·¥-

±ª¨¥, ª®´®°¬»¥ ®²®¡° ¦¥¨¿), § ²¥¬ ±² «¨ ®¯¨° ²¼±¿   ®¡° ¹¥»¥

¥«¨¥©»¥ ³° ¢¥¨¿ � ¯« ±  (ª¢ §¨ª®´®°¬»¥ ®²®¡° ¦¥¨¿) ¨ ¢  -
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±²®¿¹¥¥ ¢°¥¬¿ ³° ¢¥¨¿ £¥¥° ¶¨¨ ±¥²®ª (£¥®¬¥²°¨·¥±ª®©  ¤ ¯² ¶¨¨) ¢±¥

¡®«¼¸¥  ·¨ ¾²  ¯®¬¨ ²¼ ³° ¢¥¨¿ ¥«¨¥©®© ²¥®°¨¨ ³¯°³£®±²¨.

� ½²® ¥±²¥±²¢¥®, ¯®±ª®«¼ª³ ¢ ·¨±«® ²°¥¡®¢ ¨© ª ±¥²®·»¬ ®²®¡° ¦¥-

¨¿¬ ±² «¨ ¢«¾· ²¼±¿ ¥ ²®«¼ª® ¬¨¨¬ «¼»¥ ²°¥¡®¢ ¨¿ ±³¹¥±²¢®¢ ¨¿

¨ ¥¤¨±²¢¥®±²¨, ® ² ª¦¥ ®¡¥±¯¥·¥¨¥ ¯®«®¦¨²¥«¼®±²¨ ¿ª®¡¨   ®²®-

¡° ¦¥¨¿, ¨¢ °¨ ²®±²¼ ³° ¢¥¨© ¯® ®²®¸¥¨¾ ª ®°²®£® «¼»¬ ¯°¥-

®¡° §®¢ ¨¿¬ (¯®¢®°®² ¬) ª®´¨£³° ¶¨©, ¢®±±² ®¢«¥¨¥  · «¼®© ±¥²ª¨

¯°¨ ¢®±±² ®¢«¥¨¨ ´®°¬» £° ¨¶ (®¡° ²¨¬®±²¼ ¤¥´®°¬ ¶¨© ±¥²ª¨), ª®-

²°®«¼ ´®°¬» ¿·¥¥ª ±¥²ª¨. �®¯®«¨²¥«¼®¥ ²°¥¡® ¨¥  ¤ ¯² ¶¨¨ ±¥²®ª ª

°¥¸¥¨¾ ¯®¤° §³¬¥¢ ¥² ±£³¹¥¨¥ ±¥²ª¨ ¢ §® µ ¡®«¼¸¨µ £° ¤¨¥²®¢ °¥-

¸¥¨¿ ¤«¿ ³¬¥¼¸¥¨¿ ®¸¨¡®ª  ¯¯°®ª±¨¬ ¶¨¨, ª®²®°»¥ ¯°®¯®°¶¨® «¼»

(¤«¿ ¬¥²®¤®¢ ¯¥°¢®£® ¯®°¿¤ª  ²®·®±²¨) ¯°®¨§¢¥¤¥¨¾ ®°¬» £° ¤¨¥²®¢

  µ ° ª²¥°»© ° §¬¥° ¿·¥©ª¨ ±¥²ª¨.

� ° ¡®² µ 70-80 £®¤®¢, ¨§ ª®²®°»µ ®²¬¥²¨¬ ° ¡®²» �¨±¥©ª¨  (1977),

�®¢¥¨ ¨ �¥ª® (1981), ¡»«® ¢»° ¡®² ® ¯°¥¤±² ¢«¥¨¥ ® ª®®°¤¨ ²-

®© ±°¥¤¥ ª ª ® ±¯«®¸®©, ®¡° ²¨¬® ¤¥´®°¬¨°³¥¬®©, ±®¯°®²¨¢«¿¾¹¥©±¿

±¤¢¨£³ ¨ ®¡º¥¬®© ¤¥´®°¬ ¶¨¨, ±£³¹ ¾¹¥©±¿ ¢ ®¡« ±²¨ ¡®«¼¸¨µ £° ¤¨-

¥²®¢ °¥¸¥¨¿. �¯¥¶¨ «¨±² ¯® ²¥®°¨¨ ³¯°³£®±²¨ § ¬¥²¨², ·²® ¯°¨¢¥¤¥-

»© ¢»¸¥  ¡®° ±¢®©±²¢ ª®®°¤¨ ²®© ±°¥¤» ¢ ²®·®±²¨ ±®®²¢¥²±²¢³¥²

®¯¨± ¨¾ ¥«¨¥©®© ²¥°¬®³¯°³£®© ±°¥¤». �®½²®¬³ ¢  ¸¥© ° ¡®²¥ (�³-

° £®, 1984) ¨ ¡»«® ¯°¥¤«®¦¥® ¯°¨¬¥¿²¼ ³° ¢¥¨¿ ²¥®°¨¨ ²¥°¬®³¯°³£®-

±²¨ ¢ ª ·¥±²¢¥ ³° ¢¥¨© £¥¥° ¶¨¨  ¤ ¯²¨¢»µ ±¥²®ª. �»«® ¯®ª § ®,

·²® ¨±¯®«¼§³¾¹¨¥±¿ ¤«¿ ½²¨µ ¶¥«¥© ³° ¢¥¨¿ ¤°³£¨µ  ¢²®°®¢ ¿¢«¿¾²±¿

· ±²»¬¨ ±«³· ¿¬¨ ³° ¢¥¨© ²¥®°¨¨ ²¥°¬®³¯°³£®±²¨. � ¸¨ ³° ¢¥¨¿

¨¬¥¾² ¢¨¤:

@x

@t

= ~r � ~�

~� =
@

@~"
~	

£¤¥ ~	 = ~	(~"; ~ry) - ½¥°£¨¿ ¤¥´®°¬ ¶¨© ª®®°¤¨ ²®© ±°¥¤», ¿¢«¿¾¹ -

¿±¿ ¨¢ °¨ ²®© ¯®«®¦¨²¥«¼®© ´³ª¶¨¥© ®² ¤¥´®°¬ ¶¨© ª®®°¤¨ ²®©

±°¥¤» ~" = ( ~rxT � ~rx � I)=2 ¨ £° ¤¨¥²®¢ °¥¸¥¨¿ ~ry, ~r - ®¯¥° ²®° ¯°®-

±²° ±²¢¥®£® ¤¨´´¥°¥¶¨°®¢ ¨¿ ¢ ¯®¤¢¨¦®© ª®´¨£³° ¶¨¨ f~xg. �

®²«¨·¨¥ ®² ³° ¢¥¨© ¤¨ ¬¨·¥±ª®© ²¥°¬®³¯°³£®±²¨ ¢ «¥¢®© · ±²¨ ³° ¢-
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¥¨© £¥¥° ¶¨¨  ¤ ¯²¨¢»µ ±¥²®ª § ¯¨± » ¥ ¢²®°»¥ ¢°¥¬¥»¥ ¯°®¨§-

¢®¤»¥ ª®®°¤¨ ² (³±ª®°¥¨¿),   ¯¥°¢»¥ (±ª®°®±²¨). �¥¬ ± ¬»¬ ¨§¬¥¥

²¨¯ ³° ¢¥¨©: ¢¬¥±²® £¨¯¥°¡®«¨·¥±ª®£® ¢ ±«³· ¥ °¥ «¼®© ²¥°¬®³¯°³£®-

±²¨ ³° ¢¥¨¿ ¯®«³·¨«¨ ¯ ° ¡®«¨·¥±ª¨© ²¨¯, ·²®¡» ¨§¡¥¦ ²¼ ¥¦¥« ²¥«¼-

»µ ¢®«®¢»µ ¯°®¶¥±±®¢ ¢ ª®®°¤¨ ²®© ±°¥¤¥. � ¯ §¤»¢ ¨¥ ¢  ¤ ¯² ¶¨¨

¡³¤¥² ²¥¬ ¬¥¼¸¥, ·¥¬ ¢»¸¥ ½¥°£¨¿ ª®®°¤¨ ²®© ±°¥¤» ~	 (± ³±¨«¥¨¥¬

½««¨¯²¨·¥±ª®£® ®¯¥° ²®°  ¯° ¢®© · ±²¨) ¨ ¬¥¼¸¥ ¢«¨¿¨¥ ¥±² ¶¨® °-

®£® ·«¥  «¥¢®© · ±²¨.

�²¬¥²¨¬, ·²® ¥¤ ¢® ¡»«¨ ¯°¥¤«®¦¥» ³° ¢¥¨¿, ¢ ª®²®°»µ ³¯° -

¢«¥¨¥  ¤ ¯² ¶¨¥© ®±³¹¥±²¢«¿¥²±¿ ·¥°¥§ ¬¥²°¨ª³ ®²®¡° ¦¥¨¿ ¨  ¤ ¯² -

¶¨® ¿ ´³ª¶¨¿ (§¤¥±¼, " ²¨²¥¬¯¥° ²³° ") ¿¢«¿¥²±¿ ²¥§®°®¬ ¢²®°®£®

° £ . �¯¨± ¨¥ ² ª¨µ ³° ¢¥¨© ¨  «£®°¨²¬®¢ ¤ ® ¢ ° ¡®² µ �¢ ¥ª®

(2000) ¨ � ° ¦¨ (2000).

�  ¸¥© ° ¡®²¥ §  ³¯° ¢«¥¨¥ ¯®¤¢¨¦»¬¨ ª®®°¤¨ ² ¬¨ ®²¢¥· ¥²

¤®¯®«¨²¥«¼»© ¤¨´´¥°¥¶¨ «¼»© ·«¥, ± ¯®¬®¹¼¾ ª®²®°®£® ¥«¨¥©-

 ¿ ²¥°¬®³¯°³£®±²¼ ®¯¨±»¢ ¥² ½´´¥ª² ²¥¬¯¥° ²³°®© ®¡º¥¬®© ¤¥´®°¬ -

¶¨¨. � ° ±·¥² µ ¯°¨¬¥¿« ±¼ ¬®¤¥«¼ ¨§®²°®¯®© ¯®¤¢¨¦®-ª®®°¤¨ ²®©

±°¥¤», ®¯°¥¤¥«¿¥¬ ¿ ±«¥¤³¾¹¥© ´³ª¶¨¥© ½¥°£¨¨ ¤¥´®°¬ ¶¨©, ¯®«®-

±²¼¾   «®£¨·®© ´³ª¶¨¨ ±¢®¡®¤®© ½¥°£¨¨ ¨§ ° §¤¥«  ¯°® ²¥°¬®³¯°³-

£¨¥ ±°¥¤» 2.8.2:

~	 = K
�
(~" : I)2=2 +K

�
det( ~rx)N( ~ry : ~ry) + �

�
~" : ~"

£¤¥ N - ¥ª®²®° ¿ ¯®«®¦¨²¥«¼ ¿ ´³ª¶¨¿. �®°®¸¨¥ °¥§³«¼² ²» ¯®«³· -

¾²±¿ ¯°¨ ¢»¡®°¥ ¢ ª ·¥±²¢¥ N ª®°¿ 4-© ¨«¨ 8-© ±²¥¯¥¨. �®½´´¨¶¨¥²»

K
�
¨ �

�
¨£° ¾² °®«¼ ª®½´´¨¶¨¥²®¢ ³¯°³£®±²¨ ¤«¿ ª®®°¤¨ ²®© ±°¥¤»,

  ¯®«³®°¬  °¥¸¥¨¿ N - °®«¼ " ²¨²¥¬¯¥° ²³°»": ª®®°«¨ ² ¿ ±°¥¤ 

±¦¨¬ ¥²±¿ ± °®±²®¬ N .

� «¨·¨¥ ¬®¦¨²¥«¿ - ¿ª®¡¨   ¢ ·«¥¥ ± " ²¨²¥¬¯¥° ²³°®©", ´¨£³°¨-

°³¾¹¥£® ¨ ¢ ¨±µ®¤»µ ±®®²®¸¥¨¿µ ²¥°¬®³¯°³£®±²¨ 2.8.2, ®¡¥±¯¥·¨¢ ¥²

¯®«®¦¨²¥«¼®±²¼ ¿ª®¡¨   (¥¢»°®¦¤¥®±²¼ ¿·¥¥ª ±¥²ª¨). �²® ±¢®©±²¢®

®²®±¨²±¿ ª ·¨±«³ ¢ ¦¥©¸¨µ ¢ ±¯¨±ª¥ ®¦¨¤ ¥¬»µ ±¢®©±²¢ ±¥²®·»µ ³° ¢-

¥¨©. �°¨ ±²°¥¬«¥¨¨ ®¡º¥¬  ¿·¥©ª¨ ª ³«¾ ¢«¨¿¨¥ ·«¥  ±  ²¨²¥¬-

¯¥° ²³°®©, ¢»§»¢ ¾¹¥£® ±¦ ²¨¥, ² ª¦¥ ¨±·¥§ ¥². �®«¥¥ ²®£®, ¥±«¨ ¢ ª¢ -

§¨¼¾²®®¢±ª¨µ ¨²¥° ¶¨¿µ ¯® ¥«¨¥©®±²¨ ±² °²®¢ ²¼ ± ¥ª®°°¥ª²®©

±¥²ª¨, ±®¤¥°¦ ¹¥© ¢»°®¦¤¥»¥ ¿·¥©ª¨ ®²°¨¶ ²¥«¼®£® ®¡º¥¬ , ²® ·«¥
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±  ²¨²¥¬¯¥° ²³°®© ¡»±²°® ¨±¯° ¢¨² ² ª³¾ ±¥²ª³, ¯®±ª®«¼ª³ ¡³¤¥² ®¡¥±-

¯¥·¨¢ ²¼ ¢±¥±²®°®¥¥ ° ±¸¨°¥¨¥ ¢ ² ª¨µ ¿·¥©ª µ (¨§-§  ®²°¨¶ ²¥«¼®-

±²¨ ¿ª®¡¨   ® ² ª¦¥ ¯®¬¥¿¥² § ª ¨ ¢¬¥±²® ±¦ ²¨¿ ¡³¤¥² ° ¡®² ²¼  

° ±¸¨°¥¨¥). � ¯°¥¨¬³¹¥±²¢ ¬ ¯°¥¤«®¦¥»µ ³° ¢¥¨© ¬®¦® ² ª¦¥

®²¥±²¨ ²®, ·²® ³° ¢¥¨¿ ²¥°¬®³¯°³£®±²¨ ¥ ³¦¤ ¾²±¿ ¢ °¥£³«¿°¨§ -

¶¨¨, ¯®±ª®«¼ª³ ¥ ±®¤¥°¦ ² ¿ª®¡¨   ¢ § ¬¥ ²¥«¥,   ±®®²¢¥²±²¢³¾¹¨¥

 «£®°¨²¬» £¥¥° ¶¨¨  ¤ ¯²¨¢»µ ±¥²®ª ¨¬¥¾² ¿±»© ²¥°¬®¬¥µ ¨·¥±ª¨©

±¬»±«.

2.11. �o±²ao¢ªa o¡¹e© a·a«¼o-ª°ae¢o© §a¤a·¨

�¨±²e¬a ³°a¢e¨© ²e°¬o¬eµa¨ª¨, ¯°¨¬¥¿¥¬ ¿ ¢  ±²®¿¹¥© ° ¡®²¥,

¨¬¥¥² ¢¨¤:
d�

dt

= ��r � u (2:19)

�

du

dt

= r � � + �f (2:20)

�cv

dT

dt

= D
�
+ �r +r � (kTrT ) (2:21)

d"
0

p

dt

= �p�
0 � "

0

p � L� LT � "0p (2:22)

dap

dt

= �p�
0 : �0 (2:23)

d�

dt

= H(��)�� (2:24)

d!

dt

= H(!)�! (2:25)

dC�

dt

= r � (kc�rC�) (2:26)

d

o
x

dt

= 0 (2:27)

@x

@t

= ~r � ~� (2:28)

£¤¥ ¯®±«¥¤®¢ ²¥«¼® § ¯¨± »: ³° ¢¥¨¥ ¥° §°»¢®±²¨ (2.19), ³° ¢¥-

¨¿ ¤¢¨¦¥¨¿ (2.20), ³° ¢¥¨¥ ½¥°£¨¨ (2.21), ³° ¢¥¨¿ ¯« ±²¨·¥±ª®£®
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²¥·¥¨¿ (2.22), ³° ¢¥¨¥ ¯« ±²¨·¥±ª®© ° ¡®²» (2.23), ³° ¢¥¨¥ ¯®¢°¥-

¦¤¥®±²¨ (2.24), ³° ¢¥¨¥ ±¯¥ª ¨¿ (2.25), ³° ¢¥¨¥ ¤¨´´³§¨¨ ¯°¨¬¥-

±¥© (2.26), ³° ¢¥¨¥ ¥¯°¥°»¢®£® ¬ °ª¥°  (2.27), ³° ¢¥¨¥ ¯®¤¢¨¦»µ

ª®®°¤¨ ² (2.28).

� ¬¥· ¨¥ 1: �»¢®¤ ³° ¢¥¨¿ ¤¨´´³§¨¨ ¯°¨¬¥±¥© ±¯¥¶¨ «¼® ¥ ° ±-

±¬ ²°¨¢ «±¿, ¯®±ª®«¼ª³ ¨ª ª¨µ ®±®¡¥®±²¥© ®® ¥ ±®¤¥°¦¨². � -

¦¤ ¿ ¯°¨¬¥±¼ µ ° ª²¥°¨§³¥²±¿ ±¢®¥© ª®¶¥²° ¶¨¥© C� , � = 1; 2; :::,

®¯°¥¤¥«¿¥¬®© ª ª ®²®¸¥¨¥ ¯«®²®±²¨ ¯°¨¬¥±¨ ª ¯«®²®±²¨ ®±®¢®©

±°¥¤», ¨ ±¢®¨¬ § ª®®¬ ±®µ° ¥¨¿, ¨¬¥¾¹¨¬ ¢¨¤ ±² ¤ °²®£® ³° ¢¥-

¨¿ ª®¢¥ª¶¨¨-¤¨´´³§¨¨ (¢®§¬®¦® ± ¨±²®·¨ª®¢»¬ ·«¥®¬). �®¶¥-

²° ¶¨¨ ¨ ¨µ £° ¤¨¥²» ¢¢®¤¿²±¿ ¢  ¡®° ¯ ° ¬¥²°®¢ ±®±²®¿¨¿,   ®¯¨-

±»¢ ¾¹¨¥ ¤¨´´³§¨¾ ¯°¨¬¥±¨ ·«¥» ± £° ¤¨¥² ¬¨ ª®¶¥²° ¶¨¨ ¢¢®-

¤¿²±¿ ¢ ¢»° ¦¥¨¥ ¤«¿ ±ª®°®±²¨ ¤¨±±¨¯ ¶¨¨. � °¥§³«¼² ²¥ ¢»° ¦¥¨¿

¤«¿ ¤¨´´³§¨®»µ ¯®²®ª®¢ ¯°¨¬¥±¨ ¯®«³· ¾²±¿ ²®·® ² ª ¦¥, ª ª ¢»-

° ¦¥¨¿ ¤«¿ ¯®²®ª®¢ ²¥¯« , ¯®½²®¬³ ¢»ª« ¤ª¨ ®¯³¹¥».

� ¬¥· ¨¥ 2: �° ¢¥¨¥ ±®µ° ¥¨¿ ½¥°£¨¨ (2.21), ¢»° ¦ ¾¹¥¥ ¯¥°-

¢»© § ª® ²¥°¬®¤¨ ¬¨ª¨, § ¯¨± ® §¤¥±¼ ¢ ´®°¬¥ ³° ¢¥¨¿ ¤«¿ ²¥¬¯¥-

° ²³°» ¯³²¥¬ ¨±ª«¾·¥¨¿ ¢³²°¥¥© ½¥°£¨¨ ± ¯®¬®¹¼¾ ±®®²¢¥²±²¢³-

¾¹¥£® ®¯°¥¤¥«¿¾¹¥£® ±®®²®¸¥¨¿. � ³° ¢¥¨¨ (2.21) ¢¢¥¤¥» ±«¥¤³¾-

¹¨¥ ¢¥«¨·¨»: cv = �T @
2
'

@T 2 - ²¥¯«®¥¬ª®±²¼ ¯°¨ ¯®±²®¿®¬ ®¡º¥¬¥ ¨ D
�

- ¯°¨²®ª ²¥¯« , ¢»·¨±«¿¥¬»© ¯® ´®°¬³«¥

D
�
= (�

0

�T
@�

0

@T
) : e

0

p + �(T
@
2
'

@�@T
�
@'

@�

)
d�

dt
+T

@�

@T
: e

� ²¥°¨ «¼»¥ ¢°¥¬¥»¥ ¯°®¨§¢®¤»¥ ¨¬¥¾² ¢¨¤ d=dt = @=@t +

(u�w) � r, £¤¥ w - ±ª®°®±²¼ ¯®¤¢¨¦»µ ª®®°¤¨ ², ° ¢ ¿ u ¤«¿ « -

£° ¦¥¢  ±«³· ¿ ¨ ³«¾ ¤«¿ ½©«¥°®¢  ±«³· ¿. � ±®®²¢¥²±²¢¨¨ ± ½²¨¬ ¢»-

° ¦¥¨¥¬ ±®®²®¸¥¨¥ dx=dt = u ¿¢«¿¥²±¿ °¥§³«¼² ²®¬ ¬ ²¥°¨ «¼®£®

¤¨´´¥°¥¶¨°®¢ ¨¿  ª²³ «¼®£® ° ¤¨³±-¢¥ª²®° .

� o¡«a±²¨ °e¸e¨¿

f~x 2 ~
V ; t � 0g

²°e¡³e²±¿ °e¸¨²¼ ±¨±²e¬³ ³°a¢e¨© (2.19)-(2.28), ¤®¯®«¥³¾ e¤¨´-

´e°e¶¨a«¼»¬¨ ¯o ¢°e¬e¨ ª¨e¬a²¨·e±ª¨¬¨ ±oo²o¸e¨¿¬¨ (2.4), ±®-
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®²®¸¥¨¿¬¨ ±¢¿§¨ (2.6) ¨ ®¯°¥¤¥«¿¾¹¨¬¨ ±®®²®¸¥¨¿¬¨ ¨§ ° §¤¥«®¢

2.7-2.10, ®²¢¥· ¾¹¨¬¨ § ¤ ®¬³ ²¨¯³ ±¯«®¸®© ±°¥¤». �¥¸¥¨¥ ¤®«¦®

³¤®¢«¥²¢®°¿²¼ a·a«¼»¬ ³±«®¢¨¿¬

t = 0 ; ex 2 f
V : A = A0(ex) (2:29)

¨ £°a¨·»¬ ³±«o¢¨¿¬:

t � 0 ; ex 2 e
SA �

e
S : A = A

�
(ex; t) (2:30)

t � 0 ; ex 2 e
SB = e

Sn eSA ; B � n = B�

n(ex; t) (2:31)

� ¢»° ¦¥¨¿µ (2.30)-(2.31) ´³ª¶¨¨ ¯°a¢»µ ·a±²e© ¯®¬¥·¥» §¢¥§¤®·ª ¬¨

¨ ¿¢«¿¾²±¿ §a¤a»¬¨. �a¡o° o±o¢»µ ¨±ªo¬»µ ´³ª¶¨©

A = (�;u; T; "p; ap; �; !; C�;

o
x;x)

±o¤e°¦¨² ²e ¨±ªo¬»e ´³ª¶¨¨, ªo²o°»e eo¡µo¤¨¬» ¤«¿ ¢»·¨±«e¨¿ ¢±eµ

o±²a«¼»µ ¨±ªo¬»µ ´³ª¶¨© ¢ ¤a»© ¬o¬e² ¢°e¬e¨, e ¯°¨¢«eªa¿

o¯e°a¶¨¨ ¤¨´´e°e¶¨°o¢a¨¿ ¯o ¢°e¬e¨. �«®²®±²¼ ¢ª«¾·¥  ¢ ·¨±«®

®±®¢»µ ¯¥°¥¬¥»µ ¤«¿ ¥¤¨®®¡° §¨¿ ®¯¨± ¨¿ § ¤ · ¥§ ¢¨±¨¬® ®²

²®£®, ´¨£³°¨°³¥² «¨  · «¼ ¿ ª®´¨£³° ¶¨¿ ¢ ¯®±² ®¢ª¥ § ¤ · (±²°³ª-

²³°¨°®¢ »¥ ±°¥¤») ¨«¨ ¥² (ª« ±±¨·¥±ª ¿ £¨¤°®£ §®¤¨ ¬¨ª ).

�¥«¨·¨» � µ ° ª²¥°¨§³¾² ¯®²®ª¨ ¢¥«¨·¨ A, ®¡³±«®¢«¥»¥ ¤¨´´³-

§¨¥© ¨ ¬¥¦¬®«¥ª³«¿°»¬¨ ±¨« ¬¨:

B = (0; �; kTrT; 0; 0; 0; 0; kc�rC�; 0; ~�)

� ¬¥²¨¬, ·²® ¯°¨ ·¨±«¥®¬ °¥¸¥¨¨ ¤¨´´³§¨®»¥ ¯®²®ª¨B ¯®¿¢«¿¾²±¿

¢® ¢±¥µ ³° ¢¥¨¿µ §  ±·¥² ±µ¥¬®© ¨«¨ ¨±ª³±±²¢¥®© ¢¿§ª®±²¨.

�«¿ ª®°°¥ª²®±²¨  · «¼®-ª° ¥¢®© § ¤ ·¨ (2.19)-(2.31) ®¯°¥¤¥«¿¾¹¨¥

±®®²®¸¥¨¿ ¨  · «¼®-ª° ¥¢»¥ ³±«®¢¨¿ ¤®«¦» ³¤®¢«¥²¢®°¿²¼ ¤®¯®«¨-

²¥«¼»¬ ®£° ¨·¥¨¿¬, ª®²®°»¥ § ¢¨±¿² ®² ª« ±±  § ¤ ·:

1) ®¯°¥¤¥«¿¾¹¨¥ ±®®²®¸¥¨¿ ¤®«¦» ®¡¥±¯¥·¨¢ ²¼ ½««¨¯²¨·®±²¼

¯°®±²° ±²¢¥»µ ¤¨´´¥°¥¶¨ «¼»µ ®¯¥° ²®°®¢ ¯° ¢»µ · ±²¥© ¯°¨  -

«¨·¨¨ ¯®²®ª®¢»µ ·«¥®¢ B. �²® ²°¥¡®¢ ¨¥ ±®£« ±³¥²±¿ ± § ª® ¬¨ ²¥°¬®-

¤¨ ¬¨ª¨ ¨ ®²° ¦ ¥² ¥®¡µ®¤¨¬®¥ ³±«®¢¨¥ ³±²®©·¨¢®±²¨ § ¤ ·¨ ¯® �¤ -

¬ °³. � ¥±² ¶¨® °»µ § ¤ · µ ½²® ®£° ¨·¥¨¥ ®¡¥±¯¥·¨¢ ¥² ¯ ° ¡®-

«¨·®±²¼ ³° ¢¥¨© ¤«¿ ¢¿§ª¨µ ±°¥¤ ¨ £¨¯¥°¡®«¨·®±²¼ ³° ¢¥¨© ¤«¿

³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤ ¨ ¥¢¿§ª®£® £ § ;
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2) ¤«¿ ±² ¶¨® °»µ § ¤ · (@A
@t

= 0) £° ¨·»¥ ³±«®¢¨¿ ¤«¿ ³° ¢¥-

¨© ± ¥³«¥¢»¬¨ ¯®²®ª®¢»¬¨ ·«¥ ¬¨ B ¤®«¦» ¡»²¼ ª®±¥°¢ ²¨¢»¬¨

("± ¬®³° ¢®¢¥¸¥»¬¨"). �²® ®£° ¨·¥¨¥ ¢»° ¦ ¥² ±®®²¢¥²±²¢³¾¹¨©

¤ ®¬³ ³° ¢¥¨¾ § ª® ±®µ° ¥¨¿. � ±«³· ¥ ³° ¢¥¨© ° ¢®¢¥±¨¿ ¤¥-

´®°¬¨°³¥¬»µ ²¥« ¤«¿ ª®°°¥ª²®±²¨ ª¢ §¨±² ²¨·¥±ª®© § ¤ ·¨ ¥®¡µ®¤¨¬

 « £ ¥¬»© £° ¨·»¬¨ ³±«®¢¨¿¬¨ § ¯°¥² ±¬¥¹¥¨© ¨ ¯®¢®°®²®¢ ²¥«  ª ª

¦¥±²ª®£® ¶¥«®£®.

3)   ¢µ®¤»µ £° ¨¶ µ, ((u � w) � n < 0), ·¥°¥§ ª®²®°»¥ ±¯«®¸ ¿

±°¥¤  ¢²¥ª ¥² ¢ ®¡« ±²¼ °¥¸¥¨¿, ¤®«¦» ¡»²¼ § ¤ » § ·¥¨¿ ¢±¥µ

®±®¢»µ ¨±ª®¬»µ ¢¥«¨·¨ ¤«¿ ±«³· ¿ ±¢¥°µ§¢³ª®¢®£® ¯®²®ª  ¨ "±¬¿£·¥-

»¥" £° ¨·»¥ ³±«®¢¨¿ ¢ ±«³· ¥ ¤®§¢³ª®¢®£® ¯®²®ª  (�®³·, 1980; �¥¤®°-

·¥ª®,1982), ²® ¥±²¼,  ¯°¨¬¥°, ¢ ½²®¬ ±«³· ¥ ®¤®¢°¥¬¥®¥ § ¤ ¨¥ ¤ -

¢«¥¨¿ ¨ ®°¬ «¼®© ±ª®°®±²¨   ®¤®© ¨ ²®© ¦¥ £° ¨¶¥ ¯¥°¥®¯°¥¤¥«¿¥²

ª° ¥¢³¾ § ¤ ·³.

4)   ¢»µ®¤»µ ¨«¨ "¦¨¤ª¨µ" £° ¨¶ µ, ((u�w) � n > 0), ¤®«¦» ±² -

¢¨²±¿ "¬¿£ª¨¥" ³±«®¢¨¿, ²® ¥±²¼ ³±«®¢¨¿ ¯°®¤®«¦¥¨¿ (½ª±²° ¯®«¿¶¨¨) °¥-

¸¥¨¿ §  £° ¨¶» ®¡« ±²¨ °¥¸¥¨¿ ( ¯°¨¬¥°, ° ¢¥±²¢® ³«¾ ¯¥°¢»µ ¨«¨

¢²®°»µ ®°¬ «¼»µ ¯°®¨§¢®¤»µ ®² ®±®¢»µ ¨±ª®¬»µ ´³ª¶¨©). �®¤-

±²¢¥»© ±«³· © £° ¨·»µ ³±«®¢¨© ¯°¥¤±² ¢«¿¾² ¥®²° ¦ ¾¹¨¥ £° ¨·-

»¥ ³±«®¢¨¿ ¢ § ¤ · µ ® ° ±¯°®±²° ¥¨¨ ¢®§¬³¹¥¨©.

� ¦»e ±«³· ¨ £° ¨·»µ ³±«®¢¨©, ² ª¨¥ ª ª ª®² ª²»¥ £° ¨·»¥

³±«®¢¨¿, ³±«®¢¨¿   ¬¥¦´ §»µ £° ¨¶ µ ¨ ³±«®¢¨¿   ¯®¤¢¨¦»µ ±¢®¡®¤-

»µ £° ¨¶ µ,   ² ª¦¥ ¤°³£¨¥ ®±®¡¥®±²¨ ¯®±² ®¢®ª § ¤ ·, ®¡±³¦¤ -

¾²±¿ ¤ «¥¥ ¯°¨ ° ±±¬®²°¥¨¨ ¬¥²®¤®¢ °¥¸¥¨¿ ª®ª°¥²»µ ²¨¯®¢ § ¤ ·.
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�« ¢  3.
�¨±«¥»¥  «£®°¨²¬» ¤«¿ § ¤ · ± ¯®¤¢¨¦»¬¨ £° -
¨¶ ¬¨ ° §¤¥« 

�  ±²®¿¹¥© £« ¢¥ ¤ ® ®¯¨± ¨¥ ¬ ²¥¬ ²¨·¥±ª¨µ ¬¥²®¤®¢ °¥¸¥¨¿ ¥-

«¨¥©»µ § ¤ · ���, °¥ «¨§®¢ »µ ¢ ¯ ª¥²¥ ¯°®£° ¬¬ �����. �¯¨-

± » ¯°¨¬¥¿¥¬»¥  «£®°¨²¬» ¯®±²°®¥¨¿ ±¥²®ª ¨  «£®°¨²¬» ³¯° ¢«¥¨¿

 ¤ ¯²¨¢»¬¨ ½©«¥°®¢®-« £° ¦¥¢»¬¨ ±¥²ª ¬¨. � ±±¬®²°¥» ¢ °¨ ²»

½©«¥°®¢®-« £° ¦¥¢»µ ¿¢»µ ¨ ¥¿¢»µ ±µ¥¬ ¤«¿ ±¦¨¬ ¥¬»µ ¨ ¥±¦¨¬ -

¥¬»µ ±°¥¤. �¯¨± » ¨±¯®«¼§³¥¬»¥ ¯°¨¥¬» ° ±·¥²  ³§ª¨µ §® ¡®«¼¸¨µ

£° ¤¨¥²®¢ °¥¸¥¨¿ ²¨¯  ³¤ °»µ ¢®«, ¯®£° ¨·»µ ±«®¥¢, ª®² ª²»µ

° §°»¢®¢, ±¢®¡®¤»µ ¨ ¬¥¦´ §»µ £° ¨¶.

�«¿ ° ±·¥²  ±«®¦»µ ¤¢¨¦¥¨© ±¯«®¸»µ ±°¥¤ ¯°¨  «¨·¨¨ ¢®§¨ª ¾-

¹¨µ ¨ ¨±·¥§ ¾¹¨µ ¬®¦¥±²¢¥»µ ±¢®¡®¤»µ £° ¨¶ ¢ ®¡« ±²¿µ °¥¸¥¨¿

¯¥°¥¬¥®© ±¢¿§®±²¨ ®¯¨± »  «£®°¨²¬» ¬¥²®¤®¢ ¥¯°¥°»¢»µ ¨ ¤¨±-

ª°¥²»µ ¬ °ª¥°®¢, ¯°¥¤±² ¢«¿¾¹¨¥ ®¡®¡¹¥¨¥ ¬¥²®¤  ´¨ª²¨¢»µ ®¡« -

±²¥©.

3.1. �«£®°¨²¬» £¥¥° ¶¨¨ ±¥²®ª.

�e°¢oe, ·²o ²°e¡³e²±¿ ¤«¿ ²o£o, ·²o¡» ¯°¨±²³¯¨²¼ ª ·¨±«eo¬³

°e¸e¨¾ ±´o°¬³«¨°o¢ao© ¢ £«a¢e 1 o¡¹e© §a¤a·¨ M�� ±¥²®·»¬¨ ¬¥-

²®¤ ¬¨, ½²o ±e²ªa. A«£o°¨²¬ ¯o±²°oe¨¿ ±e²ª¨ ¤o«¦e ±£ee°¨°o¢a²¼ ¢

®¡« ±²¨ °¥¸¥¨¿ ³§«o¢»e ²o·ª¨, o²¤e«¨²¼ £°a¨·»e ²o·ª¨ o² ¢³²°e¨µ

¨ ³±²ao¢¨²¼ o²o¸e¨¿ ±o±e¤±²¢a (o¯°e¤e«¨²¼ ²o¯o«o£¨¾ ±e²ª¨) ¯³²e¬

o¯°e¤e«e¨¿ ¸a¡«oo¢ (³ªa§a¨¿ ±o±e¤e© ¤«¿ ªa¦¤o£o ³§«a) ¨«¨ ¯³²e¬

o¯°e¤e«e¨¿ o¬e°o¢ ³§«o¢ ¢ ¿·e©ªaµ (½«e¬e²aµ). �o±«e ½²o£o ¬o¦o

¢¢o¤¨²¼ a¯¯°oª±¨¬a¶¨¨ °e¸e¨¿ ¢ ±®®²¢¥²±²¢¨¨ ± ªaª¨¬- «¨¡o ±e²o·»¬

¬e²o¤®¬.

�¨¦¥ ¯°¨¢®¤¨²±¿ ±¢®¤ª   «£®°¨²¬®¢, ¯°¨¬¥¿¥¬»µ ¢ ¯°®£° ¬¬¥

����� ¤«¿ ¯o±²°oe¨¿ ±e²oª ¨ ³¯° ¢«¥¨¿ ¨µ ¤¢¨¦¥¨¥¬. �¥§³±«®¢®

½²®²  ¡®°  «£®°¨²¬®¢ ¥ ¤ ¥² ¯®«®£® °¥¸¥¨¿ ¢±¥µ ¯°®¡«¥¬ £¥¥° ¶¨¨

±¥²®ª ¨ ¤ ¦¥ ¤ «¥ª® ¥ ¨±·¥°¯»¢ ¥² ¨µ ¬®£®®¡° §¨¿. �¤ ª® ¤«¿ ¬®£¨µ

¯° ª²¨·¥±ª¨µ § ¤ · ® ¢¯®«¥ ½´´¥ª²¨¢¥.

3.1.1. 2D a«£o°¨²¬ ¯o±²°oe¨¿ ¥°¥£³«¿°»µ ²°e³£o«¼»µ

±e²oª ¯°¨ §a¤ao¬ °a±¯o«o¦e¨¨ ³§«o¢ ±e²ª¨. �²®²  «£®°¨²¬
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¯°¨¬e¿e²±¿ ¢ ²eµ ±«³·a¿µ, ªo£¤a ¯o ªaª¨¬-«¨¡o ¯°¨·¨a¬ ¢a¦o, ·²o¡»

¢±¥ ³§«» ¡»«¨ ¡» a ¯°e¤o¯°e¤e«e»µ ¬e±²aµ. Taªa¿ eo¡µo¤¨¬o±²¼ ¢o§-

¨ª ¥², ¢o-¯e°¢»µ, ¯°¨ ¯°o¢e¤e¨¨ ²¥±²®¢ ¨, ¢o- ¢²o°»µ, ¯°¨ ¯¥°¥±²°®©ª¥

±¥²ª¨. �±µ®¤ ¿ ¨´®°¬ ¶¨¿ ® ±¥²ª¥ ±®¤¥°¦¨² ª®®°¤¨ ²» ³§«®¢. �»µ®¤-

 ¿ ¨´®°¬ ¶¨¿ ±®¤¥°¦¨² ®¬¥°  ³§«®¢ ¢ £° ¨·»µ ¨ ¢³²°¥¨µ ¿·¥©-

ª µ.

3.1.2. 2D  «£®°¨²¬ ª¢ ¤° ²¨·»µ ®²®¡° ¦¥¨©. �²®²  «£®°¨²¬

±²°®¨² ª°¨¢®«¨¥©³¾ ±¥²ª³ ¢ ¯®¤®¡« ±²¨, ®²®¡° ¦ ¥¬®©   ª¢ ¤° ² ¨

¨¬¥¾¹¥© £° ¨¶» ¢ ¢¨¤¥ ¯ ° ¡®«. �±µ®¤ ¿ ¨´®°¬ ¶¨¿ ±®±²®¨² ¨§ ª®-

®°¤¨ ² ¢®±¼¬¨ £° ¨·»µ ²®·¥ª ª°¨¢®«¨¥©®£® "ª¢ ¤° ² " (¯® ²°¨  

ª ¦¤³¾ ±²®°®³- ¯ ° ¡®«³). �  ¢»µ®¤¥ ®¯°¥¤¥«¿¾²±¿ ª®®°¤¨ ²» ³§«®¢

¨ ®¬¥°  ³§«®¢ ¢ £° ¨·»µ ¨ ¢³²°¥¨µ ¿·¥©ª µ. �«£®°¨²¬ ®¯¨±  ¢®

¬®£¨µ ³·¥¡¨ª µ ¯® ¬¥²®¤³ ª®¥·»µ ½«¥¬¥²®¢ (±¬. �¥£¥°«¨¤, 1979).

3.1.3. 2D a«£o°¨²¬ " °¥§ ¨¿ ¯¨°o£a". �²®²  «£®°¨²¬ ¯°¥¤ § -

·¥ ¤«¿ ¯®±²°®¥¨¿ e°e£³«¿°»µ ²°¥³£®«¼»µ ±e²oª. � a¢²o¬a²¨·e±ª¨

£ee°¨² ¨ ³§«», ¨ ¿·e©ª¨ ¢ 2D o¡«a±²¿µ ¯°o¨§¢o«¼o© ´o°¬» ¨ ±¢¿§®±²¨.

�±µ®¤®© ¨´®°¬ ¶¨¥© ±«³¦¨² ² ¡«¨·®¥ § ¤ ¨¥ £° ¨·»µ ª®²³°®¢ ¨

¦¥« ¥¬»© ° §¬¥° ¿·¥¥ª ±¥²ª¨. �  ¢»µ®¤¥ - ª®®°¤¨ ²» ³§«®¢ ¨ ®¬¥° 

³§«®¢ ¢ £° ¨·»µ ¨ ¢³²°¥¨µ ¿·¥©ª µ.

3.1.4. 2D  «£®°¨²¬ ª¢ §¨£ °¬®¨·¥±ª¨µ ¡ °¼¥°»µ ®²®¡° ¦¥-

¨©. �²®²  «£®°¨²¬ (�¢ ¥ª®,1997) ¯°¨¬¥¿¥²±¿ ¤«¿ £¥¥° ¶¨¨ °¥£³«¿°-

»µ ª°¨¢®«¨¥©»µ ±¥²®ª ¢ ®¡« ±²¿µ ±«®¦®© ´®°¬». �±µ®¤ ¿ ¨´®°-

¬ ¶¨¿ ±®¤¥°¦¨² ² ¡«¨·®¥ § ¤ ¨¥ ·¥²»°¥µ £° ¨·»µ ª®²³°®¢ ¯®¤®¡« -

±²¨, ®²®¡° ¦ ¥¬®©   ¯ ° ¬¥²°¨·¥±ª¨© ª¢ ¤° ²,   ² ª¦¥ ¦¥« ¥¬®¥ ·¨±«®

¿·¥¥ª ¯® ¤¢³¬ ª®®°¤¨ ²»¬  ¯° ¢«¥¨¿¬. �  ¢»µ®¤¥ ®¯°¥¤¥«¿¾²±¿ ª®-

®°¤¨ ²» ³§«®¢ ¨ ®¬¥°  ³§«®¢ ¢ £° ¨·»µ ¨ ¢³²°¥¨µ ¿·¥©ª µ.

3.1.5. 2D  «£®°¨²¬ ¨§¬¥«¼·¥¨¿ ¨ ±¸¨¢ ¨¿ ¯o¤±e²oª. �²®²

 «£®°¨²¬ ¨±¯®«¼§³¥²±¿ ¯o±«e ²o£o, ªaª ¯°e¤»¤³¹¨e a«£o°¨²¬» ¯o±²°o¨«¨

±e²ª¨ ¢ ¯o¤o¡«a±²¿µ, ¬¥«¼·¨² ¿·¥©ª¨ ¤® § ¤ ®£® ° §¬¥°  ¨ o¡ºe¤¨¿e²

¨µ ¢ e¤¨³¾ ±e²ª³. �o£«a±o¢ao±²¼ ±e²oª a £°a¨¶aµ ¯o¤o¡«a±²e© e

²°e¡³e²±¿ ¨ ¤o±²¨£ae²±¿ a¢²o¬a²¨·e±ª¨ ¯°¨ o¡ºe¤¨e¨¨ ¯o¤±e²oª §  ±·¥²

«®ª «¼®© ¯¥°¥±²°®©ª¨ ±¥²ª¨ ³ £° ¨¶.

3.1.6. 3D  «£®°¨²¬ "²° ±«¿¶¨¨" ¤«¿ ¯®±²°®¥¨¿ e°e£³«¿°»µ

±e²®ª. �²®²  «£®°¨²¬ ¯°¥®¡° §³¥² ¯«®±ª¨¥ ¤¢³¬¥°»¥ ±¥²ª¨ ¢ ²°¥µ¬¥°-

»¥ ¯³²¥¬ ¯®¸ £®¢®£® ¯¥°¥¬¥¹¥¨¿ ± ¯®¢®°®²®¬ ("²° ±«¿¶¨¨") ¯«®±ª®©
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¯®¤®¡« ±²¨ ¢¤®«¼ § ¤ ®©  ¯° ¢«¿¾¹¥©.

3.1.7. 3D  «£®°¨²¬ ¤«¿ ª¢ §¨°e£³«¿°»µ ijk-±e²®ª. �²®²  «-

£®°¨²¬ ¯°¨¬¥¿¥²±¿ ¤«¿ ¬o£o±¢¿§»µ ²°¥µ¬¥°»µ ¯®¤o¡«a±²e© ®¡¹¥£®

¢¨¤ . �±µ®¤®© ¿¢«¿¥²±¿ ° ¢®¬¥° ¿ ®ª ©¬«¿¾¹ ¿ ±¥²ª , ¨§ ª®²®°®©

³¤a«¿¾²±¿ ¥ ¯°¨ ¤«¥¦ ¹¨¥ ®¡« ±²¨ °¥¸¥¨¿ ¿·¥©ª¨ ¯³²e¬ ¢¢e¤e¨¿

¬a±±¨¢a-¯°¨§aªa °a¡o·e© (1) ¨«¨ e°a¡o·e© (0) ¿·e©ª¨. A¤a¯²a¶¨¿ ±e²ª¨

ª ®¡« ±²¨ °¥¸¥¨¿ ¢ ½²®¬ ±¯®±®¡¥ ®¯¨± ¨¿ £¥®¬¥²°¨¨ °¥ «¨§³¥²±¿ £°³¡o

(£°a¨¶a-«e±eªa). �¤ ª®, ¤«¿ ¬®£¨µ § ¤ ·, ¢ ª®²®°»µ ¯®£° ¨·»¥

½´´¥ª²» ¥ ®·¥¼ ¢ ¦», ² ª®© ¯®¤µ®¤ ¢¯®«¥ ®¯° ¢¤  ( ¯°¨¬¥°, ¤«¿

§ ¤ · ® ° ±¯°®±²° ¥¨¨ § £°¿§¥¨© ¢ ®ª°³¦ ¾¹¥© ±°¥¤¥). �°®¬¥ ²®£®

² ª¨¥ ±¥²ª¨ ±«³¦ ² ®±®¢®© ¤«¿ °¥ «¨§ ¶¨¨ ¬¥²®¤®¢ ¤¨±ª°¥²»µ ¨ ¥¯°¥-

°»¢»µ ¬ °ª¥°®¢.

3.1.8. �«£®°¨²¬» ¤«¿ ° ±·¥²  ¯®¤¢¨¦»µ £¥®¬¥²°¨·¥±ª¨  ¤ -

¯²¨¢»µ ±¥²®ª. �²¨  «£®°¨²¬» ±«³¦ ² ¤«¿ °a±·e²a ±¥²®ª ¯°¨  -

«¨·¨¨ ¯o¤¢¨¦»µ «a£°a¦e¢»µ ¢³²°e¨µ ¨ ¢e¸¨µ £°a¨¶. �³-

²°¥¨¥ ³§«» ² ª¨µ ½©«e°o¢o-«a£°a¦e¢»µ ±e²®ª ¤¢¨¦³²±¿ e§a¢¨±¨¬o

o² ¤¢¨¦e¨¿ ±°e¤» ² ª, ·²®¡» ¥ ¤®¯³±²¨²¼ ¡®«¼¸¨µ ¨±ª ¦¥¨© ¿·¥¥ª

¨ ®¡¥±¯¥·¨²¼ ° ¢®¬¥°®¥ ° ±¯°¥¤¥«¥¨¥ ³§«®¢. � ª¨¥ ±¥²ª¨ ¯®§¢®«¿¾²

¨§¡¥¦ ²¼ ¯®¿¢«¥¨¿ ±«¨¸ª®¬ ¬ «»µ ¿·¥¥ª, ¢»§»¢ ¾¹¨µ ª ² ±²°®´¨·¥-

±ª®¥ ¤«¿ ¿¢»µ ±µ¥¬ ³¬¥¼¸¥¨¥ ¢°¥¬¥®£® ¸ £ , ¨ ®¡¥±¯¥·¨²¼ ° ±·¥²  

¡®«¼¸¨µ ¢°¥¬¥ µ ¯°¨ ° §³¬»µ § ²° ² µ ¢»·¨±«¥¨©. � ¯¥°¢®¬ ² ª®¬

 «£®°¨²¬¥ ±¥²ª  °a±±·¨²»¢ae²±¿ ¯® ¥¿¢®© ±µ¥¬¥ ¬e²o¤o¬ ª¢a§¨£ °¬®-

¨·¥±ª¨µ o²o¡°a¦e¨© (�¢ ¥ª® ,1997),   ¢® ¢²®°®¬, ¡®«¥¥ ¯°®±²®¬  «-

£®°¨²¬¥ ªa¦¤»© ¢³²°¥¨© ³§¥« ±¬¥¹ ¥²±¿ ¢ £eo¬e²°¨·e±ª¨© ¶e²° ¯®

®²®¸¥¨¾ ª e£o ±o±e¤¿¬.

3.1.9. �«£®°¨²¬  ¤ ¯² ¶¨¨ ¯®¤¢¨¦»µ ±¥²®ª ª °¥¸¥¨¾. �²®²

 «£®°¨²¬ ±¬¥¹ ¥² ³§«» ±¥²ª¨ ² ª, ·²®¡» ±£³±²¨²¼ ¨µ ¢ §® µ ¡®«¼¸¨µ

£° ¤¨¥²®¢ °¥¸¥¨¿ ¢ ®ª°¥±²®±²¨ ³¤ °»µ ¢®« ¨ ¯®£° ¨·»µ ±«®¥¢

¤«¿ ³¬¥¼¸¥¨¿ ¯®£°¥¸®±²¨  ¯¯°®ª±¨¬ ¶¨¨ ¨ ³±ª®°¥¨¿ ±µ®¤¨¬®±²¨ ·¨-

±«¥®£® °¥¸¥¨¿. �²®²  «£®°¨²¬ °¥ «¨§®¢  ¢ ¢ °¨ ²¥, ¯°¥¤«®¦¥®¬ ¢

° ¡®² µ (Catherall,1991) ¨ (Marchent, Weatherill,1993) ¨, ¡®«¥¥ ½´´¥ª²¨¢®,

¢ ¢ °¨ ²¥ ° ¡®²» (�³° £®, 1984) ± ¯®¬®¹¼¾ ³° ¢¥¨© ²¥°¬®³¯°³£®±²¨.
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3.2. � £° ¦¥¢» ±µ¥¬» ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢

�¨¦¥ ° ±±¬ ²°¨¢ ¾²±¿ ¿¢»¥ ¨ ¥¿¢»¥ « £° ¦¥¢» ±µ¥¬» ��� ¤«¿

° ±·¥²  ª¢ §¨±² ²¨·¥±ª¬µ ¨«¨ ¤¨ ¬¨·¥±ª¨µ ¯°®¶¥±±®¢ ¤¥´®°¬ ¶¨¨ ³¯°³-

£®¯« ±²¨·¥±ª¨µ ²¥«.

3.2.1. � £° ¦¥¢  ´®°¬³«¨°®¢ª .

�±®¢»¥ ³° ¢¥¨¿ ¢ ¯¥°¥¬¥»µ �©«¥°  ¨¬¥¾² ¢¨¤:

Z
V

�

@u

@t

m � �udV +
Z
V

� : r�udV =
Z
Sp

p � �udS +
Z
V

�f � �udV

dx

dt

= u ; F�1 = r
o
x ; " = 0:5(I � F�T � F�1) ; "1 = (" : I)=3 ;

"
0 = " � "1I ; �

0 = 2�("0 � "
0

p
) ; � = �0det(F

�1) ; p = p1(�; T ) ; (3:1)

� = �pI + �
0

; L = ru ; e = 0:5(L + LT ) ; ep = �p�
0

;

�

dU

dt

= � : e ; �p = H(�0 : �0 � k
2
p
)H(�0 : e)�0 : ek�2

p

�¨±²¥¬  ³° ¢¥¨© (3.1) ±®¤¥°¦¨²: ¢ °¨ ¶¨®®¥ ³° ¢¥¨¥ ¤¢¨¦¥¨¿,

³° ¢¥¨¥ « £° ¦¥¢»µ ²° ¥ª²®°¨©, ®¯°¥¤¥«¥¨¥ ¤¨±²®°±¨¨ F, ²¥§®°  ª®-

¥·»µ ¤¥´®°¬ ¶¨© �«¼¬ ±¨, ±°¥¤¥© ¤¥´®°¬ ¶¨¨, ¤¥¢¨ ²®°  ¤¥´®°¬ -

¶¨© ¨, ¤ «¥¥, § ª® ³¯°³£®±²¨ ¤« ¤¥¢¨ ²®°»µ ±®±² ¢«¾¹¨µ ²¥§®°   -

¯°¿¦¥¨© �®¸¨, § ª® ±®µ° ¥¨¿ ¬ ±±», § ª® ±¦¨¬ ¥¬®±²¨, ° §«®¦¥¨¥

²¥§®°   ¯°¿¦¥¨© �®¸¨   ¸ °®¢³¾ ¨ ¤¥¢¨ ²®°³¾ · ±²¨, ®¯°¥¤¥«¥-

¨¥ ²¥§®°  £° ¤¨¥²®¢ ±ª®°®±²¥©, ²¥§®°  ±ª®°®±²¥© ¤¥´®°¬ ¶¨©, § ª®

¯« ±²¨·¥±ª®£® ²¥·¥¨¿ ¨ ³° ¢¥¨¥ ¤«¿ ¢³²°¥¥© ½¥°£¨¨ ¢  ¤¨ ¡ ²¨·¥-

±ª®¬ ¯°¨¡«¨¦¥¨¨. �¡®§ ·¥¨¿ ²° ¤¨¶¨®» ¨ ¯®¿±¥» ° ¥¥ ¢ ° §¤.

2. �²¬¥²¨¬, ·²® r - ®¯¥° ²®° ¯°®±²° ±²¢¥®£® ¤¨´´¥°¥¶¨°®¢ ¨¿ ¢

 ª²³ «¼®© ª®´¨£³° ¶¨¨, � - ´³ª¶¨¿ �¥¢¨± ©¤ , kp - ¯°¥¤¥« ²¥ª³·¥±²¨,

� - ¬®¤³«¼ ³¯°³£®±²¨ ±¤¢¨£ .

�°¨ ¯®±² ®¢ª¥  · «¼®-ª° ¥¢»µ § ¤ · ±¨±²¥¬  ³° ¢¥¨© (3.1) ¤®¯®«-

¿¥²±¿  · «¼»¬¨ ¨ £° ¨·»¬¨ ³±«®¢¨¬¨. � · «¼»¥ ³±«®¢¨¿ ¨¬¥¾²

¢¨¤

t = 0 : x =
o

x ; u = u0 ; "p = "p0 ; U = U0 (3:2)
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�¨¥¬ ²¨·¥±ª¨¥ £° ¨·»¥ ³±«®¢¨¿ ¨¬¥¾² ¢¨¤

x 2 Su � S : u = u
�

(3:3)

�²¬¥²¨¬, ·²® ±¨«®¢»¥ £° ¨·»¥ ³±«®¢¨¿

x 2 Sp = SnSu : � � n = P
�

(3:4)

¿¢«¿¾²±¿ ±«¥¤±²¢¨¿¬¨ ¢ °¨ ¶¨®»µ ³° ¢¥¨© ¤¢¨¦¥¨¿ (3.1) ¨  §»¢ -

¾²±¿ ¯®½²®¬³ ¥±²¥±²¢¥»¬¨ £° ¨·»¬¨ ³±«®¢¨¿¬¨.

�¡« ±²¼ °¥¸¥¨¿ V ¢ ®¡¹¥¬ ±«³· ¥ ±®±²®¨² ¨§ ¥±ª®«¼ª¨µ, ¢®§¬®¦®

° §¥±¥»µ ¢ ¯°®±²° ±²¢¥, ¯®¤®¡« ±²¥©, ¯°¥¤±² ¢«¿¾¹¨µ ¢§ ¨¬®¤¥©-

±²¢³¾¹¨¥ ²¥« . �  · ±²¨ ¯®¢¥°µ®±²¨ S
�

p
� Sp § ¤ » ¯®¢¥°µ®±²»¥

 £°³§ª¨ P
�
, µ ° ª²¥°¨§³¾¹¨¥ ¢§ ¨¬®¤¥©±²¢¨¥ ± ²¥¬¨ ¢¥¸¨¬¨ ²¥« ¬¨,

ª®²®°»¥ ¥ ´¨£³°¨°³¾² ¢ ³±«®¢¨¿µ § ¤ ·¨.

�  ®±² «¼®©, § ° ¥¥ ¥¨§¢¥±²®©, · ±²¨ ¯®¢¥°µ®±²¨ Sc = SpnS
�

p
,  -

§»¢ ¥¬®© ¯®¢¥°µ®±²¼¾ ª®² ª² ,  £°³§ª¨ P
�
®¡³±«®¢«¥» ¢§ ¨¬®¤¥©-

±²¢¨¥¬ ° ±±¬ ²°¨¢ ¥¬»µ ²¥« ¬¥¦¤³ ±®¡®©. �²  ¯®¢¥°µ®±²¼ ª®² ª² 
o

Sc

®¯°¥¤¥«¿¥²±¿ ª ª ¬®¦¥±²¢® ¢±¥µ ²®·¥ª
o

x
+
2

o

S ² ª¨µ, ·²®

8
o
x
+
2

o

Sc 9
o
x
�

2
o

Sc j
o
x
+
6=

o
x
�

^x(
o
x
+
; t) = x(

o
x
�

; t)

¨
o

Sc=
o

S

+

c
[

o

S

�

c
;

o

S

+

c
\

o

S

�

c
= ;

�®¯°®±²³ £®¢®°¿, ª®² ª² ¿ £° ¨¶  ®¡° §®¢   ²¥¬¨ ° §«¨·»¬¨ ¬ ²¥-

°¨ «¼»¬¨ ²®·ª ¬¨,  ª²³ «¼»¥ ¯®«®¦¥¨¿ ª®²®°»µ ±®¢¯ ¤ ¾² ¢ ¤ »©

¬®¬¥² ¢°¥¬¥¨.

� £°³§ª¨ P ¨ ±ª®°®±²¨ u   ¯®¢¥°µ®±²¨ ª®² ª² 
o

Sc ®¯°¥¤¥«¿¾²±¿

³±«®¢¨¬¨

(u+ � u�) � n+ = 0 ; P+ = �P�

;

P�� = P+ � �+
�
= ~
f(Pn; (u

+ � u�) � �� ; � = 1; 2 (3:5)

¢»° ¦ ¾¹¨¬¨ ¥¯°¥°»¢®±²¼ ®°¬ «¼®© ±®±² ¢«¿¾¹¥© ±ª®°®±²¨, ²°¥-

²¨© § ª® �¼¾²®  ¨ § ª® ²°¥¨¿, ¢ ª®²®°»µ  ¤® ¯°¨¨¬ ²¼ ¢® ¢¨¬ -

¨¥ ±«¥¤³¾¹¨¥ ±®®²®¸¥¨¿ ¤«¿ µ ° ª²¥°¨±²¨ª ª®² ª²¨°³¾¹¨µ £° ¨¶:

n+ = �n� ; �
+
�
= ���

�
; � = 1; 2 ; Pn = P+ � n+
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�¤¥±¼ n ¨ �� - ®°²» ®°¬ «¨ ¨ ª ± ²¥«¼»µ ª ¯®¢¥°µ®±²¨ S ¢  ª²³ «¼®©

ª®´¨£³° ¶¨¨.

� ¤ ·  ±®±²®¨² ¢ ²®¬, ·²®¡» ¢ ®¡« ±²¨

f(
o
x; t) :

o
x in

o

V ; t � 0g

°¥¸¨²¼ ±¨±²¥¬³ ³° ¢¥¨© (3.1) ¯°¨ ³±«®¢¨µ (3.2)-(3.5).

3.2.2. �°®±²° ±²¢¥»¥ ��- ¯¯°®ª±¨¬ ¶¨¨.

� ®¡« ±²¨ V ¢¢¥¤¥¬ ±¥²ª³ ½«¥¬¥²®¢, ±®±²®¿¹³¾ ¨§ ²¥²° ½¤°®¢, ¯°¨§¬

¨«¨ ¯ ° ««¥«¥¯¨¯¥¤®¢ ¢ ²°¥µ¬¥°®¬ ±«³· ¥ ¨ ¨§ ²°¥³£®«¼¨ª®¢ ¨ ·¥²»°¥µ-

³£®«¼¨ª®¢ ¢ ¤¢³¬¥°®¬ ±«³· ¥. �³±²¼ xi (i = 1; 2; :::; Nv) - ª®®°¤¨ ²»

³§«®¢; C(k; l) (k = 1; 2; :::; Nc; l = 1; 2; :::;Mc) - ®¬¥°  ³§«®¢ ¢ ®¡º¥¬»µ

½«¥¬¥² µ, B(k; l) (k = 1; 2; :::; Nb; l = 1; 2; :::;Mb) - ®¬¥°  ³§«®¢ ¢ £° -

¨·»µ (¯®¢¥°µ®±²»µ) ½«¥¬¥² µ. �³±²¼ ®¡µ®¤ £° ¨¶ ¯®¢¥°µ®±²»µ

½«¥¬¥²®¢ ±®¢¥°¸ ¥²±¿ ¯® · ±®¢®© ±²°¥«ª¥ ¤«¿ ¢¥¸¥£®  ¡«¾¤ ²¥«¿. � 

¢°¥¬¥®¬ ±«®¥ n ¢¢¥¤¥¬ ®¡®§ ·¥¨¿: un
i
; xn

i
- ±ª®°®±²¨ ¨ ª®®°¤¨ ²»

³§«®¢, ["]n
pk
; [U ]n

k
- § ·¥¨¿ ¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨© ¨ ¢³²°¥¥© ½¥°-

£¨¨ ¢ ¶¥²° µ ¿·¥¥ª. �¡®§ ·¨¬ ·¥°¥§ ! ¬®¦¥±²¢® ®¬¥°®¢ ³§«®¢ ±¥²ª¨,

·¥°¥§ !u - ¬®¦¥±²¢® ®¬¥°®¢ £° ¨·»µ ³§«®¢,¢ ª®²®°»µ § ¤ » ª¨¥-

¬ ²¨·¥±ª¨¥ ³±«®¢¨¿, ·¥°¥§ 
 - ¬®¦¥±²¢® ®¬¥°®¢ ½«¥¬¥²®¢. �±¯®«¼§³¥¬

®¡»·³¾ «¨¥©³¾ ¨ ¡¨«¨¥©³¾  ¯¯°®ª±¨¬ ¶¨¾ ª®®°¤¨ ² ¨ ±ª®°®±²¥©

  ±¥²ª¥ (c¬.,  ¯°¨¬¥°, �¥£¥°«¨¤ [193]). �¥°¬®¤¨ ¬¨·¥±ª¨¥ ¯ ° ¬¥²°»

±®±²®¿¨¿ ²¨¯  ¤¥´®°¬ ¶¨© ¨ ¢³²°¥¥© ½¥°£¨¨  ¯¯°®ª±¨¬¨°³¥¬ ª³-

±®·® ¯®±²®¿»¬¨ ´³ª¶¨¿¬¨ ±® § ·¥¨¿¬¨ ¢ ¶¥²° µ ½«¥¬¥²®¢. �-

²¥£° «» ¢ ¢ °¨ ¶¨®»µ ³° ¢¥¨¿µ (3.1) ¢»·¨±«¨¬ ± ¯®¬®¹¼¾ ª¢ ¤° -

²³°»µ ´®°¬³« ¯°¬®³£®«¼¨ª®¢. �®·ª¨ ·¨±«¥®£® ¨²¥£°¨°®¢ ¨¿ ¤«¿

¨²¥£° «®¢ ¯® ®¡« ±²¨ V ®² ¢¨°²³ «¼®© ° ¡®²» ±¨« ¨¥°¶¨¨ ¡³¤¥¬ ¡° ²¼

¢ ³§« µ ±¥²ª¨, ¤«¿ ¨²¥£° «  ¢¨°²³ «¼®© ° ¡®²»  ¯°¿¦¥¨© - ¢ ¶¥²° µ

½«¥¬¥²®¢. �«¿ ¨²¥£° «®¢ ¯® ¯®¢¥°µ®±²¨ ²®·ª¨ ·¨±«¥®£® ¨²¥£°¨°®-

¢ ¨¿ ¢®§¼¬¥¬ ¢ ¶¥²° µ £° ¨·»µ ½«¥¬¥²®¢.

3.2.3. �µ¥¬  ²¨¯  "ª°¥±²"

� · «  ° ±±¬®²°¨¬ ¯°¨¬¥¥¨¥ ¿¢®© ª®±¥°¢ ²¨¢®© ±µ¥¬» ²¨¯ 

"ª°¥±²" ¤«¿ ¨²¥£°¨°®¢ ¨¿ ¯® ¢°¥¬¥¨. �¯¨± ¨¥ ±µ®¤»µ ±µ¥¬ ¤«¿ £ -

§®¢®© ¤¨ ¬¨ª¨ ¨¬¥¥²±¿ ¢ ª¨£¥ � ¬ °±ª®£® ¨ �®¯®¢  [192] ¨ ¤«¿ § ¤ ·
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³¯°³£®¯« ±²¨·®±²¨ ¢ ±² ²¼¥ �¨«ª¨±  [200]. � ±²®¿¹ ¿ ±µ¥¬  ®²«¨· ¥²±¿

¬®£¨¬¨ ¬¥«ª¨¬¨ ¤¥² «¿¬¨, ª®²®°»¥ ³«³·¸¨«¨ ² ª¨¥ ¢ ¦»¥ ±¢®©±²¢ 

±µ¥¬» ª ª ²®·®±²¼ ¨ °®¡ ±²®±²¼ (½´´¥ª²¨¢®±²¼ ¢ ¸¨°®ª®¬ ¤¨ ¯ §®¥

¢µ®¤»µ ¤ »µ).

� ½©«¥°®¢»µ ¯¥°¥¬¥»µ ¢ ° ¬ª µ « £° ¦¥¢  ¯®¤µ®¤   «£®°¨²¬ ¨¬¥¥²

¢¨¤:

Mi(u
n+1
i � uni 

n

i � (1� 
n

i )~u
n

i ) = Fn

i�tn ; i 2 !n!u

un+1
i

= un+1
�i

; i 2 !u

["p]
n+1
k = ["p]

n

k + (�n+1k [�0]nk � ["p]
n

k � [L]
n+1
k � [LT ]n+1k � ["p]

n

k)�tn ; k 2 


[U ]n+1
k

= [U ]n
k
+ [�0]n

k
: [L]n+1

k
�tn=[�]

n

k
; k 2 
 (3:6)

[ap]
n+1
k

= [ap]
n

k
+ �

n+1
k

[�0]n
k
: [�0]n+1

k
�tn ; k 2 


xn+1
i

= xn
i
+ un+1

i
�tn ; i 2 !

£¤¥ § ¯¨± » ¤¨±ª°¥²»¥   «®£¨ ³° ¢¥¨© ¤¢¨¦¥¨¿, £° ¨·»µ ³±«®-

¢¨© ¤«¿ ±ª®°®±²¥©, § ª®  ¯« ±²¨·¥±ª®£® ²¥·¥¨¿, ³° ¢¥¨© « £° ¦¥¢»µ

²° ¥ª²®°¨©, ³° ¢¥¨¿ ¢³²°¥¥© ½¥°£¨¨  ³° ¢¥¨¿ ¯« ±²¨·¥±ª®© ° -

¡®²».

�±¯®«¼§³¥¬ ¿ ¢ ³° ¢¥¨¨ ¤¢¨¦¥¨¿ ®±°¥¤¥ ¿ ±ª®°®±²¼   ±² °®¬

¢°¥¬¥®¬ ±«®¥ n ¢»·¨±«¿¥²±¿ ² ª:

i 2 !; j 2 !i : ~un
i
= 0:5(max

j2!i

un
j
+min

jin!i

un
j
) (3:8)

£¤¥ !i - ®¬¥°  ³§«®¢ ±®±¥¤¥© ³§«  i. �±¯»²»¢ «¨±¼ ¨ ¤°³£¨¥ ±¯®±®¡» ®±°¥¤-

¥¨¿, ¯°¨ ª®²®°»µ ®±°¥¤¥ ¿ ¢¥«¨·¨  ±ª®°®±²¨ ~un
i
®¯°¥¤¥«¿« ±¼ ª ª

±°¥¤¥¥  °¨´¬¥²¨·¥±ª®¥ ±°¥¤¨ ±ª®°®±²¥© ±®±¥¤¨µ ³§«®¢ ¨«¨ ª ª ±°¥¤¥¥

± ¢¥±®¬ (®±°¥¤¥¨¥ "¯® ¯«®¹ ¤¿¬"). �°¨¿²»© ±¯®±®¡ ¢ ¬¥¼¸¥© ±²¥¯¥¨

§ ¢¨±¨² ®² ª®ª°¥²®£® ¸ ¡«®  ¢ ®ª°¥±²®±²¨ ³§«  ¨ ®² ²®£®, ¿¢«¿¥²±¿

«¨ ³§¥« ¢³²°¥¨¬ ¨«¨ £° ¨·»¬.

� ° ¬¥²° £¨¡°¨¤®±²¨ § ¤ ¥²±¿ ¢ ¢¨¤¥


n

i
= minf1; 0 + �0j~u

n

i
� un

i
jg (3:9)

£¤¥ ¬®¤³«¼ ° §®±²¨ j~uni�u
n

i j ¤ ¥² ®¶¥ª³ ¢²®°®© ¯°®¨§¢®¤®© ®² ±ª®°®±²¥©

¯® ¯°®±²° ±²¢¥»¬ ¯¥°¥¬¥»¬ ¢ ®ª°¥±²®±²¨ ³§«  i, ª®½´´¨¶¨¥²» 0

¨ �0 ¯°¨¨¬ «¨±¼ ° ¢»¬¨ 0 = us=c ¨ �0 = (0:2us)
�1, £¤¥ us = max

i2!
un
i
�
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min
i2!

un
i
- ¬ ª±¨¬³¬ ®²®±¨²¥«¼®© ±ª®°®±²¨ ³¤ ° , c =

q
dP=d� + 4=3�=� -

±ª®°®±²¼ §¢³ª . � ° ¬¥²° 
n

k ¢ª«¾· ¥² « ª±®¢³ ¢¿§ª®±²¼ ¢ ®ª°¥±²®±²¨

³¤ °»µ ¢®« ¨ ³¢¥«¨·¨¢ ¥² ¥¥ (¥ ±¢»¸¥ ¥¤¨¨¶») ± °®±²®¬ ±ª®°®±²¨

³¤ ° .

�§«®¢»¥ ¬ ±±» Mi ¢»·¨±«¿¾²±¿ ®¤¨ ° § ¯¥°¥¤  · «®¬ ° ±·¥² :

Mi =
NcX
k=1

McX
l=1

[
o

V ]k[�]
0
k
M

�1
c

~
H(i� C(k; l) ; i 2 ! (3:7)

£¤¥
o

V k -  · «¼»© ®¡º¥¬ ½«¥¬¥² ,Mc - ·¨±«® ³§«®¢ ¢ ½«¥¬¥²¥, Nc - ·¨±«®

½«¥¬¥²®¢, ´³ª¶¨¿ ~
H , ° ¢ ¿ ¥¤¨¨¶¥ ¤«¿ ³«¥¢®£® § ·¥¨¿  °£³¬¥² 

¨ ³«¾ ¢ ¯°®²¨¢®¬ ±«³· ¥, ³ª §»¢ ¥²  ¤°¥± ° ±±»«ª¨ ¢ª« ¤®¢ ®² ¬ ±±»

½«¥¬¥²  ¢ ¯°¨³½«®¢»¥ ¬ ±±».

�«¿ ®¯°¥¤¥«¥¨¿ ¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨©, ¯« ±²¨·¥±ª®© ° ¡®²» ¨

¢³²°¥¥© ½¥°£¨¨   ®¢®¬ ¢°¥¬¥®¬ ±«®¥ ¢ ª ¦¤®¬ ª®¥·®¬ ½«¥¬¥²¥

k ¤¥« ¥²±¿ ±«¥¤³¾¹¥¥:

[F�1]n
k
=

McX
l=1

rn

kl

o
x
n

C(k;l) ; ["]n
k
= 0:5(I � [F�T]n

k
� [F�1]n

k
) ; ["1]

n

k
= I : ["]n

k
=3

["0]n
k
= ["]n

k
� ["1]

n

k
I ; [�0]n

k
= 2�(["0]n

k
� ["p]

n

k
) ; [L]n+1

k
=

McX
l=1

rn

kl
un+1
C(k;l) (3:10)

�
n+1
k

= H([�0]n
k
: [�0]n

k
� [k2

p
]n
k
)H([�0]n

k
) : [L]n+1

k
)[�0]n

k
) : [L]n+1

k
[k�2
p
]n
k

  ¤ «¥¥ ¯°¨¬¥¾²±¿ ±®®²¢¥²±²¢³¾¹¨¥ ´®°¬³«» (3.6). �¤¥±¼ ¢¥ª²®°» rn

kl

¯°¥¤±² ¢«¿¾² ¤¨±ª°¥²»© ®¯¥° ²®° ¯°®±²° ±²¢¥®£® ¤¨´´¥°¥¶¨°®¢ -

¨¿ ¢  ª²³ «¼®© ª®´¨£³° ¶¨¨. �£® ®¯°¥¤¥«¥¨¥ ¤«¿ ¶¥²°®¢ ±¨¬¯«¥ª±-

½«¥¬¥²®¢ ¯® ¬¥²®¤³ ª®¥·»µ ½«¥¬¥²®¢ (�¥£¥°«¨¤ [193]) ±®¢¯ ¤ ¥² ±

¥±²¥±²¢¥®©  ¯¯°®ª±¨¬ ¶¨¥© ¯°®¨§¢®¤»µ (�¨«ª¨± [200]). � ±«³· ¥ ¯°®-

±²° ±²¢¥® ¤¢³¬¥°»µ § ¤ · ¨¬¥¥¬ (e1 ¨ e2 - ¤¥ª °²®¢» ®°²», x1 ¨ x2 -

±®®²¢¥²±²¢³¾¹¨¥ ª®®°¤¨ ²»):

rn

kl
� e1 = 0:5((x2)

n

C(k;l+1) � (x2)
n

C(k;l�1))[V
�1]n

k

rn

kl � e2 = 0:5((x1)
n

C(k;l�1) � (x1)
n

C(k;l+1))[V
�1]nk (3:11)
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£¤¥ ¯°¨ l =Mc ¯®« £ ¥¬ C(k; l+1) = C(k; 1) ,   ¯°¨ l = 1 ¯°¨¨¬ ¥¬C(k; l�

1) = C(k;Mc); [V ]
n

k
- ¯«®¸ ¤¼ k-© ¿·¥©ª¨ ¢  ª²³ «¼®© ª®´¨£³° ¶¨¨:

[V ]n
k
= 0:5

McX
l=1

(x1)
n

C(k;l)((x2)
n

C(k;l�1) � (x2)
n

C(k;l+1)) (3:12)

� ±±¬®²°¨¬ ¢»·¨±«¥¨¥ ³§«®¢»µ ±¨« Fn

i . �µ ±®±² ¢«¾¹¨¥ ¡¥§ ³·¥² 

ª®² ª²»µ ³±¨«¨© F(0)n

i
®¯°¥¤¥«¾²±¿ ¯³²¥¬ ±«¥¤³¾¹¨µ ®¯¥° ¶¨©:

F(0)n

i =
NcX
k=1

McX
l=1

[g1]
n

kl
~
H(i� C(k; l)) +

NbX
k=1

MbX
l=1

[g2]
n

kl
~
H(i� B(k; l)) (3:13)

£¤¥ ¢ª« ¤» g1 ¢ ³§«®¢»¥ ±¨«» ®²  ¯°¿¦¥¨© ¢ ½«¥¬¥² µ ®¯°¥¤¥«¿¾²±¿

² ª:

[F�1]n
k
=

McX
l=1

rn

kl

o

x
n

C(k;l) ; ["]n
k
= 0:5(I � [F�T]n

k
� [F�1]n

k
) ; ["1]

n

k
= I : ["]n

k
=3

["0]n
k
= ["]n

k
� ["1]

n

k
I ; [~�0]n

k
= 2�(["0]n

k
� ["p]

n

k
) ; [�0]n

k
= [kp]

n

k
[~�0]n

k
([~�0]n

k
: [~�0]n

k
)�1=2

(3:14)

["p]
n

k
= ["0]n

k
� [�0]n

k
=(2�) ; [�]n

k
= [�]0

k
det([F�1]n

k
) ; [p]n

k
= p([�]n

k
; [U ]n

k
)

[�]n
k
= �[p]n

k
I + [�0]n

k
; [V ]n

k
= [V ]0

k
[�]0

k
=[�]n

k
; [g1]

n

kl
= �[V ]n

k
[�]n

k
� rn

kl

¸¥±² ¿ ¨ ±¥¤¼¬ ¿ ´®°¬³«» §¤¥±¼ ¯°®¨§¢®¤¿² ª®°°¥ª¶¨¾  ¯°¿¦¥¨© ¨

¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨© ¯® �¨«ª¨±³ [200]. �ª« ¤» g2 ¢ ³§«®¢»¥ ±¨«»

®² ¢¥¸¨µ ¯®¢¥°µ®±²»µ  £°³§®ª ®¯°¥¤¥«¾²±¿ ² ª:

[g2]
n

kl =M
�1
b [P ]nkS

n

k ; (l = 1; 2; :::;Mb) (3:15)

£¤¥ Sn

k
- ¯«®¹ ¤¼ £° ¨·®£® ½«¥¬¥²  k, ®¯°¥¤¥«¿¥¬®£® ³§« ¬¨ B(k,l).

�®°¿¤®ª ° ±·¥²  ¯® ° ±±¬®²°¥®© ±µ¥¬¥ ²¨¯  "ª°¥±²" ² ª®¢. �  ¯¥°-

¢®¬ ½² ¯¥ (¯°¥¤¨ª²®° ³° ¢¥¨© ¤¢¨¦¥¨¿) ¯°®¢®¤¨²±¿ ¡¥§ ³·¥²  ª®-

² ª² . �  ¢²®°®¬ ½² ¯¥ (ª®°°¥ª²®° ³° ¢¥¨© ¤¢¨¦¥¨¿) ± ¯®¬®¹¼¾ ª®-

² ª²®£®  «£®°¨²¬  (±¬. ±«¥¤³¾¹³¾ £« ¢³) ®¯°¥¤¥«¾²±¿ §®  ª®² ª² ,

ª®² ª²»¥ ³±¨«¨¿ ¨ ®¢»¥ § ·¥¨¿ ±ª®°®±²¥© ¨ ª®®°¤¨ ²   ±«®¥ n+1.

�  ²°¥²¼¥¬ ½² ¯¥ ®¯°¥¤¥«¿¾²±¿ ®¢»¥ § ·¥¨¿ ¯« ±²¨·¥±ª¨µ ¤¥´®°¬ -

¶¨©, ¯° ª²¨·¥±ª®© ° ¡®²» ¨ ²¥¬¯¥° ²³°».
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�¤¥±¼ ±µ¥¬  �¨«ª¨±  [200] ° ±¯°®±²° ¥    ¥°¥£³«¿°»¥ ±¥²ª¨. �§-

¬¥¥ ¢»¡®° ®±®¢»µ ¯¥°¥¬¥»µ (¯« ±²¨·¥±ª¨¥ ¤¥´®°¬ ¶¨¨ ¢¬¥±²®  -

¯°¿¦¥¨©). �·²¥» ½´´¥ª²» ³¯°®·¥¨¿ ¨ ²¥°¬®½´´¥ª²». �§¬¥¥ °¥-

£³«¿°¨§ ²®° °¥¸¥¨¿ ¢ ®ª°¥±²®±²¨ ³¤ °»µ ¢®« (« ª±®¢  ¢¿§ª®±²¼ ¢¬¥-

±²® ª®¬¡¨ ¶¨¨ «¨¥©®© ¨ ª¢ ¤° ²¨·®© ²¥§®°®© ¿¢®© ¨±ª³±±²¢¥®©

¢¿§ª®±²¨). �®±²°®¥ ¡®«¥¥ ²®·»©  «£®°¨²¬ ° ±·¥²  ª®² ª²»µ £° ¨¶,

®¯¨±»¢ ¥¬»© ¤ «¥¥.

�°¨¬¥¥¨¥ ¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨© ¢¬¥±²®  ¯°¿¦¥¨© ¢ ª ·¥±²¢¥

®±®¢»µ ¨±ª®¬»µ ´³ª¶¨© ¤ ¥² «³·¸¥¥ ®¯¨± ¨¥ ½´´¥ª²®¢ ³¯°³£®±²¨

¬ ²¥°¨ « . �°¨·¨  ½²®£® ¢ ²®¬, ·²® ¯°¨ ·¨±²® ³¯°³£¨µ ¤¥´®°¬ ¶¨µ ¢  «-

£®°¨²¬¥, ¨§«®¦¥®¬ §¤¥±¼, ¨±¯®«¼§³¥²±¿ £¨¯¥°³¯°³£oe ®¯¨± ¨¥ ±¢®©±²¢

±°¥¤» (¥¤¨´´¥°¥¶¨ «¼®¥ ¯® ¢°¥¬¥¨), ·²® ®¡¥±¯¥·¨¢ ¥² § ¯®¬¨ ¨¥

±°¥¤®© ±¢®¥©  · «¼®© ª®´¨£³° ¶¨¨. �°¨ ¨±¯®«¼§®¢ ¨¨ ¦¥  ¯°¿¦¥¨©

ª ª ®±®¢»µ ¯¥°¥¬¥»µ ±°¥¤  ¿¢«¿¥²±¿ £¨¯®³¯°³£®© (¯°®¤¨´´¥°¥¶¨°®-

¢ »¥ ¯® ¢°¥¬¥¨ § ª®» ³¯°³£®±²¨). � ¯®±«¥¤¥¬ ±«³· ¥ ¨§-§   ª®¯«¥-

¨¿ ¯®£°¥¸®±²¥© ·¨±«¥®£® ¨²¥£°¨°®¢ ¨¿ ¯® ¢°¥¬¥¨ ° ±·¥² ³¯°³£¨µ

±®³¤ °¥¨© ±®¤¥°¦¨² ¤¥´¥ª²»: ·¨±«¥ ¿ ¬®¤¥«¼ ³¯°³£®£® ²¥«  ¥ ¢®±-

±²  ¢«¨¢ ¥² ±¢®¥© ´®°¬» ¯®±«¥ ³¯°³£®£® ³¤ °  ¨ ª®«¥¡«¥²±¿ ¢®§«¥ ®¢®©

¨±ª ¦¥®© ª®´¨£³° ¶¨¨ (¨§-§  ±·¥²»µ ®¸¨¡®ª ¢®§¨ª ¾² ®±² ²®·»¥

¤¥´®°¬ ¶¨¨). � ª¨¥ ®¸¨¡ª¨ ¨±ª ¦ ¾² °¥¸¥¨¥ ¨ ¤«¿ ¥³¯°³£®£® ³¤ ° .

�°¨¬¥¥¨¥ « ª±®¢®© ¢¿§ª®±²¨ ¢ ®ª°¥±²®±²¨ ³¤ °»µ ¢®« ¯®§¢®«¨«®

¯®¢»±¨²¼  ¤¥¦®±²¼  «£®°¨²¬ , ¨±ª«¾·¨²¼ ¯®«®±²¼¾ ² ª¨¥ ¥¯°¨¿²-

»¥ ±·¥²»¥ ½´´¥ª²», ª ª ¢»¢®° ·¨¢ ¨¥ « £° ¦¥¢»µ ¿·¥¥ª, ¯¨«®®¡° §-

®¥ ¯®¢¥¤¥¨¥ £° ´¨ª®¢ °¥¸¥¨¿, ¬¥«ª®¬ ±¸² ¡³¾ "¸³¬®¢³¾" ¥³±²®©-

·¨¢®±²¼,   ² ª¦¥ ¯®§¢®«¨«® ¨§¡ ¢¨²¼±¿ ®² ¥®¡µ®¤¨¬®±²¨ ¢ ª ¦¤®¬ ®-

¢®¬ ° ±·¥²¥ § ®¢® ¯®¤¡¨° ²¼ ¯®¤µ®¤¿¹¨¥ § ·¥¨¿ ª®½´´¨¶¨¥²®¢ ¨±-

ª³±±²¢¥®© ¢¿§ª®±²¨, ·²® ¯°¨µ®¤¨«®±¼ ¤¥« ²¼ ¯°¨ ¨±¯®«¼§®¢ ¨¨ ¨±ª³±-

±²¢¥®© ¢¿§ª®±²¨ ¬¥²®¤  �. �¨«ª¨± .

�·¥² ½´´¥ª²®¢ ³¯°®·¥¨¿ ¨ ²¥°¬®½´´¥ª²®¢ ¥ ±¢§  ± ª ª®©-«¨¡®

¯°¨¶¨¯¨ «¼®© ¯¥°¥¤¥«ª®©  «£®°¨²¬ ,   «¨¸¼ ¿¢«¿¥²±¿ ¥£® ¯®¯®«¥¨¥¬,

®²¢¥· ¾¹¨¬ ¯®²°¥¡®±²¨ «³·¸¥£® ®¯¨± ¨¿ ¯®¢¥¤¥¨¿ ±¯«®¸®© ±°¥¤».

�²¬¥²¨¬, ·²® ¢ § ¤ · µ ¤¨ ¬¨ª¨ ³¯°³£®¯« ±²¨·¥±ª®© ±°¥¤» ¤¨´´³-

§¨®»¥ ·«¥» ¢ ³° ¢¥¨¨ ¯°¨²®ª  ²¥¯«  ¯°¥¥¡°¥¦¨¬® ¬ «», ² ª ª ª

  ª®°®²ª¨µ ¨²¥°¢ « µ ¢°¥¬¥¨ ¤¨ ¬¨·¥±ª®£® ¯°®¶¥±±  ®¨ ¥ ³±¯¥¢ ¾²

¯°®¿¢¨²¼ ±¥¡¿ ¨ ¯°®¶¥±± ¢¥±¼¬  ¡«¨§®ª ª  ¤¨ ¡ ²¨·¥±ª®¬³.
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�±¯®«¼§³¥¬»¥ ¢ ¬¥²®¤¥ ½«¥¬¥² °»¥ ®¯¥° ¶¨¨ ®¡¬¥  ¨¬¯³«¼±®¬ (3.13)

ª®±¥°¢ ²¨¢», ² ª ª ª ±³¬¬  ®¡¬¥»µ ¢ª« ¤®¢ ¨¬¯³«¼±    £° ¨¶ µ

° ¢  ³«¾:
McX
l=1

g
n

kl
= 0

¢ ±¨«³   «®£¨·®£® ±¢®©±²¢  ¤¨±ª°¥²®£® ®¯¥° ²®°  ¯°®±²° ±²¢¥®£®

¤¨´´¥°¥¶¨°®¢ ¨¿.

� «¨·¨¥ ¢ ¬¥²®¤¥ ¥ª®±¥°¢ ²¨¢»µ ®¯¥° ¶¨© ®±°¥¤¥¨¿ ±ª®°®±²¥©

(3.11), ¥®¡µ®¤¨¬»µ ¤«¿ ¯®¤ ¢«¥¨ ª®°®²ª®¢®«®¢»µ ¢®§¬³¹¥¨©, ¤¥« ¥²

¥®¡µ®¤¨¬»¬ ª®²°®«¼ ²®·®±²¨ °¥¸¥¨¿ ¯® ¨¬¯³«¼±³. �°®¬¥ ²®£®, ª ª

®¡»·® ¢ ±µ¥¬ µ ²¨¯  "ª°¥±²" (� ¬ °±ª¨©, �®¯®¢ [192], �¨«ª¨± [200]), ¥-

®¡µ®¤¨¬ ª®²°®«¼ ¡ « ±»µ ½¥°£¥²¨·¥±ª¨µ ¨²¥£° «¼»µ ±®®²®¸¥¨©

(ª®²°®«¼ ¯® ½¥°£¨¨).

�«®¦®±²¼ ¥«¨¥©®© ±¨±²¥¬» ³° ¢¥¨© ¯®¤° §¤. 3.1 ¨ ¥°¥£³«¿°»©

µ ° ª²¥° ¸ ¡«®®¢ ±¥²ª¨ ¥ ¯®§¢®«¿¾² ¯°®¢¥±²¨  ¯°¨®°®¥ ¨±±«¥¤®¢ ¨¥

±µ®¤¨¬®±²¨ ¬¥²®¤ . �«¿ ®¤®¬¥°»µ § ¤ · ¢ £ §®¤¨ ¬¨·¥±ª®¬ ¯°¨¡«¨-

¦¥¨¨ ±µ¥¬» ²¨¯  "ª°¥±²" ¨±±«¥¤®¢ » � ¬ °±ª¨¬ ¨ �®¯®¢»¬ [192]. � -

«®£¨·®¥ ¨±±«¥¤®¢ ¨¥ ± ¨±¯®«¼§®¢ ¨¥¬ ¯¥°¢»µ ¤¨´´¥°¥¶¨ «¼»µ ¯°¨-

¡«¨¦¥¨© ¯® �¨°²³ [181] ¨ �®ª¨³ [211]) ¯®ª §»¢ ¥², ·²® ¬¥²®¤ ³±²®©·¨¢

¯°¨ ®¡»·®¬ ®£° ¨·¥¨¨ ¯® ·¨±«³ �³° ² 

�tn = min
k in


0B@ 1

c
n

k
(max

l

(jrn

kl
� e1j; jr

n

kl
� e2j)))�1

1CA (3:16)

�°¨ ¡®«¼¸¨µ ±ª®°®±²¿µ ³¤ °  (¯®°¿¤ª  ±ª®°®±²¨ §¢³ª ) ¢¢®¤¨«®±¼ ¤®-

¯®«¨²¥«¼®¥ ®£° ¨·¥¨¥ "¯® ²®·®±²¨"   ¸ £ ¢® ¢°¥¬¥¨, ¢»° ¦ ¾¹¥¥

²°¥¡®¢ ¨¥ ¤®±² ²®·®© ¬ «®±²¨ ¯°¨° ¹¥¨© ¤¥´®°¬ ¶¨¨

�tn � �"max

 
max
k2


([e]nk : [e]
n

k)
1=2
)

!
�1

(3:17)

£¤¥ �"max = 0:1"s - ¬ ª±¨¬ «¼® ¤®¯³±²¨¬®¥ ¯°¨° ¹¥¨¥ ¤¥´®°¬ ¶¨¨  

¸ £¥ ¯® ¢°¥¬¥¨, "s - ¤¥´®°¬ ¶¨¿, ®²¢¥· ¾¹ ¿ ¯°¥¤¥«³ ²¥ª³·¥±²¨.
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3.2.4. �µ¥¬  ª¢ §¨¢²®°®£® ¯®°¿¤ª  ²®·®±²¨.

�  ¿ ±µ¥¬  ¤«¿ £¨¯¥°¡®«¨·¥±ª®£® ³° ¢¥¨¿ ¯¥°¥®±  ®¯¨±   ¢ ª¨£¥

�®²²¥°  [171]. �  ¸¥¬ ±«³· ¥ ±µ¥¬  ¨¬¥¥² ¢¨¤:

Mi(u
n+1
i � uni ) = ((1 + �

�
)Fn

i � �
�
Fn

i )�tn ; i 2 !n!u

un+1
i

= un+1
�i

; i 2 !u

["p]
n+1
k

= ["p]
n

k
+ (�n+1

k
[�0]n

k
� ["p]

n

k
� [L]n+1

k
� [LT ]n+1

k
� ["p]

n

k
)�tn ; k 2 


[U ]n+1k = [U ]nk + [�0]nk : [L]
n+1
k �tn=[�]

n

k ; k 2 
 (3:18)

[ap]
n+1
k

= [ap]
n

k
+ �

n+1
k

[�0]n
k
: [�0]n+1

k
�tn ; k 2 


xn+1
i

= xn
i
+ un+1

i
�tn ; i 2 !

£¤¥ 0:1 < �
�
< 0:5- ¬ «®¥ ¯®«®¦¨²¥«¼®¥ ·¨±«®. � «®£®¬ ½²®© ±µ¥¬» ¨-

²¥£°¨°®¢ ¨¿ ¯® ¢°¥¬¥¨ ¤«¿ ±«³· ¿ § ¤ · �®¸¨ ¤«¿ ®¡»ª®¢¥»µ ¤¨´-

´¥°¥¶¨ «¼»µ ³° ¢¥¨© ¿¢«¿¥²±¿ ±µ¥¬  �¤ ¬± -� ¸´®°²  (²°¥µ±«®© ¿

±µ¥¬ ). �±«®¢¨¿ ³±²®©·¨¢®±²¨ ¤«¿ ½²®© ±µ¥¬», ª ª ¯®ª §»¢ ¥²   «¨§ �³-

°¼¥ ¤«¿ ¬®¤¥«¼®© § ¤ ·¨ ± ³° ¢¥¨¥¬ ¯¥°¥®± , ¿¢«¿¾²±¿ ¢¤¢®¥ ¡®«¥¥

®£° ¨·¨²¥«¼»¬¨, ¥¦¥«¨ ³±«®¢¨¿ �³° ²  (3.16). �«¿ § ¤ · ¤¨ ¬¨ª¨

³¯°³£®¯« ±²¨·¥±ª®© ±°¥¤» ±µ¥¬  (3.18) ¢¯¥°¢»¥ ¯°¨¬¥¥  ¢  ±²®¹¥© ° -

¡®²¥.

3.2.5. �®«®±²¼¾ ª®±¥°¢ ²¨¢ ¿ ±µ¥¬ .

�²  ±µ¥¬  ¯®¤°®¡® ®¡±³¦¤ ¥²±¿ ¢ ª¨£¥ � ¬ °±ª®£® ¨ �®¯®¢  [192]

¯°¨¬¥¨²¥«¼® ª § ¤ · ¬ £ §®¢®© ¤¨ ¬¨ª¨ ¢ « £° ¦¥¢»µ ¯¥°¥¬¥»µ

(¢ ±«³· ¥ ¯®¤µ®¤  � £° ¦ ). �  ¸¥¬ ±«³· ¥ ®  ¬®¦¥² ¡»²¼ § ¯¨±   ¢

±«¥¤³¾¹¥¬ ¢¨¤¥:

Mi(u
n+1
i

� un
i
) = Fn

i
�tn ; i 2 !n!u

un+1
i

= un+1
�i

; i 2 !u

["p]
n+1
k

= ["p]
n

k
+ (�

n+1=2
k

[�0]n
k
� ["p]

n

k
� [L]

n+1=2
k

� [LT ]
n+1=2
k

� ["p]
n

k
)�tn ; k 2 


[U ]n+1
k

= [U ]n
k
+ [�0]n

k
: [L]

n+1=2
k

�tn=[�]
n

k
; k 2 
 (3:19)

[ap]
n+1
k = [ap]

n

k + �

n+1=2
k [�0]nk : [�

0]n+1k �tn ; k 2 
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xn+1
i

= xn
i
+ u

n+1=2
i �tn ; i 2 !

£¤¥ ¢¢¥¤¥» ®¡®§ ·¥¨¿:

L

n+1=2
k

= 0:5(Ln

k
+ L

n+1
k

) ; u
n+1=2
i

= 0:5(un
i
+= bfu

n+1
k

) (3:20)

�

n+1=2
k

= 0:5(�n
k
+ �

n+1
k

) (3:21)

�²¬¥²¨¬, ·²® ¢ ¨±µ®¤®© ´®°¬¥ ±µ¥¬  (3.19) ±« ¡® ¥³±²®©·¨¢  (±¬. � -

¬ °±ª¨© ¨ �®¯®¢ [192]). �«¿ ³±²° ¥¨¿ ½²®£® ¥¤®±² ²ª  ¢ ° ±·¥²¥ ¨±-

¯®«¼§®¢ « ±¼ ¬ « ¿ ¨±ª³±±²¢¥ ¿ ¢§ª®±²¼ ¢ ¢¨¤¥ ²¥§®°  ¢¿§ª¨µ  ¯°¿¦¥-

¨©:

�v = �pvI + �
0

v ; pv = �Kr � u�t=2 ; �
0 = 2�e0�t=2 (3:22)

�±²®©·¨¢®±²¼ ±µ¥¬» ¯°¨  «¨·¨¨ ¢¿§ª®±²»µ ·«¥®¢ «¥£ª® ³±²  ¢«¨¢ -

¥²±¿ ¨§   «¨§  ¯¥°¢®£® ¤¨´´¥°¥¶¨ «¼®£® ¯°¨¡«¨¦¥¨¿, ª®²®°»© ¨ ¯®¤-

±ª §»¢ ¥² ¢¨¤ ·«¥®¢ (3.22).

�²¬¥²¨¬, ·²® ¯°¨ ¡®«¼¸¨µ ±ª®°®±²¿µ ³¤ °  ¢ ±µ¥¬» (3.18),(3.19) ¯°¨-

µ®¤¨²±¿ ¢¢®¤¨²¼ °¥£³«¿°¨§ ²®° � ª±  [457] (±¬. (3.6), ¯¥°¢ ¿ ±²°®ª , (3.8),

(3.9)) ¤«¿ ³±²° ¥¨¿ ®±¶¨««¶¨© ¢ §®¥ ±¨«¼»µ ³¤ °»µ ¢®«.

�µ¥¬  (3.19) ¡»«  ¯®«³·¥  ¢ ° ¡®² µ � ¬ °±ª®£®, �®¯®¢  [192] ± ¯®-

¬®¹¼¾ ¨²¥£°®-¨²¥°¯®«¶¨®®£® ¬¥²®¤  ¨ ¢ ° ¡®² µ T¨¸ª¨  [198] ±

¯®¬®¹¼¾ ¬¥²®¤ , ®±®¢ ®£®   ¯°¿¬®©  ¯¯°®ª±¨¬ ¶¨¨ � ¬¨«¼²®¨  .

�®²¿ ° §®±²»¥ ³° ¢¥¨¿ ¢ ½²¨µ ¤¢³µ ±«³· µ ¢® ¬®£®¬ ±®¢¯ ¤ ¾² ±

° ±±¬®²°¥®© §¤¥±¼ £ «¥°ª¨±ª®© ¢ °¨ ¶¨®®© ¢¥°±¨¥©,  «£®°¨²¬» ®²-

«¨· ¾²±¿ ¯®°¿¤ª®¬ ¯°®¢¥¤¥¨¿ ¢»·¨±«¥¨©: ¢ °¨ ¶¨® ¿ ¢¥°±¨¿ ½ª®®¬-

¥¥, ² ª ª ª ª ¦¤ ¿ ¿·¥©ª  ±¥²ª¨ ®¡° ¡ ²»¢ ¥²±¿ ²®«¼ª® ®¤¨ ° §   ¸ £¥

¯® ¢°¥¬¥¨. �²® § ¬¥· ¨¥ ®¡ ½ª®®¬¨·®±²¨ ¨±¯®«¼§³¥¬®£® ¯®¤µ®¤  ®²-

®±¨²±¿ ¨ ª ±µ¥¬ ¬ (3.6), (3.18).

3.2.6. �¢ §¨¼¾²®®¢±ª ¿ ¥¿¢ ¿ ±µ¥¬ .

�°®±²¥©¸ ¿ ¥¿¢ ¿ ±µ¥¬  ¤«¿ § ¤ · ³¯°³£®¯« ±²¨·®±²¨, ®±®¢  ¿

  ª¢ §¨«¨¥ °¨§ ¶¨¨ ¨±µ®¤»µ ¥«¨¥©»µ ³° ¢¥¨© ¨ ¨±¯®«¼§³¾¹ ¿  

ª ¦¤®¬ ¸ £¥ ¯® ¢°¥¬¥¨ ®¤³ ¨²¥° ¶¨¾ ¯® ¬¥²®¤³ �¼¾²® , ¨¬¥¥² ¢¨¤

(®¡®§ ·¥¨¿, ¯°¨¿²»¥ ¤«¿ ¿¢»µ ±µ¥¬, §¤¥±¼ ±®µ° ¾²±¿):

Mi(u
n+1
i � uni )=�tn = Fn

i + (Ft)
n+1
i �tn=2 ; i 2 !n!u
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un+1
i

= un+1
�i

; i 2 !u

("p)
n+1
k

= ("p)
n

k
+
�
(�)n+1

k
(�0)n

k
� ("p)

n

k
� (L)n+1

k
� (LT )n+1

k
� ("p)

n

k

�
�tn ; k 2 


(U)n+1
k

= (U)n
k
+ (�0)n

k
: (L)n+1

k
=(�)n

k
; k 2 
 (3:23)

(ap)
n+1
k = (ap)

n

k + �
n+1
k (�0)nk : (�

0)n+1k �tn ; k 2 


xn+1
i

= xn
i
+ un+1

i
�tn ; i 2 !

£¤¥

(L)n+1
k

=
McX
j=1

rn

kj
un+1
C(k;j)

�
n+1
k

= H((�0)n
k
: (�0)n

k
� (k2

p
)n
k
)H((�0)n

k
: (L)n

k
)(�0)n

k
: (L)n+1

k

(Ft)
n+1
i

=
NcX
k=1

McX
j=1

(g)n+1
kj

~
H(i� C(k; j)) +

NbX
k=1

MbX
j=1

(b)n+1
kj

~
H(i� B(k; j))

gn+1
kj

= �tnV
n

k
rn

kj
� (�((L+ LT)n+1k �

2

3
�I(I : Ln+1k )� 2�(�)n+1k (�0)nk+

+I(
dp

d�

�)n
k
(I : Ln+1

k
))

Cµ¥¬  (3.23) ¨¬¥¥² ¯®·²¨ ¢²®°®© ¯®°¿¤®ª ²®·®±²¨ ¨ ¡¥§³±«®¢® ³±²®©-

·¨¢ . � £ ¯® ¢°¥¬¥¨, ²¥¬ ¥ ¬¥¥¥, ®£° ¨·¥ ³±«®¢¨¥¬ ²®·®±²¨

�tn � �"max

 
max
k2


([e]n
k
: [e]n

k
)
1=2
!
�1

(3:24)

£¤¥ �"max ¬ ª±¨¬ «¼® ¤®¯³±²¨¬®¥ ¯°¨° ¹¥¨¥ ¤¥´®°¬ ¶¨©   ¸ £¥ ¯®

¢°¥¬¥¨. � ¯° ª²¨·¥±ª¨µ ° ±·¥² µ - �"max � 0:1"s , ("s - ¤¥´®°¬ ¶¨¿,

®²¢¥· ¾¹ ¿ ¯°¥¤¥«³ ²¥ª³·¥±²¨.

�®°¿¤®ª ¢»·¨±«¥¨© ¯® ±µ¥¬¥ (3.22)-(3.23) ¯®·²¨ ² ª®¢ ¦¥, ª ª ¨ ¤«¿ ¿¢-

»µ ±µ¥¬. � ±«³· ¥ ¥¢®© ±µ¥¬» ¯°¨° ¹¥¨¿ ª®®°¤¨ ² �xn+1i (¨«¨ ±ª®-

°®±²¨ �un+1i ) ®¯°¥¤¥«¿¾²±¿ ¨§ °¥¸¥¨¿ ¢±¯®¬®£ ²¥«¼®© «¨¥ °¨§®¢ ®©

ª° ¥¢®© § ¤ ·¨, ª®²®° ¿ ¢ ±®®²¢¥²±²¢¨¨ ± ¯°¨¿²»¬¨  ¯¯°®ª±¨¬ ¶¨¿¬¨

¯°¥¤±² ¢«¥  «¨¥©®© ±¨±²¥¬®©  «£¥¡° ¨·¥±ª¨µ ³° ¢¥¨© (����):

Mi

1

�tn

0@�xn+1i

�tn
� un

i

1A = Fn

i
+ (Ft)

n+1
i

�tn=2 ; i 2 !n!u

�xn+1
i

= un+1
i�

�tn ; i 2 !u (3:25)
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£¤¥ ¯°¨° ¹¥¨¿ ³§«®¢»µ ±¨« Ft
n+1
i

�tn, ª ª ¢¨¤® ¨§ ´®°¬³« (3.22)-(3.23),

¿¢«¿¾²±¿ «¨¥©»¬¨ ´³ª¶¨¿¬¨ ¯°¨° ¹¥¨© ª®®°¤¨ ² �xn+1i ,

� §°¥¸ ¾¹ ¿ ±¨±²¥¬  ³° ¢¥¨© (3.25) ¬®¦¥² ¡»²¼ § ¯¨±   ª° ²ª® ¢

±² ¤ °²®© ´®°¬¥

Ay = b (3:26)

£¤¥ y = f�xn+1i g
Nv

i=1 , A - ¬ ²°¨¶  "¦¥±²ª®±²¨", b - ¨§¢¥±²»© ¢¥ª²®°

¯° ¢»µ · ±²¥©; ·¨±«® ¥¨§¢¥±²»µ ° ¢® ·¨±«³ ³§«®¢»µ ª®¬¯®¥²®¢ ¯¥-

°¥¬¥¹¥¨¿ ¨«¨ ±ª®°®±²¨ (mNv, £¤¥ m - ° §¬¥°®±²¼ ¨±µ®¤®© ¤¨´´¥°¥-

¶¨ «¼®© § ¤ ·¨). �° ¤¨¶¨®»© ��� ¯®¤° §³¬¥¢ ¥² ¿¢®¥ ´®°¬¨°®¢ -

¨¥ ���� (3.26),   ¨¬¥® ®¯°¥¤¥«¥¨¥ ¬ ²°¨¶» ���� ("ª®¤¥± ¶¨¿

¬ ²°¨¶» ¦¥±²ª®±²¨") c ¯®±«¥¤³¾¹¥© ¡®°¼¡®© ± ¨§¢¥±²»¬¨ ¯°®¡«¥¬ ¬¨

¬¨¨¬¨§ ¶¨¨ ¯ ¬¿²¨, ²°¥¡³¥¬®© ¤«¿ µ° ¥¨¿ ½²®© ¬ ²°¨¶», ®¯²¨¬¨§ -

¶¨¨ ¥¥ § ¯®«¥¨¿ c ¶¥«¼¾ ¯®«³·¥¨¨¿ «¥²®·®© ±²°³ª²³°» ¬ ²°¨¶» ¯³-

²¥¬ ®¯²¨¬¨¬ «¼®© ¯¥°¥³¬¥° ¶¨¨ ³§«®¢ ±¥²ª¨, ¤ «¥¥ ±«¥¤³¾² ¯°®¡«¥¬ 

¯®±²°®¥¨¿  «£®°¨²¬  ®¡° ¹¥¨¿ ¬ ²°¨¶», ®¯²¨¬¨§ ¶¨¨ ®¡¬¥®¢ ± ¢¥¸-

¥© ¯ ¬¿²¼¾ ¨ ² ª ¤ «¥¥.

� ·¨²¥«¼® ¡®«¥¥ ¯°®±²®© ¨ ½´´¥ª²¨¢»© ±¯®±®¡ °¥¸¥¨¿ § ¤ ·¨

(3.25), ¥ ±¢¿§ »© ± ³ª § »¬¨ ¢»¸¥ "§ ¬®°®·ª ¬¨", ®±®¢    ¡¥§-

¬ ²°¨·®© ´®°¬¥ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢, ¯°¥¤«®¦¥®© �³° £® ¨

�³ª³¤¦ ®¢»¬ [34, 43, 45] ¨ ° ±±¬ ²°¨¢ ¥²±¿ ¨¦¥.

3.2.7. �¥¸¥¨¥ ¢±¯®¬®£ ²¥«¼»µ § ¤ · ¬¥²®¤®¬ ±®¯°¿¦¥»µ

£° ¤¨¥²®¢.

� ²°¨¶³ ¦¥±²ª®±²¨ A ±¯¥¶¨ «¼® ´®°¬¨°®¢ ²¼ ¨ § ¯®¬¨ ²¼ ¥ ¯®²°¥-

¡³¥²±¿, ¥±«¨ ¢®±¯®«¼§®¢ ²¼±¿ ª ª¨¬-«¨¡® ¨²¥° ¶¨®»¬ ¬¥²®¤®¬ °¥¸¥¨¿,

¨±¯®«¼§³¾¹¨¬ ¥¢¿§ª¨ ³° ¢¥¨© (3.26):

g = Ay � b =

24
Mi

1

�tn

0@�xn+1i

�tn
� un

i

1A � Fn

i
� (Ft)

n+1
i

�tn=2

35Nv

i=1

(3:27)

�¥©±²¢¨²¥«¼®, ¢»·¨±«¥¨¥ ¥¢¿§®ª g ¤«¿ «¾¡®£® § ¤ ®£® "¯°¨¡«¨¦¥-

®£® °¥¸¥¨¿" y ¬®¦® ¢»¯®«¨²¼, ¥ ¨±¯®«¼§³¿ ¿¢® ¬ ²°¨¶³ ¦¥±²ª®-

±²¨. �³±²¼ ¢¥ª²®° ¯°¨¡«¨¦¥®£® °¥¸¥¨¿ y = (�xn+1i )Nv

i=1 § ¤ . �®£¤ 

¯® ´®°¬³« ¬ (3.22) -(3.23) ¯®±«¥¤®¢ ²¥«¼® ¢»·¨±«¿¥¬ ¢¥«¨·¨»:

Ln+1
k

; �
n+1
k

; :::;Fn

i
;Ft

n+1
i
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�ª®· ²¥«¼® ¢¥ª²®° ¥¢¿§ª¨ ®¯°¥¤¥«¿¥²±¿ ¥¯®±°¥¤±²¢¥® ±®®²®¸¥¨-

¿¬¨ (3.27).

�²®«¼ ¦¥ ¯°®±²® ®¯°¥¤¥«¿¥²±¿ ¨ ®¤®°®¤ ¿ · ±²¼ ¥¢¿§ª¨ (~g = Ay):

g = Ay =

24
Mi

1

�tn

0@�xn+1i

�tn

1A � (Ft)
n+1
i �tn=2

35Nv

i=1

(3:28)

�±®, ·²® ±°¥¤¨ ¬®¦¥±²¢  ¨²¥° ¶¨®»µ ¬¥²®¤®¢ ¦¥« ²¥«¼® ¢»¡° ²¼

 ¨¡®«¥¥ ½´´¥ª²¨¢»© ¨ ¯°®±²®© ¢ °¥ «¨§ ¶¨¨. �   ¸ ¢§£«¿¤ ² ª¨¬

¬¥²®¤®¬ ¿¢«¿¥²±¿ ¬¥²®¤ ±®¯°¿¦¥»µ £° ¤¨¥²®¢ �¥±²¥±  ¨ �²¨´¥«¿

[388]. �²®² ¨²¥° ¶¨®»©  «£®°¨²¬ ±² °²³¥² ± ¥ª®²®°®£®  · «¼®£®

¯°¨¡«¨¦¥¨¿ ª ¨±ª®¬®¬³ °¥¸¥¨¾ y0:

g0 = Ay0 � b ; p0 = g0 (3:29)

¨ ¤ «¥¥ ¯®¤° §³¬¥¢ ¥² ±¤¥¤³¾¹¨¥ ¢»·¨±«¥¨¿ ¤«¿ ¨²¥° ¶¨© s = 1; ::::

�s = (gs�1 � gs�1)=(Aps�1 � ps�1)

ys = ys�1 � �sps�1

gs = gs�1 � �sAps�1

�s = (gs � gs)=(gs�1 � gs�1)

ps = gs + �sps�1 (3:30)

£¤¥ g ¨ ° - ¢¥ª²®°» £° ¤¨¥²  ¨ ±®¯°¿¦¥®£® " ¯° ¢«¥¨¿ ¯®¨±ª ". �¥-

²®¤ ±®¯°¿¦¥»µ £° ¤¨¥²®¢ ¢»° ¡ ²»¢ ¥² ¡ §¨± ps ; s = 0; 1; :::, ¢ ª®¥·-

®¬¥°®¬  °¨´¬¥²¨·¥±ª®¬ ¯°®±²° ±²¢¥ ¢¥ª²®°®¢ y, ¯®½²®¬³ ²¥®°¥²¨·¥-

±ª¨ ·¨±«® ¨²¥° ¶¨©, ¥®¡µ®¤¨¬»µ ¤«¿ ®²»±ª ¨¿ °¥¸¥¨¿, ¥ ¯°¥¢»¸ ¥²

·¨±«  ¨±ª®¬»µ ª®¬¯®¥²®¢ ¢¥ª²®°  y.

� ±®¦ «¥¨¾, ¯°®¶¥±± (3.29)-(3.30) ¿¢«¿¥²±¿ ¢¥±¼¬  ·³¢±²¢¨²¥«¼»¬ ª

®¸¨¡ª ¬ ®ª°³£«¥¨¿ ¨, ¯®½²®¬³, ¬®¦¥² ¡»²¼ ¥³±²®©·¨¢»¬.

�²®¡» ³¬¥¼¸¨²¼ ¢«¨¿¨¿ ®¸¨¡®ª ®ª°³£«¥¨¿, ¥¨§¡¥¦»µ ¯°¨ ¢»·¨-

±«¥¨¿µ   ���, ¢ ° ¡®²¥ �°¥¬¨  ¨ � °¼¿¸ª¨  [94] (² ¬ ¦¥ ¤ «¼¥©¸¨¥

±±»«ª¨) ¡»«® ¯°¥¤«®¦¥® ¯¥°¥¤ °¥¸¥¨¥¬ ±¨±²¥¬» ³° ¢¥¨© ¯°¥¤¢ °¨-

²¥«¼® ¯°¥®¡³±«®¢¨²¼ ¥¥ ¯³²¥¬ ¤®¬®¦¥¨¿   ¯°¨¡«¨¦¥³¾ ®¡° ²³¾

¬ ²°¨¶³. �«¿ ¯°¥®¡³±«®¢«¥®© ±¨±²¥¬» ³° ¢¥¨© ¨²¥°¢ « ¨§¬¥¥¨¿

§ ·¥¨© ±®¡±²¢¥»µ ·¨±¥« ¬ ²°¨¶» ³¬¥¼¸ ¥²±¿, ·¨±«® ®¡³±«®¢«¥®±²¨
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(®²®¸¥¨¥ ¬ ª±¨¬ «¼®£® ±®¡±²¢¥®£® ·¨±«  ¬ ²°¨¶» ª ¬¨¨¬ «¼®¬³)

¯°¨¡«¨¦ ¥²±¿ ª ¥¤¨¨¶¥, ¢«¨¿¨¥ ®¸¨¡®ª ®ª°³£-«¥¨¿ ±² ®¢¨²±¿ ¯°¥¥-

¡°¥¦¨¬® ¬ «»¬ ¨ ±µ®¤¨¬®±²¼ ¨²¥° ¶¨© ¢®±±²  ¢«¨¢ ¥²±¿.

�³±²¼ ��1 - ¯°¨¡«¨¦¥ ¿ ®¡° ² ¿ ª A ¬ ²°¨¶ . �¡®¡¹¥»© ¬¥²®¤

±®¯°¿¦¥»µ £° ¤¨¥²®¢ ¨¬¥¥² ±«¥¤³¾¹¨© ¢¨¤: ¤«¿ s = 0 ¯®« £ ¥²±¿:

g0 = Ay0 � b ; h0 = B
�1g0 ; p0 = h0

¨ ¤ «¥¥ ¤«¿ s = 1; 2; ::: ¨¬¥¥¬:

�s = (gs�1 � hs�1)=(Aps�1 � ps�1)

ys = ys�1 � �sps�1

gs = gs�1 � �sAps�1

hs = B
�1gs

�s = (gs � hs)=(gs�1 � hs�1)

ps = hs + �sps�1 (3:31)

� ª ·¥±²¢¥ ¬ ²°¨¶»� ¢  ±²®¹¥© ° ¡®²¥ ¨±¯®«¼§®¢ « ±¼ ¤¨ £® «¼ ¿ ¬ -

²°¨¶ , ±®±² ¢«¥ ¿ ¨§ ¤¨ £® «¼»µ ½«¥¬¥²®¢ "³¯°³£®© ¬ ²°¨¶» ¦¥±²-

ª®±²¨". � ª ¿ ¬ ²°¨¶  � ®¡° ¹ ¥²±¿ ²°¨¢¨ «¼® ®¤¨ ° § ¯¥°¥¤  · «®¬

¯°®¶¥±±  (3.31). �¯¥° ¶¨¿ B�1g ±¢®¤¨²±¿ ª ¯®ª®¬¯®¥²®¬³ ³¬®¦¥¨¾

¤¢³µ ¢¥ª²®°®¢.

�°¨²¥°¨¥¬ ®±² ®¢ª¨ ¨²¥° ¶¨®®£® ¯°®¶¥±±  (3.31) ¿¢«¿¥²±¿ ±«¥¤³¾-

¹¨©:

(gs � hs) < "
2
�
_ (ps�1 � ps�1)�

2
s
< "

2
�

(3:32)

£¤¥ "
�
- "¬ ¸¨®¥ ½¯±¨«®" (�¥²ª «´ [154]), ¯°¨¡«¨¦¥® ° ¢®¥ 10 � 6

¤«¿ ·¥²»°¥µ¡ ©²®¢®©  °¨´¬¥²¨ª¨.

� ±«³· ¥ (Aps�1 �ps�1) < "
2
�
¯®« £ «®±¼, ·²® ¬¥²®¤ ¤ ¥² ®²ª § ¨§-§  ²®£®,

·²® § ¤ ·  ¢»°®¦¤¥ ,   ¯°¨ ¥¢»¯®«¥¨¨ ³±«®¢¨© (3.32) ¤«¿ i > 2N

( N- ·¨±«® ¥¨§¢¥±²»µ) ¯®« £ «®±¼, ·²® "§ ¤ ·  ¯«®µ® ®¡³±«®¢«¥ ". �

½²¨µ ±«³· µ ¬¥²®¤ (3.31) ¥ ¯®§¢®«¿¥² ®¯°¥¤¥«¨²¼ °¥¸¥¨¥ «¨¡® ¢ ±¨«³

¥¥¤¨±²¢¥®±²¨ °¥¸¥¨¿ (²®·ª  ¢¥²¢«¥¨¿), «¨¡® ¢ ±¨«³ ®·¥¼ ¯«®µ®©

®¡³±«®¢«¥®±²¨ § ¤ ·¨. �° ª²¨·¥±ª¨ ¦¥ ¢ ² ª¨µ °¥¤ª¨µ ±¨²³ ¶¨¿µ ¯°¨-

·¨» ®²ª §  § ª«¾· «¨±¼ ¢ ®¸¨¡ª µ ¢ § ¤ ¨¨ ¢µ®¤»µ ¤ »µ «¨¡® ¤«¿

±¢®©±²¢ ±°¥¤», «¨¡® ¤«¿ ª° ¥¢»µ ³±«®¢¨©.

89



3.2.8. �¥ª²®°¨§ ¶¨¿ ¢»·¨±«¨²¥«¼®£® ¯°®¶¥±± .

�¯¨± »¥ ¢»¸¥ ±µ¥¬» µ®°®¸® ¯®¤¤ ¾²±¿ ¢¥ª²®°¨§ ¶¨¨, ².¥. ¯°¥¤±² -

¢«¾²±¿ ¢ ¢¨¤¥ ¶¥¯®·ª¨ ®¯¥° ¶¨© ±«®¦¥¨¿, ¢»·¨² ¨¿, ³¬®¦¥¨¿ ª®¬-

¯®¥² ¢¥ª²®°®¢ ¢»±®ª®© ° §¬¥°®±²¨ (° ¡®²» �³° £® ¨ �³ª³¤¦ ®¢ 

[42, 43, 45]). � ª¨¥ ®¯¥° ¶¨¨   ¬®£¨µ ±®¢°¥¬¥»µ ��� ¢»¯®«¾²±¿

  ¯®°¿¤®ª ¡»±²°¥¥ ®¡»·»µ ±ª «¿°»µ ®¯¥° ¶¨© §  ±·¥² ª®¢¥©¥°®© ®¡-

° ¡®²ª¨ ¤ »µ, ®°£ ¨§³¥¬®© ± ¯®¬®¹¼¾ ² ª  §»¢ ¥¬»µ "¢¥ª²®°»µ

³±ª®°¨²¥«¥© ¢»·¨±«¥¨©" (�®¤°¨£ , 1986). �  ±²®¹¥© ° ¡®²¥ ¨±¯®«¼§®¢ -

« ±¼ ��� �� 1055� ¨ ±¨±²¥¬  ³±ª®°¥¨¿ ¢»·¨±«¥¨© ����, ®¯¨±  ¿

¢ ° ¡®²¥ �®°¡³®¢  ¨ �°¿§®¢  [66].

�¬¥¾²±¿ ¤¢  "³§ª¨µ ¬¥±² *' ¢  «£®°¨²¬¥ ¢»·¨±«¥¨©, ª®²®°»¥ ¯°¨-

¸«®±¼ °¥ «¨§®¢ ²¼ ¢ ±ª «¿°®¬ ¢ °¨ ²¥. �¥°¢®¥ "³§ª®¥ ¬¥±²®" ±¢¿§ ® ±

¢»·¨±«¥¨¥¬ £° ¤¨¥²®¢ ±ª®°®±²¥© ¨«¨ ¯°¨° ¹¥¨© ¯¥°¥¬¥¹¥¨©:

Ln

k
�tn =

McX
j=1

rn

kj
�xn

C(k;j)

� «¨·¨¥ ±«®¦®£® ¨¤¥ª±  C(k; j) ¯®¤° §³¬¥¢ ¥² ¢»¡®°ª³ ¢¥«¨·¨ ¯®

±¯¨±ª³, ª®²®° ¿ ¨ ¯°®¨§¢®¤¨« ±¼ ¢ ±ª «¿°®¬ ¶¨ª«¥.

�²®°®¥ "³§ª®¥ ¬¥±²®" ±¢¿§ ® ± ° §®±ª®© ¢ª« ¤®¢ ¢ ¥¢¿§ª³ g ¨«¨, ·²®

²® ¦¥ ± ¬®¥, ¢ ¢¥ª²®°a F ¨ Ft ®² ½«¥¬¥²®¢ (° §®±ª  ¥¢¿§®ª ®² ½«¥¬¥-

²®¢   ³§«»). �®°¬³«  (3.23), °¥ «¨§³¾¹ ¿ ½²³ ®¯¥° ¶¨¾, ² ª¦¥ ±¢¿§  

± ° ¡®²®© ±® ±¯¨±ª®¬ �(k; j) (®¬¥°  ³§«®¢ ¢ ½«¥¬¥² µ) ¨ °¥ «¨§®¢  

¢ ±ª «¿°®¬ ¶¨ª«¥. �±¥ ®±² «¼»¥ ®¯¥° ¶¨¨ ¯°®¢®¤¨«¨±¼ ± ¨±¯®«¼§®¢ -

¨¥¬ ¢¥ª²®°»µ ®¯¥° ¶¨© ±¨±²¥¬» ���� ± ¢¥ª²®° ¬¨ ° §¬¥°®±²¨ N2 (

N2 - ·¨±«® ²®·¥ª ·¨±«¥®£® ¨²¥£°¨°®¢ ¨¿) ¤«¿ ¢»·¨±«¥¨¿ ¥¢¿§®ª ¨

± ¢¥ª²®° ¬¨ ° §¬¥°®±²¨ mN (·¨±«® ¨±ª®¬»µ ª®¬¯®¥²®¢ ¢¥ª²®°  g, N

- ·¨±«® ³§«®¢, m - ·¨±«® ¥§ ¢¨±¨¬»µ ¯°®±²° ±²¢¥»µ ¯¥°¥¬¥»µ) ¤«¿

¢»·¨±«¥¨© ¯® ¬¥²®¤³ ±®¯°¿¦¥»µ £° ¤¨¥²®¢.

� °¥§³«¼² ²¥ ¨±¯®«¼§®¢ ¨¿ ±¨±²¥¬» ���� § ²° ²» ¯°®¶¥±±®°®£®

¢°¥¬¥¨   § ¤ · µ ³¯°³£®¯« ±²¨·®±²¨ ±®ª° ²¨«¨±¼ ¢ 3-4 ° § . � ±®-

¦ «¥¨¾ ±°®ª ¨±¯®«¼§®¢ ¨¿ ¤ ®© (¢¥ª²®°¨§®¢ ®©) ¢¥°±¨¨  «£®°¨²¬ 

°¥¸¥¨¿ ¡»« ¥¤®«£¨¬: ·¥°¥§ ¤¢  £®¤  ¢ 1989 ª®¬¯¼¾²¥° �� 55M ¡»«

¤¥¬®²¨°®¢  ª ª ³±² °¥¢¸¨©.

�® ¯°®¸¥±²¢¨¨ ¢°¥¬¥¨ (®ª®«® 15 «¥²) ± ²¥µ ¯®° ª ª ½²¨ ° ±·¥²» ¡»«¨

¢»¯®«¥», ¶¥«¥±®®¡° §®±²¼ ®¯¨± ®© ¤¥¿²¥«¼®±²¨ ¯® ³±ª®°¥¨¾ ¢»·¨-
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±«¥¨© ¯°¥¤±² ¢«¿¥²±¿ ¢¥±¼¬  ±¯®°®©. �¦¥ ¤ ¢® ¥² ²®£® ª®¬¯¼¾²¥° 

(EC 55M) ¨ ¢¥ª²®°®£® ³±ª®°¨²¥«¿ (MAMO) ¨ ¯°®£° ¬¬», ±®±² ¢«¥»¥

± ¡®«¼¸¨¬ ²°³¤®¬, ¯°¥¢° ²¨«¨±¼ ¢ ¥³¦»© µ« ¬. �»¨£°»¸ ¢ ¡»±²°®-

¤¥©±²¢¨¨ (¢ 3-4 ° § ) ¥ ±²®¨«, ª ª ²¥¯¥°¼ ª ¦¥²±¿, § ²° ² ²°³¤    ¥£®

¯®«³·¥¨¥.

3.2.9. �°¨¬¥¥¨¥ ¨²¥° ¶¨©   ¢«®¦¥»µ ±¥²ª µ.

�±¯®«¼§®¢ ¨¥ ¯®±«¥¤®¢ ²¥«¼®±²¨ ¢«®¦¥»µ ±¥²®ª ¢ ¨²¥° ¶¨®»µ

 «£®°¨²¬ µ °¥¸¥¨¿ ±«³¦¨² ¥¹¥ ®¤¨¬ ¯³²¥¬ ª ¯®¢»¸¥¨¾ ½´´¥ª²¨¢®-

±²¨  «£®°¨²¬®¢ ¨ ³±ª®°¥¨¿ ¯°®¶¥±±  °¥¸¥¨¿. � §«¨·»¥  ±¯¥ª²» ¯°¨«®-

¦¥¨¿ ½²®© ¨¤¥¨ ª ½««¨¯²¨·¥±ª¨¬ ª° ¥¢»¬ § ¤ · ¬ ¬®¦®  ©²¨ ¢ ° ¡®² µ

�¥¤®°¥ª®, �° ¤² , � °·³ª  [202, 27, 149] (² ¬ ¦¥ - ¤ «¼¥©¸¨¥ ±±»«ª¨).

�±®¢»¬¨ ¯°¨¢«¥ª ²¥«¼»¬¨ ·¥°² ¬¨ ² ª®£® ¯®¤µ®¤  ¿¢«¿¾²±¿:

¢®-¯¥°¢»µ, ³±ª®°¥¨¥ ±µ®¤¨¬®±²¨ ¨²¥° ¶¨®»µ ¯°®¶¥±±®¢ (�¥¤®°¥ª®

[202]) §  ±·¥² ²®£®, ·²® ¨²¥° ¶¨¨   £°³¡®©  · «¼®© ±¥²ª¥ ±µ®¤¿²±¿ ¡»-

±²°® (¤ ¾² ¤«¨®¢®«®¢³¾ ±®±² ¢«¾¹³¾ °¥¸¥¨¿). �²® °¥¸¥¨¥ ¨±¯®«¼-

§³¥²±¿ § ²¥¬   ¡®«¥¥ ¬¥«ª®© ±¥²ª¥ ¢ ª ·¥±²¢¥ µ®°®¸¥£®  · «¼®£® ¯°¨-

¡«¨¦¥¨¿, ³±ª®°¿¾¹¥£® ±µ®¤¨¬®±²¼ ¨²¥° ¶¨©;

¢®-¢²®°»µ, ¯°¨¬¥¥¨¥ °¥¸¥¨©   ¢«®¦¥»µ ±¥²ª µ ¯®§¢®«¿¥² ¨±¯®«¼-

§®¢ ²¼  ¯°¨®°³¾ ¨´®°¬ ¶¨¾ ®¡  ±¨¬¯²®²¨·¥±ª®© ±ª®°®±²¨ ³¡»¢ ¨¿

¯®£°¥¸®±²¨ ¤«¿ ³²®·¥¨¿ °¥¸¥¨¿ (� °·³ª [149]); �²®² ¯°¨¥¬ ¯®§¢®-

«¿¥² ¢»·¨±«¿²¼ "²®·®¥" °¥¸¥¨¥ ¯³²¥¬ ½ª±²° ¯®«¿¶¨¨ °¥¸¥¨©, ¯®«³-

·¥»µ   ¢«®¦¥»µ ±¥²ª µ   ±¥²ª³ ± "³«¥¢»¬" ¸ £®¬. �  ±²®¿¹¥©

° ¡®²¥ ® ¥°¥¤ª® ¯°¨¬¥¿¥²±¿ ¤«¿ ®¶¥ª¨ ²®·®±²¨ ¯®«³· ¥¬»µ °¥¸¥¨©;

¢ ²°¥²¼¨µ, ¢®§¬®¦®±²¼ ¯®¢»¸¥¨¿ ²®·®±²¨ °¥¸¥¨¿ ±¢¿§   ± "´¨ª-

²¨¢®© ¨²¥°¯®«¿¶¨¥©" °¥¸¥¨¿   «®ª «¼³¾ ¨§¬¥«¼·¥³¾ ±¥²ª³ ¨ ±

¨±¯®«¼§®¢ ¨¥¬ ¥¢¿§®ª   ¨§¬¥«¼·¥»µ ¸ ¡«® µ ¤«¿ ®¯°¥¤¥«¥¨¿ ³²®·-

¿¾¹¨µ ¯®¯° ¢®ª ª °¥¸¥¨¾ (�° ¤² [27]). �²®² ¯°¨¥¬ ¡»« °¥ «¨§®¢ 

¨ ¥£® ½´´¥ª²¨¢®±²¼ ¯®¤²¢¥°¤¨« ±¼. �»£®¤  ¥£® ¯°¨¬¥¥¨¿ ¯°®¿¢«¿¥²±¿

¢ ³±«®¢¨¿µ ¥µ¢ ²ª¨ ¯ ¬¿²¨ ª®¬¯¼¾²¥° , ª®£¤  ®²±³²±²¢³¥² ¢®§¬®¦®±²¼

®°£ ¨§®¢ ²¼ ¯°¨¬¥¥¨¥ ¢«®¦¥»µ ±¥²®ª.

�  ±²®¿¹¥© ° ¡®²¥ ¡»«¨ °¥ «¨§®¢ » ¢±¥ ²°¨ ³¯®¬¿³²»µ ¢»¸¥ ±¯®-

±®¡  ¯°¨¬¥¥¨¿ ¢«®¦¥»µ ±¥²®ª ¨ ¢±¥ ®¨ ¡»«¨ ®²¢¥°£³²» ª ª °¥£³«¿°-

»¥ ±®±² ¢«¿¾¹¨¥ ¯°¨¬¥¿¥¬»µ  «£®°¨²¬®¢, ¯®±ª®«¼ª³ ¬¥¸ «¨ ¢®«¼®¬³

®¡° ¹¥¨¾ ± ¯°®£° ¬¬®©. �¥¤  ¥ ¢ ²®¬, ·²® ¯°¨¬¥¥¨¥ ¢«®¦¥»µ ±¥²®ª
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³±«®¦¿¥²  «£®°¨²¬ °¥¸¥¨¿,   ¢ ²®¬, ·²® ®® «¨¸ ¥²  «£®°¨²¬ ¥®¡µ®-

¤¨¬®© ¤«¿ ¨±±«¥¤®¢ ²¥«¼±ª®© ¯°®£° ¬¬» £¨¡ª®±²¨.

�«£®°¨²¬» ¢«®¦¥»µ ±¥²®ª µ®°®¸¨ ¤«¿ ³±²®¿¢¸¥©±¿ ¯°®£° ¬¬» ° ±-

·¥²®¢, ¥ ¯°¥¤¯®« £ ¾¹¥© ½ª±¯¥°¨¬¥²®¢ ±  «£®°¨²¬ ¬¨ °¥¸¥¨¿ ¨ ¯®-

±² ®¢ª ¬¨ °¥¸ ¥¬»µ § ¤ ·. �  ¸¥¬ ±«³· ¥ ¯®²°¥¡®±²¼ ¢ ¡»±²°®©  ¤ -

¯² ¶¨¨ ¯°®£° ¬¬» ª ° §®®¡° §»¬ ¯° ª²¨·¥±ª¨¬ ¯°¨«®¦¥¨¿¬ ¯®±² -

¢¨«    ¯¥°¢®¥ ¬¥±²® ±¢®©±²¢® £¨¡ª®±²¨ ¨ ¯°®±²®²»  «£®°¨²¬  °¥¸¥¨¿

¯® ±° ¢¥¨¾ ± ¡»±²°®¤¥©±²¢¨¥¬.

3.3. �©«¥°®¢®-« £° ¦¥¢» ±µ¥¬» ���.

3.3.1. �·¥² ª®¢¥ª¶¨¨

�¥®¡µ®¤¨¬®±²¼ ³·¥²  ª®¢¥ª²¨¢»µ ·«¥®¢ ¢®§¨ª ¥² ¯°¨ ¨±¯®«¼§®¢ -

¨¨ ¥« £° ¦¥¢»µ ±¥²®ª. � · ±²®±²¨, ®  ¢®§¨ª ¥² ¯°¨ ¨±¯®«¼§®¢ ¨¨

½©«¥°®¢»µ ¨ ½©«¥°®¢®-« £° ¦¥¢»µ ±¥²®ª. �±®¡¥®±²¨ ¯°¨¬¥¿¥¬»µ ±µ¥¬

³¤®¡® ° ±±¬®²°¥²¼   ¯°¨¬¥°¥ ±² ¤ °²®©  · «¼®-ª° ¥¢®© § ¤ ·¨ ¤«¿

²¨¯¨·®£® ³° ¢¥¨¿ ª®¢¥ª¶¨¨-¤¨´´³§¨¨. � °¨ ¶¨® ¿ ´®°¬³«¨°®¢ª 

² ª®© § ¤ ·¨ ¨¬¥¥² ¢¨¤:

Z
V

((dA=dt � C)�A + (krA) � r�A) dV =
Z
S1

BN �AdS

£¤¥ A - ¢¥«¨·¨ , ¤«¿ ª®²®°®© § ¯¨± ® ¤ ®¥ ¡ « ±®¥ ±®®²®¸¥¨¥;

d=dt = @=@t+(u�w) �r - ¬ ²¥°¨ «¼ ¿ ¯°®¨§¢®¤ ¿; k - ª®½´´¨¶¨¥² ´¨-

§¨·¥±ª®© ¤¨´´³§¨¨; Bn - ¯®²®ª ¢¥«¨·¨» A ·¥°¥§ ¯«®¹ ¤ª³ ndS. � ±² ¿

¯°®¨§¢®¤ ¿ ¯® ¢°¥¬¥¨ ¡¥°¥²±¿ ¢¤®«¼ ²° ¥ª²®°¨© ¯®¤¢¨¦»µ ª®®°¤¨ ²,

±ª®°®±²¼ ¤¢¨¦¥¨¿ ª®²®°»µ ®¡®§ ·¥  ±¨¬¢®«®¬ w, u - ¬ ²¥°¨ «¼ ¿ ±ª®-

°®±²¼.

�¥±µ¨²°®±² ¿ ¿¢ ¿ ±µ¥¬  ¤«¿ ª®¢¥ª²¨¢»µ ·«¥®¢ (·«¥®¢, ±®¤¥°¦ -

¹¨µ ª®¢¥ª²¨¢³¾ ±ª®°®±²¼ u�w), ª ª®²®°®© ¯°¨¢®¤¨² ´®°¬ «¼®¥ ¯°¨-

¬¥¥¨¥ ª®¥·®-½«¥¬¥²®©  ¯¯°®ª±¨¬ ¶¨¨ °¥¸¥¨¿, ¢ ®¤®¬¥°®¬ ±«³-

· ¥   ° ¢®¬¥°®© ±¥²ª¥ ¨¬¥¥² ¢¨¤:

A
n+1
i

�A
n

�tn
+ (u � w)n

i

A
n

i+1 � A
n

i�1

2h
= k

A
n

i+1 � 2An

i
+ a

n

i�1

h
2

+ C
n

i

� ª ¿ ±µ¥¬  ®²¢¥· ¥² ¿¢®© ¶¥²° «¼®-° §®±²®© ±µ¥¬¥ ¬¥²®¤  ª®¥·-

»µ ° §®±²¥© ¨ ¿¢«¿¥²±¿ ¥³±²®©·¨¢®© ¯°¨ ®²±³²±²¢¨¨ ´¨§¨·¥±ª®© ¢¿§-

ª®±²¨. �²® ¿±® ¢¨¤® ¨§ ¯¥°¢®£® ¤¨´´¥°¥¶¨ «¼®£® ¯°¨¡«¨¦¥¨¿ ² ª®©

92



±µ¥¬» (¯°¨¬¥°» ² ª®£®   «¨§  ¬®¦®  ©²¨ ¢ ° ¡®² µ (Hirt; �®ª¨; � -

¢»¤®¢; �®³·, 1980) ¨ ¤°.):

@A

@t

+ (u� w)
@A

@x

= (k � 0:5ju � wj2�tn)
@
2
A

@x
2
+ C

�®¬¨¬® ®£° ¨·¥¨¿ �³° ²    ¸ £ ¯® ¢°¥¬¥¨ ¤«¿ ¿¢»µ ±µ¥¬, ²°¥¡³¾-

¹¥£®, ·²®¡» ®¡« ±²¼ ¢«¨¿¨¿ ¢®§¬³¹¥¨©   ¸ £¥ ¯® ¢°¥¬¥¨ ¥ ¢»µ®¤¨« 

¡» §  ¯°¥¤¥«» ®ª°¥±²®±²¨ ³§«  ±¥²ª¨:

�tn �
h

ju� wj

¨¬¥¥²±¿ ¥¹¥ ²°¥¡®¢ ¨¥ ª®°°¥ª²®±²¨ ¯¥°¢®£® ¤¨´´¥°¥¶¨ «¼®£® ¯°¨-

¡«¨¦¥¨¿, ²® ¥±²¼ ¯®«®¦¨²¥«¼®±²¼ ½´´¥ª²¨¢®£® ª®½´´¨¶¨¥²  ¢¿§ª®-

±²¨

keff = k � 0:5ju � wj2�tn

·²® ¯°¨¢®¤¨² ª ¤®¯®«¨²¥«¼®¬³ ¥®¡µ®¤¨¬®¬³ ³±«®¢¨¾ ³±²®©·¨¢®±²¨

�tn < k=ju � wj2

ª®²®°®¥ ¢ ±«³· ¥ ¬ «®© ´¨§¨·¥±ª®© ¢¿§ª®±²¨ ®¯°¥¤¥«¿¥² ¥¯°¨¥¬«¥¬® ¬ -

«»¥ § ·¥¨¿ ¢°¥¬¥®£® ¸ £ . �® ¥±²¼ ²°¥¡³¥² ±«¨¸ª®¬ ¬®£® ¢»·¨-

±«¨²¥«¼®© ° ¡®²». � ª®¥ ²°¥¡®¢ ¨¥ ¬®¦® ¨±ª«¾·¨²¼ ¯³²¥¬ ¢¢¥¤¥¨¿

¿¢®© (¨±ª³±±²¢¥®©) ¨«¨ ¥¿¢®© ( ¯¯°®ª±¨¬ ¶¨®®©) ¢¿§ª®±²¨, "³¡¨¢ -

¾¹¥©"  ¯¯°®ª±¨¬ ¶¨®»© ¥£ ²¨¢»© ¤®¡ ¢®ª ¢ ½´´¥ª²¨¢®© ¢¿§ª®±²¨.

�°¥¤¨ ¬®¦¥±²¢  °¥¶¥¯²®¢ ®¡¥±¯¥·¥¨¿ ¤®¯®«¨²¥«¼®© ¨±ª³±±²¢¥®©

¨«¨  ¯¯°®ª±¨¬ ¶¨®®© ¢¿§ª®±²¨, °¥£³«¿°¨§¨°³¾¹¨µ ¿¢»¥  ¯¯°®ª±¨¬ -

¶¨¨ ª®¢¥ª²¨¢»µ ·«¥®¢, ¯®±«¥ ¬®¦¥±²¢  ·¨±«¥»µ ½ª±¯¥°¨¬¥²®¢ ¢

 ±²®¿¹¥© ° ¡®²¥ ¡»« ®²®¡°  ±«¥¤³¾¹¨©. �°¨²¥°¨¥¬ ®²¡®°  ¿¢«¿«¨±¼

±®®¡° ¦¥¨¿ ¯°®±²®²» ·¨±«¥®© °¥ «¨§ ¶¨¨ ¨ ½´´¥ª²¨¢®±²¨ ¢ ³±«®¢¨¿µ

¥° ¢®¬¥°»µ ¨ ¥°¥£³«¿°»µ ±¥²®ª. �»«  ¢»¡°   ±µ¥¬ , ¯®µ®¦ ¿  

±µ¥¬³ ½ª±¯®¥¶¨ «¼®© ¯®¤£®ª¨ �.�. � ¬ °±ª®£®:

Z
V n

0@An+1 � A
n

�tn
� C

n+1 + (un �wn) � rAn

1A
�AdV+

+
Z
V n

~knrAn+1 � r�AdV =
Z
Sn1

B
n+1
N

�AdS

93



� ±®®²¢¥²±²¢¨¨ ± ¤ ®© ±µ¥¬®© ª®¢¥ª²¨¢»¥ ·«¥»  ¯¯°®ª±¨¬¨°®¢ »

¯® ¿¢®© ±µ¥¬¥, ¯¥°¥µ®¤¿¹¥© ¢ ±«³· ¥ ° ¢®¬¥°®© ±¥²ª¨ ¢ ¶¥²° «¼®-

° §®±²³¾,   ¢¬¥±²® ¨±µ®¤®© ´¨§¨·¥±ª®© ¢¿§ª®±²¨ ¨±¯®«¼§³¥²±¿ ¨±¯° -

¢«¥ ¿ ¢¿§ª®±²¼ ±«¥¤³¾¹¥£® ¢¨¤ :

~
k
n = k

n
1

1 + �=k
n
+ � ; � = 0:5max(ju � wjh; ju� wj2�tn)

£¤¥ ±« £ ¥¬®¥ � ¨¬¨²¨°³¥²  ¯¯°®ª±¨¬ ¶¨®³¾ ¢¿§ª®±²¼, ª®²®° ¿ ¢®§¨-

ª ¥² ¢ ®°¨£¨ «¼®© ±µ¥¬¥ � ¬ °±ª®£® ¨§-§  ¯°¨¬¥¥¨¿ ° §®±²¥© ¯°®²¨¢

¯®²®ª . �¨´´³§¨®»¥ ·«¥» ¢ ° §»µ ¬®¤¨´¨ª ¶¨¿µ  ¯¯°®ª±¨¬¨°®¢ «¨±¼

¯® ¿¢®© ¨«¨ ¯® ¥¿¢®© ±µ¥¬¥. �±¯®¬®£ ²¥«¼»¥  «£¥¡° ¨·¥±ª¨¥ § ¤ ·¨

¢ ±«³· ¥ ¥¿¢»µ ±µ¥¬ °¥¸ «¨±¼ ¬¥²®¤®¬ ±®¯°¿¦¥»µ £° ¤¨¥²®¢   «®-

£¨·® ³¦¥ ®¯¨± ®¬³ ¢»¸¥.

�²¬¥²¨¬, ·²® ¢ ¥« £° ¦¥¢»µ ±µ¥¬ µ ´³ª¶¨¨ ±®±²®¿¨¿ ( ¯« ±²¨-

·¥±ª¨¥ ¤¥´®°¬ ¶¨¨, ¯« ±²¨·¥±ª ¿ ° ¡®² , ¢³²°¥¿¿ ½¥°£¨¿, ¯«®²®±²¼

¨ ². ¤.)  ¯¯°®ª±¨¬¨°®¢ » ± ¨±¯®«¼§®¢ ¨¥¬ ¨µ § ·¥¨© ¢ ³§« µ,   ¥

¢ ½«¥¬¥² µ ¨«¨ £ ³±±®¢»µ ²®·ª µ ¨²¥£°¨°®¢ ¨¿, ª ª ½²® ¡»«® ¢ ±«³-

· ¥ « £° ¦¥¢»µ ±µ¥¬. �²® ³¯°®¹ ¥² ¯°®±²° ±²¢¥®¥ ¤¨´´¥°¥¶¨°®-

¢ ¨¥ ½²¨µ ¢¥«¨·¨ ¯°¨ °¥ «¨§ ¶¨¨ ° ±±¬®²°¥»µ ¢»¸¥ ±µ¥¬ ° ±·¥² 

ª®¢¥ª¶¨¨-¤¨´´³§¨¨.

3.3.2. � ±·¥² ±¨«¼»µ ³¤ °»µ ¢®« ¨ §® ° §°¥¦¥¨¿

� ±±¬®²°¨¬ ®±®¡¥®±²¨  «£®°¨²¬®¢, ±¢¿§ »¥ ± ° ±·¥²®¬ ³¤ °»µ

¢®« ¢ ±¦¨¬ ¥¬»µ ±°¥¤ µ. �¥«¥±®®¡° §®±²¼ ¢¢¥¤¥¨¿ ¨±ª³±±²¢¥®©

"³¤ °®©" ¢¿§ª®±²¨ ®¡®±®¢»¢ ¥²±¿   «¨§®¬ ¯¥°¢»µ ¤¨´´¥°¥¶¨ «¼»µ

¯°¨¡«¨¦¥¨© ¨±¯®«¼§³¥¬»µ ¿¢»µ ¤¢³µ±«®©»µ ° §®±²»µ ±µ¥¬. �²®²

  «¨§ ¯®ª §»¢ ¥², ·²® ¿¢»¥ ±¥²®·»¥  ¯¯°®ª±¨¬ ¶¨¨ ¯°¨¢®¤¿² ª ¢®§-

¨ª®¢¥¨¾ ¤®¡ ¢®·»µ ¤¥±² ¡¨«¨§¨°³¾¹¨µ ·«¥®¢ ± ®²°¨¶ ²¥«¼»¬¨

§ ·¥¨¿¬¨ ª®½´´¨¶¨¥²®¢ ¢¿§ª®±²¨. � ¥«¨¥©»µ ¨ ¬®£®¬¥°»µ § ¤ -

· µ ®¯°¥¤¥«¥¨¥ ² ª¨µ ¤®¡ ¢®·»µ ·«¥®¢ ¤¨´´¥°¥¶¨ «¼»µ ¯°¨¡«¨¦¥-

¨© § ²°³¤¥® ¯®«³· ¾¹¨¬¨±¿ £°®¬®§¤ª¨¬¨ ¢»° ¦¥¨¿¬¨. �°®¬¥ ²®£®,

¨±²®«ª®¢ ¨¥ ¢®§¬®¦®£® ¢®§¤¥©±²¢¨¿ ¤®¡ ¢®·»µ ·«¥®¢, ª®²®°»¥ ¥ ®¡¿-

§¿²¥«¼® ¨¬¥¾² ¢¨¤ ½««¨¯²¨·¥±ª¨µ ®¯¥° ²®°®¢, ¥ ¢±¥£¤  ®·¥¢¨¤®. �¥-

£³«¿°¨§ ²®°» ²¨¯  ¨±ª³±±²¢¥®© ¨«¨  ¯¯°®ª±¨¬ ¶¨®®© ¢¿§ª®±²¨ «¨¸¼

¯°¨¡«¨¦¥® ¢®±¯°®¨§¢®¤¿² ¢¨¤ ³¯®¬¿³²»µ ¤®¡ ¢®·»µ ·«¥®¢ ¨ ¯ °¨-

°³¾² ¨µ ¥£ ²¨¢®¥ ¢«¨¿¨¥ ¤ «¥ª® ¥ ¯®«®±²¼¾. �°®¬¥ ²®£® ½´´¥ª² ®²
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¢¢¥¤¥¨¿ ¤®¯®«¨²¥«¼»µ °¥£³«¿°¨§³¾¹¨µ ¢¿§ª®±²¥© ±¨«¼® § ¢¨±¨² ®²

±®®²®¸¥¨¿ ¸ £®¢ ¯® ¯°®±²° ±²¢³ ¨ ¢°¥¬¥¨, ·²® ±¨¦ ¥²  ¤¥¦®±²¼

 «£®°¨²¬®¢. � ±¨«¼® ¥«¨¥©»µ § ¤ · µ ¤«¿ ®¡¥±¯¥·¥¨¿ ³±²®©·¨¢®£®

±·¥²  ¯°¨µ®¤¨²±¿ ¨±¯®«¼§®¢ ²¼ ¨§¡»²®·»¥ § ·¥¨¿ ¤®¯®«¨²¥«¼®© ¢¿§-

ª®±²¨ ¢ ³¹¥°¡ ²®·®±²¨ °¥¸¥¨¿.

�ª±¯¥°¨¬¥²» ± ° §«¨·»¬¨ ¢¿§ª®±²¿¬¨ ª ª ¨±ª³±±²¢¥»¬¨, ² ª ¨ ±

 ¯¯°®ª±¨¬ ¶¨®»¬¨ ¯®ª §»¢ ¾², ·²® ¯®«³· ¾¹¨¥±¿ ³±²®©·¨¢® ° ¡®² -

¾¹¨¥ ±µ¥¬» ®¡« ¤ ¾² ±¨«¼®© ¤¨´´³§¨¥© ¨ ®·¥¼ £°³¡® ®¯¨±»¢ ¾² ¯®-

¢¥¤¥¨¥ °¥¸¥¨¿ ¢ ®ª°¥±²®±²¨ ³¤ °»µ ¢®«. �¬¥¼¸¥¨¥ ¢¿§ª¨µ ·«¥-

®¢ ³«³·¸ ¥² ®¯¨± ¨¥ ³¤ °»µ ¯¥°¥µ®¤®¢, ® ±µ¥¬  ¬®¦¥² «®ª «¼® ²¥-

°¿²¼ ³±²®©·¨¢®±²¼ §  ³¤ °»¬¨ ¢®« ¬¨ ¢ ®¡« ±²¿µ ±¨«¼®£® ° §°¥¦¥¨¿,

¯®ª §»¢ ¿ ®±¶¨««¨°³¾¹¨¥ ¨ ¤ ¦¥ ¥®£° ¨·¥® ¢®§° ±² ¾¹¨¥ °¥¸¥¨¿.

�¤ ·»© ¯®¤¡®° ª®½´´¨¶¨¥²®¢ ¨±ª³±±²¢¥®© ¢¿§ª®±²¨ ¤«¿ ®²¤¥«¼®©

§ ¤ ·¨ ¥ ®§ · ¥² ¯°¨£®¤®±²¨ ½²¨µ § ·¥¨© ¤«¿ ³¤®¢«¥²¢®°¨²¥«¼®£®

° ±·¥²  ¤°³£¨µ ±«³· ¥¢. �ª § »¥ ²°³¤®±²¨ ¯°¥®¤®«¥¢ «¨±¼ ±«¥¤³¾¹¨¬

®¡° §®¬.

� § ¤ · µ ± ³¤ °»¬¨ ¢®« ¬¨ ¢ §® µ ±¦ ²¨¿ ¢¢®¤¨«®±¼ ¨±ª³±±²¢¥®¥

¢¿§ª®±²®¥ ¤ ¢«¥¨¥:

pv = �(( � 1)�U + �+ 4=3K)r � u�tn

¯°¥¤±² ¢«¿¾¹¥¥ ¯°¨° ¹¥¨¥ ´¨§¨·¥±ª®£® ¤ ¢«¥¨¿   ¸ £¥ ¯® ¢°¥¬¥¨.

�²¬¥²¨¬, ·²® ¯°¨¢¥¤¥®¥ ¢»° ¦¥¨¥ ¢¿§ª®±²®£® ¤ ¢«¥¨¿ ³¤®¢«¥²¢®°¨-

²¥«¼® ° ¡®² ¥² (®¡¥±¯¥·¨ ¢ ¥² ³±²®©·¨¢»© ° ±·¥²) «¨¸¼ ¢ ±«³· ¥ ±« ¡»µ

³¤ °»µ ¢®« ¨ ¯°¨ ½²®¬ ±¨«¼® ¨µ "° §¬ §»¢ ¥²". � ±«³· ¥ ±¨«¼»µ ³¤ °-

»µ ¢®« ¤«¿ ®¡¥±¯¥·¥¨¿ ³±²®©·¨¢®±²¨ ¯°¨µ®¤¨²±¿ ¢¢®¤¨²¼ ±£« ¦¨¢ ¨¥

°¥¸¥¨¿,  ¯°¨¬¥°, ¢ ±®®²¢¥²±²¢¨¨ ± ´®°¬³« ¬¨ (3.6), (3.8), (3.9).

�«³·¸¥®¥ ®¯¨± ¨¥ ³¤ °»µ ¢®« ¤®±²¨£ «®±¼ ¯°¨¬¥¥¨¥¬ ±µ¥¬ ²¨¯ 

¯°¥¤¨ª²®°- ª®°°¥ª²®° ± ¤®¯®«¨²¥«¼»¬ " ²¨¤¨´´³§¨®»¬" ¸ £®¬ ¯®

¢°¥¬¥¨ (ª®°°¥ª²®°®¬), ®²«¨· ¾¹¨¬±¿ ²¥¬, ·²® ¢ ³§ª¨µ §® µ ³¤ °»µ

¯¥°¥µ®¤®¢, ®²¢¥· ¾¹¨µ ³±«®¢¨¾:

r � u � hmin < �0:01(c + juj)

·«¥» ¨±ª³±±²¢¥®© ¢¿§ª®±²¨ ¡° «¨±¼   ª®°°¥ª²®°¥ ±® § ª®¬ ¬¨³±. � -

ª®¥ «®ª «¼®¥  °³¸¥¨¥ ³±«®¢¨© ³±²®©·¨¢®±²¨ ¥ ¯°¨¢®¤¨² ª  °³¸¥¨¾
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³±²®©·¨¢®±²¨ ±µ¥¬» ¢ ¶¥«®¬, ¯®±ª®«¼ª³ § ¯ ±  ³±²®©·¨¢®±²¨ §  ±·¥² ¬®-

®²®®£® ¯°¥¤¨ª²®°  µ¢ ² ¥². "�²¨¤¨´´³§¨¿" ¤¥« ¥² ´°®²» ³¤ °»µ

¢®« § ·¨²¥«¼® ¡®«¥¥ ª°³²»¬¨. �«¿ ®¡¥±¯¥·¥¨¿ ¯°¨£®¤®±²¨ ±µ¥¬» ¢

¯°¥¤¥«¼®¬ ±«³· ¥ µ®«®¤®© ±°¥¤» ± ³«¥¢®© ±ª®°®±²¼¾ §¢³ª  ¯°¨ ³«¥¢®©

¢³²°¥¥© ½¥°£¨¨ (¯°¨ ³«¥¢®©  ¡±®«¾²®© ²¥¬¯¥° ²³°¥) ¢¬¥±²® ³ª -

§ ®£® ¢»¸¥ ¢»° ¦¥¨¿ ¤«¿ ¢¿§ª®±²®£® ¤ ¢«¥¨¿ «³·¸¥ ¨±¯®«¼§®¢ ²¼

±«³¤³¾¹¥¥:

pv = �(( � 1)�U + �juj2 + �+ 4=3K)r � u�tn

�²¬¥²¨¬, ·²® " ²¨¤¨´´³§¨¿" ¢¢®¤¨²±¿ ¢® ¬®£¨µ ±µ¥¬ µ. �¯®¬¿¥¬

±µ¥¬³ � ª-�®°¬ ª , ¢ ª®²®°®©   ¯°¥¤¨ª²®°¥ ¨ ª®°°¥ª²®°¥ ¯®²®ª®¢»¥

·«¥» ¢»·¨±«¿¾²±¿  «¼²¥°¨°³¾¹¨¬¨  ¯° ¢«¥»¬¨ ° §®±²¿¬¨, ·²®

¢®±¨² " ²¨¤¨´´³§¨¾" ¥ ¢ ³§ª¨µ §® µ ³¤ °»µ ¯¥°¥µ®¤®¢, ª ª ¢  -

±²®¿¹¥© ° ¡®²¥, ® ¯® ¢±¥© ®¡« ±²¨ °¥¸¥¨¿. �²¬¥²¨¬, ·²® ¨ ¢¨¤ ¢¿§ª®-

±²¥© ¢  ¸¥© ±µ¥¬¥ ¨ ±µ¥¬¥ � ª-�®°¬ ª  ° §«¨·¥. �°³£¨¬¨ ¯°¨¬¥° ¬¨

±«³¦ ² ±µ¥¬  ª®°°¥ª¶¨¨ ¯®²®ª®¢ (Boris, Book, 1977) ¨ ¥¥ ¬®£®·¨±«¥-

»¥ ³«³·¸¥»¥ ¬®¤¨´¨ª ¶¨¨ ²¨¯  ±µ¥¬ TVD, ENO (±¬. ®¡§®°» Benson,

1992; �³«¨ª®¢±ª¨©, �®£®°¥«®¢, �¥¬¥®¢, 2001). �®¯³«¿°®© ®±®¢®© ¤«¿

°¥ «¨§ ¶¨¨ ¨¤¥¨ ª®°°¥ª¶¨¨ ¯®²®ª®¢ ¿¢«¿¥²±¿ ±µ¥¬  �®¤³®¢  ¨ ¥¥ ¬®¤¨-

´¨ª ¶¨¨. �  ±²®¿¹¥© ° ¡®²¥ §  ®±®¢³ ¢§¿²  ¯°®±²¥©¸ ¿ ±µ¥¬  "¢¯¥°¥¤

¯® ¢°¥¬¥¨ ¨ ¶¥²° «¼ ¿ ¯® ¯°®±²° ±²¢³", ±¤¥«  ¿ ¯®·²¨ ½ª¢¨¢ «¥²-

®© ¯® ¤¨´´¥°¥¶¨ «¼®¬³ ¯°¨¡«¨¦¥¨¾ ±µ¥¬¥ �®¤³®¢  ¯¥°¢®£® ¯®°¿¤ª 

¯³²¥¬ ¢¢¥¤¥¨¿ ¿¢®© ¨±ª³±±²¢¥®© ¢¿§ª®±²¨. � ª ¢»¿±¿¥²±¿, ¨ ² ª ¤¥-

« ²¼ ¬®¦®, ¨ ² ª¨¬, ¡®«¥¥ ¯°®±²»¬ ¢ ±¬»±«¥ °¥ «¨§ ¶¨¨, ®¡° §®¬ ¬®¦®

¯®«³·¨²¼ ¢¯®«¥ ¯°¨«¨·»¥ ¯® ²®·®±²¨ ·¨±«¥»¥ °¥¸¥¨¿.

3.3.3. �«³· © ¥±¦¨¬ ¥¬®© ±°¥¤»

� ±·¥²» ²¥·¥¨© ¥±¦¨¬ ¥¬®© ±°¥¤» ¯°®¢®¤¨«¨±¼ ¬¥²®¤®¬ ª®°°¥ª-

¶¨¨ ¤ ¢«¥¨¿, ®¯¨± ¨¥ ª®²®°®£® ±¤¥« ¥¬   ¯°¨¬¥°¥ ¥±¦¨¬ ¥¬®© ±°¥¤»

� ¢¼¥-�²®ª± :

r � u = 0 ; @u=@t + (u�w) � ru = �rp=�0 + kvr
2u + g

�µ¥¬  ª®°°¥ª¶¨¨ ¤ ¢«¥¨¿ (¯°¨¬¥¿¥¬ ¿ ¢ MAC ¬¥²®¤¥ (Harlow, Welch,

1965), ¬¥²®¤¥ ° ±¹¥¯«¥¨¿ ¯® ´¨§¨·¥±ª¨¬ ¯°®¶¥±± ¬ (�. �¥«®¶¥°ª®¢±ª¨©,
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1984) ¨ ¤°.) ¢ ¢ °¨ ¶¨®®© ¨²¥°¯°¥² ¶¨¨ ¤ ®© ° ¡®²» ¨¬¥¥² ¢¨¤
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0@ ~un+1 � un
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�
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Z
Sn
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Z
V n

�
(un+1 � ~un+1)=�tn +rpn+1=�0

�
�udV = 0

�²³ ±µ¥¬³ ¬®¦® ²° ª²®¢ ²¼ ª ª °¥ «¨§ ¶¨¾ ¬¥²®¤  ¬®¦¨²¥«¥© � -

£° ¦ , ¥±«¨ ° ±±¬ ²°¨¢ ²¼ ¤ ¢«¥¨¥ ª ª ¬®¦¨²¥«¼ � £° ¦  ¤«¿ ³±«®-

¢¨¿ ¥±¦¨¬ ¥¬®±²¨.

� ±µ¥¬¥ ¬¥²®¤  ¸²° ´  (� ¤»¦¥±ª ¿, 1970), ² ª¦¥ ¨±¯®«¼§³¥¬®© ¢  -

±²®¿¹¥© ° ¡®²¥, ¢ ¢ °¨ ¶¨®®¥ ³° ¢¥¨¥ ¡ « ±  ¨¬¯³«¼±  ¤®¡ ¢«¿¾²±¿

¸²° ´»¥ ·«¥» §   °³¸¥¨¥ ³±«®¢¨¿ ¥±¦¨¬ ¥¬®±²¨:

p
n+1 = ��max(�0juj

2)r � un+1�tn
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V n
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+
Z
V n

�
~knrun+1 � r�u � p
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�
dV = 0

£¤¥ � >> 1 ¡¥§° §¬¥°»© ª®½´´¨¶¨¥² ¸²° ´ .

�«¿ ¤¢³¬¥°»µ § ¤ · °¥ «¨§®¢   ² ª¦¥ ±µ¥¬  ¢ ¯¥°¥¬¥»µ "´³ª-

¶¨¿ ²®ª - § ¢¨µ°¥®±²¼", ª®²®° ¿ ¯®±²°®¥    «®£¨·® ° ±±¬®²°¥®¬³

¢»¸¥.

3.3.4. �¯° ¢«¥¨¥ ¯°®¨§¢®«¼® ¯®¤¢¨¦»¬¨ ±¥²ª ¬¨

�¥®¬¥²°¨·¥±ª¨  ¤ ¯²¨¢»¥ ±¥²ª¨. � § ¤ · µ ´®°¬®¢ ¨¿,   ² ª¦¥ ¢

§ ¤ · µ ®¡ ³¤ °»µ ¢§ ¨¬®¤¥©±²¢¨¿µ ¤¥´®°¬¨°³¥¬»µ ²¥«, µ ° ª²¥°¨§³-

¾¹¨µ±¿ ®±®¡¥® § ¬¥²»¬¨ ¨§¬¥¥¨¿¬¨ £¥®¬¥²°¨¨ ²¥«, ¢ ¯®¤¢¨¦»µ

« £° ¦¥¢»µ ±¥²ª µ ¯®¿¢«¿¾²±¿ ¿·¥©ª¨, ³¬¥¼¸¨¢¸¨¥±¿ ¤® ®·¥¼ ¬ «»µ

° §¬¥°®¢. �§-§  ½²®£® ¸ £ ¯® ¢°¥¬¥¨ ¢ ¿¢»µ ±µ¥¬ µ ±² ®¢¨²±¿ ¥¯°¨-

¥¬«¥¬® ¬ «»¬ ¨ ¤ «¼¥©¸¥¥ ¯® ¢°¥¬¥¨ ®¯°¥¤¥«¥¨¥ °¥¸¥¨¿ ±² ®¢¨²±¿
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¯° ª²¨·¥±ª¨ ¥¢®§¬®¦»¬. �»µ®¤ ¨§ ½²®£® § ²°³¤¥¨¿ ¯°¥¤®±² ¢«¿¾²

¯°®¨§¢®«¼® ¯®¤¢¨¦»¥ ±¥²ª¨, ¥±«¨ ³¯° ¢«¿²¼ ¨µ ¤¢¨¦¥¨¥¬ ² ª, ·²®¡»

ª ¦¤»© ³§¥« ±¥²ª¨ § ¨¬ « ¡» ¯®«®¦¥¨¥, ¯® ¢®§¬®¦®±²¨  ¨¡®«¥¥ ¡«¨§-

ª®¥ ª £¥®¬¥²°¨·¥±ª®¬³ ¶¥²°³ ®²®±¨²¥«¼® ¥£® ±®±¥¤¥©. �® ¥±²¼, ² ª ¿

¯°®¨§¢®«¼® ¯®¤¢¨¦ ¿ ±¥²ª   ¤ ¯²¨°³¥²±¿ ª ¯®¤¢¨¦»¬ « £° ¦¥¢»¬

£° ¨¶ ¬, ®¡¥±¯¥·¨¢ ¿ ¯®·²¨ ° ¢®¬¥°®¥ ° ±¯®«®¦¥¨¥ ¢³²°¥¨µ ³§-

«®¢. �«¿ ª®°°¥ª¶¨¨ ¯®«®¦¥¨¿ ³§«®¢ ¨ ®¯°¥¤¥«¥¨¿ ±ª®°®±²¥© ¨µ ¤¢¨-

¦¥¨¿   ª ¦¤®¬ ¸ £¥ ¯°®¢®¤¨«®±¼ ±£« ¦¨¢ ¨¥ ¯®«®¦¥¨© ¢³²°¥¨µ

³§«®¢ (¨µ ±¤¢¨£ ¢ ±²®°®³ £¥®¬¥²°¨·¥±ª®£® ¶¥²°  ®²®±¨²¥«¼® ±®±¥¤¥©).

�®«®¦¥¨¥ £° ¨·»µ ³§«®¢ ² ª¦¥ ª®°°¥ª²¨°®¢ «®±¼ ¯³²¥¬ ¨µ ±¬¥¹¥¨¿ ¢

ª ± ²¥«¼®© ¯«®±ª®±²¨ ª £° ¨¶¥ ®¯¿²¼-² ª¨ ª £¥®¬¥²°¨·¥±ª°®¬³ ¶¥²°³

±®±¥¤¥©. �° ¨·»¥ ²®·ª¨   °¥¡° µ (¢ ³£« µ), ¢ ª®²®°»µ ®°¬ «¼ ª £° -

¨¶¥ ¬¥¿¥²±¿ ±ª ·ª®¬, ¯°¨¨¬ «¨±¼ « £° ¦¥¢»¬¨ ¢® ¨§¡¥¦ ¨¥ £°³¡»µ

¨±ª ¦¥¨© ´®°¬» ²¥«.

�¨ ¬¨·¥±ª¨  ¤ ¯²¨¢»¥ ±¥²ª¨. �«¿ «³·¸¥£® ®¯¨± ¨¿ ³¤ °»µ ¢®«

¨ ¯®£° ¨·»µ ±«®¥¢ ¡»«¨ °¥ «¨§®¢ » ¯°®±²¥©¸¨¥ ¢ °¨ ²» ³¯° ¢«¥¨¿

¤¨ ¬¨·¥±ª¨  ¤ ¯²¨¢»¬¨ ±¥²ª ¬¨, ®¡¥±¯¥·¨¢ ¾¹¨¥ ¨µ ±£³¹¥¨¥ ¢ §® µ

¡®«¼¸¨µ £° ¤¨¥²®¢ °¥¸¥¨¿. �¤¥¿ ¯°¨¬¥¿¥¬®£®  «£®°¨²¬   ¤ ¯² ¶¨¨

±¥²ª¨ ¥¯®±°¥¤±²¢¥® § ¨¬±²¢®¢   ¨§ ° ¡®² (�³° £®, 1984; Catherall,

1991; Marchant, Weatherill, 1993). �±²®ª¨ ¨¤¥¨ ¬®¦® ³«®¢¨²¼ ¨ ¢ ¡®«¥¥

° ¨µ ®¯¨± ¨¿µ  «£®°¨²¬®¢ ¯®±²°®¥¨¿ ±¥²®ª, ¤ »µ ¢ ° ¡®² µ (�®¤³-

®¢, �°®ª®¯®¢, 1972; �¨±¥©ª¨, 1977; �®¢¥¿, �¥ª®, 1981).

� ¯°¨¬¥¿¥¬®¬  «£®°¨²¬¥ ¤«¿ ª ¦¤®£® ³§«  ±¥²ª¨ ®¯°¥¤¥«¿¥²±¿ § ·¥-

¨¥ ¥ª®²®°®©  ¤ ¯² ¶¨®®© ´³ª¶¨¨, µ ° ª²¥°¨§³¾¹¥© ¯°®±²° ±²¢¥-

»© °®±² °¥¸¥¨¿ ´¨§¨·¥±ª®© § ¤ ·¨ ¨ ¿¢«¿¾¹¥©±¿ ¥ª®²®°®© ¯®«³®°¬®©

¥£® ¯°®±²° ±²¢¥»µ ¯°®¨§¢®¤»µ. �«¿  ¤ ¯² ¶¨¨ ®¡»·»©  «£®°¨²¬

±£« ¦¨¢ ¨¿ ±¥²ª¨, ³¯®¬¿³²»© ¢ ¯°¥¤¸¥±²¢³¾¹¥¬ ° §¤¥«¥, ¯®¤¯° ¢«¿-

¥²±¿ ² ª, ·²®¡» ³§¥« ±¬¥¹ «±¿ ¡®«¥¥ ¢ ±²®°®³ ²®£® ±®±¥¤ , ³ ª®²®°®£®

 ¤ ¯² ¶¨® ¿ ´³ª¶¨¿ ¨¬¥¥² ¡®«¼¸¥¥ § ·¥¨¥.

�²®¡» ¯°¥¤®²¢° ²¨²¼  ¢ °¨¾ ¨§-§  ¢»¢®° ·¨¢ ¨¿ ¿·¥¥ª ¯°¨ ¤¢¨¦¥-

¨¨ ³§«®¢ ±¥²ª¨, ¢  «£®°¨²¬ ¢¢¥¤¥® ®£° ¨·¥¨¥ ±¤¢¨£  ³§« : ±¤¢¨£ ³§« 

¤®«¦¥ ¡»²¼ ¬ « ¯® ±° ¢¥¨¾ ± ° ¤¨³±®¬ ®ª°¥±²®±²¨ ³§«  ¨ ¯°¥ª° -

¹ ²¼±¿ ¯°¨ ³¬¥¼¸¥¨¨ ½²®£® ° ¤¨³±¯ ¤® ¥ª®²®°®© ¯°¥¤¥«¼®© ¢¥«¨·¨»,

®¯°¥¤¥«¿¾¹¥© ¬¨¨¬ «¼»© ° §°¥¸¥»© ° §¬¥° ¿·¥©ª¨. �°®¹¥ £®¢®°¿,

¨±¯®«¼§³¥¬ ¿ ¢  «£®°¨²¬¥ ¨²¥°¯®«¿¶¨¿ ª®®°¤¨ ² ³§«®¢ ¥ ¤®«¦  ¯¥°¥-
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µ®¤¨²¼ ¢ ½ª±²° ¯®«¿¶¨¾.

�°¨ ²° ª²®¢ª¥ ¤ ®£®  «£®°¨²¬  ± ¯®¬®¸¼¾ ¯°¥¤±² ¢«¥¨© ® ¤¨´-

´¥°¥¶¨ «¼»µ ¯°¨¡«¨¦¥¨¿µ ° §®±²»µ ±µ¥¬ «¥£ª® ¯®ª §»¢ ¥²±¿, ·²®

¤ »©  «£®°¨²¬ °¥ «¨§³¥² °¥¸¥¨¥ ¯ ° ¡®«¨·¥±ª®£® ³° ¢¥¨¿ ± ½««¨-

¯²¨·¥±ª¨¬ ®¯¥° ²®°®¬ ¢²®°®£® ¯®°¿¤ª  ¢ ¯° ¢®© · ±²¨, ¨¬¥¾¹¨¬ ª®½´-

´¨¶¨¥²» ¤¨´´³§¨¨, § ¢¨±¿¹¨¥ ®²  ¤ ¯² ¶¨®®© ´³ª¶¨¨. � ° ¡®² µ

(�¢ ¥ª®, 2000; � ° ¦ , 2000) ¯®±²°®¥» ±² ¶¨® °»¥   «®£¨ ½²¨µ

³° ¢¥¨©, ¢ ª®²®°»µ ª®½´´¨¶¨¥²» ½««¨¯²¨·¥±ª¨µ ®¯¥° ²®°®¢ ²° ª²³-

¾²±¿ ª ª ¬¥²°¨ª  ±¥²®·®© ±°¥¤», ³¯° ¢«¿¥¬ ¿  ¤ ¯² ¶¨®®© ´³ª¶¨¥©.

� ³¯®¬¿³²»µ ° ¡®² µ ¯®¤·¥°ª³²  °®«¼ ²°¥¡®¢ ¨¿ ¯®«®¦¨²¥«¼®±²¨

¿ª®¡¨   ¯°¥®¡° §®¢ ¨¿  · «¼®© ±¥²ª¨ ¢  ª²³ «¼³¾ ¨ ¥®¡µ®¤¨¬®±²¼

¥£® ®¡¥±¯¥·¥¨¿   ¤¨±ª°¥²®¬ ³°®¢¥.

�°¨¬¥¿¥¬»©  «£®°¨²¬ ¨¬¥¥² ±«¥¤³¾¹¨© ¯°®±²®© ¢¨¤:
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£¤¥ Ni - ° ¤¨³±-¢¥ª²®° ³§«  i   n-¬ ¢°¥¬¥®¬ ±«®¥, Ni - ¬®¦¥±²¢® ®-

¬¥°®¢ ±®±¥¤¨µ ³§«®¢ ¤«¿ ³§«  i, �n
i
� 0 - ³§«®¢»¥ § ·¥¨¿  ¤ ¯² ¶¨®®©

´³ª¶¨¨, 0 < �
n

i
< 1 - ¯ ° ¬¥²° °¥« ª± ¶¨¨. �±«¨  ¤ ¯² ¶¨® ¿ ´³ª-

¶¨¿ ° ¢  ³«¾ (°¥¸¥¨¥ ¥ § ¢¨±¨² ®² ª®®°¤¨ ²), ²®  «£®°¨²¬ °¥ «¨§³¥²

®¡»·®¥ ±£«¯¦¨¢ ¨¥ ±¥²ª¨, ¤¥« ¿ ¥¥ ¡®«¥¥ ° ¢®¬¥°®© ¨ ±¤¢¨£ ¿ ª ¦¤»©

³§¥« ¢ ±²®°®³ ¶¥²°  ®²®±¨²¥«¼® ¥£® ±®±¥¤¥©. � ¯°®²¨¢®¬ ±«³· ¥ ³§¥«

¯®«³· ¥² ¤®¯®«¨²¥«¼®¥ ±¬¥¹¥¨¥ ¢ ±²®°®³ ¢®§° ±² ¨¿  ¤ ¯² ¶¨®®©

´³ª¶¨¨. �®½´´¨¶¨¥² �
n

i
¢»¡¨° ¥²±¿ ¨§ ³±«®¢¨© ³±²®©·¨¢®±²¨ ¿¢®£®

¨²¥£°¨°®¢ ¨¿ ¯ ° ¡®«¨·¥±ª®£® ³° ¢¥¨¿ ³¯° ¢«¥¨¿ ±¥²ª®©, ª®²®°®¥

¬®¦® ¯®«³·¨²¼ ª ª ¤¨´´¥°¥¶¨ «¼®¥ ¯°¨¡«¨¦¥¨¥, ° ±±¬ ²°¨¢ ¿  ¤ -

¯² ¶¨®»©  «£®°¨²¬ ª ª ° §®±²³¾ ±µ¥¬³. � ®¤®¬¥°®¬ ±«³· ¥ ½²®

³° ¢¥¨¥ ¨¬¥¥² ¢¨¤:

@x
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0

@�

@x
0
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�¢ ¿ ¤¢³µ±«®© ¿ ±µ¥¬  ³±²®©·¨¢  ¯°¨ �
n

i
�tn � (�x0)2. � ¬¥²¨¬, ·²® ¢

° ±·¥²»µ ´®°¬³« µ  «£®°¨²¬   ¤ ¯² ¶¨¨ ¸ £ ±¥²ª¨ ¯°®®¡° §  x0 ° ¢¥

¥¤¨¨¶¥, ¯®½²®¬³ ³±«®¢¨¥ ³±²®©·¨¢®±²¨ ¨¬¥¥² ¢¨¤: �ni�tn � 1.
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� ° ±·¥²  ¯°¨¨¬ «®±¼ �n
i
= 0:5. �°¨ ½²®¬ ¤ ¦¥ ¢ ¯°¥¤¥«¼®¬ ±«³· ¥,

ª®£¤  ¢ ®¤®¬ ³§«¥ § ·¥¨¥  ¤ ¯² ¶¨®®© ´³ª¶¨¨ ³±²°¥¬«¿«®±¼ ª ¡¥±-

ª®¥·®±²¨,   § ·¥¨¿ ¢ ®±² «¼»µ ³§« µ ¯®« £ «¨±¼ ³«¿¬¨, ±®±¥¤¨ § 

¸ £ ¯® ¢°¥¬¥¨ ±¤¢¨³²¼±¿ ª ½²®¬³ ³§«³ ¥ ¡®«¥¥ ·¥¬   ¯®«®¢¨³ ° ±±²®-

¿¨¿ ¬¥¦¤³ ¨¬¨ ¨ ¥ ¡«¨¦¥, ·¥¬ ¬¨¨¬ «¼® ¤®¯³±²¨¬»© ° §¬¥° ¿·¥©ª¨.

�®¢»¥ ³§«®¢»¥ § ·¥¨¿ ¨±ª®¬»µ ´³ª¶¨© § ¤ ·¨ yn
i
®¯°¥¤¥«¿¾²±¿ ¨§

°¥¸¥¨¿ ³° ¢¥¨© "±¥²®·®© ª®¢¥ª¶¨¨"

@y

@t

�w � ry = 0

£¤¥ ®¯¥° ²®° £° ¤¨¥²  ®²®±¨²±¿ ª  ª²³ «¼®© ª®´¨£³° ¶¨¨,   w =

@x@t - ±ª®°®±²¼ ¯®¤¢¨¦®© ±¥²ª¨. � ª ¬¨³± ¯°¨ ª®¢¥ª²¨¢®¬

·«¥¥ ¯° ¢¨«¼»©. �° ¢¥¨¿ ±¥²®·®© ª®¢¥ª¶¨¨ ¨²¥£°¨°³¾²±¿ ¯®

¿¢®© ±µ¥¬¥. �«¼²¥° ²¨¢® ¤«¿ ®¯°¥¤¥«¥¨¿ ³§«®¢»µ § ·¥¨© °¥¸¥-

¨¿ ¬®¦® ¨±¯®«¼§®¢ ²¼ ¯¥°¥¨²¥°¯®«¿¶¨¾ °¥¸¥¨¿    ¤ ¯²¨°®¢ ³¾

±¥²ª³. �²®£® ¥ ¤¥« «®±¼, ¯®±ª®«¼ª³   ¥°¥£³«¿°»µ ±¥²ª µ ¯°®¶¥¤³° 

¨²¥°¯®«¿¶¨¨ ²°¥¡³¥² § ·¨²¥«¼® ¡®«¼¸¥£® ®¡º¥¬  ¢»·¨±«¥¨© ¨§-§  ¯®-

¨±ª  ¨²¥°¯®«¿¶¨®»µ ¿·¥¥ª.

�«¿ ±² ¶¨® °»µ § ¤ · ¤ »©  «£®°¨²¬ ¬®¦® ¨²¥°¯°¥²¨°®¢ ²¼

ª ª ¨²¥° ¶¨®»© ¯°®¶¥±±.

�±¯¥¸®±²¼  ¤ ¯² ¶¨¨ (³¬¥¼¸¥¨¥ ®¸¨¡®ª  ¯¯°®ª±¨¬ ¶¨¨ ¢ §® µ

¡®«¼¸¨µ £° ¤¨¥²®¢) ®¯°¥¤¥«¿¥²±¿ ¢»¡®°®¬  ¤ ¯² ¶¨®®© ´³ª¶¨¨.

�²®² ¢»¡®° ¯®¤±ª §»¢ ¥²±¿ «®ª «¼»¬¨ ®¶¥ª ¬¨ ®¸¨¡®ª ±¥²®·®£® ¬¥-

²®¤  ¨ § ¢¨±¨² ®² ª« ±±  °¥¸ ¥¬»µ § ¤ ·. �® ¬®£¨µ ±«³· ¿µ ¨§-§  ¥«¨-

¥©®±²¨ ¨ ¬®£®¬¥°®±²¨ § ¤ · ² ª¨¥ ®¶¥ª¨ ®²±³²±²¢³¾² ¨  ¤ ¯² ¶¨-

® ¿ ´³ª¶¨¿ § ¤ ¥²±¿ ¨²³¨²¨¢® ¯®   «®£¨¨ ± ®¤®¬¥°»¬ «¨¥©»¬

±«³· ¥¬. � ¯°¨¬¥°, ¢ ª ·¥±²¢¥  ¤ ¯² ¶¨®®© ´³ª¶¨¨ ¯°¨¬¥¿«¨±¼ § -

·¥¨¿ ¬®¤³«¿ ¤¨¢¥°£¥¶¨¨ ±ª®°®±²¨, £° ¤¨¥²®¢ ¯«®²®±²¨, § ¢¨µ°¥®-

±²¨.

� ° ±·¥²¥ ¯®¤¢¨¦»µ ª®®°¤¨ ² ± ¯®¬®¸¼¾ ³° ¢¥¨© ¥«¨¥©®©

"²¥°¬®³¯°³£®±²¨". �«£®°¨²¬ ° ¡®²» (�³° £®, 1984), ®¯¨° ¾¹¨©±¿  

³° ¢¥¨¿ ° §¤¥«  2.10, ¤®«£®¥ ¢°¥¬¿ ®±² ¢ «±¿ ¥°¥ «¨§®¢ »¬. �¥«®

¢ ²®¬, ·²® ¨¬¥¥²±¿ ±¢®¥£® °®¤  £¨¯®§ ¨«¨ ¯°¥¤° ±±³¤®ª ¯°®²¨¢ ¯°¨¬¥¥-

¨¿ ³° ¢¥¨© ¥«¨¥©®© ²¥°¬®³¯°³£®±²¨: ¯°¥¤±² ¢«¿¥²±¿ ° ±²®·¨²¥«¼-

»¬ ¯°¨¬¥¿²¼ ¥¿¢³¾ ±µ¥¬³ °¥¸¥¨¿ ¥«¨¥©®© § ¤ ·¨ ²¥°¬®³¯°³£®-

±²¨ ¢ ¯ °¥ ± ¿¢®© ±µ¥¬®© ¨²¥£°¨°®¢ ¨¿ ³° ¢¥¨© ¤¢¨¦¥¨¿ ´¨§¨·¥±ª®©
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±¯«®¸®© ±°¥¤». �®½²®¬³  ¢²®° ¯®¯»² «±¿ ¢ · «¥ °¥¸ ²¼ "²¥°¬®³¯°³-

£¨¥" ±¥²®·»¥ ³° ¢¥¨¿ ¯® ¿¢®© ±µ¥¬¥, ·²® ®ª § «®±¼ ª° ©¥ ¥³¤ ·-

»¬: ¯®±ª®«¼ª³ ½²¨ ±¥²®·»¥ ³° ¢¥¨¿ ¯°¨ ¤«¥¦ ² ¯ ° ¡®«¨·¥±ª®¬³

²¨¯³, ²® ¯°¨ ¿¢®¬ ¨²¥£°¨°®¢ ¨¨  ¤ ¯² ¶¨¿ ¥ ¯®±¯¥¢ ¥² §  °¥¸¥¨¥¬

¨ ° ±±®£« ±®¢ ¨¥ §® ±£³¹¥¨¿ ±¥²ª¨ ¨ §® ¡®«¼¸¨µ £° ¤¨¥²®¢ °¥¸¥-

¨¿ ¯°¨¢®¤¨² ²®«¼ª® ª ¯®²¥°¥ ²®·®±²¨. �®½²®¬³ ± · «  ¡»«¨ °¥ «¨§®-

¢ » ®¯¨± »¥ ¢»¸¥  «£®°¨²¬» ¯® °¥¶¥¯² ¬ ¤°³£¨µ  ¢²®°®¢. �¨²³ ¶¨¿

± ¯°¨¬¥¥¨¥¬ ³° ¢¥¨© ²¥°¬®³¯°³£®±²¨ ª ±¥²®·®© ±°¥¤¥ ° ¤¨ª «¼®

¨§¬¥¨« ±¼ ¯®±«¥ °¥ «¨§ ¶¨¨  «£®°¨²¬  ¨²¥£°¨°®¢ ¨¿ ½²¨µ ³° ¢¥¨©

¯® ¥¿¢®© ±µ¥¬¥ "¼¾²®®¢ª ¿ ª¢ §¨«¨¥ °¨§ ¶¨¿ ¯«¾± ±®¯°¿¦¥»¥ £° -

¤¨¥²»",   «®£¨·® ²®¬³, ª ª ½²® ®¯¨± ® ¢»¸¥ ¤«¿ ³° ¢¥¨© ³¯°³£®-

¯« ±²¨·®±²¨. �¥¿¢®¥ ¨²¥£°¨°®¢ ¨¥ ¯°¨¢®¤¨² ¥ ²®«¼ª® ª ®¦¨¤ ¥¬»¬

®²«¨·»¬ °¥§³«¼² ² ¬ (±¬. ¯°¨¬¥°» ° §¤¥«  4.7), ® ¡« £®¤ °¿ ½´´¥ª²¨¢-

®±²¨ ¥¿¢®© ±µ¥¬» ¯®·²¨ ¥ § ¬¥¤«¿¥² ®±®¢³¾ (¿¢³¾) ±µ¥¬³ °¥¸¥¨¿

²¥°¬®¬¥µ ¨·¥±ª®© § ¤ ·¨, § ·¨²¥«¼® ¯®¢»¸ ¿ ²®·®±²¼ °¥¸¥¨©.

3.4. � ±·¥² ª®² ª²  ¤¥´®°¬¨°³¥¬»µ ²¥«.

�¨¦¥   ®±®¢¥ ° ¡®² �³° £® ¨ �³ª³¤¦ ®¢  [38, 39, 40, 41, 43, 44,

45, 271]. ¯°¨¢¥¤¥® ®¯¨± ¨¥ ª®² ª²»µ  «£®°¨²¬®¢ ¬¥²®¤  ¬®¦¨²¥«¥©

� £° ¦  (¤«¿ ¿¢»µ ±µ¥¬) ¨ ¸²° ´»µ ´³ª¶¨© (¤«¿ ¥¿¢»µ ±µ¥¬).

�®±¯°®¨§¢¥¤¥¬ §¤¥±¼ ®¯°¥¤¥«¥¨¿ ° §¤¥«  3.1, ª ± ¾¹¨¥±¿ ¯®¢¥°µ®±²¨

ª®² ª²  ¨ ª®² ª²»µ ³±«®¢¨© (3.5). �®¢¥°µ®±²¼ ª®² ª² 
o

Sc ®¯°¥¤¥«¿-

¥²±¿ ª ª ¬®¦¥±²¢® ¢±¥µ £° ¨·»µ ²®·¥ª, ¤«¿ ª ¦¤®© ¨§ ª®²®°»µ ±³¹¥-

±²¢³¥² ¤°³£ ¿ £° ¨· ¿ ²®·ª  ± ²¥¬ ¦¥ § ·¥¨¥¬  ª²³ «¼®£® ° ¤¨³±-

¢¥ª²®° 
o

Sc= f
o

x
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: 8
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x
+
2

o
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x
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S j
o
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; t)g

�®² ª²»¥ £° ¨·»¥ ³±«®¢¨¿ ¢»° ¦ ¾² ¥¯°¥°»¢®±²¼ ®°¬ «¼®© ±®-

±² ¢«¿¾¹¥© ±ª®°®±²¨:

(u+ � u�) � n+ = 0 (3:33)

° ¢¥±²¢® ¤¥©±²¢¨¿ ¨ ¯°®²¨¢®¤¥©±²¢¨¿ (²°¥²¨© § ª® �¼¾²® ):

P+ = �P� (3:34)

¨ § ª® ²°¥¨¿:

P�� = P+ � �+
�
= ~
f(Pn; (u

+ � u�) � ��) ; � = 1; 2 (3:35)
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£¤¥ ª®² ª² ¿  £°³§ª  P ¯°¥¤±² ¢«¥  ®°¬ «¼®© Pn ¨ ª ± ²¥«¼»¬¨

P�� ; (� = 1; 2) ±®±² ¢«¿¾¹¨¬¨, n ¨ �� - ®°²» ®°¬ «¨ ¨ ª ± ²¥«¼»µ ª

¯®¢¥°µ®±²¨ S ¢  ª²³ «¼®© ª®´¨£³° ¶¨¨, ¤«¿ ª®²®°»µ ¢»¯®«¥®

n+ = �n� ; �
+
�
= ���

�
; � = 1; 2 ; Pn = P+ � n+

�®² ª² ¿  £°³§ª  ²°¥¨¿ § ¢¨±¨² ®² ®°¬ «¼®© ª®² ª²®©  £°³§ª¨

¨ ®² ±ª ·ª  ª ± ²¥«¼®© ±ª®°®±²¨ (±ª®°®±²¨ ±ª®«¼¦¥¨¿).

3.4.1. �¥²®¤ ¬®¦¨²¥«¥© � £° ¦  ¤«¿ ° ±·¥²  ª®² ª² 

�±«®¢¨¿ ª®² ª²  ¬®¦® ¢¢¥±²¨ ¢ ³° ¢¥¨¥ ¢¨°²³ «¼»µ ° ¡®² ± ¯®-

¬®¹¼¾ ¬¥²®¤  ¬®¦¨²¥«¥© � £° ¦  (c¬. ®¯¨± ¨¥ ®¡¹¨µ ¬¥¤®¤®¢ ³·¥² 

®£° ¨·¥¨© ¢ § ¤ · µ ®¯²¨¬¨§ ¶¨¨, ¤ ®¥,  ¯°¨¬¥°, ¢ ¬®®£° ´¨¨

�¸¥¨·®£® ¨ � ¨«¨  [172]). � °¥§³«¼² ²¥ ½²® ³° ¢¥¨¥ ¯°¨¬¥² ² -

ª®© ¢¨¤: Z
V

[�(du=dt � f) � �u + �r�u] dV =
Z
Sp

P � �udS�

�
Z
Sc

24
�(Pn(x

+ � x�) � n+) +
2X

�=1

P���(x
+ � x�) � �+

�

35
dS (3:36)

�®«¼ ¬®¦¨²¥«¿ � £° ¦  ¤«¿ ª¨¥¬ ²¨·¥±ª®£® ®£° ¨·¥¨¿ (3.33)

¨£° ¥² ®°¬ «¼ ¿  £°³§ª  ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ Pn, ¯®¤«¥¦ ¹ ¿

®¯°¥¤¥«¥¨¾. � ± ²¥«¼»¥ ª®² ª²»¥  £°³§ª¨ P�� (� = 1; 2) ®¯°¥¤¥«¿-

¾²±¿ § ª®®¬ ²°¥¨¿ (3.35).

� ±±¬®²°¨¬  «£®°¨²¬ ª®² ª²»µ ¯ °. �³±²¼ ¯®¢¥°µ®±²¼ ²¥« ¯°¥¤±² -

¢«¥  £° ¨·»¬¨ ¿·¥©ª ¬¨: ®²°¥§ª ¬¨ ¢ ¤¢³¬¥°®¬ ±«³· ¥ ¨ ²°¥³£®«¼-

¨ª ¬¨ ¢ ²°¥µ¬¥°®¬ ±«³· ¥.

�³±²¼ «®ª «¼ ¿ ³¬¥° ¶¨¿ ³§«®¢ ¢ £° ¨·»µ ¿·¥©ª µ ¢ ²°¥µ¬¥°®¬

±«³· ¥ ¯°¨¿²  ¯® · ±®¢®© ±²°¥«ª¥, ¥±«¨ ±¬®²°¥²¼ ± °³¦¨ ²¥« ,   ¢ ¤¢³-

¬¥°®¬ ±«³· ¥ «®ª «¼ ¿ ³¬¥° ¶¨¿ ±®®²¢¥²±²¢³¥² ®¡µ®¤³ £° ¨¶» ¯®

· ±®¢®© ±²°¥«ª¥. �²® ³¦® ¤«¿ ®¤®§ ·®£® ®¯°¥¤¥«¥¨¿  ¯° ¢«¥¨¿

¢¥¸¥© ®°¬ «¨ ª £° ¨¶¥.

�  · «¥ ª ¦¤®£® ¸ £  ¯® ¢°¥¬¥¨ ¯°®¨§¢®¤¨²±¿ ¯°¥¤¢ °¨²¥«¼»© ° ±-

·¥² ®¢®£® ¯®«®¦¥¨¿ £° ¨¶» ¡¥§ ³·¥²  ª®² ª² . � ²¥¬ ±°¥¤¨ ¯ ° "£° -

¨· ¿ ¿·¥©ª  - £° ¨·»© ³§¥«" ®²¡¨° ¾²±¿ ª®² ª²»¥, ²® ¥±²¼ ² ª¨¥,

·²® 1) ®°¬ «¼, ®¯³¹¥ ¿ ¨§ £° ¨·®£® ³§«    ¯«®±ª®±²¼ £° ¨·®©
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¿·¥©ª¨, ¯¥°¥±¥ª ¥² ½²³ £° ¨·³¾ ¿·¥©ª³, ¨ 2) ¨¬¥¥² ¬¥±²® ±·¥²®¥ ¯°®¨-

ª ¨¥. �°¨  «¨·¨¨ ¤«¿ ¤ ®£® £° ¨·®£® ³§«  ¥±ª®«¼ª¨µ ª ¤¨¤ ²®¢

¨§ £° ¨·»µ ½«¥¬¥²®¢   °®«¼ ¯ °²¥°  ¯® ª®² ª²®© ¯ °¥, ®¤®§ ·®

®²¡¨° ¥²±¿ ²®² £° ¨·»© ½«¥¬¥², ª®²®°»© ¯¥°¥±¥ª ¥²±¿ ²° ¥ª²®°¨¥©

¤ ®£® £° ¨·®£® ³§« . � ²¥¬ ²¨·¥±ª ¿ § ¯¨±¼ ½²¨µ ³±«®¢¨© ®²¡®° 

¯°¨¢®¤¨²±¿ ¤ «¥¥.

�«¿ ³±ª®°¥¨¿ ¯°®¶¥±±  ®²¡®°  ª®² ª²»µ ¯ ° ®²±¥¢ ±«¨¸ª®¬ ¤ «¥ª®

®²±²®¿¹¨µ ¤°³£ ®² ¤°³£  ¯®²¥¶¨ «¼»µ ¯ °²¥°®¢ ¯® ª®² ª²®© ¯ °¥

¯°®¢®¤¨²±¿ ± · «  ¯® ° §®±²¨ ª®®°¤¨ ² (¡®«¥¥ ½ª®®¬ ¿ ¯°®¢¥°ª ),

§ ²¥¬ ¯® ° ±±²®¿¨¾ ¨ ²®«¼ª® ¯®²®¬ ¯® ¯°®¥ª¶¨¨. �¨ª ª®© ¥®¡µ®¤¨¬®-

±²¨  £«¿¤®© ²° ª²®¢ª¨ ² ª®£®  «£®°¨²¬  ®¯°¥¤¥«¥¨¿ §®» ª®² ª² 

¯³²¥¬ ° ±±³¦¤¥¨© ® ª®±²°³ª¶¨¿µ ²¨¯ ,  ¯°¨¬¥°, "¯¨¡®««®¢" ¨«¨ "¨¥-

° °µ¨·¥±ª¨µ ¯¨¡®««®¢" ¥², µ®²¿ ¯® ±³²¨ ª®±²°³ª¶¨¨ ¯¨¡®««®¢ ¯®¤° -

§³¬¥¢ ¾² ²³ ¦¥ ¯®±«¥¤®¢ ²¥«¼®±²¼ ¯°®¢¥°®ª ¨ ®²±¥¢ . �²¬¥²¨¬, ·²® ¢

° ¡®² µ  ¢²®°  ½²®²  «£®°¨²¬ ®¯°¥¤¥«¥¨¿ §®» ª®² ª²  ¡»« °¥ «¨§®¢ 

 ¬®£® ° ¼¸¥, ·¥¬ ¢ ° ¡®² µ ¤°³£¨µ  ¢²®°®¢.

�®² ª² ¿ ¯ °  ®¡° §³¥² ²°¥³£®«¼¨ª ¢ ¤¢³¬¥°»µ § ¤ · µ ¨ ²¥²° -

½¤° ¢ ²°¥µ¬¥°®¬ ±«³· ¥. �® ¥±²¼, ·¨±«® ³§«®¢ ¢ ¥© Mc ° ¢® 3 ¨«¨ 4,

±®®²¢¥²±²¢¥®. �®¬¥°  ½²¨µ ³§«®¢ µ° ¿²±¿ ¢ ¨´®°¬ ¶¨®®¬ ¬ ±±¨¢¥

ª®² ª²»µ ¯ ° K(r; l), (r = 1; :::; N � c; l = 1; :::;Mc). �«¿ ª ¦¤®© ª®-

² ª²®© ¯ °» k ¯¥°¢»¥Mc� 1 ½«¥¬¥²» ¨´®°¬ ¶¨®®£® ¬ ±±¨¢  K(r; l)

®²¢¥· ¾² £° ¨·®© ¿·¥©ª¥,   ¯®±«¥¤¨© (Mc-©) ½«¥¬¥² ±®¤¥°¦¨² ®¬¥°

£° ¨·®£® ³§« , ± ª®²®°»¬ ½²  £° ¨· ¿ ¿·¥©ª  ª®² ª²¨°³¥².

�«£®°¨²¬ ° ±·¥²  ª®² ª²®©  £°³§ª¨ °¥ «¨§³¥²±¿ ¨²¥° ¶¨®®. �

ª ¦¤®© ª®² ª²®© ¯ °¥ ª®² ª² ¿  £°³§ª , ®°¬ «¼ ¿ ª £° ¨·®©

¿·¥©ª¥, ®¯°¥¤¥«¿¥²±¿ ¨§ ³±«®¢¨¿ ®¡° ¹¥¨¿ ®¡º¥¬  ª®² ª²®© ¯ °» ¢

³«¼. � ¯°®¶¥±±¥ ¯®±«¥¤®¢ ²¥«¼®£® ®¡µ®¤  ª®² ª²»µ ¯ ° ª®² ª² ¿

 £°³§ª  ¨ ª®®°¤¨ ²» ³§«®¢ ¯®¯° ¢«¿¾²±¿ ¤® ²¥µ ¯®°, ¯®ª  ¢±¥ ª®² ª²-

»¥ ¯ °» ¥ "±µ«®¯³²±¿". � ¿¢»µ ±µ¥¬ µ ¯°¨ °¥ «¨§ ¶¨¨ ¬¥²®¤  ¬®-

¦¨²¥«¥© � £° ¦  ½²® ¤®±²¨£ ¥²±¿, ª ª ¯° ¢¨«®, §  ¤¢  ®¡µ®¤  £° ¨¶»

(¢²®°®© ®¡µ®¤ ¤¥« ¥²±¿ ¤«¿ ª®²°®«¿). � ¥¿¢»µ ±µ¥¬ µ ¯°¨ °¥ «¨§ -

¶¨¨ ¬¥²®¤  ¸²° ´  (±¬. ª®¥¶ ° §¤¥« ) ¨²¥°¨°³¥²±¿ ¤® ±µ®¤¨¬®±²¨ ¯®«¥

±ª®°®±²¥© ¢® ¢±¥© ®¡« ±²¨ °¥¸¥¨¿.

�¯°¥¤¥«¥¨¥ §®» ª®² ª² . � ¤ ®¬ ¯®¤° §¤¥«¥ ®¯¨±»¢ ¾²±¿ ³±«®-

¢¨¿, ¯® ª®²®°»¬ ¬®¦® ¯°®¢¥°¨²¼ ¿¢«¿¥²±¿ «¨ ®²¤¥«¼ ¿ ¯ °  "£° ¨·»©
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³§¥« - £° ¨·»© ½«¥¬¥²" ª®² ª²®©. �«¿ ³¯°®¹¥¨¿ § ¯¨±¨ ¨±¯®«¼§³¥¬

§¤¥±¼ «®ª «¼³¾ ³¬¥° ¶¨¾ ³§«®¢ i = 1; :::;Mc (¯¥°¢»¥Mc�1 ®¬¥°  ®²¢¥-

· ¾² £° ¨·®¬³ ½«¥¬¥²³,   ®¬¥° Mc - £° ¨·®¬³ ³§«³, ³· ±²¢³¾¹¨¬

¢ ¯°®¢¥°ª¥).

�³±²¼ xn
i
-  ª²³ «¼»¥ ° ¤¨³±-¢¥ª²®°» ³§«®¢ ª®² ª²®© ¯ °»   "±² -

°®¬" ¢°¥¬¥®¬ ±«®¥,   un+1i ¨ (xn+1i )s = xn
i
+ (un+1i )s�tn - ¨±ª®¬»¥ ³§-

«®¢»¥ § ·¥¨¿ ±ª®°®±²¥© ¨ ° ¤¨³±-¢¥ª²®°®¢   ®¢®¬ ¢°¥¬¥®¬ ±«®¥,

s = 0; 1; 2; ::: - ®¬¥° ¨²¥° ¶¨¨. �¥«¨·¨  (un+1i )0 ®²¢¥· ¥² ¯°¥¤¢ °¨²¥«¼-

®¬³ ° ±·¥²³ ®¢®£® ¢°¥¬¥®£® ±«®¿ ¡¥§ ³·¥²  ª®² ª² .

� ²°¥µ¬¥°®¬ ±«³· ¥ ¢¥¸¿¿ ®°¬ «¼ ª £° ¨·®© ¿·¥©ª¥ ®¯°¥¤¥«¿¥²±¿

±®®²®¸¥¨¥¬

(n)s = ((xn+13 )s � (xn+11 )s)� (((xn+12 )s � ((xn+11 )s)=L

£¤¥ L = j((xn+13 )s � (xn+11 )s) � (((xn+12 )s � ((xn+11 )s)j. � °  £° ¨·»© ³§¥«

- £° ¨· ¿ ¿·¥©ª  ¿¢«¿¥²±¿ ª®² ª²®©, ¥±«¨ ®°¬ «¼ ¿ ¯°®¥ª¶¨¿ ³§« 

  ¯«®±ª®±²¼ ¿·¥©ª¨ ¯°¨ ¤«¥¦¨² ¿·¥©ª¥:

L1 + L2 +L3 = 1 (3:37)

d = n � ((xn+14 )s � (xn+11 )s) � 0 (3:38)

£¤¥ Li ; (i = 1; 2; 3) - L-ª®®°¤¨ ²» ¯°®¥ª¶¨¨ (xn+1
c

)s = (xn+14 )s � d(n)s
£° ¨·®£® ³§«  Mc   ¯«®±ª®±²¼, ®¯°¥¤¥«¿¥¬³¾ £° ¨·®© ¿·¥©ª®© 1-2-3:

(L1)s = ((xn+13 )s � (xn+1
c

)s)� (((xn+12 )s � ((xn+1
c

)s)=L

(L2)s = ((xn+13 )s � (xn+11 )s)� (((xn+1
c

)s � ((xn+11 )s)=L

(L3)s = ((xn+1
c

)s � (xn+11 )s)� (((xn+12 )s � ((xn+11 )s)=L

�¯¯°®ª±¨¬ ¶¨¿ ª®² ª²»µ ¨²¥£° «®¢. �®² ª²»¥ ¨²¥£° «» ¢ ¯° -

¢®© · ±²¨ ³° ¢¥¨¿ ¢¨°²³ «¼»µ ° ¡®² ¯°¥¤±² ¢¨¬ ¢ ±«¥¤³¾¹¥© ´®°¬¥:

�

Z
Snc

(Pn)
n(u+ � u�) � nndS =

NcX
r=1

(Pn)
n

r

McX
i=1

(Li)
n

r
�uK(r;i) � n

n

r
S
n

r
+

NcX
r=1

�(Pn)r
McX
i=1

(Li)
n

r
un+1
K(r;i) � n

n

r
S
n

r
(3:39)
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¨ Z
Snc

2X
�=1

(P��)
n(�u+ � �u�) � �n

�
dS =

NcX
r=1

2X
�=1

(P��)
n

r

McX
i=1

(Li)
n

r
�uK(r;i) � (��)

n

r
S
n

r

�¢ ¿ ±µ¥¬  "ª°¥±²" ¤«¿ ±ª®°®±²¥© ± ³·¥²®¬ ª®² ª² . � ³·¥²®¬ ½²¨µ ¨-

²¥£° «®¢ ±®®²®¸¥¨¿ ¤«¿ ±ª®°®±²¥© ¯¥°¥¯¨¸³²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬:

Mi(u
n+1
i

� 
n

i
~un
i
� (1� 

n

i
)un

i
) = fn

i
�tn ; i 2 !n!u!

n

c

un+1
i

= un+1;�
i ; i 2 !u (3:40)

Mi(u
n+1
i

� 
n

i
~un
i
� (1� 

n

i
)un

i
) = (f + fc

n

i
)n
i
�tn ; i 2 !

n

c

�±² «¼»¥ ³° ¢¥¨¿ ¿¢®© ±µ¥¬» ° §¤¥«  3.3 ¥ ¨§¬¥¿²±¿. �e°e§ !
n

c

®¡®§ ·¥® ¬®¦¥±²¢® ®¬¥°®¢ ³§«®¢, ³· ±²¢³¾¹¨µ ¢ ®¡° §®¢ ¨¨ ª®-

² ª²»µ ¯ °. �«¿ ª®² ª²»µ ³§«®¢ ¢ ¢»° ¦¥¨¿µ ³° ¢¥¨© ¤¢¨¦¥¨¿

¯®¿¢¨«¨±¼ ¯®¤«¥¦ ¹¨¥ ®¯°¥¤¥«¥¨¾ ¤®¡ ¢ª¨ fc
n

i
(ª®² ª²»e  £°³§ª¨).

� ±®®²¢¥²±²¢¨¨ ±  ¯¯°®ª±¨¬ ¶¨¿¬¨ (3.39) ¢¥ª²®°» ª®² ª²»µ  £°³-

§®ª ®¯°¥¤¥«¿¾²±¿ ² ª:

(fc)
n

i
=

NcX
r=1

McX
l=1

0@(Pn)
n

r
nn
r
+

2X
�=1

(P��)
n

r
(��)

n

r

1A
S
n

r
L
n

rl
~
H(i�K(r; l)) (3:41)

�«¥¤±²¢¨¥¬ ¬®¤¨´¨¶¨°®¢ ®£® ³° ¢¥¨¿ ¢¨°²³ «¼»µ ° ¡®² ¿¢«¿¥²±¿

² ª¦¥ ±®®²®¸¥¨¥
McX
i=1

(Li)
n

r
un+1
K(r;i) � n

n

r
= 0 (3:42)

®¡¥±¯¥·¨¢ ¾¹¥¥ ¥¯°¥°»¢®±²¼ ®°¬ «¼»µ ±ª®°®±²¥©   ª®² ª²®©

£° ¨¶¥.

�·¥² ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ¯°¨¢®¤¨² ª ¯®¿¢«¥¨¾ ®¢®© £°³¯¯»

¨±ª®¬»µ ¢¥«¨·¨ - ¬®¦¨²¥«¥© � £° ¦  (Pn)
n

r
(r = 1; :::; Nc) ¨ ¤®¡ ¢¨-

«¨±¼ Nc ¤®¯®«¨²¥«¼»µ  «£¥¡° ¨·¥±ª¨µ ±®®²®¸¥¨© (3.42), ®£° ¨·¨-

¢ ¾¹¨µ ¢®§¬®¦»¥ ¤¢¨¦¥¨¿ ª®² ª²»µ ³§«®¢ ¨ µ ° ª²¥°¨§³¾¹¨¥±¿ ¥-

¤¨ £® «¼®© ¬ ²°¨¶¥© ¨ ¢®±¿¹¨µ ¢ ¿¢»¥ ±µ¥¬» ½«¥¬¥² ¥¿¢®±²¨. �®-

±ª®«¼ª³ §®  ª®² ª²  § ¢¨±¨² ®² ª®² ª²»µ  £°³§®ª ¨ ®¯°¥¤¥«¿¥²±¿ ±®-

¢¬¥±²® ± ¨¬¨, ¥®¡µ®¤¨¬» ¢¥¸¨¥ ¨²¥° ¶¨¨ ¯® ¥«¨¥©®±²¨ (¯¥°¥±·¥²

¢°¥¬¥®£® ¸ £  ± ³²®·¥¨¥¬ §®» ª®² ª² ). �®°¬ «¼»¥ ª®² ª²»¥

 £°³§ª¨ ¤®«¦» ¡»²¼ ±¦¨¬ ¾¹¨¬¨:

(Pn)
n

r
� 0 ; r = 1; :::; Nc (3:43)
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²® ¥±²¼ ¤¥©±²¢®¢ ²¼ ¯°®²¨¢  ¯° ¢«¥¨¿ ¢¥¸¥© ®°¬ «¨ ª £° ¨¶¥. �°¨

 °³¸¥¨¨ ½²oro ³±«®¢¨¿ ±®®²¢¥²±²¢³¾¹ ¿ ª®² ª² ¿ ¯ °  ¨±ª«¾· ¥²±¿

¨§ ·¨±«  ª®² ª²»µ, ¨ ¯°®¨§¢®¤¨²±¿ ¯¥°¥±·¥².

�²¥° ¶¨®»© ¯°®¶¥±± °¥¸¥¨¿ ª®² ª²»µ ³° ¢¥¨© �«¿ °¥¸¥¨¿

±¨±²¥¬» ³° ¢¥¨©   ª®² ª²®© £° ¨¶¥ ¯°¨¬¥¥ ±«¥¤³¾¹¨© ¯°®±²®©

¨²¥° ¶¨®»© ¯°®¶¥±± ²¨¯  � ³±± -�¥©¤¥«¿:

� £ 0. �«¿ ¯®«³·¥¨¿  · «¼®£® ¯°¨¡«¨¦¥¨¿ ¯°®¢®¤¨²±¿ ° ±·¥² ¢±¥µ

¢¥«¨·¨   ®¢®¬ ¢°¥¬¥®¬ ±«®¥ n + 1 ¯® ¿¢®© ±µ¥¬¥ "ª°¥±²" (3.6) ¡¥§

³·¥²  ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿.

� £ 1. �³²¥¬ ¯°®¢¥°ª¨ ³±«®¢¨© (3.37)-(3.38) ®¯°¥¤¥«¿¥²±¿ §®  ª®-

² ª² , ².¥. ´®°¬¨°³¥²±¿ ¨´®°¬ ¶¨®»© ¬ ±±¨¢ ª®² ª²»µ ¯ ° K(r; l).

�±«¨ ¯® ±° ¢¥¨¾ ± ¯°¥¤»¤³¹¥© ¨²¥° ¶¨¥© ® ¨§¬¥¨«±¿, ²® ¯¥°¥µ®¤¨¬ ª

¢»¯®«¥¨¾ ¸ £  2, ¨ ·¥ ¯°®¶¥±± ®ª®·¥.

� £ 2. �®±«¥¤®¢ ²¥«¼® ¤«¿ ª ¦¤®© ª®² ª²®© ¯ °» K(k; l) ; k =

1; :::; Nc ¯®¤¯° ¢«¿¥²±¿ ¢¥«¨·¨  ®°¬ «¼®© ª®² ª²®©  £°³§ª¨ (Pn)
n

k

¯°¨ ¯®±²®¿»µ (Pn)
n

r
, r = 1; :::; Nc; r 6= k. �®¢»¥ § ·¥¨¿ (Pn)

n

r
; un+1

K(r;l),

xn+1
K(r;i), i = 1; :::;Mc ¢ ±®®²¢¥²±²¢¨¨ ± ´®°¬³« ¬¨ (3.40)-(3.41) ° ¢»

((Pn)
n

r )
s+1 = ((Pn)

n

r )
s +�(Pn)

n

k

(un+1
K(r;i))

s+1 � (n)n
k
= (un+1

K(r;i))
s � (n)n

k
��(Pn)

n

k
(Li)

n

k
=mi�tn ; i = 1; :::;Mc

�®¯° ¢ª  �(Pn)
n

k
®¯°¥¤¥«¿¥²±¿ ¨§ ±®®²®¸¥¨¿ (4.9), § ¯¨± ®£® ¤«¿ ¯®-

¯° ¢«¥»µ ±ª®°®±²¥©:

�(Pn)
n

k =

24McX
i=1

unK(r;i) � (n)
n

k(Li)
n

k

35 24�tn McX
i=1

((Li)
n

k)
2
=mK(k;i)

35
�²¥° ¶¨®»© ¯°®¶¥±± ®ª ·¨¢ ¥²±¿, ¥±«¨ ¤«¿ ¢±¥µ ª®² ª²»µ ¯ p ³±«®-

¢¨¥ (3.41) ¢»¯®«¥® ± § ¤ ®© ²®·®±²¼¾. � «¥¥ ¯¥°¥µ®¤¨¬ ª ¸ £³ 1.

�¯¨± »© ¢»¸¥  «£®°¨²¬ ¨±¯®«¼§³¥²±¿ ª ª ¤®¯®«¥¨¥ ª ¿¢»¬ ±µ¥-

¬ ¬ ° ±·¥²  ¯°®¶¥±±®¢ ¤¥´®°¬ ¶¨¨ ¨, ² ª¨¬ ®¡° §®¬, °¥ «¨§³¥² ¨¤¥¾ ° ±-

¹¥¯«¥¨¿ ¯® ´¨§¨·¥±ª¨¬ ¯°®¶¥±± ¬ ¯°¨¬¥¨²¥«¼® ª ª®² ª²»¬ § ¤ · ¬

¤¨ ¬¨ª¨ ±¯«®¸»µ ±°¥¤. �²¬¥²¨¬, ·²® ª®² ª²»©  «£®°¨²¬ ¥ § ¢¨±¨²

®² ¢»¡®°  ª®ª°¥²®© ¿¢®© ±µ¥¬».

� ª ³¦¥ £®¢®°¨«®±¼,   ª ¦¤®¬ ¸ £¥ ¯® ¢°¥¬¥¨ ¤¥« ¥²±¿ ²®«¼ª® ¤¢ 

®¡µ®¤  £° ¨¶» (¢²®°®© - ¤«¿ ª®²°®«¿). �®¤·¥°ª¥¬, ·²® ¢±¥ ³· ±²ª¨
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£° ¨¶» ° ¢®¯° ¢». �®² ª² ®¤¨µ ³· ±²ª®¢ £° ¨¶» ²¥«  ± ¤°³£¨¬¨

³· ±²ª ¬¨ £° ¨¶» ²®£® ¦¥ ²¥«  ° ±±·¨²»¢ ¥²±¿ ² ª ¦¥, ª ª ¨ ª®² ª² ±

¤°³£¨¬¨ ²¥« ¬¨.

�«¿ ³«³·¸¥¨¿ ±¢®©±²¢  ±µ¥¬» ±®µ° ¿²¼ ±¨¬¬¥²°¨¾ ¨ ®¡¥±¯¥·¥¨¿ ¥-

§ ¢¨±¨¬®±²¨ °¥§³«¼² ²  ®² ¯®°¿¤ª  ®¡µ®¤  ª®² ª²»µ ¯ °, ®²ª®°°¥ª²¨-

°®¢ »¥ § ·¥¨¿ ª®² ª²»µ  £°³§®ª ¨ ±ª®°®±²¥©  ª ¯«¨¢ ¾²±¿ ¢ ®²-

¤¥«¼®¬ ¬ ±±¨¢¥ ¨ ®¡®¢«¥¨¥ ®±®¢»µ ¬ ±±¨¢®¢ ª®®°¤¨ ² ¨ ±ª®°®±²¥©

¯°®¨§¢®¤¨²±¿ ¯® ®ª®· ¨¨ ° ±·¥²  ª®² ª²»µ ¯ °.

3.4.2. � ±·¥² ª®² ª²  ¬¥²®¤®¬ ¸²° ´ 

� ±«³· ¥ ¥¢»µ ±µ¥¬ ³·¥² ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ¯°®¢®¤¨²±¿ ¬¥-

²®¤®¬ ¸²° ´»µ ´³ª¶¨©. �±¯®«¼§³¥²±¿ ¬®¤¨´¨¶¨°®¢ ®¥ ³° ¢¥¨¥

¢¨°²³ «¼»µ ° ¡®² (3.36), ¢ ª®²®°®¬ ¯®« £ ¥²±¿

Pn = ~
�(x+ � x�) � n+ ;

~
� >> 1

£¤¥ ~� - ª®½´´¨¶¨¥² ¸²° ´ . � ¯° ª²¨·¥±ª¨µ ° ±·¥² µ ¢¥«¨·¨  ª®½´´¨-

¶¨¥²  ¸²° ´  ¯°¨¨¬ ¥²±¿ ° ¢®© ®¡° ²®© ¢¥«¨·¨¥ "¬ ¸¨®£® ½¯±¨-

«®" (¤«¿ ·¥²»°¥µ¡ ©²®¢®©  °¨´¬¥²¨ª¨ ½²® ¯°¨¬¥°® 106). �¯¯°®ª±¨¬ -

¶¨¿ ª®² ª²»µ ¤®¯®«¨²¥«¼»µ ·«¥®¢ ¢ ³° ¢¥¨¨ (3.36) ¯°®¢®¤¨²±¿ ² ª

¦¥, ª ª ¨ ¢ ¯®¤° §¤. 3.3.2, ¨µ ¢«¨¨¥ ³·¨²»¢ ¥²±¿ ¯°¨ ¢»·¨±«¥¨¨ ¥¢¿§®ª

¢ ¨²¥° ¶¨®®¬ ¯°®¶¥±±¥ ¬¥²®¤  ±®¯°¿¦¥»µ £° ¤¨¥²®¢. �¥°¥¤ ° ±·¥-

²®¬ ®¢®£® ¢°¥¬¥®£® ±«®¿ ®¯°¥¤¥«¿¥²±¿ §®  ª®² ª²  ¯® ³±«®¢¨¬ (3.37)-

(3.38), ® ³±«®¢¨¥ (3.38) ®±« ¡«¿¥²±¿ ¨ § ¬¥¿¥²±¿   ³±«®¢¨¥ ¤®±² ²®·®©

¡«¨§®±²¨ £° ¨¶

d = n � ((xn+14 )s � (xn+11 )s) � 0:1hmin (3:43)

£¤¥ hmin - ¬¨¨¬ «¼ ¿ ¤«¨  £° ¨·®£® ®²°¥§ª  ±¥²ª¨. �·¥² ª®² ª²-

»µ ¢§ ¨¬®¤¥©±²¢¨© ¨ ¢ ±«³· ¥ ¥¿¢®© ±µ¥¬» ¥ ³±«®¦¨« ¯°®¶¥±±  °¥-

¸¥¨¿ § ¤ · ¨ ¡»« °¥ «¨§®¢  ¯°®±²® ª ª ¤®¯®«¨²¥«¼ ¿ ¯®¤¯°®£° ¬¬ ,

®¯°¥¤¥«¿¾¹ ¿ §®³ ª®² ª²    ª ¦¤®¬ ¸ £¥ ¨ ¢»·¨±«¿¾¹ ¿ ª®² ª²»¥

¯®¯° ¢ª¨ ª ¥¢¿§ª ¬ ³° ¢¥¨© ¤¢¨¦¥¨¿ ¢ ¨²¥° ¶¨¿µ ¯® ¬¥²®¤³ ±®¯°¿-

¦¥»µ £° ¤¨¥²®¢.

�°¨ ¨±¯®«¼§®¢ ¨¨ ª¢ §¨¼¾²®®¢±ª®© ¥¿¢®© ±µ¥¬» ¢ ° ±·¥² µ ±

¡®«¼¸¨¬ ¸ £®¬ ¯® ¢°¥¬¥¨ ¨«¨ ¯® ¯ ° ¬¥²°³  £°³¦¥¨¿ ¢®§¨ª ¥² ¥®¡-

µ®¤¨¬®±²¼ ¢® ¢¥¸¨µ ¤®¯®«¨²¥«¼»µ ¨²¥° ¶¨¿µ ¯® ¥«¨¥©®±²¨. �¤-

 ª®, ¥±«¨ ¢»¤¥°¦¨¢ ²¼ ³±«®¢¨¥ ²®·®±²¨ ¯³²¥¬ ¢»¡®°  ¢¥«¨·¨» ¸ £  ¯®
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¢°¥¬¥¨, ®¡¥±¯¥·¨¢ ¾¹¥© ¤®±² ²®·³¾ ¬ «®±²¼ ¯°¨° ¹¥¨© ¤¥´®°¬ ¶¨¨,

²® ² ª¨µ ¤®¯®«¨²¥«¼»µ ¨²¥° ¶¨© ¯® ¥«¨¥©®±²¨, ¢»§¢ »µ ±«®¦®©

°¥®«®£¨¥© ±°¥¤», £¥®¬¥²°¨·¥±ª®© ¥«¨¥©®±²¼¾ ¨ ¯®£°¥¸®±²¿¬¨ ¢ ®¯°¥-

¤¥«¥¨¨ §®» ª®² ª² , ¥ ¯®²°¥¡³¥²±¿.

3.5. �¥²®¤ ´¨ª²¨¢»µ ®¡« ±²¥©

�¬¥¥²±¿ ¤®±² ²®·® ®¡¸¨°»© ª« ±± § ¤ ·, ¢ ª®²®°»µ ²®·®¥ ®¯¨± -

¨¥ £° ¨¶ ¨¬¥¥² ¢²®°®±²¥¯¥®¥ § ·¥¨¥ ¯® ±° ¢¥¨¾ ± ¥®¡µ®¤¨¬®-

±²¼¾ ¯®«³·¥¨¿ ª °²¨» ¿¢«¥¨¿ ¢ ¶¥«®¬. �²®,  ¯°¨¬¥°, § ¤ ·¨ ½ª®«®£¨-

·¥±ª¨µ ¯°¨«®¦¥¨© ® ° ±¯°®±²° ¥¨¨ § £°¿§¥¨© ¢ ®ª°³¦ ¾¹¥© ±°¥¤¥

¯°¨ ¢§ ¨¬®¤¥©±²¢¨¨ ¯®²®ª®¢ ± ¬®¦¥±²¢¥»¬¨ ¯°¥¯¿²±²¢¨¿¬¨ (¯®¤ §¥¬-

«¥©, ¢ ¢®¤¥ ¨«¨ ¢®§¤³µ¥), § ¤ ·¨ ¬®¦¥±²¢¥®£® ª®² ª²  ¯® ®¯°¥¤¥«¥¨¾

°¥ ª¶¨¨ ª®¬¯®§¨² , ±®¤¥°¦ ¹¥£® ¬®¦¥±²¢¥»¥ ¨®°®¤»¥ ¢ª«¾·¥¨¿ ¨

²®¬³ ¯®¤®¡»¥.

�«¿ °¥¸¥¨¿ ² ª¨µ § ¤ · °¥ «¨§®¢ »  «£®°¨²¬», ª®²®°»¥ ¨±¯®«¼-

§³¾² ®¯¨± »¥ ¢»¸¥ ±µ¥¬»   ½©«¥°®¢»µ (¥¯®¤¢¨¦»µ) ° ¢®¬¥°-

»µ ±¥²ª µ, ¿·¥©ª¨ ª®²®°»µ ¯°¥¤±² ¢«¿¾² ±®¡®© "ª¨°¯¨·¨ª¨" (¯ ° «-

«¥«¥¯¨¯¥¤»). �¤ ¯² ¶¨¿ ª £¥®¬¥²°¨¨ ¯®¤° §³¬¥¢ ¥² ¢¢¥¤¥¨¥ ±¥²®·®©

´³ª¶¨¨-¯°¨§ ª  ²¨¯  ±°¥¤», ª®²®° ¿ ³ª §»¢ ¥² ¤«¿ ª ¦¤®£® ª¨°¯¨·¨ª 

¥£® ¯°¨ ¤«¥¦®±²¼ ª ±°¥¤¥ ®¯°¥¤¥«¥®£® ²¨¯  (¢ · ±²®±²¨, ª ¦¥±²ª®©,

¥¯°®¨¶ ¥¬®© ±°¥¤¥ ¨ ².¤.).

�¥¸¨¥ ¨ ¢³²°¥¨¥ £° ¨¶» ®¡« ±²¨ °¥¸¥¨¿ ¬®£³² ¨¬¥²¼ ° §«¨·-

³¾ ¯°¨°®¤³ (®²ª°»²»¥ £° ¨¶» ¨«¨ £° ¨¶»-±²¥ª¨),   ¨µ ¬®¦® § -

¤ ²¼ § ·¥¨¿ ¨±ª®¬»µ ´³ª¶¨© ¨«¨ ¨µ ¯®²®ª¨. �°³¡®±²¼ ¯®±² ®¢ª¨

§ ¤ ·¨ § ª«¾· ¥²±¿ ¢ ¯°¨¡«¨¦¥®¬ ®¯¨± ¨¨ ´®°¬» £° ¨¶, ª®²®°»¥

¯°¥¤±² ¢«¿¾²±¿  ¡®°®¬ ¯°¿¬®³£®«¼»µ ¿·¥¥ª, ¯ ° ««¥«¼»µ ¤¥ª °²®¢»¬

ª®®°¤¨ ²»¬ ¯«®±ª®±²¿¬. �²¬¥²¨¬ ° ¡®²», ¢ ª®²®°»µ ¤ »© ¯®¤µ®¤

¯°¥¤« £ «±¿ ¨ ¨±±«¥¤®¢ «±¿ ° ¥¥ (�³£°®¢, �®®¢ «®¢, �¥°¡ ª, 1974; �¢ -

·¥¢, 1982). �«¥¤³¥² ®²¬¥²¨²¼, ·²® ®¯¨± ¨¥ ¤ ®£® ¯®¤µ®¤  ¬®¦®  ©²¨

¨ ¢ ¡®«¥¥ ° ¨µ °³ª®¢®¤±²¢ µ ¯® ¬¥²®¤³ ±¥²®ª (±¬.  ¯°¨¬¥°, �¥¬¨¤®¢¨·,

� °®, �³¢ «®¢ , 1967).

3.6. �¥²®¤ ¤¨±ª°¥²»µ ¬ °ª¥°®¢

�¯®¬¿³²»¥ ¢ ° §¤¥«¥ 3.5  «£®°¨²¬» ¯®±«³¦¨«¨ ®±®¢®© ¤«¿ °¥ «¨§ -

¶¨¨ ¢ °¨ ²  ¬¥²®¤  ¬ °ª¥°®¢ ¨ ¿·¥¥ª (¬¥²®¤ MAC, Harlow, Welch, 1965;
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Nicols, 1973). �¨±ª°¥²»¬ ¬ °ª¥°®¬  §»¢ ¥²±¿ ±¢®¡®¤ ¿ « £° ¦¥¢ 

²®·ª , ¥¤¨±²¢¥»¬ ±¢®©±²¢®¬ ª®²®°®© ¿¢«¿¥²±¿ ¥¥ ±¯®±®¡®±²¼ ¤¢¨-

£ ²¼±¿ ¢¬¥±²¥ ± ¬ ²¥°¨ «¼®© ±°¥¤®© ¢ ±®®²¢¥²±²¢¨¨ ± ³° ¢¥¨¥¬:

dxni
dt

= uni ; i = 1; 2; :::; Nm

£¤¥ Nm - ·¨±«® ¬ °ª¥°®¢. � ¿²®±²¼ ° ±·¥²®© ¿·¥©ª¨ ±°¥¤®© ®¯°¥¤¥«¥-

®£® ²¨¯  ®¯°¥¤¥«¿¥²±¿ ¯®  «¨·¨¾ ¢ ¥© ±®®²¢¥²±²¢³¾¹¨µ ¬ °ª¥°®¢.

�²«¨·¨¥ ®² ®°¨£¨ «¼®£®  «£®°¨²¬  ¬¥²®¤  MAC § ª«¾· ¥²±¿ ²®«¼ª®

¢ ²®¬, ·²® ° ±·¥² ¯®¢¥¤¥¨¿ ±°¥¤» ®±³¹¥±²¢«¿¥²±¿ ± ¯®¬®¹¼¾ ®¯¨± »µ

¢»¸¥  «£®°¨²¬®¢ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢   ° ¢®¬¥°®© ±¥²ª¥ "ª¨°-

¯¨·¨ª®¢" ° §¤¥«  3.5. �«£®°¨²¬ ¯°¨¬¥¥ ª °¥¸¥¨¾ § ¤ · ® ²¥·¥¨¿µ

²¿¦¥«®© ¥±¦¨¬ ¥¬®© ¦¨¤ª®±²¨ ±® ±¢®¡®¤»¬¨ ¯®¢¥°µ®±²¿¬¨ ( ¯®¢¥°µ-

®±²»¥ ¢®«», ¢®¤®¯ ¤», ´®² », ±²°³¨ ¨ ² ª ¤ «¥¥, ±¬. ¯°¨¬¥°» ¢

£« ¢¥ 4).

�®«¨·¥±²¢® ²°¥¡³¾¹¨µ±¿ ¬ °ª¥°®¢ § ¢¨±¨² ®² § ¤ ·¨ ¨«¨ ®² ²¨¯  ®¯¨-

±»¢ ¥¬®£® ¤¢¨¦¥¨¿ ±¯«®¸®© ±°¥¤» ¨ ±®±² ¢«¿¥² ¢ ±°¥¤¥¬ ¯°¨¬¥°®

4x4x4 ¬ °ª¥°®¢   ¿·¥©ª³ ¤«¿ ¨µ  · «¼®£® ¯®«®¦¥¨¿. �°¨  «¨·¨¨

®²ª°»²»µ ¢µ®¤»µ/¢»µ®¤»µ £° ¨¶   ² ª¨µ £° ¨¶ µ °¥ «¨§®¢   «-

£®°¨²¬  ¢²®¬ ²¨§¨°®¢ ®© £¥¥° ¶¨¨ (  ¢µ®¤¥) ¨ ³¨·²®¦¥¨¿ (  ¢»-

µ®¤¥) ¤¨±ª°¥²»µ ¬ °ª¥°®¢.

3.7. �¥²®¤ ¥¯°¥°»¢»µ ¬ °ª¥°®¢

�«¿ ¯®«³·¥¨¿ ¡®«¥¥ ½ª®®¬®£® (ª ª ¯® ¯ ¬¿²¨, ² ª ¨ ¯® ¡»±²°®¤¥©-

±²¢¨¾)  «£®°¨²¬ , ¢®¯«®¹ ¾¹¥£® ¨¤¥¾ ¬ °ª¥°®¢, ¡»« °¥ «¨§®¢  ² ª¦¥

¬¥²®¤ ¥¯°¥°»¢®£® ¬ °ª¥°  ¢ ´®°¬¥ ¬¥²®¤  ª®¶¥²° ¶¨¨ ¨«¨ ¬¥²®¤ 

´³ª¶¨¨ ¶¢¥²  (®¯¨± ¨¥ ¨±²®°¨¨ ±¬®²°¨ ¢ £« ¢¥ 1  ±²®¿¹¥© ° ¡®²»,  

² ª¦¥ ¢ ¬®®£° ´¨¿µ: Sethian, 1996, 1999).

�¯¿²¼ ª®¥·®½«¥¬¥²»©  «£®°¨²¬   ° ¢®¬¥°®© ±¥²ª¥ "ª¨°¯¨·¨-

ª®¢" ° §¤¥«  3.5 ¡»« ¢§¿² §  ®±®¢³ ¨ ¤®¯®«¥ ³° ¢¥¨¥¬ ¥¯°¥°»¢®£®

¬ °ª¥° :

@C

@t

+ u � rC = 0

£¤¥ ¬ °ª¥°-´³ª¶¨¿ C ¯°¨¨¬ ¥² § ·¥¨¿ 0 ¤«¿ ¯³±²®£® ¯°®±²° ±²¢  ¨

1 ¤«¿ ¯°®±²° ±²¢ , § ¿²®£® ¬ ²¥°¨ «¼®© ±°¥¤®©. �®¤¢¨¦ ¿ ±¢®¡®¤-

 ¿ £° ¨¶  ®¯°¥¤¥«¿¥²±¿ ¨§®«¨¨¥© C = 0:5 �«¿ ³¬¥¼¸¥¨¿ ·¨±«¥®©
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¤¨´´³§¨¨ ¯°¨ ¨²¥°¨°®¢ ¨¨ ³° ¢¥¨¿ ¯¥°¥®±  ¯°¨¬¥¿« ±¼ «®ª «¼ ¿

" ²¨¤¨´´³§¨® ¿" ª®°°¥ª¶¨¿ ´³ª¶¨¨ �, ¯®¤¤¥°¦¨¢ ¾¹ ¿ ª°®¬¥ ²®£®

ª®±¥°¢ ²¨¢®±²¼, ². ¥. ®¡¥±¯¥·¨¢ ¾¹ ¿ ¢»¯®«¥¨¥ ¨²¥£° «¼®£® ±®®²-

®¸¥¨¿ Z
V

@�C

@t

+
Z
S

�Cn � udS = 0

�«¿ ®¡¥±¯¥·¥¨¿ ª®±¥°¢ ²¨¢®±²¨ ¯®«³·¥®¥ ¢ ¥ª®±¥°¢ ²¨¢®¬ ° ±-

·¥²¥ ¸ £  ¯® ¢°¥¬¥¨ ¯°¨° ¹¥¨¥ ª®¶¥²° ¶¨¨ ³¬®¦ «®±¼   ¯®¯° ¢®·-

»© ª®½´´¨¶¨¥², ®¡¥±¯¥·¨¢ ¾¹¨© ¢»¯¨± ®¥ ¢»¸¥ ¨²¥£° «¼®¥ ¡ -

« ±®¥ ±®®²®¸¥¨¥.

�®¿±¨¬ ±ª § ®¥. � ±·¥² ®¢»µ ¤ ¢«¥¨© ¨ ±ª®°®±²¥© ¢ ¬ ²¥°¨ «¼-

®© ±°¥¤¥   n-®¬ ¸ £¥ ¯® ¢°¥¬¥¨ ¯°®¢®¤¨²±¿ ¯³²¥¬ °¥¸¥¨¿  · «¼®-

ª° ¥¢®© § ¤ ·¨ ¢ ®¡« ±²¨ V n

C
� V , § ¿²®© ¬ ²¥°¨ «¼®© ±¯«®¸®© ±°¥¤®©

¨ ®¯°¥¤¥«¿¥¬®© ¯°¨¡«¨¦¥® ª ª ¯®¤®¡« ±²¼, ¢ ª®²®°®© C
n � 0:5. � «¥¥

¨§ ³° ¢¥¨¿ ¯¥°¥®±  ° ±±·¨²»¢ ¾²±¿ ¯°¥¤¢ °¨²¥«¼»¥ ®¢»¥ ³§«®¢»¥

§ ·¥¨¿ ¬ °ª¥°-´³ª¶¨¨ ~
C
n+1
i . � ² ª®¬ ° ±·¥²¥ ±ª®°®±²¨ [u]n

k
¢ ¿·¥©ª µ

®¯°¥¤¥«¿«¿¾²±¿ ¯® § ·¥¨¿¬ ±ª®°®±²¨ ¢ ³§« µ, ¢ ª®²®°»µ Cn

i
� 0:5. � «¥¥

¯°¨¬¥¿¥²±¿  ²¨¤¨´´³§¨® ¿ ª®®°°¥ª¶¨¿ § ·¥¨© ¬ °ª¥°-´³ª¶¨¨,

±®±²®¿¹ ¿ ¢ ±«¥¤³¾¹¥¬:

~
C
n+1
i

� 0:5 ^ ~
C
n+1
i

> C
n

i
: C

n+1
i(1) = (1� ( ~Cn+1

i
)2)=4

~
C
n+1
i

� 0:5 ^ ~
C
n+1
1 � C

n

i
: C

n+1
i(1) =

~
C
n+1
i

~
C
n+1
i

� 0:5 ^ ~
C
n+1
i

< C
n

i
: C

n+1
i(1) = ( ~Cn+1

i
)2=4

~
C
n+1
i

� 0:5 ^ ~
C
n+1
i

� C
n

i
: C

n+1
i(1) =

~
C
n+1
i

�®¯°®±²³ £®¢®°¿ § ·¥¨¿ ª®¶¥²° ¶¨¨ ¡«¨§ª¨¥ ª ¥¤¨¨¶¥ ¨ ° ±²³¹¨¥

¤¥« ¾²±¿ ¥¹¥ ¡®«¥¥ ¡«¨§ª¨¬¨ ª ¥©,   ³¡»¢ ¾¹¨¥ § ·¥¨¿ ª®¶¥²° ¶¨¨

¡«¨§ª¨¥ ª ³«¾ ¤¥« ¾²±¿ ¥¹¥ ¬¥¼¸¥. �°¨ ½²®¬ ¨®²ª³¤  ¥ ±«¥¤³¥², ·²®

§ ª® ±®µ° ¥¨¿ ¬ ±±» ¬ ²¥°¨ «¼®© ±¯«®¸®© ±°¥¤» ¢»¯®«¿¥²±¿. � ¦¥

¥±«¨ ³¡° ²¼ ¿¢® ¥ª®±¥°¢ ²¨¢³¾  ²¨¤¨´´³§¨®³¾ ±² ¤¨¾ ° ±·¥² ,

¢±¥ ° ¢® ±®µ° ¥¨¥ ¬ ±±» ¥ £ ° ²¨°³¥²±¿. �®±±² ®¢«¥¨¥ ª®±¥°¢ -

²¨¢®±²¨ ¤¥« ¥²±¿ ² ª: ®¯°¥¤¥«¿¥²±¿ �Mn

C - ¯°¨° ¹¥¨¥ ª®«¨·¥±²¢  ±³¡-

±² ¶¨¨ C   n-¬ ¸ £¥ ¯® ¢°¥¬¥¨ ¨§-§  § ¤ »µ ¨±²®·¨ª®¢/±²®ª®¢ rC
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¨ ¨§-§  ª®¢¥ª²¨¢»µ ¯®²®ª®¢ Cu � n   ®²ª°»²»µ £° ¨¶ µ; § ²¥¬ ®¯°¥-

¤¥«¿¥²±¿ ¥¥ ´ ª²¨·¥±ª®¥ ¯°¨° ¹¥¨¥ �Mn

C(1) ª ª ¨²¥£° « ¯® ®¡« ±²¨ V

®² ´³ª¶¨¨ Cn+1
(1) � C

n. �®±«¥ ·¥£® ¯°®¨§¢®¤¨²±¿ ª®°°¥ª¶¨¿:

C
n+1
i

= C
n

i
+ �1(C

n+1
i(1) � C

n

i
) ; �1 = �Mn

C
=�Mn

C(1)

�°®¶¥¤³°   ²¨¤¨´´³§¨¨ °¥ «¨§®¢»¢ « ±¼ ± ¢ °¨ ¶¨¿¬¨: ¯®¤¡¨° «±¿

±²¥¯¥®© § ª®, ¯°®¡®¢ «®±¼ ¥¥ ¢ª«¾·¥¨¥ ¥   ª ¦¤®¬ ¸ £¥,   ·¥°¥§

ª ¦¤»¥ ¥±ª®«¼ª® ¸ £®¢ ¨ ² ª ¤ «¥¥. �³¤³·¨ ¥´®°¬ «¼»¬¨ ½«¥¬¥-

² ¬¨  «£®°¨²¬ , ¯°®¶¥¤³°»  ²¨¤¨´´³§¨¨ ¨ ª®°°¥ª¶¨¨ § ª®  ±®µ° ¥-

¨¿ ¬ ±±» ·°¥§¢»· ©® ³¿§¢¨¬» ¤«¿ ª°¨²¨ª¨. � ª ·¥±²¢¥ ®¯° ¢¤ ¨¿

§ ¬¥²¨¬, ·²® ¯°¨±² «¼»©   «¨§ ®¯³¡«¨ª®¢ »µ °¥§³«¼² ²®¢ ¯® ¬¥²®¤³

¥¯°¥°»¢®£® ¬ °ª¥°  ¯®ª §»¢ ¥², ·²® ¯°®¡«¥¬» ±®¡«¾¤¥¨¿ § ª®  ±®-

µ° ¥¨¿ ¬ ±±» ¨ ° §¬»¢  ª®² ª²®© £° ¨¶» ¨¬¥¾² ¬¥±²®. �¥´¥ª²»

°¥¸¥¨© · ±²® ¢¨¤» ¥¢®®°³¦¥»¬ £« §®¬. �®½²®¬³ ¥±«¨ ¡³¤³² ¯°¨¤³-

¬ » ¡®«¥¥ ª®°°¥ª²»¥ ±¯®±®¡» °¥¸¥¨¿ ½²¨µ ¯°®¡«¥¬,  ¢²®° ± ³¤®¢®«¼-

±²¢¨¥¬ ¨¬¨ ¢®±¯®«¼§³¥²±¿. �®ª  ¦¥ ®¯¨± »¥ ±¯®±®¡» ª®°°¥ª¶¨¨  «¼²¥°-

 ²¨¢» ¥ ¨¬¥¾² ¨ ° ¡®² ¾² ¢¯®«¥ ³¤®¢«¥²¢®°¨²¥«¼® (±¬. ±«¥¤³¾¹³¾

£« ¢³). �®¥·®, ®¸¨¡ª¨ ¢ ¡ « ± µ ¨¬¯³«¼±  ¨ ½¥°£¨¨ ² ª¦¥ ¨¬¥¾² ¬¥-

±²® ¢  «£®°¨²¬ µ ¥¯°¥°»¢®£® ¬ °ª¥° , ® ®¨ ¥ ² ª ¡°®± ¾²±¿ ¢ £« § 

ª ª ®¸¨¡ª¨ ¯® ¬ ±±¥ ¨«¨ ° §¬»¢ £° ¨¶. � ± ¬®¬ ¤¥«¥, ¥±«¨ ¯°®¢®¤¨²±¿

° ±·¥² ¯ ¤¥¨¿ ¤®¦¤¥¢®© ª ¯«¨, ¥«®¢ª®  ¡«¾¤ ²¼, ª ª ®  ¡¥§ ¢¨¤¨¬»µ

¯°¨·¨ ¢ ¯°®¶¥±±¥ ¯ ¤¥¨¿ ¢¤°³£  ·¨ ¥² ¨§·¥§ ²¼ ¨«¨  ®¡®°®² ³¢¥«¨-

·¨¢ ²¼±¿ ¢ ®¡º¥¬¥,   ¢®§¬®¦® ¨ ¯°®±²® ²³¬ ® ° ±¯«»¢ ²¼±¿.

3.8. � ±·¥² ¬¥¦´ §»µ £° ¨¶

� ±±¬ ²°¨¢ ¾²±¿ ´ §®¢»¥ ¯¥°¥µ®¤» ¦¨¤ª®±²¼-²¢¥°¤®¥ ²¥«® (° ±¯« ¢-

ª°¨±² ««, ¢®¤ -«¥¤) ¯°¨  «¨·¨¨ ¯°¨¬¥±¨ �, ®¯¨±»¢ ¥¬»¥ ³±«®¢¨¿¬¨ �²¥-

´  :

� = T � Tm � TcC = 0 uS = uL ; �

@T

@t

= ((kqrT )S � (kqrT )L) � rT

(C)L(1� k
�
)
@T

@t

= ((kcrC)S � (kcrC)L) � rT ; (C)S = k
�
(C)L

£¤¥ un = @T=@tjrT j�1 - ¯°®¥ª¶¨¿ ±ª®°®±²¨ ° ±¯°®±²° ¥¨¿ ´°®²  ª°¨-

±² ««¨§ ¶¨¨   ®°¬ «¼ rT=jrT j�1, kq - ª®½´´¨¶¨¥² ²¥¯«®¯°®¢®¤®±²¨,
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kc - ª®½´´¨¶¨¥² ¤¨´´³§¨¨ ¯°¨¬¥±¨ �, � - ³¤¥«¼ ¿ ½² «¼¯¨¿ ´ §®¢®£®

¯¥°¥µ®¤  (¢¥«¨·¨  ¢»¤¥«¿¥¬®£®/¯®£«®¹ ¥¬®£® ²¥¯«  ¯°¨ ´ §®¢®¬ ¯¥°¥-

µ®¤¥). � ¯°¨¢¥¤¥»µ ´®°¬³« µ ¨¤¥ª±» "S" ¨ "L" ®²¬¥· ¾² ²¢¥°¤³¾

¨ ¦¨¤ª³¾ ´ §» ±®®²¢¥²±²¢¥®, Tc ª®½´´¨¶¨¥² § ¢¨±¨¬®±²¨ ²¥¬¯¥° -

²³°» T ®²¢¥°¤¥¨¿/¯« ¢«¥¨¿ ®² ª®¶¥²° ¶¨¨ ¯°¨¬¥±¨ C ¢ ° ±¯« ¢¥, k
�

-ª®½´´¨¶¨¥² ±¥£°¥£ ¶¨¨ (®²²®°¦¥¨¿) ¯°¨¬¥±¨.

�»«® °¥ «¨§®¢ ® ¤¢  ²¨¯   «£®°¨²¬®¢:

� ¯¥°¢®¬  «£®°¨²¬¥ ¯°®¢®¤¨«®±¼ ¿¢®¥ ¢»¤¥«¥¨¥ ´ §®¢®© £° ¨¶»,

¯®¤¢¨¦»¥ ½©«¥°®¢®-« £° ¦¥¢» ±¥²ª¨ ¢ ¯®¤®¡« ±²¿µ ±²°®¨«¨±¼ ¬¥²®¤®¬

ª¢ §¨£ °¬®¨·¥±ª¨µ ®²®¡° ¦¥¨© (�.�.�¢ ¥ª®, 1997),   °¥¸¥¨¿ ¢ ¯®¤-

®¡« ±²¿µ ±¸¨¢ «¨±¼ ± ³·¥²®¬ ¢»¯¨± »µ ¢»¸¥ ³±«®¢¨© �²¥´  .

�® ¢²®°®¬  «£®°¨²¬¥ ¯°¨¬¥¥  ±µ¥¬  ±ª¢®§®£® ±·¥²  �.�. � ¬ °-

±ª®£® ¨ �.�. �®¨±¥¥ª® (1965). �±¯®«¼§®¢ « ±¼ ¥¯®¤¢¨¦ ¿ ½©«¥°®¢ 

±¥²ª . �®«®¦¥¨¥ ¬¥¦´ §®¢®© £° ¨¶» ®¯°¥¤¥«¿«®±¼ ¨§ ³±«®¢¨¿

� = T � Tm � TcC = 0

�»¤¥«¥¨¥ ¨«¨ ¯®£«®¹¥¨¥ ²¥¯«  ¯°¨ ´ §®¢®¬ ¯¥°¥µ®¤¥ ³·¨²»¢ «®±¼ ¢

³° ¢¥¨¨ ¡ « ±  ²¥¯« 

cV

dT

dt

= rkqrT � L�(�)
dT

dt

�°¨ ·¨±«¥®© °¥ «¨§ ¶¨¨ ¤¥«¼² -´³ª¶¨¿  ¯¯°®ª±¨¬¨°®¢ « ±¼ ¢»° -

¦¥¨¥¬

�(�) = H(1� j(�)ij=�Tm))=(2:0�Tm)

£¤¥ �Tm - ¯®¤¡¨° ¥¬ ¿ ¢ ° ±·¥²¥ ¢¥«¨·¨ , ®¯°¥¤¥«¿¾¹ ¿ ¸¨°¨³ §®»

° §¬ §»¢ ¨¿ ¬¥¦´ §®© £° ¨¶» ¢ ±ª¢®§®¬ ° ±·¥²¥, ®¡»·® ° ¢ ¿ ¯°¨-

¬¥°®

�Tm = 0:05(max
V

T �min
V

T )

3.9. �¥°¥·¥¼ ±µ¥¬, °¥ «¨§®¢ »µ ¢ ¯ ª¥²¥ ¯°®£° ¬¬ �����

�¥ «¨§®¢ » ² ª¦¥ ¬®£¨¥ ¤°³£¨¥ ¢ °¨ ²» ±µ¥¬, ¢ ª®²®°»µ

1) °¥ «¨§®¢ » ¢±¥ ¡¥§ ¨±ª«¾·¥¨¿ ¬®¤¥«¨ ¬ ²¥°¨ «®¢, ®¯¨± »¥ ¢

£« ¢¥ 1;
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2) °¥ «¨§®¢ » ¢ °¨ ²» ±µ¥¬, ¢ ª®²®°»µ ´³ª¶¨¨ ±®±²®¿¨¿ (  ¯°¿-

¦¥¨¿, ¯« ±²¨·¥±ª¨¥ ¤¥´®°¬ ¶¨¨, ¯« ±²¨·¥±ª ¿ ° ¡®² , ¯®°¨±²®±²¼, ¯®-

¢°¥¦¤¥®±²¼, ²¥¬¯¥° ²³°  ¨ ².¤.) ¨¹³²±¿ ¢ ³§« µ ±¥²ª¨,   ¥ ¢ ½«¥¬¥² µ

¨«¨ £ ³±±®¢»µ ²®·ª µ (² ª ¿  ¯¯°®ª±¨¬ ¶¨¿ ¡®«¥¥ ³¤®¡  ¤«¿ ¥« £° -

¦¥¢»µ ±µ¥¬ ¨ ³·¥²  ª®¢¥ª¶¨¨);

3) °¥ «¨§®¢  ¯°®¨§¢®«¼»© ½©«¥°®¢®-« £° ¦¥¢ ¯®¤µ®¤ ¨ ¯°¨¬¥¥»

¯°®¨§¢®«¼® ¯®¤¢¨¦»¥ ° ±·¥²»¥ ±¥²ª¨,  ¤ ¯²¨°³¾¹¨¥±¿ ª ¯®¤¢¨¦»¬

£° ¨¶ ¬ ®¡« ±²¨ °¥¸¥¨¿, ³·²¥» ª®¢¥ª²¨¢»¥ ·«¥»;

4) ¤«¿ ®¯¨± ¨¿ ±«®¦»µ ¤¢¨¦¥¨© ±¯«®¸»µ ±°¥¤ °¥ «¨§®¢ » ±µ¥¬»

¥¯°¥°»¢®£® ¬ °ª¥°  ¨ ¤¨±ª°¥²»µ ¬ °ª¥°®¢;

4) °¥ «¨§®¢  °¿¤  «£®°¨²¬®¢ £¥¥° ¶¨¨ ¥±²°³ª²³°¨°®¢ »µ ±¥²®ª ¢

¤¢³¬¥°»µ ¨ ²°¥µ¬¥°»µ ®¡« ±²¿µ ¤®±² ²®·® ¯°®¨§¢®«¼®© £¥®¬¥²°¨¨;

5) °¥ «¨§®¢   «£®°¨²¬ ³¯° ¢«¥¨¿ ¤¢¨¦¥¨¥¬ ±¥²ª¨,  ¤ ¯²¨°³¾¹¥©±¿

ª °¥¸¥¨¾ (±£³¹ ¾¹¥©±¿ ¢ §® µ ¡®«¼¸¨µ £° ¤¨¥²®¢ °¥¸¥¨¿);

6) °¥ «¨§®¢ » ¿¢®-¥¿¢»¥ ±µ¥¬»,  ¤ ¯²¨°®¢ »¥ ª § ¤ · ¬ £ §®-

¢®© ¤¨ ¬¨ª¨, ¤¨ ¬¨ª¨ ¥±¦¨¬ ¥¬®© ¢¿§ª®© ¦¨¤ª®±²¨, ¤¨ ¬¨ª¨ ¬¥«ª®©

¢®¤», ¤¨´´³§¨¨ ¨ ´¨«¼²° ¶¨¨ ¬®£®´ §»µ ±°¥¤;

7) °¥ «¨§®¢  °¿¤ ±¯¥¶¨ «¼»µ ±«³· ¥¢ £° ¨·»µ ³±«®¢¨© ± ³·¥²®¬

½´´¥ª²®¢ ¯®¢¥°µ®±²®£®  ²¿¦¥¨¿ ¨ ´ §®¢»µ ¯¥°¥µ®¤®¢ ¤«¿ § ¤ · ª°¨-

±² ««¨§ ¶¨¨.
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�« ¢  4.
�°¨¬¥°» ° ±·¥²®¢

4.1. �°®¢¥°ª  ¬¥²®¤®¢   ²¥±²®¢»µ ¯°¨¬¥° µ.

�°¥¤±² ¢«¥»¥ ¢ ° §¤. 3 ¬¥²®¤» °¥ «¨§®¢ » ¢ ¨²¥° ª²¨¢®¬ ¯ ª¥²¥

¯°®£° ¬¬ �����. �¯¨± ¨¥ ¯ ª¥²  ¯°®£° ¬¬ ¨ ¡®«¥¥ ¯®¤°®¡³¾ ª®««¥ª-

¶¨¾ °¥§³«¼² ²®¢ ¥£® ¯°¨¬¥¥¨¿ ¬®¦®  ©²¨ ¢ �²¥°¥²¥   ± ©²¥  ¢-

²®° :

http://www.ipmnet.ru/~burago

�° ¢¨«¼®±²¼ ° ¡®²»  «£®°¨²¬®¢ ¯°®¢¥°¥  ¯³²¥¬ °¥¸¥¨¿ ¨§¢¥±²»µ

§ ¤ ·, ±°¥¤¨ ª®²®°»µ ³¯®¬¿¥¬ ±«¥¤³¾¹¨¥:

� ¤ ·¨ ³¯°³£®¯« ±²¨·®±²¨, ª¢ §¨±² ²¨ª :

- �¢ §¨±² ²¨·¥±ª¨¥ § ¤ ·¨ ®¡ ®±¥¢®¬ ±¦ ²¨¨ ¶¨«¨¤°  ¨ ª³¡¨ª  ¯°¨

±¢®¡®¤»µ ¨ ±²¥±¥»µ £« ¤ª®© ®¡®©¬®© ¡®ª®¢»µ £° ¨¶ µ.

- � ¤ ·  �¿¬½ ® ¶¨«¨¤°¥ ¯®¤ ¤¥©±²¢¨¥¬ ¢³²°¥¥£® ¨ ¢¥¸¥£® ¤ -

¢«¥¨©.

- � ¤ ·  �¨°¸  ® ° ±²¿¦¥¨¨ ¯« ±²¨» ± ª°³£«®© ¤»°ª®©

- � ¤ ·  �¥©¡¥°  ® ° ±²¿¦¥¨¨ ¶¨«¨¤°  ± ½««¨¯²¨·¥±ª®© ¢»²®·ª®©

- � ¤ ·  ¨§£¨¡  ³¯°³£®¯« ±²¨·¥±ª¨µ ª°³£«»µ ¯« ±²¨ ¨ ¶¨«¨¤°¨·¥-

±ª¨µ ®¡®«®·¥ª.

� ¤ ·¨ ³¯°³£®¯« ±²¨·®±²¨, ¤¨ ¬¨ª :

- � ¤ ·¨ ® ° ±¯°®±²° ¥¨¨ ¯«®±ª¨µ ³¯°³£®¯« ±²¨·¥±ª¨µ ¢®« ¢ ±«®¿µ

ª®¥·®© ²®«¹¨», ¢ ±²¥°¦¿µ ª®¥·®© ¤«¨».

- � ¤ ·  ®¡ ³¤ °¥ ³¯°³£®¯« ±²¨·¥±ª¨¬ ¶¨«¨¤°®¬ ¢ ¦¥±²ª³¾ ±²¥ª³.

- � ¤ ·¨ ® ° ±¯°®±²° ¥¨¨ ¶¨«¨¤°¨·¥±ª¨µ ¢®« ¢ ¡¥±ª®¥·®© ª°³£-

«®© ²°³¡¥ ¯®¤ ¤¥©±²¢¨¥¬ ¨¬¯³«¼±  ¢³²°¥¥£® ¤ ¢«¥¨¿.

� §®¢ ¿ ¤¨ ¬¨ª  ¨ ²¥·¥¨¿ ¬¥«ª®© ¢®¤»

- �¤®¬¥° ¿ ¨ ¤¢³¬¥° ¿ ¥±² ¶¨® °»¥ § ¤ ·¨ ® ° ±¯°®±²° ¥¨¨

³¤ °®© ¢®«» ¯°¨  ²¥ª ¨¨ µ®«®¤®£® ¨¤¥ «¼®£® £ §    ¦¥±²ª³¾

±²¥ª³ ¨ ¯« ±²¨ª³ ¯°¨ M =1.

- �¢³¬¥°»¥ § ¤ ·¨ ® ±¢¥°µ§¢³ª®¢»µ ¢³²°¥¨µ ²¥·¥¨¿µ ¢ ª  « µ ±

¯°¥¯¿²±²¢¨¿¬¨.

�¥·¥¨¿ ¢¿§ª®© ¥±¦¨¬ ¥¬®© ¦¨¤ª®±²¨

- ²¥·¥¨¿ �³½²² , �³ §¥©«¿;

- § ¤ ·  ® ¯®£° ±«®¥   ¯« ±²¨ª¥, ¯ ° ««¥«¼®© ¯®²®ª³;
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- ¤¢³¬¥°»¥ ²¥±²» ¤«¿ § ¤ · ª®¢¥ª¶¨¨-¤¨´´³§¨¨: ²¥·¥¨¥ ¢ ª -

¢¥°¥ ± ¤¢¨¦³¹¥©±¿ ª°»¸ª®©, ²¥±²» � «¼-�¥¢¨±  ¨ �¨«¥°  ¤«¿ ²¥°¬®-

£° ¢¨² ¶¨®®© ª®¢¥ª¶¨¨ ° ±¯« ¢®¢ ¢® ¢° ¹ ¾¹¨µ±¿ ²¨£«¿µ;

- ±° ¢¥¨¿ ± ¨§¢¥±²»¬¨ ·¨±«¥»¬¨ °¥¸¥¨¿¬¨ ¤«¿ ²¥·¥¨¿ ° ±¯« ¢ 

¢ ¬¥²®¤¥ ¯®£°³¦¥®£®  £°¥¢ ²¥«¿ �. �±²°®£®±ª®£®.

- ¥±² ¶¨® ° ¿ § ¤ ·  � °¬   ® ¢¨µ°¥¢®© ¤®°®¦ª¥ §  ¯«®µ® ®¡²¥ª -

¥¬»¬ ²¥«®¬;

- ¯°®¢¥¤¥» ±° ¢¥¨¿ °¥¸¥¨©, ¯®«³· ¥¬»µ ° §«¨·»¬¨ ¬¥²®¤ ¬¨ ¢

¯¥°¥¬¥»µ ¢¨µ°¼-´³ª¶¨¿ ²®ª  ¨ ±ª®°®±²¼-¤ ¢«¥¨¥;

- § ¤ ·  �   ® ² ¿¨¨/ ¬¥°§ ¨¨ «¼¤ .

� ¤ ·¨ ¤¨´´³§¨¨/´¨«¼²° ¶¨¨

- �°®¢®¤¨«¨±¼ ¥±² ¶¨® °»¥ ²¥±²»     «¨²¨·¥±ª¨µ °¥¸¥¨¿µ ¤«¿ 1-

3D £¥®¬¥²°¨¨ ¤«¿ ° §«¨·»µ ´³ª¶¨© ¯° ¢»µ · ±²¥© ³° ¢¥¨© ¤¨´´³§¨¨

¨ £° ¨·»µ ³±«®¢¨©.

�® ¢±¥µ ª« ±± µ § ¤ · °¥¸¥¨¥ ®¢»µ § ¤ · ª®²°®«¨°®¢ «®±¼ ² ª¦¥

¯³²¥¬ ±° ¢¥¨¿ °¥¸¥¨©, ¯®«³·¥»µ ° §«¨·»¬¨ ¿¢»¬¨ ¨ ¥¿¢»¬¨

¬¥²®¤ ¬¨, ®¯¨± »¬¨ ¢ ° §¤. 3, ¯°¨ ¯®±«¥¤®¢ ²¥«¼®¬ ¤°®¡«¥¨¨ ¸ £®¢

¯® ¯°®±²° ±²¢¥»¬ ¯¥°¥¬¥»¬ ¨ ¢°¥¬¥¨.

�«¿ ¯°¥¤±² ¢«¥»µ °¥¸¥¨© ³±² ®¢«¥®, ·²® ¯°¨¬¥¿¥¬»¥  «£®°¨²¬»

®¡¥±¯¥·¨¢ ¾² µ®°®¸¥¥ ±®£« ±®¢ ¨¥ °¥§³«¼² ²®¢, ¯®«³·¥»µ ¯® ° §»¬

¬¥²®¤ ¬, ¬¥¦¤³ ±®¡®© ¨ ± ³¯®¬³²»¬¨ ¨§¢¥±²»¬¨ °¥¸¥¨¿¬¨, ·²® ¤ ¥²

®¯°¥¤¥«¥³¾ ³¢¥°¥®±²¼ ¢ ²®¬, ·²® ¯°¨¡«¨¦¥»¥ °¥¸¥¨¿ § ¤ ·, ¯®«³-

·¥»¥ ± ¯®¬®¹¼¾ ¯ ª¥²  ¯°®£° ¬¬ �����, ¤®±² ²®·® ¡«¨§ª¨ ª ±®®²-

¢¥²±²¢³¾¹¨¬ ²®·»¬ °¥¸¥¨¿¬.

�«¥¤³¥² ®²¬¥²¨²¼, ·²® ¢ ¯°®¶¥±±¥ ¨±¯®«¼§®¢ ¨¿ ¯ ª¥²  ¯°®£° ¬¬

����� ³¯®¬¿³²»©  ¡®° ²¥±²®¢ ¯°®±·¨²»¢ «±¿ °¥£³«¿°®   ¯°®²¿¦¥-

¨¨ ¡®«¥¥ ·¥¬ 20 «¥² ¯°¨ ¬®¤¨´¨ª ¶¨¿µ ¯°®£° ¬¬» ¨«¨ ¯°¨ ¥¥ ¯¥°¥®± µ

  ®¢»¥ ª®¬¯¼¾²¥°»¥ ¯« ²´®°¬» ( ±¬¥  ª®¬¯¼¾²¥° , ®¯¥° ¶¨®®©

±¨±²¥¬», ª®¬¯¨«¿²®°  ¨ ² ª ¤ «¥¥). �®¬¨¬®  ¢²®°  ²¥±²¨°®¢ ¨¥ ¯°®-

¢®¤¨«®±¼ § ¨²¥°¥±®¢ »¬¨ ª®««¥£ ¬¨, ±® ¢²®° ¬¨ ¨ ¯°¥¤±² ¢¨²¥«¿¬¨

§ ª §·¨ª®¢ ¯°®¥ª²®¢.
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4.2. �¢ §¨±² ²¨·¥±ª¨¥ § ¤ ·¨ ¤«¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥«

� ±·¥² £°¥¡¥· ²»µ ±®¥¤¨¥¨©

�¥¸¥¨¥ ®±¥±¨¬¬¥²°¨·®© ª¢ §¨±² ²¨·¥±ª®© § ¤ ·¨ ® ª®² ª²¥ £°¥¡¥-

· ²»µ ±®¥¤¨¥¨© ³¯°³£®¯« ±²¨·¥±ª¨µ ½«¥¬¥²®¢ ª®±²°³ª¶¨© ®¯³¡«¨ª®-

¢ ® ¢ ° ¡®² µ (�³° £®, 1978, 1979; �³° £®, �³ª³¤¦ ®¢, 1988, 1991)

�  °¨±. 4.2.1a ¯®ª §   ª®´¨£³° ¶¨¿ ²¨¯¨·®£® £°¥¡¥· ²®£® ±®¥¤¨-

¥¨¿ ®±¥±¨¬¬¥²°¨·»µ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥«. �®¢¥°µ®±²¨ ¢¥¸¥£®

²¥«  ¢° ¹¥¨¿ ¯°¨ r = 0:5 ¨ ¯°¨ z = 0 ±®¯°¨ª ± ¾²±¿ ± ¦¥±²ª¨¬¨ ±²¥ª ¬¨

®¡®©¬». �°¥¨¥   ±²¥ª µ ¯®« £ «®±¼ ° ¢»¬ ³«¾. �  ¯®¢¥°µ®±²¨ ¢³-

²°¥¥£® ²¥«  ¢° ¹¥¨¿ ¯°¨ z = 1 ¤¥©±²¢³¥² ¢¥¸¿¿ ±¦¨¬ ¾¹ ¿ ° ¢®-

¬¥°® ° ±¯°¥¤¥«¥ ¿  £°³§ª . �  ª®² ª²»µ ¯®¢¥°µ®±²¿µ ¬¥¦¤³ ¢§ -

¨¬®¤¥©±²¢³¾¹¨¬¨ ²¥« ¬¨ ¯°®±ª «¼§»¢ ¨¥ ¨ ®²«¨¯ ¨¨¥ ¥ ¤®¯³±ª «¨±¼.

a) b)

�¨±. 4.2.1. �¦ ²¨¥ £°¥¡¥· ²®£® ±®¥¤¨¥¨¿ ¤¢³µ ° §®°®¤»µ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ¢° ¹¥¨¿ a)

° ±·¥² ¿ ±¥²ª ; b) ° ±¯°¥¤¥«¥¨¥  ¯°¿¦¥¨© ¢¤®«¼ ®±¨ z   ¢¥¸¥© ¯®¢¥°µ®±²¨ (r = 0; 5).

� ¤ ¢ «¨±¼ ±«¥¤³¾¹¨¥ ±¢®©±²¢  ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥«:

�
(1) = 560 ; �

(1) = 375 ; �
(1)
s

= 1 ; fd�(1)
s
=dap = 100 ;

�
(2) = 560 ; �

(2) = 375 ; �
(2)
s

= 2 ; fd�(2)
s
=dap = 0 (4:2:1)

�  °¨±. 4.2.1b ¯®ª § ® ° ±¯°¥¤¥«¥¨¥  ¯°¿¦¥¨© ¢¤®«¼ ®±¨ ±¨¬¬¥-

²°¨¨ ¨   ¢¥¸¥© ¯®¢¥°µ®±²¨ ¯°¨ r = 0; 5. �° ´¨ª¨ ±®®²¢¥²±²¢³¾² § -

·¥¨¾ ¢¥¸¥©  £°³§ª¨ ° = �1:2. �  ®±¨ ±¨¬¬¥²°¨¨  ¯°¿¦¥¨¿ �r, �z ¨
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�rz ¨¬¥¾² ¿°ª® ¢»° ¦¥»¥ ¬ ª±¨¬³¬» ¢ ¬¥±² µ ³²®¼¸¥¨¿ ¢ª« ¤»¸ .

� ±¯°¥¤¥«¥¨¥ ª®² ª²»µ  ¯°¿¦¥¨©   §³¡¼¿µ, ¯°®³¬¥°®¢ »µ ¢ ¯®-

°¿¤ª¥ ³¡»¢ ¨¿ ª®®°¤¨ ²» z, ¯®ª § ®   °¨±. 4.2.1c. �¨´°»   ½²®¬

°¨±³ª¥ ±®®²¢¥²±²¢³¾² ±¥·¥¨¿¬ z = 0:9; 0:55; 0:2. �¨¤®, ·²® ° ¡®² ¥² ¢

®±®¢®¬ ¯¥°¢»© §³¡. �  °¨±. 4.2.1d ¯®ª § ® ° ±¯°¥¤¥«¥¨¥  ¯°¿¦¥¨©

¢ ±¥·¥¨¨ z = 1. �²¬¥²¨¬, ·²® ±µ®¤»¥ § ¤ ·¨ ° ±±¬ ²°¨¢ «¨±¼ ° ¼¸¥ ¢

° ¡®²¥ (�®¤£®°»©, �®² °®¢±ª¨©, � °·¥ª®, 1976).

a) b)

�¨±. 4.2.2. �¦ ²¨¥ £°¥¡¥· ²®£® ±®¥¤¨¥¨¿ ¤¢³µ ° §®°®¤»µ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ¢° ¹¥¨¿

a) - ° ±¯°¥¤¥«¥¨¥ ª®² ª²»µ  ¯°¿¦¥¨© ¢ §³¡ µ ( ±¥·¥¨¿ z = 0:9 ; z = O:55 ; z = 0:2); b) -

° ±¯°¥¤¥«¥¨¥  ¯°¿¦¥¨© ¢ ±¥·¥¨¨ z = 1

�  °¨±³ª¥ 4.2.1 ¯®ª §   ±¥²ª  ³«¥¢®£® ³°®¢¿, ° ±·¥² ¯°®¢®¤¨«±¿  

¤¢ ¦¤» ¨§¬¥«¼·¥®© ±¥²ª¥ (  ±¥²ª¥ ¢²®°®£® ³°®¢¿), ±®¤¥°¦ ¹¥© ¢ 16

° § ¡®«¼¸¥ ¿·¥¥ª.

� ±·¥² ¯«®²¨» ¢ ¯®«¥ ±¨« ²¿¦¥±²¨.

� ³±«®¢¨µ ¯«®±ª®© ¤¥´®°¬ ¶¨¨   ®±®¢¥ ³° ¢¥¨© ²¥®°¨¨ ³¯°³£®±²¨

¡»«  °¥¸¥  § ¤ ·  ¤«¿ ±«¥¤³¾¹¥© ±¨±²¥¬» ·¥²»°¥µ ¤¥´®°¬¨°³¥¬»µ ²¥«:

¡¥²®®© ¯«®²¨», ¡¥²®®£® ®±®¢ ¨¿, ±ª «¼®£® ®±®¢ ¨¿, £°³²  (±¬.

°¨±. 4.2.3 ). � ±·¥² ¿ ±¥²ª  ¯®ª §     °¨±. 4.2.3¡.

117



a) b)

c) d)

e) f)

�uc. 4.2.3. �«®²¨ ,  £°³¦¥ ¿ ±¨« ¬¨ ²¿¦¥±²¨.  ) - ª®´¨£³° ¶¨¿ ¢§ ¨¬®¤¥©±²¢³¾¹¨µ ²¥« (I -

¡¥²® ¿ ¯«®²¨ . II - ¡¥²®®¥ ®±®¢ ¨¥. III - ±ª «¼®¥ ®±®¢ ¨¥, IV - £°³²); b) ° ±·¥² ¿ ±¥²ª ;

c) ¨½®«¨¨¨ ¢¥°²¨ª «¼»µ ±¬¥¸¥¨© (1:-0.011, 2:-0,008, 3:-0,005, 4:-0,003); d) ¨§®«¨¨¨ ¢¥°²¨ª «¼»µ

±¬¥¹¥¨¬© ( ª²³ «¼ ¿ ª®´¨£³° ¶¨¿); e) ¨§®«¨¨¨ £®°¨§®² «¼»µ ±¬¥¹¥¨© (1:-0,002, 2:-0,001, 3:0,000,

4:-0.001); f) ¨§®«¨¨¨ ±°¥¤¥£®  ¯°¿¦¥¨¿ (1:-0,286, 2:-0,214, 3:-0,142, 4:-0,070)
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�¢®©±²¢  ³¯°³£¨µ ²¥« ¯°¨¨¬ «¨±¼ ±«¥¤³¾¹¨¥:

�
(1) = 150 ; �

(1) = mu
(2) = 125 ; c

(1) = c
(2) = 1 ; c(3) = 1 ; c

(4) = 2 ;

�
(3) = 500 ; �

(3) = 250 ; �
(4) = 50 ; �

(4) = 25 (4:2:2)

³±ª®°¥¨¥ ±¨«» ²¿¦¥±²¨ ° ¢® g = 103cm=sec2.

�  °¨±. 4.2.3d ¢ ¯®ª §   ¤¥´®°¬¨°®¢  ¿ ª®´¨£³° ¶¨¿ ±¨±²¥¬» ¨

¯®±²°®¥» ¨§®«¨¨¨ ¢¥°²¨ª «¼»µ ±¬¥¹¥¨©. �¬¥¹¥¨¿ £° ¨¶   ½²®¬

°¨±³ª¥ ³¢¥«¨·¥» ¢ 102 ° § ¤«¿  £«¿¤®±²¨. �  ¦¥ ª °²¨ª  ¢ °¥ «¼»µ

±¬¥¹¥¨µ ¯°¨¢¥¤¥    �¨±. 4.2.3c.

�§®«¨¨¨ £®°¨§®² «¼»µ ±¬¥¸¥¨© ¯°¨¢¥¤¥»   °¨±. 4.2.3e. �°³²

° §¤ ¥²±¿ ¢ ±²®°®» ¯®¤ ¤¥©±²¢¨¥¬ ¯«®²¨». � ª±¨¬³¬  ¯°¿¦¥¨©  -

¡«¾¤ ¥²±¿ ¢ «¥¢®© ¨¦¥© · ±²¨ ²¥«  ¯«®²¨», ·²® ¿±® ¢¨¤® ¨§ °¨±.

4.2.3f,   ª®²®°®¬ ¯®ª § » ¨§®«¨¨¨ ±°¥¤¥£®  ¯°¿¦¥¨¿.

� ¤ ·¨ ´®°¬®¢ ¨¿

� ¤ ·¨ ´®°¬®¢ ¨¿ ¬®¤¥«¨°³¾² ¯°®¶¥±±» ¨§£®²®¢«¥¨¿ ¤¥² «¥© § ¤ -

®© ´®°¬» ¯³²¥¬ ¤¥©±²¢¨¿   ³¯°³£®¯« ±²¨·¥±ª¨¥ ¬ ²¥°¨ «» ¦¥±²ª¨¬¨

¸² ¬¯ ¬¨. � ¯°®¶¥±± µ ´®°¬®¢ ¨¿ ²¥«  ¯®¤¢¥°£ ¾²±¿ ¡®«¼¸¨¬ ¤¥´®°-

¬ ¶¨¿¬ ¨ ±¨«¼® ¬¥¿¾² ±¢®¾ ´®°¬³. �®  ª®² ª²  ¿¢«¿¥²±¿ ¯¥°¥¬¥®©.

�¨¦¥ ¯°¨¢®¤¿²±¿ °¥¸¥¨¿ ¤¢³µ µ ° ª²¥°»µ § ¤ · ½²®£® ª« ±± . �¥°¢ ¿

§ ¤ ·  ¢®§¨ª ¥² ¯°¨ ¬®¤¥«¨°®¢ ¨¨ ¨§£®²®¢«¥¨¿  «¾¬¨¨¥¢®© · ¸ª¨ ¨§

ª°³£«®© ¯« ±²¨ª¨. �« ±²¨ª  ª« ¤¥²±¿   ¦¥±²ª³¾ ´®°¬³ ¨ ´®°¬³¥²±¿ ¢

· ¸ª³ ¦¥±²ª¨¬ ¸² ¬¯®¬, ° ±·¥² ¯®ª §    °¨±. 4.2.4. � § ¤ ·¥ ¨¬¥¾²±¿

±«¥¤³¾¹¨¥ ²°³¤®±²¨:

1) �« ±²¨ª  ° ±±·¨²»¢ ¥²±¿ ¯® ¯®«»¬ ³° ¢¥¨¿¬ ²°¥µ¬¥°®© ²¥®°¨¨,

¢®§¨ª ¾¹¨¥  «£¥¡° ¨·¥±ª¨¥ § ¤ ·¨ ¯«®µ® ®¡³±«®¢«¥» ¨§-§  ° §¨¶» ¢

° §¬¥° µ ®¡« ±²¨ °¥¸¥¨¿ ¯® ° ¤¨³±³ ¨ ¯® ²®«¹¨¥.

2) � ¯¥°¥¬¥®© §®¥ ª®² ª²  ¢§ ¨¬®¤¥©±²¢³¾² ° §®¬ ±¸² ¡»¥ ½«¥-

¬¥²», ¨¬¥¾¹¨¥ ³¤«¨¥¨¥ 1 ¤«¿ ¸² ¬¯®¢ ¨ ³¤«¨¥¨¥ 1/50 ¤«¿ ¯« -

±²¨ª¨.
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a) b)

c) d)

�¨±. 4.2.4. �®°¬®¢ ¨¥ ³¯°³£®¯« ±²¨·¥±ª®©  «¾¬¨¨¥¢®© · ¸ª¨

�²®° ¿ § ¤ ·  ´®°¬®¢ ¨¿ ¯°¥¤±² ¢«¿¥² ¯°®¶¥±± ¨§£®²®¢«¥¨¿ «®¯ ²ª¨

²³°¡¨». �±µ®¤ ¿ § £®²®¢ª  ¨¬¥¥² ª°³£®¢³¾ ¶¨«¨¤°¨·¥±ª³¾ ´®°¬³

¨ ¯®¬¥¹ ¥²±¿ ¬¥¦¤³ ¤¢³¬¿ ¦¥±²ª¨¬¨ ´¨£³°»¬¨ ¸² ¬¯ ¬¨ (±¬. �¨±.

4.2.5), ª®²®°»¥ ±¡«¨¦ ¿±¼ ¯°¨¤ ¾² § £®²®¢ª¥ µ ° ª²¥°³¾ ¤«¿ «®¯ ²®ª

´®°¬³ "°»¡ª¨". �®¥·®. ¤  ¿ § ¤ ·  ¿¢«¿¥²±¿ «¨¸¼ ¯°¨¡«¨¦¥¨¥¬

ª °¥ «¼®¬³ ¯°®¶¥±±³. �²® ¤¢³¬¥°»©   «®£ ¢®®¡¹¥ £®¢®°¿ ²°¥µ¬¥°-

®£® ¯°®¶¥±± . �® ¤ ¦¥ ¢ ² ª®© ³¯°®¹¥®© ´®°¬³«¨°®¢ª¥ ½²  § ¤ · 

¬®¦¥² ¡»²¼ ®²¥±¥  ª ¢»±¸¥© ª ²¥£®°¨¨ ±«®¦®±²¨, ¯®±ª®«¼ª³ ¨±µ®¤-

®¥ ²¥«® ¯°¥²¥°¯¥¢ ¥² ®·¥¼ ¡®«¼¸¨¥ ¤¥´®°¬ ¶¨¨. �¥¸¥¨¥ ² ª®© § ¤ ·¨

  « £° ¦¥¢®© ±¥²ª¥ ¥¢®§¬®¦® ¡¥§ ¯¥°¥±²°®©ª¨ ±¥²ª¨ ¨ ¯¥°¥¨²¥°¯®-

«¿¶¨¥© °¥¸¥¨¿ ¢ ¯°®¶¥±±¥ ° ±·¥² . �¤¥±¼ ¯°¨¬¥¥ ¯®¤µ®¤ ¯°®¨§¢®«¼®

¯®¤¢¨¦»µ ±¥²®ª. �¯° ¢«¥¨¥ ¤¢¨¦¥¨¥¬ ³§«®¢ ®±³¹¥±²¢«¿«®±¼ ² ª, ·²®

£° ¨·»¥ ²®·ª¨ ¤¢¨£ «¨±¼ ª ª « £° ¦¥¢» ¯®  ¯° ¢«¥¨¾ ®°¬ «¨ ª
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£° ¨¶¥,   ¤¢¨¦¥¨¥ ¢³²°¥¨µ ³§«®¢ ¨ ª ± ²¥«¼»¥ ª £° ¨¶¥ ¤¢¨¦¥-

¨¿ £° ¨·»µ ³§«®¢ ®±³¹¥±²¢«¿«®±¼ ² ª, ·²®¡» ±¥²ª  ¢ ¯°®¶¥±±¥ ° ±·¥² 

®±² ¢ « ±¼ ¡» ¯® ¢®§¬®¦®±²¨ ° ¢®¬¥°®©. �«¿ ½²®£®   ª ¦¤®¬ ¸ £¥

¯® ¢°¥¬¥¨ ² ª¨¥ ³§«» ±¬¥¹ «¨±¼ ¢ ±²®°®³ £¥®¬¥²°¨·¥±ª®£® ¶¥²°  ¯®

®²®¸¥¨¾ ª ±®±¥¤¨¬ ³§« ¬. �²  § ¤ ·  ² ª¦¥ ¨¬¥¥² ¿°ª® ¢»° ¦¥³¾

¯¥°¥¬¥³¾ §®³ ª®² ª² . �  °¨±. 4.2.5 ¯®ª   ½¢®«¾¶¨¿ ´®°¬» ²¥«  ¨

° ±¯°¥¤¥«¥¨¿ ¯« ±²¨·¥±ª®© ° ¡®²».

�¨±. 4.2.5. �®°¬®¢ ¨¥ «®¯ ²ª¨ ²³°¡¨».

�  �¨±. 4.2.6 ¯®ª §   ±¥²ª  ¢ ¨±µ®¤®¬ ¨ ¢ ª®¥·®¬ ±®±²®¿¨¨. �

³¢¥«¨·¥¨¨ ¯®ª § » ´° £¬¥²» ±¥²ª¨ ¢ £®«®¢¥ ¨ µ¢®±²¥ "°»¡ª¨". � -

¯®«¥¨¥ ´¨£³°»µ ¯®«®±²¥© ¦¥±²ª®£® ¸² ¬¯  ¤¥´®°¬¨°³¥¬»¬ ¬ ²¥°¨ -

«®¬ ¢ ·¨±«¥®© ¬®¤¥«¨ ¡³¤¥² ²¥¬ «³·¸¥, ·¥¬ ¢»¸¥ ±¥²®·®¥ ° §°¥¸¥¨¥.

�¥¸ «®±¼ ¬®¦¥±²¢® ¢ °¨ ²®¢ ¤ ®© § ¤ ·¨, ¢ ª®²®°»µ ®¯°¥¤¥«¿«¨±¼

 £°³§ª¨   ¸² ¬¯,  ¯°¿¦¥®-¤¥´®°¬¨°®¢ ®¥ ±®±²®¿¨¥ ¬ ²¥°¨ « 

«®¯ ²ª¨, ¢ °¼¨°®¢ « ±¼ ´®°¬  ¸² ¬¯®¢, ±ª®°®±²¨  £°³¦¥¨¿ ± ¶¥«¼¾

®¯²¨¬¨§ ¶¨¨ ²¥µ®«®£¨·¥±ª®£® ¯°®¶¥±± . �  ¨¦¥¬ °¨±³ª¥ 4.2.6 ¯®ª -
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§  ²¨¯¨·»© £° ´¨ª § ¢¨±¨¬®±²¨  £°³§ª¨ ®² ¢°¥¬¥¨ (¨«¨ ®² ±¬¥¹¥¨¿

¸² ¬¯ ).

�¨±. 4.2.6. �®°¬®¢ ¨¥ «®¯ ²ª¨ ²³°¡¨» (¯°®¤®«¦¥¨¥).
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4.3. �¨ ¬¨·¥±ª¨¥ § ¤ ·¨ ¤«¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥«

� ±±¬®²°¨¬ ¯°¨¬¥°» °¥¸¥¨¿ § ¤ · ® ±®³¤ °¥¨¿µ ¤¥´®°¬¨°¥¬»µ ²¥«.

�¥¸¥¨¥ ¯®«³·¥® ¯® ¿¢»¬ « £° ¦¥¢»¬ ±µ¥¬ ¬ ± ¨±¯®«¼§®¢ ¨¥¬ ¬¥-

²®¤  ¬®¦¨²¥«¥© � £° ¦  ¤«¿ ° ±·¥²  ª®² ª²  ¨ ®¯³¡«¨ª®¢ ® ¢ ° -

¡®² µ (�³° £®, 1986 ,1986b, 1987; �³° £®, �³ª³¤¦ ®¢, 1986±, 1988, 1991;

Kukudzhanov, Bourago ¨ ¤°., 1995). �²¬¥²¨¬, ·²® ®¯¨± »¥ ¢ £« ¢¥ 3 ¥-

¿¢»¥ ±µ¥¬» ² ª¦¥ ¬®£³² ¡»²¼ ¨±¯®«¼§®¢ » ¤«¿ °¥¸¥¨¿ ¤¨ ¬¨·¥±ª¨µ

§ ¤ ·, ² ª¨¥ ° ±·¥²» ² ª¦¥ ¤¥« «¨±¼.

�¤ ° ±² «¼»¬ ¸ °®¬ ¢  «¾¬¨¨¥¢³¾ ¯°¥£° ¤³

�ª §  ¿ ¢ § £®«®¢ª¥ § ¤ ·  °¥¸ « ±¼ ¤«¿ ¤¢³µ ±«³· ¥¢: ±² «¼®© ¸ °

³¤ °¿¥² ¢  «¾¬¨¨¥¢³¾ ¯« ±²¨ª³ ¨  «¾¬¨¨¥¢»© ¸ ° ³¤ °¿¥² ¢ ±² «¼-

³¾ ¯« ±²¨ª³. � ®¡®¨µ ±«³· µ ±ª®°®±²¼ ³¤ °  ° ¢¿« ±¼ ±ª®°®±²¨ §¢³ª 

¢ ¬ ²¥°¨ «¥ ³¤ °¨ª . �¥¯«®¢»¬¨ ½´´¥ª² ¬¨ ½²®© § ¤ ·¥ ¬» ¯°¥¥¡°¥-

£ «¨. �¤¨¨¶¥© ¢°¥¬¥¨ ±«³¦¨«® ¢°¥¬¿ ¯°®¡¥£  ¯°®¤®«¼»µ ¢®« ±¦ ²¨¿

¯® ° ¤¨³±³ ³¤ °¨ª . �¢®©±²¢  ¬ ²¥°¨ «®¢ § ¤ ¢ «¨±¼ ² ª¨¥:

±² «¼:

�
(1) = 729 ; �

(1) = 369 ; �
(1)
s

= 1 ; fd�(1)
s
=dap = 0 ; ±

(1) = 2 (4:3:1)

 «¾¬¨¨©:

�
(2) = 182 ; �

(2) = 92 ; �
(2)
s

= 0:25 ; fd�(2)
s
=dap = 0 ; c

(2) = 1 (4:3:2)

�  °¨±. 4.3.1a-b ¢ ¯®ª § » ª®´¨£³° ¶¨¨ « £° ¦¥¢»µ ±¥²®ª ¤«¿ ±®-

³¤ °¿¾¹¨µ±¿ ²¥« ¢ ¬®¬¥²» ¢°¥¬¥¨ 0.5 ¨ 1.0. �  °¨±. 4.3.1b ¯®ª § »

¨½®«¨¨¨  ¯°¿¦¥¨¿ �z ¤«¿ ¬®¬¥²  ¢°¥¬¥¨ 0.5. �±® ¢¨¤» ´°®²»

³¤ °»µ ¢®« ¢ ¬ ²¥°¨ « µ ³¤ °¨ª  ¨ ¯°¥£° ¤». �  °¨±. 4.3.1d ¯®ª -

§ » ¨§®«¨¨¨ ±°¥¤¥£®  ¯°¿¦¥¨¿ ¤«¿ ¬®¬¥²  ¢°¥¬¥¨ 1.0. �«¿ ½²®£®

¬®¬¥²  ¢°¥¬¥¨   °¨±. 4.3.1e ¯®ª § ® ¯®«¥ ±ª®°®±²¥©,     °¨±. 4.3.1f -

¨§®«¨¨¨ ¯« ±²¨·¥±ª®© ° ¡®²».
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a) b)

c) d)

e) f)

�¨±. 4.3.1. �¤ ° ±² «¼»¬ ¸ °®¬ ¢  «¾¬¨¨¥¢³¾ ¯°¥£° ¤³. a),c) ¤¥´®°¬¨°®¢  ¿ ª®´¨£³° ¶¨¿ ±¥²ª¨

(t = 0:5; 1:0); b) ¨§®«¨¨¨  ¯°¿¦¥¨¿ Oi ¤«¿ t = 0:5 (1:-152, 2:-114, 3:-75,2, 4:-36,5); d) ¨§®«¨¨¨ ±°¥¤¥£®

 ¯°¿¦¥¨¿  ³ ¤«¿ t = 1:0 (1:-120, 2:-85,9, 3:-51,4, 4:-16,8); e) ¯®«¥ ±ª®°®±²¥© (t = 1:0); f) ¨§®«¨¨¨

³¤¥«¼®© ¯« ±²¨·¥±ª®© ° ¡®²» ¤«¿ t = 1:0 (1:0.4, 2:0.8, 3:1,2, 4:1,6).

�¤ °  «¾¬¨¨¥¢»¬ ¸ °®¬ ¢ ±² «¼³¾ ¯°¥£° ¤³ �¨±³ª¨ 4.3.2a-g ±®-

¤¥°¦ ² ª¨®£° ¬¬³ ¯°®¶¥±±  ±®³¤ °¥¨¿  «¾¬¨¨¥¢®£® ¸ °  ± ³¯°³£®©

124



±² «¼®© ¯« ±²¨ª®© ¨ ¯®ª §»¢ ¥² ª®´¨£³° ¶¨¾ ±®³¤ °¿¾¹¨µ±¿ ²¥«  

¯°®²¿¦¥¨¨ ¢±¥£® ¯°®¶¥±±  ³¤ °  ¢¯«®²¼ ¤® ®²±ª®ª  ³¤ °¨ª  ®² ¯°¥-

£° ¤». � °¥§³«¼² ²¥ ³¤ °  ¸ ° ° ±¯«¾¹¨¢ ¥²±¿ ¢ "«¥¯¥¸ª³". �°¨ f "

5 ³¦¥ ¯®±«¥ ®²±ª®ª  ¯¥°¨´¥°¨©»¥ ®¡« ±²¨ "«¥¯¥¸ª¨" ¯°®¤®«¦ ¾² ¨-

²¥±¨¢®¥ ¤¢¨¦¥¨¥ ®² ®±¨ ±¨¬¬¥²°¨¨. � ¶¥²° «¼®© ®¡« ±²¨ ¸ °  ¯°¨

½²®¬  ¡«¾¤ ¥²±¿ §®  ¢±¥±²®°®¥£® ° ±²¿¦¥¨¿, ·²® ³ª §»¢ ¥²   ¢®§-

¬®¦®±²¼ ° §°³¸¥¨¿ ³¤ °¨ª . H  ª®² ª²¥ ¢»¯®«¿«¨±¼ ³±«®¢¨¿ ±ª®«¼-

¦¥¨¿.

�¨±. 4.3.2. �¤ °  «¾¬¨¨¥¢»¬ ¸ °®¬ ¢ ±² «¼³¾ ¯°¥£° ¤³.

�¤ °  «¾¬¨¨¥¢»¬ ¸ °®¬ ¢  «¾¬¨¨¥¢³¾ ¯°¥£° ¤³

�¨±³ª¨ 4.3.3 ±®¤¥°¦ ² ª¨®£° ¬¬³ ¯°®¶¥±±  ®ª®«®§¢³ª®¢®£® ±®³¤ °¥-

¨¿  «¾¬¨¨¥¢®£® ¸ °  ±  «¾¬¨¨¥¢®© ¯« ±²¨ª®©,   ª®²®°®© ¢¨¤®

®¡° §®¢ ¨¥ "³±®¢" - ¢±¯«¥±ª , ¯®¤®¡®£®  ¡«¾¤ ¾¹¥£®±¿ ¯°¨ ¯ ¤¥¨¨

ª ¯«¨ ¢ ¦¨¤ª®±²¼.
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�¨±. 4.3.3. �¤ °  «¾¬¨¨¥¢»¬ ¸ °®¬ ¢  «¾¬¨¨¥¢³¾ ¯°¥£° ¤³.

�²¬¥²¨¬, ·²® ±ª®°®±²¼ ³¤ °  ¿¢«¿¥²±¿ ®ª®«®§¢³ª®¢®© ¨ ¢ §®¥ ³¤ ° 

¬ ²¥°¨ « ¢¥¤¥² ±¥¡¿ ª ª ¦¨¤ª®±²¼, ¯®±ª®«¼ª³ ¤¥¢¨ ²®°  ¯°¿¦¥¨© ¬ «

¯® ±° ¢¥¨¾ ± ¤ ¢«¥¨¥¬. � ¡«¾¤ ¥¬»© ¢±¯«¥±ª ®·¥¼ ·³¢±²¢¨²¥«¥ ª

¢¿§ª®±²¨, ª®²®° ¿ ¢ ¤ ®¬ ° ±·¥²¥ ¬®£«  ¡»²¼ ¨±ª³±±²¢¥® ³¢¥«¨·¥ 

¨«¨ ³¬¥¼¸¥  ¡¥§ ³¹¥°¡  ¤«¿ ³±²®©·¨¢®±²¨ ±·¥² . �±¯«¥±ª ¯°¨ ½²®¬

 ° ±² « ¨«¨ ³¬¥¼¸ «±¿ ¢¯«®²¼ ¤® ¨±·¥§®¢¥¨¿ ± °®±²®¬ ¢¿§ª®±²¨.
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�°¥µ¬¥°»¥ § ¤ ·¨ ³¤ ° 

�«£®°¨²¬» ¤«¿ ° ±·¥²  ¤¨ ¬¨ª¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤ ¡»«¨ °¥-

 «¨§®¢ » ¨ ¤«¿ ²°¥µ¬¥°®£® ±«³· ¿. �  °¨±. 4.3.4 ¨ 4.3.5 ¯®ª § »

°¥§³«¼² ²» ° ±·¥²  ±®³¤ °¥¨¿ ¤¢³µ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« (¯°¿¬®¥ ¨

¯®¤ ³£«®¬). �¢®©±²¢  ¬ ²¥°¨ «®¢ ±² «¼®£® ³¤ °¨ª  ¨  «¾¬¨¨¥¢®© ¯°¥-

£° ¤» ¯°¨¨¬ «¨±¼ ² ª¨¬¨ ¦¥ ª ª ¨ ¢ ¯°¨¢¥¤¥»µ ¢»¸¥ ° ±·¥² µ ¯°®-

±²° ±²¢¥® ¤¢³¬¥°»µ § ¤ ·.

�¨±. 4.3.4. �°¿¬®© ³¤ ° ¤¢³µ ²¥«.

� ¬¥· ¨¥. �¨±³ª¨ ±£¥¥°¨°®¢ » ¯°®£° ¬¬®© �����. � ¸¨®-¥§ ¢¨±¨¬ ¿ ¨²¥° ª²¨¢ ¿ £° -

´¨ª   ¯¨±    ¢²®°®¬.
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�¨±. 4.3.5. �¤ ° ¤¢³µ ²¥« ¯®¤ ³£«®¬.
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� ±·¥² ®¡° §®¢ ¨¿ ¢®°®ª¨ ¯°¨ ¢§°»¢¥

� ±±¬®²°¨¬ § ¤ ·³ ® ¢§°»¢¥ § °¿¤®¢ ¢ £°³²¥, ®¯³¡«¨ª®¢ ³¾ ¢ ° -

¡®² µ �³° £®, �³ª³¤¦ ®¢, 1988, 1991; �³° £®, 1989. � ±·¥² ¿ ±µ¥¬  ¨

±¥²ª  ¯®ª § »   °¨±. 4.3.6a. �  · «¼»© ¬®¬¥² ¢°¥¬¥¨ ¢ ¬ ²¥°¨-

 «¥ ¨¬¥¥²±¿ ¥¡®«¼¸®© ¯°¿¬®³£®«¼»© ¢»°¥§, ¢ ª®²®°»© ¯®¬¥¹¥ § °¿¤

¢§°»¢· ²®£® ¢¥¹¥±²¢ . �° £¬¥² ®¡« ±²¨ °¥¸¥¨¿, ¯®ª § »©   °¨±.

4.3.7, ¯®§¢®«¿¥² ° ±±¬®²°¥²¼ ±¥²ª³ ¢ ¬ ²¥°¨ «¥ ��. �°¥¤¯®« £ «®±¼ ·²®

¢  · «¼»© ¬®¬¥² ¢°¥¬¥¨ ¢ § °¿¤¥ �� ¯°®¨±µ®¤¨² ¬£®¢¥ ¿ ¤¥²® -

¶¨¿, ¯°¥¢° ¹ ¾¹ ¿ ¥£® ¢ £ § ± ¢»±®ª®© ²¥¬¯¥° ²³°®© ¨ ¤ ¢«¥¨¥¬:

 = 1:4 ; U0 = 5 ; �0 = 100 ; p = ( � 1)�U (4:3:3)

� ²¥°¨ « £°³²  ¨¬¥« ±«¥¤³¾¹¨¥ ±¢®©±²¢ :

K
(2) = 243 ; �

(2) = 92 ; �
(2)
s

= 0:25 ; d�
(2)
s
=dap = 0 ; c

(2) = 1

k
(2)
!

= 0:0 ; k

(2)
�

= 106 ; F = "max � "

(2)
lim
; "

(2)
lim

= 0:01

�¨±. 4.3.6. �¡° §®¢ ¨¥ ¢®°®ª¨ ¯°¨ ¢§°»¢¥. a - ª®´¨£³° ¶¨¿ ¤¥´®°-

¬¨°³¥¬»µ ²¥« (t=0) ; ¡ - ° ±·¥² ¿ ±¥²ª ;
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�¨±. 4.3.7. �±µ®¤ ¿ ° ±·¥² ¿ ±¥²ª . �®ª §   · ±²¼ ®¡« ±²¨ °¥¸¥¨¿ ¢ ®ª°¥±²®±²¨ § °¿¤ . �¥«-

ª ¿ ª¢ §¨° ¢®¬¥° ¿ ±¥²ª  ¯®ª°»¢ ¥² § °¿¤. �®«¥¥ ª°³¯»¥ ¿·¥©ª¨ ¯®ª°»¢ ¾² ®¡« ±²¼ £°³² .

�¥¦¤³ £°³²®¬ ¨ § °¿¤®¬ ¢ · «¥ ¨¬¥¥²±¿ ¥¡®«¼¹®© § §®°.

�¨±. 4.3.8. �¥´®°¬¨°®¢  ¿ ª®´¨£³° ¶¨¿ « £° ¦¥¢®© ±¥²ª¨ ¤«¿ ¬®¬¥²  ¢°¥¬¥¨ t = 6:0 ¯®ª -

§     °¨±. 4.3.6d. �¤¨¨¶¥© ¢°¥¬¥¨ ±«³¦¨«® ¢°¥¬¿ ¯°®¡¥£  ¯°®¤®«¼»µ ¢®« ±¦ ²¨¿ µ ° ª²¥°®£®

° ±±²®¨¿ ¢ ¬ ²¥°¨ «¥. �  °¨±. 4.3.6d ¢¨¤® ®¡« ª® £ § . �  ª®² ª²®© £° ¨¶¥ ¬¥¦¤³ £ §®¬ ¨

¬ ²¥°¨ «®¬ ¢»¯®«¿«¨±¼ ³±«®¢¨¿ ±ª®«¼¦¥¨¿. �¨¤¥ ¢ «, ®¡° §³¾¹¨©±¿ ¢®ª°³£ ¢®°®ª¨.
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�«¿ ¬®¬¥²  ¢°¥¬¥¨ t=10   °¨±. 4.3.6¤ ¯®ª § ® ¯®«¥ ±ª®°®±²¥©. � 

¯¥°¨´¥°¨¨ £ §®¢®£® ®¡« ª  ±ª®°®±²¨ ¨¬¥¾² ¢¥«¨·¨³ ¯®°¿¤ª  ·¥²»°¥µ

±ª®°®±²¥© §¢³ª  ¢ ¬ ²¥°¨ «¥. � ¬®¬¥²³ ¢°¥¬¥¨ t=15 ¤ ¢«¥¨¥ ¢ ¨¦¥©

· ±²¨ £ §®¢®£® ®¡« ª  ±¯ ¤ ¥² ®² ¯¥°¢® · «¼»µ 200 ¯°¥¤¥«®¢ ²¥ª³·¥±²¨

¤® ¢¥«¨·¨ ¯®°¿¤ª  ¥¤¨¨¶» ¨  ª²¨¢»© ¯°®¶¥±± ° §° ±² ¨¿ ¢®°®ª¨

¯°¥ª° ¹ ¥²±¿. �®°®ª  ¤ «¥¥ ±®µ° ¿¥² ª®´¨£³° ¶¨¾, ¯®ª § ³¾  

°¨±. 4.3.8e.

�¨±. 4.3.9. �¡° §®¢ ¨¥ ¢®°®ª¨ ¯°¨ ¢§°»¢¥: ¯o«e ±ª®°®±²¥© ¯°¨ t=10.

�®°¬  £ §®¢®£® ®¡« ª  ±¨«¼® § ¢¨±¨² ®² ±µ¥¬®© ¢¿§ª®±²¨. �® ¯®±² -

®¢ª¥ § ¤ ·¨ £ § ¿¢«¿¥²±¿ ¨¤¥ «¼»¬ (¥¢¿§ª¨¬). � ³¬¥¼¸¥¨¥¬ ¢¿§ª®±²¨

±µ¥¬» ®¡« ª®  ·¨ ¥²  ¯®¬¨ ²¼ ° §¢¥±¨±²®¥ ¤¥°¥¢® ¨ ¥£® "ª°® " ¯®

¬¥°¥ ° ±¯°®±²° ¥¨¿ ¢µ®¤¨² ¢ ª®² ª² ± ¤¥¢®© ¯®¢¥°µ®±²¼¾ £°³² 

  ¥ª®²®°®¬ ° ±±²®¿¨¨ ®² ¢®°®ª¨. �®®²¢¥²±²¢¥® ¨ ´®°¬  ¢®°®ª¨

² ª¦¥ ¢¥±¼¬  ·³¢±²¢¨²¥«¼  ª ±µ¥¬®© ¢¿§ª®±²¨. �²¨ § ¬¥· ¨¿ £®¢®-

°¿² ® ²®¬, ·²® ¤  ¿ § ¤ ·  ¥¹¥ ¤ «¥ª  ®² ®ª®· ²¥«¼®£® °¥¸¥¨¿ ¨

¤®±²¨£³² ¿ §¤¥±¼ ²®·®±²¼ °¥¸¥¨¿ ¯®§¢®«¿¥² ¢»¿¢«¿¥² «¨¸¼ ª ·¥±²¢¥-

»¥ ®±®¡¥®±²¨ °¥¸¥¨¿.
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4.4. � ¤ ·¨ ® «®ª «¨§ ¶¨¨ ¤¥´®°¬ ¶¨©

�¨¦¥ ° ±±¬®²°¨¢ ¾²±¿ ° ±·¥²» ¯°®¶¥±±®¢ ° §°³¸¥¨¿ ²¨¯®¢»µ ° ±²¿-

£¨¢ ¥¬»µ ®¡° §¶®¢, ¨±¯»² » °¿¤ ª°¨²¥°¨¥¢ ° §°³¸¥¨¿ ¨ °¿¤ °¥¦¨¬®¢

ª¨¥²¨ª¨ ¯®¢°¥¦¤ ¥¬®±²¨, ¨±±«¥¤®¢ ® ¢«¨¿¨¥ ¯« ±²¨·¥±ª¨µ ¤¥´®°¬ -

¶¨© ¨ «®ª «¼®£® ¨²¥±¨¢®£®  £°¥¢  (®µ« ¦¤¥¨¿)   ° §°³¸¥¨¥, ¯°®-

±«¥¦¥® ° §¢¨²¨¥ §® «®ª «¨§ ¶¨¨ ¤¥´®°¬ ¶¨©. �»° ¡®² » °¥ª®¬¥¤ -

¶¨¨ ¯® °¥ «¨§ ¶¨¨ ¬®¤¥«¥© ª®²¨³ «¼®£® ° §°³¸¥¨¿, ª®²®°»¥ ¬®£³²

¯®¢»±¨²¼ ½´´¥ª²¨¢®±²¼ ±³¹¥±²¢³¾¹¨µ ¬®¤¥«¥©.

� ±²¿¦¥¨¥ ±² ¤ °²®£® ®¡° §¶ 

� ±±¬®²°¨¬ ²¨¯¨·®¥ °¥¸¥¨¥ ® ° ±²¿¦¥¨¨ ¯«®±ª®£® ±² ¤ °²®£®

®¡° §¶ , ° ±·¥² ¿ ®¡« ±²¼ ¯®ª §     �¨±. 4.4.1. � · «¼ ¿ ¤«¨  ° ±-

·¥²®© ®¡« ±²¨ ° ¢  3.0, ¢»±®²  - 2.0. �¥¢ ¿ ¨ ¨¦¿¿ £° ¨¶» ¯°¥¤-

±² ¢«¿¾² ®±¨ ±¨¬¬¥²°¨¨, ¯° ¢ ¿ £° ¨¶  ¤¢¨¦¥²±¿ ¢¯° ¢® ± ¯®±²®¿®©

±ª®°®±²¼¾ V0, ¢¥°µ¨¥ £° ¨¶» ±¢®¡®¤».

�¥§° §¬¥°»¥ ¢µ®¤»¥ ¤ »¥ ¯°¨¢¥¤¥» ¨¦¥:

K0 = 975; �0 = 369; kp0 = 1; c0 =
3K0 + 4�0

3�0
= 1000; k� = 103;

�p = �
0 : �0 � k

2
p
; �� = "max � 10�2;

gK = g� = gp = e
�103�

; U � cV T; cV = 1; kq = 1; � = 10�4; V0 = 10�4

£¤e "max - ¬aª±¨¬a«¼a¿ £«a¢a¿ ¤e´®°¬a¶¨¿, c0 - ¡¥§° §¬¥° ¿ ±ªo°o±²¼

§¢³ªa. � a·a«¼»© ¬o¬e² ¢°e¬e¨ ®¡°a§e¶ aµo¤¨²±¿ ¢ e¤e´o°¬¨°o¢a-

o¬ ±o±²o¿¨¨ ± ³«e¢»¬¨ § ·¥¨¿¬¨ ±ª®°®±²¥©, ¯¥°¥¬¥¹¥¨©, ¯« ±²¨·¥-

±ª¨µ ¤e´o°¬a¶¨© ¨ ¯®¢°¥¦¤¥®±²¨ ¯°¨ ¡¥§° §¬¥°®© ²¥¬¯¥° ²³°¥ T0 =

100 . �¥§° §¬¥°»© ¬ ±±®¢»© ¨±²®·¨ª/±²®ª ²¥¯«  r = 1 ¤¥©±²¢®¢ « ¢ ¯°¿-

¬®³£®«¼®© §®¥ (1.9, 0, 2.1, 1). �¥¯«®¢»¥ ¯®²®ª¨   £° ¨¶ µ § ³«¿«¨±¼.

�±¯®«¼§®¢ «¨±¼ « £° ¦¥¢» ¯®¤¢¨¦»¥ ªoe·o½«e¬e²»¥ ±e²ª¨, ±®±²®-

¿¹¨¥ ¨§ ¯¥°¢® · «¼® ®¤¨ ª®¢»µ ª¢ ¤° ²»µ ¨«¨ («¥¢®/¯° ¢®)- ®°¨¥-

²¨°®¢ »µ ²°¥³£®«¼»µ ¿·¥¥ª ± ¸ £®¬ 1/15, 1/30 ¨ 1/60 ¢ ° §»µ ¢ °¨-

 ² µ.

�¥¸¥¨¥ ¤«¿  · «  ¯°®¶¥±±  ¬®¦® ¢¨¤¥²¼   °¨±. 4.4.1. �¤¥±¼ ¨ ¤ -

«¥¥ ±° ¢¨¢ ¾²±¿ °¥¸¥¨¿ ¤«¿ ²°¥µ ±«³· ¥¢ ¯®±² ®¢ª¨ § ¤ ·¨: 1) ° -

±²¿¦¥¨¥ ®¡° §¶  ¨§ ³¯°³£®£® ° §°³¸ ¾¹¥£®±¿ ¬ ²¥°¨ « , 2) ° ±²¿¦¥-

¨¥ ®¡° §¶  ¨§ ³¯°³£®¯« ±²¨·¥±ª®£® ° §°³¸ ¾¹¥£®±¿ ¬ ²¥°¨ «  ¨ 3) ° -

±²¿¦¥¨¥ ®¡° §¶  ¨§ ³¯°³£®¯« ±²¨·¥±ª®£® ¬ ²¥°¨ «  ¯°¨ ¤®¯®«¨²¥«¼®¬
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¢®§¤¥©±²¢¨¨ «®ª «¼®£®  £°¥¢  ¯°¥¤¯®« £ ¥¬®© §®» ° §°³¸¥¨¿ ¢¡«¨§¨

ª®¶¥²° ²®° . �®¶¥²° ²®°®¬ ±«³¦¨² ¬¥±²® ¨§«®¬  ¯®¤ ¯°¿¬»¬ ³£«®¬

®¡° §³¾¹¥© ¯®¢¥°µ®±²¨ ° ±²¿£¨¢ ¥¬®£® ®¡° §¶ . �®¶¥²° ¶¨¿  ¯°¿-

¦¥¨© ¨ ¤¥´®°¬ ¶¨© ®ª®«® ³£«  § ¬¥²  ³¦¥ ¢  · «¥ ¯°®¶¥±± .

�a§¢¨²¨e ³§ª¨µ §o «oªa«¨§a¶¨¨ ¤e´o°¬a¶¨© ¬o¦o ¢¨¤e²¼ a °¨±. 4.4.2

¤«¿ ²°¥µ ±«³· ¥¢ ¯°®¶¥±± : ° §°³¸¥¨¥ ³¯°³£®£® ¬ ²¥°¨ «  ( ), ³¯°³-

£®¯« ±²¨·¥±ª®£® ¬ ²¥°¨ «  (¡), ³¯°³£®¯« ±²¨·¥±ª®£® ¬ ²¥°¨ «  ¯°¨ ±®-

¢¬¥±²®¬ ¤¥©±²¢¨¨ ° ±²¿¦¥¨¿ ¨  £°¥¢  ³§ª®© ¢¥°²¨ª «¼®© §®» ¯®¤

ª®¶¥²° ²®°®¬ (¢). �¨¤®, ·²® ¯« ±²¨·®±²¼  ¢¿§»¢ ¥² ±¢®¥ ¯°¥¤¯®-

·²¨²¥«¼®¥  ¯° ¢«¥¨¥ ° ±¯°®±²° ¥¨¿ §®» «®ª «¨§ ¶¨¨ ¤¥´®°¬ ¶¨©.

�°¨ ¤®±² ²®·® ¨²¥±¨¢®¬  £°¥¢¥ ° §°³¸¥¨¥ ³¯°³£®¯« ±²¨·¥±ª®£®

¬ ²¥°¨ «  ¯°®¨±µ®¤¨² ª ª ¢ ³¯°³£®¬ ¬ ²¥°¨ «¥,   ¢ °¥¦¨¬¥ ³¬¥°¥®£®

 £°¥¢  ° §¢¨¢ ¾²±¿ ¤¢¥ "²°¥¹¨»": ± · «  ª®± ¿, ª®²®° ¿ § ²¥¬ ®±² -

 ¢«¨¢ ¥²±¿,   § ¢¥°¸ ¥² ° §°³¸¥¨¥ ¢¥°²¨ª «¼ ¿ "²°¥¹¨ ", ° §¢¨¢ ¾-

¹ ¿±¿ ¢ §®¥ ¨²¥±¨¢®£®  £°¥¢ .

 ) ¡) ¢)

£) ¤) ¥)

�¨±. 4.4.1. � ±²¿¦¥¨¥ ±² ¤ °²®£® ®¡° §¶ ,  · «® ¯°®¶¥±± . �§®«¨¨¨ ±°¥¤¥£®  ¯°¿¦¥¨¿ �m

¨ £®°¨§®² «¼®£® ¯¥°¥¬¥¹¥¨¿ ux ¤«¿ ±«³· ¥¢ ³¯°³£®£® ¬ ²¥°¨ «  ( ,£), ³¯°³£®¯« ±²¨·¥±ª®£® ¬ ²¥-

°¨ «  (¡,¤), ³¯°³£®¯« ±²¨·¥±ª®£® ¬ ²¥°¨ «  ¯°¨ ±®¢¬¥±²®¬ ¤¥©±²¢¨¨ ° ±²¿¦¥¨¿ ¨  £°¥¢  ³§ª®©

¢¥°²¨ª «¼®© §®» ¯®¤ ª®¶¥²° ²®°®¬ (¢,¥).
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�  °¨±. 4.4.2 ¯®ª § » £°a´¨ª¨ £o°¨§o²a«¼®£® ±¬e¹e¨¿, ±°e¤e£o

a¯°¿¦e¨¿ ¨ ¬aª±¨¬a«¼o© £«a¢o© ¤e´o°¬a¶¨¨ ¢¤o«¼ £®°¨§®² «¼®©

«¨¨¨, ¯e°e±eªa¾¹e© ³§ª¨¥ §o» ° §°³¸¥¨¿. �o¢e¤e¨e ½²¨µ µa°aª-

²e°¨±²¨ª ²¨¯¨·o ¤«¿ ¢³²°e¨µ ªo²aª²»µ £°a¨¶ ¨ ¨¬¨²¨°³e² ¬ -

£¨±²° «¼³¾ ²°e¹¨³ ¢ °a¬ªaµ ªo²¨³a«¼o£o ¯o¤µo¤a.

 ) ¡) ¢)

£) ¤) ¥)

�¨±. 4.4.2. �®¤» ¯°®¶¥±±  ° §°³¸¥¨¿, ¨§®«¨¨¨ ±°¥¤¥£®  ¯°¿¦¥¨¿ �m ¨ £®°¨§®² «¼®£® ¯¥°¥-

¬¥¹¥¨¿ ux ¤«¿ ±«³· ¥¢ ³¯°³£®£® ¬ ²¥°¨ «  ( ,£), ³¯°³£®¯« ±²¨·¥±ª®£® ¬ ²¥°¨ «  (¡,¤), ³¯°³£®¯« -

±²¨·¥±ª®£® ¬ ²¥°¨ «  ¯°¨ ±®¢¬¥±²®¬ ¤¥©±²¢¨¨ ° ±²¿¦¥¨¿ ¨  £°¥¢  ³§ª®© ¢¥°²¨ª «¼®© §®» ¯®¤

ª®¶¥²° ²®°®¬ (¢,¥). �®ª § » ±°¥¤¿¿ ( ,¡,¢) ¨ ´¨ «¼ ¿ (£,¤,¥) ±² ¤¨¨ ¯°®¶¥±± .

 ) ¡) ¢)

�¨±. 4.4.3. �° ´¨ª¨ £®°¨§®² «¼®£® ±¬¥¹¥¨¿ ( ), ±°¥¤¥£®  ¯°¿¦¥¨¿ (¡) ¨ ¬ ª±¨¬ «¼®© ¤¥´®°¬ -

¶¨¨ (¢) ¢¤®«¼ £®°¨§®² «¼®© «¨¨¨ y = 0:6 ¤«¿ ±«³· ¿ ° §°³¸¥¨¿ ³¯°³£®£® ¬ ²¥°¨ « , ¯®ª § ®£®  

�¨±. 4.8.1.2 . � ®±² «¼»µ ±«³· ¿µ ª ·¥±²¢¥®¥ ¯®¢¥¤¥¨¥ ² ª®¥ ¦¥.
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�  °¨±. 4.4.3 ¯®ª § » £°a´¨ª¨ £o°¨§o²a«¼®£® ±¬e¹e¨¿, ±°e¤e£o

a¯°¿¦e¨¿ ¨ ¬aª±¨¬a«¼o© £«a¢o© ¤e´o°¬a¶¨¨ ¢¤o«¼ £®°¨§®² «¼®©

«¨¨¨, ¯e°e±eªa¾¹e© ³§ª¨¥ §o» ° §°³¸¥¨¿.

�o¢°e¦¤eo±²¼ ¨ ¤e´o°¬a¶¨¿ ¢ §oe °a§°³¸e¨¿ ¨¬e¾² o·e¼ ¡o«¼¸o©

¢±¯«e±ª ²¨¯a ¤e«¼²a-´³ª¶¨¨,  ¯°¿¦¥¨¿ ¯ ¤ ¾² ¤® ³«¿, a ±¬e¹e¨¿

¯°¥²¥°¯¥¢a¾² °e§ª¨© ±ªa·oª. �o¢e¤e¨e ½²¨µ µa°aª²e°¨±²¨ª ¯°®¶¥±±  ²¨-

¯¨·o ¤«¿ ¢³²°e¨µ ªo²aª²»µ £°a¨¶ ¨ §®  ¡®«¼¸¨µ £° ¤¨¥²®¢ ¨¬¨-

²¨°³e² ¬ £¨±²° «¼³¾ ²°e¹¨³ ¢ °a¬ªaµ ªo²¨³a«¼o£o ¯o¤µo¤a.

�²¥±¨¢»©  £°¥¢ ³±ª®°¿¥² ¯°®¶¥±± ° §°³¸¥¨¿, ¢ ²® ¢°¥¬¿ ª ª «®-

ª «¼®¥ ®µ« ¦¤¥¨¥ §®» ¯°¥¤¯®« £ ¥¬®£® ° §°³¸¥¨¿ § ¬¥¤«¿¥² ¥¥ ° §-

¢¨²¨¥. �°e¬eo© ¸a£ ¯°¨ ¯o¿¢«e¨¨ §o» °a§°³¸e¨¿ °e§ªo ³¬e¼¸ae²±¿

¨§-§a o£°a¨·¥¨¿ ¯°¨°a¹e¨¿ ¤e´o°¬a¶¨¨   ¸ £¥ ¯® ¢°¥¬¥¨ ¢ ±¢¿§¨ ±

²°e¡o¢a¨¿¬¨ ²o·o±²¨ °a±·e²a. �°®¶¥±± ° §¢¨²¨¿ §® ° §°³¸¥¨¿ ±² ®-

¢¨²±¿ ¤¨ ¬¨·¥±ª¨¬, ½²® ¢¨¤® ¨§ £° ´¨ª®¢ ½¢®«¾¶¨¨ ¸ £  ¯® ¢°¥¬¥¨,

¯®ª § »µ   �¨±. 4.4.4.

 ) ¡) ¢)

�¨±. 4.4.4. �§¬¥¥¨¥ ¡¥§° §¬¥°®£® ¸ £  ¯® ¢°¥¬¥¨, ®²¥±¥®£® ª ¢¥«¨·¨¥ ¸ £  �³° ²  ¤«¿

¿¢»µ ±µ¥¬ ¨ ¢»¡¨° ¥¬®£® ¨§ ³±«®¢¨© ²®·®±²¨, ®² ¢¥«¨·¨ 104 ¤«¿ ª¢ §¨±² ²¨ª¨ ¢  · «¥ ¯°®¶¥±± 

¤® ¢¥«¨·¨ ¯®°¿¤ª  1 ¯°¨ ° ±¯°®±²° ¥¨¨ §® ° §°³¸¥¨¿.

�®¤» ° §°³¸¥¨¿ ±®µ° ¿¾²±¿ ¯°¨ ¨§¬¥«¼·¥¨¨ ¸ £  ±¥²ª¨ ¨ ±¬¥¥

´®°¬» ¿·¥¥ª. � ¢¨±¨¬®±²¼ °¥¸¥¨¿ ®² ª®«¨·¥±²¢  ³§«®¢ ¬®¦® ¯°®±«¥-

¤¨²¼ ¯® °¥§³«¼² ² ¬, ¯°¥¤±² ¢«¥»¬   �¨±. 4.4.5.
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 ) ¡) ¢)

�¨±. 4.4.5. � ¢¨±¨¬®±²¼ °¥¸¥¨¿ ¤«¿ ³¯°³£®¯« ±²¨·¥±ª®£® ¬ ²¥°¨ «  ®² ¸ £  ¯°®±²° ±²¢¥®©

±¥²ª¨.

�¥§ª  ¬¥² ««¨·¥±ª®£® «¨±² 

� ±±¬®²°¨¬ § ¤ ·³ ® ° §°¥§ ¨¥ «¨±²  ¤¢³¬¿ ¦¥±²ª¨¬¨ ¸² ¬¯ ¬¨,

®¤¨ ¨§ ª®²®°»µ (¨¦¨©) ¥¯®¤¢¨¦¥,   ¢²®°®© (¢¥°µ¨©) ° ¢®¬¥°®

¤¢¨¦¥²±¿ ¢¨§. �®°¨§®² «¼»© § §®° ¬¥¦¤³ ¸² ¬¯ ¬¨ ° ¢¥ ³«¾. � ±-

·¥² ¿ ±µ¥¬  ¯®ª §     �¨±. 4.4.6. �  ª®² ª²¥ °¥ «¨§®¢ » ³±«®¢¨¿

±¢®¡®¤®£® ±ª®«¼¦¥¨¿. �  «¥¢®¬ ª° ¾ «¨±²  ¯®±² ¢«¥» ³±«®¢¨¿ ±¨¬¬¥-

²°¨¨ ¨ ¯° ¢»© ª° © «¨±²  § ª°¥¯«¥. �  °¨±. 4.4.7 ¯®ª § ® ° ±¯°¥¤¥«¥¨¥

±¬¥¹¥¨©, ¨²¥±¨¢®±²¨  ¯°¿¦¥¨©, ª ± ²¥«¼®£® ¨ ±°¥¤¥£®  ¯°¿¦¥-

¨© ¤«¿  · «  ¯°®¶¥±± . �  ´¨ «¼®© ±² ¤¨¨ ¯°®¶¥±±   ¡«¾¤ ¥²±¿

±¨«¼ ¿ «®ª «¨§ ¶¨¿ ¤¥´®°¬ ¶¨© ¢¤®«¼ ³§ª®© §®»  ¬¥· ¾¹¥£®±¿ ±°¥§ ,

ª®²®°³¾ ¬®¦® ¢¨¤¥²¼   �¨±. 4.4.8, £¤¥ ¯®ª § » ° ±¯°¥¤¥«¥¨¿ ±¬¥¹¥-

¨©, ¨²¥±¨¢®±²¨  ¯°¿¦¥¨©, ª ± ²¥«¼®£®  ¯°¿¦¥¨¿ ¨ ¯« ±²¨·¥±ª®©

° ¡®²».

�¨±. 4.4.6. �°®¶¥±± °¥§ª¨ ¬¥² ««¨·¥±ª®£® «¨±² . � ±·¥² ¿ ±µ¥¬ .
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�¨±. 4.4.7. �°®¶¥±± °¥§ª¨ ¬¥² ««¨·¥±ª®£® «¨±² .
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�¨±. 4.4.8. �°®¶¥±± °¥§ª¨ ¬¥² ««¨·¥±ª®£® «¨±²  (¯°®¤®¦¥¨¥).
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�¯®«§¥¼ ±ª«® 

�¹¥ ®¤¨ ¯°¨¬¥° ° ±·¥²  ¢»¯®«¥ ¤«¿ § ¤ ·¨ ®¡ ®¡°³¸¥¨¨ ±ª«® 

¯®¤ ¤¥©±²¢¨¥¬ ¢¥±  ±®®°³¦¥¨¿. �¥§³«¼² ²» ¯®ª § »   �¨±. 4.4.9 ¨ ®¨

¨¬¥¾² ²® ¦¥ ª ·¥±²¢¥®¥ ¯®¢¥¤¥¨¥, ·²® ¨ ¢ ° ±±¬®²°¥»µ ° ¥¥ ±«³-

· ¿µ. �¥¢ ¿ ¨ · ±²¼ ¢¥°µ¥© £° ¨¶» x > 0:8 ±¢®¡®¤», ¸² ¬¯-±®®°³¦¥¨¥

§ ¨¬ ¥² · ±²¼ ¢¥°µ¥© £° ¨¶» 0 � x � 0:8,   ¨¦¥© ¨ ¯° ¢®© ¥¯®-

¤¢¨¦»µ £° ¨¶ µ ¯®±² ¢«¥» ³±«®¢¨¿ ±¢®¡®¤®£® ±ª®«¼¦¥¨¿.

�¨±. 4.4.9. �¯®«§¥¼. �®ª «¨§ ¶¨¿ ¤¥´®°¬ ¶¨© ¨ ° §°³¸¥¨¥   ±ª«®¥ ¯®¤ ¤¥©±²¢¨¥¬ ¢¥±  ¯®±²°®¥-

®£®   ¥¬ ±®®°³¦¥¨¿. �®ª § ® ° §¢¨²¨¥ ¬ ª±¨¬ «¼®© ¤¥´®°¬ ¶¨¨ ¨ £®°¨§®² «¼®£® ±¬¥¹¥¨¿.
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�¤ ° ¤¢³µ ²¥« ¯®¤ ³£«®¬ ± ³·¥²®¬ ° §°³¸¥¨¿.

�« ±²¨ -³¤ °¨ª ³¤ °¿¥² ¯« ±²¨³-¯°¥£° ¤³ ±® ±ª®°®±²¼¾ u0=c
(1) =

0:2, £¤¥ c(1) - ±ª®°®±²¼ §¢³ª  ¢ ¬ ²¥°¨ «¥ ³¤ °¨ª , ª®²®°»© ¨¬¥« ±«¥¤³¾-

¹¨¥ ±¢®©±²¢ :

K
(1) = 975 ; �

(1) = 369 ; �
(1)
s

= 1:0 ; d�
(1)
s
=dap = 0:0 ; c

(1) = 1

k
(1)
! = 0:0 ; k

(1)
� = 103 ; F = "max � "(1)

lim
; "

(1)
lim = 0:01

� ²¥°¨ « ¯°¥£° ¤» ®¡« ¤ « ±«¥¤³¾¹¨¬¨ ±¢®©±²¢ ¬¨:

K
(2) = 243 ; �

(2) = 92 ; �
(2)
s = 0:25 ; d�

(2)
s =dap = 0 ; c

(2) = 1

k
(2)
!

= 0:0 ; k

(2)
�

= 106 ; F = "max � "(2)
lim
; "

(2)
lim

= 0:01

£¤¥ "max - ¬ ª±¨¬ «¼ ¿ £«a¢ ¿ ¤¥´®°¬ ¶¨¿. � · «¼ ¿ ±¥²ª  ¢¨¤   

�¨±. 4.4.10a. �®±«¥¤³¾¹¨¥ ª °²¨ª¨ �¨±. 4.4.10 b-f ¤¥¬®±²°¨°³¾² ¢»-

·¨±«¥³¾ ½¢®«¾¶¨¾ §® ° §°³¸¥¨¿ (³§ª¨¥ ·¥°»¥ §®»). �ª®· ²¥«¼®

¯°¥£° ¤  ° ±ª «»¢ ¥²±¿   ²°¨ · ±²¨, ¤¢¨£ ¾¹¨¥±¿ ¥§ ¢¨±¨¬®. �¤ °¨ª

°¨ª®¸¥²¨°³¥² ¨ ¯®«®±²¼¾ ° §°³¸ ¥²±¿.

�¥®¡µ®¤¨¬® ¯®¤·¥°ª³²¼, ·²® ¯®¯»²ª¨ ¨±¯®«¼§®¢ ²¼ ¯« ±²¨·¥±ª³¾ ° -

¡®²³ ¨ ¨²¥±¨¢®±²¼ ª ± ²¥«¼»µ  ¯°¿¦¥¨© ¢ ª ·¥±²¢¥  °£³¬¥²®¢

´³ª¶¨¨ ª°¨²¥°¨¿ ° §°³¸¥¨¿ F ¥ ¯®§¢®«¨«¨ ¯®«³·¨²¼ «®ª «¨§ ¶¨¾ §®

° §°³¸¥¨¿, ¯®¤®¡³¾ ¯®ª § ®©   °¨±³ª¥ 4.4.10.
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�¨±. 4.4.10. �®³¤ °¥¨¥ ¯« ±²¨ ¯®¤ ³£«®¬ ± ³·¥²®¬ ° §°³¸¥¨¿. �¢®«¾¶¨¿ §® ° §°³¸¥¨¿. �ª®· -

²¥«¼® ¯« ±²¨  ° ±ª®«®« ±¼   ²°¨ · ±²¨. �¤ °¨ª ° §°³¸¥ ¯®«®±²¼¾.
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� ±±¬ ²°¨¢ «¨±¼ ¨ ¬®£¨¥ ¤°³£¨¥ § ¤ ·¨ ® ° §°³¸¥¨¨ · ±²¥© ª®-

±²°³ª¶¨© ¯°¨ ª¢ §¨±² ²¨·¥±ª¨µ ¨ ¤¨ ¬¨·¥±ª¨µ ° §°³¸¥¨¿µ. �¡¹¨©

¢»¢®¤ ² ª®¢: ª°¨²¥°¨¨ ¬ ª±¨¬ «¼®© ¤¥´®°¬ ¶¨¨ ±¤¢¨£  ° ¡®² ¾²

³¤®¢«¥²¢®°¨²¥«¼® ¢ ¯®¤ ¢«¿¾¹¥¬ ·¨±«¥ ° §«¨·»µ ±«³· ¥¢  ¯°¿¦¥®-

¤¥´®°¬¨°®¢ ®£® ±®±²®¿¨¿. �§ª¨¥ §®» ° §°³¸¥¨¿ ®¡° §³¾²±¿ ¢ ³±«®-

¢¨¿µ ª¢ §¨µ°³¯ª®£® ° §°³¸¥¨¿, ª®£¤  ¯°¥¤¥«¼ ¿ ¤¥´®°¬ ¶¨¿ ¤®±²¨£ -

¥²±¿ ° ¥¥, ·¥¬ §®» ¯« ±²¨·®±²¨ ®µ¢ ²»¢ ¾² § ·¨²¥«¼³¾ · ±²¼ ª®-

±²°³ª¶¨¨. �® ¬®£¨µ ±«³· ¿µ ¯¥°¢® · «¼® ª¢ §¨±² ²¨·¥±ª¨© °¥¦¨¬ ¤¥-

´®°¬ ¶¨¨ ±¬¥¿¥²±¿ ¡»±²°»¬ ¤¨ ¬¨·¥±ª¨¬ ¯°®¶¥±±®¬ ¤¥´®°¬ ¶¨¨ ¨ °®-

±²®¬ ³§ª¨µ §® ° §°³¸¥¨¿. �«£®°¨²¬» ° ±·¥² , °¥ «¨§³¾¹¨¥ ¬®¤¥«¨

ª®²¨³ «¼®£® ° §°³¸¥¨¿, ¤®«¦» ¨¬¥²¼ ª®²°®«¼ ²®·®±²¨ ¯® ¬ ª±¨-

¬ «¼®¬³ ¯°¨° ¹¥¨¾ ¤¥´®°¬ ¶¨¨   ¸ £¥ ¯® ¢°¥¬¥¨, ¨ ·¥ ±µ®¤¨¬®±²¼

°¥¸¥¨© ²¥°¿¥²±¿. � §¬»¢ ¨¥ §® ° §°³¸¥¨¿ ¨ ¨±ª ¦¥¨¥ °¥¸¥¨© ¬®-

¦¥² ¯°®¨±µ®¤¨²¼ ² ª¦¥ ¢ ±µ¥¬ µ ± ¯®¢»¸¥®© ¢¿§ª®±²¼¾. �µ¥¬ ¿ ¢¿§-

ª®±²¼ ¤®«¦  ¡»²¼ ¬¨¨¬¨§¨°®¢   ¢ ®ª°¥±²®±²¨ §® ° §°³¸¥¨¿. �¥§-

ª ¿ ¯®²¥°¿ ±¯®±®¡®±²¨ ±®¯°®²¨¢«¥¨¿ ¤¥´®°¬ ¶¨¨ ² ª¦¥ ¿¢«¿¥²±¿ ¥®¡-

µ®¤¨¬»¬ ³±«®¢¨¥¬ ¢®§¨ª®¢¥¨¿ ³§ª¨µ §® «®ª «¨§ ¶¨¨ ¤¥´®°¬ ¶¨©.

�«¿ ®¡¥±¯¥·¥¨¿ ±µ®¤¨¬®±²¨ °¥§³«¼² ²®¢ ¯°¨ ¤°®¡«¥¨¨ ¢°¥¬¥»µ ¨

¯°®±²° ±²¢¥»µ ¸ £®¢ ª°¨²¥°¨© ° §°³¸¥¨¿ ¤®«¦¥ ±®¤¥°¦ ²¼ ¬ ±-

¸² ¡»© ¬®¦¨²¥«¼, ¢¨¤ ª®²®°®£® ¯®¤±ª §»¢ ¥²±¿ ²¥®°¨¥© ²°¥¹¨ ¨ ¬¥-

µ ¨ª®© µ°³¯ª®£® ° §°³¸¥¨¿. �§¢¥±²®, ·²® ¢ ª®·¨ª¥ ²°¥¹¨» ²¥®°¨¿

³¯°³£®±²¨ ¯°¥¤±ª §»¢ ¥² ª®°¥³¾ ®±®¡¥®±²¼ °¥¸¥¨¿ ¨ ¥®£° ¨·¥-

»© °®±²  ¯°¿¦¥¨© ¨ ¤¥´®°¬ ¶¨©. �®½²®¬³ ª°¨²¥°¨© ° §°³¸¥¨¿ ¤®«-

¦¥ ´®°¬³«¨°®¢ ²¼±¿ ¢ ²¥°¬¨ µ ª®½´´¨¶¨¥²®¢ ª®¶¥²° ¶¨¨  ¯°¿¦¥-

¨© ¨ ¤¥´®°¬ ¶¨©. � ·¨±«¥®© °¥ «¨§ ¶¨¨  ±²®¿¹¥© ° ¡®²» ³¤®¢«¥-

²¢®°¨²¥«¼»¥ °¥§³«¼² ²» ¤«¿ ±µ®¤¨¬®±²¨ ¯°¥¤¥«¼»µ § ·¥¨© ±°¥¤¥©

¤¥´®°¬ ¶¨¨ ° §°³¸¥¨¿ ° ±²¿£¨¢ ¥¬»µ ®¡° §¶®¢ ¡»«¨ ¯®«³·¥» ± ¬®¤¨-

´¨ª ¶¨¿¬¨ ª°¨²¥°¨¿ ° §°³¸¥¨¿ ±«¥¤³¾¹¥£® ¢¨¤ :

"1

q
min(hx; hy)=max(xmax � xmin; ymax � ymin) � "max

£¤¥ ¬®¦¨²¥«¼ ± ª®°¥¬ ª ª ° § ¨ ³·¨²»¢ ¥²  ±¨¬¯²®²¨ª³, ¯®¤±ª §»¢ ¥-

¬³¾ ²¥®°¨¥© ³¯°³£®±²¨.

�°¥¤±² ¢«¥®¥ ¢ ¤¨±±¥°² ¶¨¨ ¨±±«¥¤®¢ ¨¥ «®ª «¨§ ¶¨¨ ¤¥´®°¬ ¶¨©

¯®§¢®«¨«®  ¹³¯ ²¼ ¯®¤µ®¤ ª ·¨±«¥®¬³ ®¯¨± ¨¾ ° ±¯°®±²° ¥¨¿ ³§-

ª¨µ §® ª®² ª²®£® ° §°»¢ , ¨¬¨²¨°³¾¹¨µ ¬ £¨±²° «¼»¥ ²°¥¹¨».
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�²® ¨±±«¥¤®¢ ¨¥ ¤ «¥ª® ®² § ¢¥°¸¥¨¿ ¨ ¯°¥¤±² ¢«¿¥²  · «® ¡®«¼¸®£®

¯³²¨, ®¡¥¹ ¾¸¥£® ¤¥² «¼®¥ ¬®¤¥«¨°®¢ ¨¥ ¿¢«¥¨©, ±®¯°®¢®¦¤ ¾¹¨µ

´° £¬¥² ¶¨¾ ° §°³¸ ¾¹¨µ±¿ ²¥«.

4.5. �¯¥ª ¨¥ ¯®°®¸ª®¢»µ ª®¬¯®§¨²®¢.

� ±±¬®²°¨¬ ¯°¨¬¥°» ° ±·¥²®¢ ¯°®¶¥±±®¢ ±¯¥ª ¨¿ ¯®°®¸ª®¢»µ ª®¬¯®-

§¨²®¢   ®±®¢¥ ²¥®°¨¨, ®¯¨± ®© ¢ £« ¢¥ 2.

�®«®¤®¥ ¯°¥±±®¢ ¨¥.

� · «  ¯°®¢¥°¨¬ ª ª ²¥®°¨¿ ®¯¨±»¢ ¥² ¯°®¶¥±± ³¯«®²¥¨¿ ¯®°®¸ª 

§ ±»¯ ®£® ¢ ´®°¬³ ¯®¤ ¤¥©±²¢¨¥¬ ¢¥¸¥£® ¤ ¢«¥¨¿ ¢ ¨¤¥ «¨§¨°®-

¢ »µ ³±«®¢¨¿µ ®¤®°®¤®£®  ¯°¿¦¥®-¤¥´®°¬¨°®¢ ®£® ±®±²®¿¨¿.

� ±·¥² ¿ ±µ¥¬  ¯®ª §     �¨±. 4.5.1a �¥¢ ¿ ¨ ¨¦¿¿ £° ¨¶» ª¢ ¤° ²-

®£® ®¡° §¶  ¯°¥¤±² ¢«¿¾² ®±¨ ±¨¬¬¥²°¨¨. �¥°µ¿¿ ¨ ¯° ¢ ¿ £° ¨¶»

 £°³¦¥» ° ¢®¬¥°»¬ ¤ ¢«¥¨¥¬, ª®²®°®¥ ¢ ²¥·¥¨¥ ¯¥°¨®¤  ¢°¥¬¥¨

0 < t < 50 ¯®¤¤¥°¦¨¢ ¥²±¿ ¯®±²®¿»¬ ¨ ° ¢»¬ ¥¤¨¨¶¥. � ¢¨±¨¬®±²¼

¢¥¸¥£® ¤ ¢«¥¨¿ ®² ¢°¥¬¥¨ ¯®ª §     ¯° ¢®© ª °²¨ª¥ �¨±. 4.5.1b

� ²¥°¨ « ¨¬¥« ±«¥¤³¾¹¨¥ ±¢®©±²¢ :

K = 975=(1 � !) ; � = 369=(1 � !) ; ky = 1 ; dky=dap = 0 ; c = 1 ;

k! = 0:1 ; s0 = 0 ; k� = 0 (4:5:1)

a) b)

�¨±. 4.5.1. �®«®¤®¥ ¯°¥±±®¢ ¨¥. �««¾±²° ¶¨¿ ¨±µ®¤»µ ¤ »µ.
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� ±±·¨² »¥ § ¢¨±¨¬®±²¨ ¯®°¨±²®±²¨ ¨ £° ¨·®© ±ª®°®±²¨ ¯®ª § »

  �¨±. 4.5.2 ±®£« ±³¾²±¿ ±   «¨²¨·¥±ª¨¬ °¥¸¥¨¥¬. �³ª²¨°®¬ ¯®ª -

§ ®  · «¼®¥ ¯®«®¦¥¨¥ £° ¨¶», ±¯«®¸®© «¨¨¥© - ª®¥·®¥.

�¨±. 4.5.2. �®«®¤®¥ ¯°¥±±®¢ ¨¥. �¥§³«¼² ²» ¯°®¢¥°®·®£® ° ±·¥²  ±®®²¢¥²±²¢³¾²   «¨²¨·¥-

±ª®¬³ °¥¸¥¨¾ ¨ ¯°¥¤±² ¢«¥¨¿¬ ® ´¨§¨ª¥ ¯°®¶¥±± .

�®°¿·¥¥ ±¯¥ª ¨¥

�¥¯¥°¼ ¯°®¢¥°¨¬ ª ª ° ¡®² ¥² ²¥®°¨¿ ¯°¨ ®¯¨± ¨¨ ±¯¥ª ¨¿ ¢ ³±«®-

¢¨¿µ ®¤®°®¤®£® ¯°®¶¥±± . �  · «¼»© ¬®¬¥² ¢°¥¬¥¨ ¯®°¨±²®±²¼

° ¢  0.5, ª¢ ¤° ²»© ®¡° §¥¶ ("green body") ° ¢®¬¥°® ° §®£°¥², «¥£-

ª®¯« ¢ª ¿ ±®±² ¢«¿¾¹ ¿ ° ±¯« ¢«¥  ¨ ª ¯¨««¿°»¥ ±¨«»   ¯®¢¥°µ®-

±²¨ ¯®°, ±¬ ·¨¢ ¾¹¨µ ²¢¥°¤®±¯« ¢»¥ · ±²¨¶», ®¡¥±¯¥·¨¢ ¾² ±¦¨¬ ¾-

¹¥¥ " ¯°¿¦¥¨¥ ±¯¥ª ¨¿", ¡« £®¤ °¿ ª®²®°®¬³ ¯®°®¸ª®¢»© ¬ ²¥°¨ «

³¯«®²¿¥²±¿, ¯®°» ±¼¥¦¨¢ ¾²±¿,   ³¯°³£¨¥ ¨ ¯« ±²¨·¥±ª¨¥ ±¢®©±²¢  ¬ ²¥-

°¨ «  ¯®¢»¸ ¾²±¿. �°®¶¥±± ±¯¥ª ¨¿ ±®¯°®¢®¦¤ ¥²±¿ ¢±¥±²®°®¥© ±¦¨-

¬ ¾¹¥© ¤¥´®°¬ ¶¨¥©, ¥ ¢»§»¢ ¾¹¥© ±°¥¤¥£®  ¯°¿¦¥¨¿ (®¤®°®¤®¥

±®±²®¿¨¥). �²  ¥®¡° ²¨¬ ¿ ¤¥´®°¬ ¶¨¿ ®¡³±«®¢«¥  ¨§¬¥¥¨¥¬ " -

· «¼®©" ¨«¨ ¥±²¥±²¢¥®© ª®´¨£³° ¶¨¨. �«¿ ¥®¤®°®¤®£® ±®±²®¿¨¿

¨§-§  ¥±®¢¬¥±²®±²¨ ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨ ¢®§¨ª«¨ ¡» ¯®«¿  · «¼-

»µ  ¯°¿¦¥¨© ¨ ³¯°³£¨µ ¤¥´®°¬ ¶¨©.
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a) b)

�¨±. 4.5.3. �¯¥ª ¨¥ (®¤®°®¤»© ¯°®¶¥±±). � ±±·¨² »¥ ¯®«¥ ±ª®°®±²¥© (a) ¨ ¨±²®°¨¿ ¤ ¢«¥¨¿ (b),

ª®²®°®¥ ¯° ª²¨·¥±ª¨ ° ¢® ³«¾, ª ª ¨ ¤®«¦® ¡»²¼.

� · «¼ ¿ ¯®°¨±²®±²¼ ¯°¨¨¬ « ±¼ ° ¢®© 0.5. �¢®©±²¢  ¬ ²¥°¨ « 

¡»«¨ ²¥ ¦¥, ·²® ¨ ¯°¥¤»¤³¹¥¬ ¯°¨¬¥°¥ (´®°¬³«» 4.5.1), ª°®¬¥ ²®£®, ·²®

²¥¯¥°¼ s0 = !. �®«¥ ±ª®°®±²¥© ¢ ²¥·¥¨¥ ¯°®¶¥±±  ¯®ª § ®   �¨±. 4.5.2.

�»·¨±«¥»¥ ¨±²®°¨¨ ¤ ¢«¥¨¿, £° ¨·®© ±ª®°®±²¨ ¢ ²®·ª¥ (0,10) ¨ ¯®-

°¨±²®±²¨ ¯®ª § »   �¨±. 4.5.2 ¨ 4.9.3.

a) b)

�¨±. 4.5.3. �¯¥ª ¨¥ (®¤®°®¤»© ¯°®¶¥±±). � ±±·¨² »¥ ¨±²®°¨¨ £° ¨·®© ±ª®°®±²¨ (a) ¨ ¯®°¨±²®-

±²¨ (b).
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�°¨¬¥° ¥®¤®°®¤®£® ¯°®¶¥±±  ¯°¥±±®¢ ¨¿ ¨ ±¯¥ª ¨¿

� ±±¬®²°¨¬ ¯°¨¬¥° ° ±·¥²  ¯°®¶¥±±  ±¯¥ª ¨¿ ¤«¿ ±«³· ¿ ¥®¤®°®¤-

®£® ²¥°¬®-¬¥µ ¨·¥±ª®£® ±®±²®¿¨¿. �±²®°¨¿ ¢¥¸¨µ ¢®§¤¥©±²¢¨© ¯®-

ª §     �¨±. 4.5.4, ° ±·¥² ¿ ±µ¥¬  ¨  · «¼ ¿ ±¥²ª  ¯®ª §    

�¨±. 4.5.5. �³±²¼ ¢  · «¼»© ¬®¬¥² ¢°¥¬¥¨ t = 0 ¢ ¯¥·¼ ¶¨«¨¤°¨·¥-

±ª®© ´®°¬»  ±»¯  ª®¬¯®§¨²»© ¯®°®¸®ª ¨ ³²° ¬¡®¢  ± · «  ¯«®±ª¨¬

¸² ¬¯®¬ ¤® ¯®°¨±²®±²¨ ! = 0:5. �²®  · «¼®¥ ±®±²®¿¨¥. � ²¥¬ ° ±±·¨-

²»¢ ¥²±¿ µ®«®¤®¥ ¯°¥±±®¢ ¨¥ ± ¯®¬®¹¼¾ ±´¥°¨·¥±ª®£® ¸² ¬¯ -ª°»¸ª¨

¤® ¥®¤®°®¤®£® ±®±²®¿¨¿, ¯®ª § ®£®   ¨¦¥¬ �¨±³ª¥ 4.5.5 ¤«¿

t = 30. � «¥¥ ¸² ¬¯ ³¡¨° ¥²±¿,   ²¥«® ("green body") ¢»¤¥°¦¨¢ ¥²±¿ ¤®

t=40. � «¥¥ ¯¥·¼  £°¥¢ ¥²±¿ ¤® ²¥¬¯¥° ²³°» T0, ª®²®° ¿ ±®µ° ¿¥²±¿

¯®±²®¿®© ¤® t = 140 ¨ ¯®¤¤¥°¦¨¢ ¥²  ¯°¿¦¥¨¥ ±¯¥ª ¨¿, § ¢¨±¨¬®±²¼

ª®²®°®£® ®² ¯®°¨±²®±²¨ ¯°¨¨¬ « ±¼ ¢ ¢¨¤¥:

s0 = s
�
(T0)!

£¤¥ s
�
(T0) = 5. �¢®©±²¢  ¬ ²¥°¨ « , ®¡° §³¾¹¥£® ª®¬¯®§¨², ¡»«¨ ¯°¨¿²»

² ª¨¬¨ ¦¥, ª ª ¨ ¢ ¯°¥¤»¤³¹¨µ ¯°¨¬¥° µ.

� ±¯°¥¤¥«¥¨¥ ¯®°¨±²®±²¨ ¨ ¯« ±²¨·¥±ª®© ° ¡®²» ¯®±«¥ µ®«®¤®£® ¯°¥±-

±®¢ ¨¿ ¯®ª § ®   °¨±. 4.5.6. � · «¥ ¬ ²¥°¨ « ª®¬¯®§¨²  ¥ ¨¬¥¥²

±¯®±®¡®±²¨ ±®¯°®²¨¢«¥¨¿ ¤¥´®°¬ ¶¨¨, ¥£® ¬®¤³«¨ ³¯°³£®±²¨ ¨ ¯°¥¤¥«

²¥ª³·¥±²¨ § ¢¨±¿² ®² ¯®°¨±²®±²¨ ¯® § ª®³:

K = K0 � (1 � !=!0) ; � = �0 � (1 � !=!0) ; �p = �p0 � (1� !=!0)

�°¨ µ®«®¤®¬ ¯°¥±±®¢ ¨¨ ¯®°¨±²®±²¼, ª ª ¡»«® ¢¨¤® ¨§ ° ±±¬®²°¥®£®

¢»¸¥ ¬®¤¥«¼®£® ¯°¨¬¥° , ³¡»¢ ¥² ¨ ¬ ²¥°¨ «  ·¨ ¥² ®¡°¥² ²¼ ±¯®-

±®¡®±²¼ ª ±®¯°®²¨¢«¥¨¾ ¤¥´®°¬ ¶¨¨. �§-§  ¥®¤®°®¤®±²¨ ±®±²®¿¨¿

¨  £°³¦¥¨¿ (¯¥°¥¬¥»© ª®² ª²) £° ´¨ª § ¢¨±¨¬®±²¨ ¯®°¨±²®±²¨ ®²

¢°¥¬¥¨ ¤«¿ ½²®© ±² ¤¨¨ ¢ ®²«¨·¨¥ ®² ¬®¤¥«¼®£® ¯°¨¬¥°  ¥«¨¥¥ (�¨±.

4.5.9). �  ¢²®°®¬ ¨§ °¨±³ª®¢ 4.5.9 ¯®ª § ® ° ±¯°¥¤¥«¥¨¥ ª®² ª²®©

®°¬ «¼®©  £°³§ª¨ ¯®¤ ¸² ¬¯®¬. �°¥¨¥¬ ¬¥¦¤³ ¸² ¬¯®¬, ±²¥ª ¬¨

¯¥·ª¨ ¨ ª®¬¯®§¨²®¬ ¯°¥¥¡°¥£ «®±¼, µ®²¿ ¢ ¯°®£° ¬¬¥ ¢®§¬®¦®±²¼ ³·¥² 

±¨« ²°¥¨¿   ª®² ª²¥ ¯°¥¤³±¬®²°¥ .

� ¯°®¶¥±±¥ µ®«®¤®£® ¯°¥±±®¢ ¨¿, ¿¢«¿¾¹¥£®±¿ ¥®¡° ²¨¬»¬ ¯°®¶¥±-

±®¬, ª®¬¯®§¨²  £°¥¢ ¥²±¿, ° ±¯°¥¤¥«¥¨¥ ²¥¬¯¥° ²³°» ¯®ª § ®   �¨±.
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4.5.7. �®« £ ¥¬, ·²® ½²®£® ²¥¯«  ¥¤®±² ²®·® ¤«¿ ° ±¯« ¢«¥¨¿ «¥£ª®-

¯« ¢ª®£® ª®¬¯®¥² . �®±²¨£³¢ ¯°¥¤¥«¼®£® ¯®«®¦¥¨¿, ±´¥°¨·¥±ª¨©

¸² ¬¯  ·¨ ¥² ®¡° ²®¥ ¤¢¨¦¥¨¥ ¨ ¤® ¬®¬¥²  ¢°¥¬¥¨ t = 50  ¯°¿¦¥-

¨¿ ¨ ¬ «»¥ ³¯°³£¨¥ ¤¥´®°¬ ¶¨¨ ¢ ª®¬¯®§¨²¥ ¥¬®£® °¥« ª±¨°³¾², ® ¥

¨±·¥§ ¾² ¨§-§  ¥®¤®°®¤®±²¨ ±®±²®¿¨¿. � ±¯°¥¤¥«¥¨¥ ¨²¥±¨¢®±²¨

®±² ²®·»µ  ¯°¿¦¥¨© ¯®ª § ®  ª ¢²®°®¬ ¨§ °¨±³ª®¢ 4.5.7.

� «¥¥ ¢ ¬®¬¥² ¢°¥¬¥¨ t = 50  ·¨ ¥²±¿ ±¯¥ª ¨¥ ¨ § ª ·¨¢ ¥²±¿

¯°¨ t = 140. �ª®· ²¥«¼ ¿ ´®°¬  ¨±¯¥·¥®£® ²¥« , ° ±¯°¥¤¥«¥¨¥ ¯®°¨-

±²®±²¨ ¨ ¨²¥±¨¢®±²¼ ®±² ²®·»µ  ¯°¿¦¥¨© ¯®ª § »   �¨±. 4.5.8.

�°¥¤±² ¢«¥»¥ ° ±·¥²» ¯®ª §»¢ ¾² ¯°¨¶¨¯¨ «¼³¾ ¢®§¬®¦®±²¼

®¯¨± ¨¿ ¯°®¶¥±±®¢ ±¯¥ª ¨¿ ± ¯®¬®¹¼¾ ±´®°¬³«¨°®¢ ®© ¢ £« ¢¥ 2 ²¥-

®°¨¨. �«¿ ®¯°¥¤¥«¥»µ ¯®°®¸ª®¢»µ ª®¬¯®§¨²®¢ ¯°¨¬¥¿¥¬ ¿ ´¥®¬¥-

®«®£¨·¥±ª ¿ ¬®¤¥«¼ ¤®«¦  ¡»²¼ ¯°®² °¨°®¢   ± ¯®¬®¹¼¾ ´¨§¨·¥±ª¨µ

½ª±¯¥°¨¬¥²®¢ ¯® ±¯¥ª ¨¾ ±² ¤ °²»µ ®¡° §¶®¢ ¯°®±²®© ´®°¬», ¯®±«¥

·¥£® ·¨±«¥»¥  «£®°¨²¬» £« ¢» 3 ¬®¦® ¯°¨¬¥¨²¼ ¤«¿ ¯°¥¤±ª § ¨¿

´®°¬» ²¥« ¯®±«¥ ¯°¥±±®¢ ¨¿ ¨ ±¯¥ª ¨¿, ° ±¯°¥¤¥«¥¨¿ ®±² ²®·®© ¯®-

°¨±²®±²¨, ®¯°¥¤¥«¿¾¹¥© ±¢®©±²¢  ª®¬¯®§¨² ,   ² ª¦¥ ¯®«¥© ®±² ²®·»µ

 ¯°¿¦¥¨© ¨ ¤¥´®°¬ ¶¨©.

�¨±. 4.5.4. �±²®°¨¿ ¢¥¸¨µ ¢®§¤¥©±²¢¨©: ±² ¤¨¿ µ®«®¤®£® ¯°¥±±®¢ ¨¿ 0 � t � t1, ±² ¤¨¿

°¥« ª± ¶¨¨ t1 � t � t2, ±² ¤¨¿ ±¯¥ª ¨¿t2 � t � t3, °¥« ª± ¶¨¿ t > t3.
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�¨±. 4.5.5. �² ¤¨¿ µ®«®¤®£® ¯°¥±±®¢ ¨¿ ¯®°®¸ª  ¢ ¶¨«¨¤°¨·¥±ª®© ´®°¬¥ ±´¥°¨·¥±ª¨¬

¸² ¬¯®¬.
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�¨±. 4.5.6. � ±¯°¥¤¥«¥¨¥ ¯®°¨±²®±²¨ ¨ ¯« ±²¨·¥±ª®© ° ¡®²» ¢ ª®¶¥ ±² ¤¨¨ µ®«®¤®£® ¯°¥±-

±®¢ ¨¿ ¯®°®¸ª  ¢ ¶¨«¨¤°¨·¥±ª®© ´®°¬¥ ±´¥°¨·¥±ª¨¬ ¸² ¬¯®¬.
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�¨±. 4.5.7. � ±¯°¥¤¥«¥¨¥ ²¥¬¯¥° ²³°» ( £°¥¢ §  ±·¥² ¯« ±²¨·¥±ª®© ¤¥´®°¬ ¶¨¨) ¨ ¨²¥-

±¨¢®±²¨  ¯°¿¦¥¨© ¯¥°¥¤  · «®¬ ±¯¥ª ¨¿.
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�¨±. 4.5.8. �®°¬  ²¥« , ° ±¯°¥¤¥«¥¨¥ ¯®°¨±²®±²¨ ¨ ¨²¥±¨¢®±²¨ ®±² ²®·»µ  ¯°¿¦¥¨©

¯®±«¥ ±¯¥ª ¨¿.
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�¨±. 4.5.9. �±²®°¨¿ ¯®°¨±²®±²¨ ¢ ¶¥²°¥ ²¥«  ¨ ° ±¯°¥¤¥«¥¨¥ ª®² ª²®©  £°³§ª¨ ¯®¤

¸² ¬¯®¬ ¤«¿ ¬ ª±¨¬ «¼®£® ±¦ ²¨¿.
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4.6. �¥·¥¨¿ ²¿¦¥«®© ¦¨¤ª®±²¨ ± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §-

¤¥« 

� ¤ ·¨ ® °®±²¥ ª°¨±² ««®¢ ¨§ ° ±¯« ¢®¢ °¥¸ «¨±¼ ± ¯®¬®¹¼¾  «£®°¨²-

¬®¢ ¯ ª¥²  ¯°®£° ¬¬ ����� ¢ ±¥°¨¨ ° ¡®², ¢»¯®«¥»µ  ¢²®°®¬ ¯°¨

³· ±²¨¨ �.�.�¥¤¾¸ª¨  ¨ �.�.�®«¥¦ ¥¢ . �¢²®°®¬ ¯®±²°®¥»  «£®-

°¨²¬» °¥¸¥¨¿ ¨ °¥¸¥» ¡ §®¢»¥ § ¤ ·¨, ±® ¢²®°» ¢»¯®«¨«¨ ¯ ° ¬¥-

²°¨·¥±ª¨¥ ° ±·¥²» ¨ ¤ «¨ ¨µ ´¨§¨·¥±ª³¾ ¨²¥°¯°¥² ¶¨¾.

�¨±. 4.6.5. �µ¥¬  ª°¨±² ««¨§ ²®°  ¬¥²®¤  ���: 1 -  £°¥¢ ²¥«¼, T1 ¨ T2 µ ° ª²¥°»¥ ²¥¬-

¯¥° ²³°»  £°¥¢ ²¥«¿, 2 - §®  ° ±¯« ¢   ¤  £°¥¢ ²¥«¥¬, 3 - § §®° ¬¥¦¤³  £°¥¢ ²¥«¥¬ ¨

±²¥ª ¬¨ ²¨£«¿, 4 - ° ¡®· ¿ §®  ¬¥¦¤³ ª°¨±² ««®¬ ¨  £°¥¢ ²¥«¥¬, 5 - ¯®¢¥°µ®±²¼ ª°¨-

±² ««  (z=0), R - ° ¤¨³± ²¨£«¿, � - ¢¥«¨·¨  § §®° , h - ¢»±®²  ° ¡®·¥© §®», 0z - ®±¼ ±¨¬¬¥-

²°¨¨.

�«¿ ¨««¾±²° ¶¨¨ ½²®© · ±²¨  ±²®¿¹¥© ° ¡®²» ®£° ¨·¨¬±¿ ª° ²ª¨¬

®¯¨± ¨¥¬ ¯®«³·¥»µ °¥§³«¼² ²®¢ ° ±·¥²  ¯°®¶¥±±®¢ °®±²  ª°¨±² ««®¢ ¢

¢¥°²¨ª «¼»µ ¶¨«¨¤°¨·¥±ª¨µ ¯¥· µ ± ¯®£°³¦¥»¬  £°¥¢ ²¥«¥¬ (²¥µ-

®«®£¨¿ �±²°®£®°±ª®£® (1994) ¨ �®«»¸¥¢  (1995)). �°®¶¥±± ±·¨² ¥²±¿ ®±¥-

±¨¬¬¥²°¨·»¬. �¥·¥¨¥ ¯¥·¨ ¯®ª § ® °¨±. 4.6.5. �¥¢ ¿ £° ¨¶  ¿¢«¿¥²±¿

®±¼¾ ±¨¬¬¥²°¨¨. �¨¦¿¿ £° ¨¶  (5) ¿¢«¿¥²±¿ ¯®¤¢¨¦»¬ ´°®²®¬ ª°¨-

±² ««¨§ ¶¨¨, ª®²®°»© ¤«¿ ±³¹¥±²¢¥®£® ³¯°®¹¥¨¿ ° ±·¥²  ¯®« £ «±¿

¯«®±ª¨¬ ¨ ¤¢¨¦³¹¨¬±¿ ± § ¤ ®© ¯®±²®¿®© ±ª®°®±²¼¾ V0. �¥¬¯¥° -

²³°    ´°®²¥ ª°¨±² ««¨§ ¶¨¨ ° ¢  ²¥¬¯¥° ²³°¥ ´ §®¢®£® ¯¥°¥µ®¤ . � 

¢¥¸¥© ¢¥°²¨ª «¼®© ±²¥ª¥ (¯° ¢ ¿ £° ¨¶ ) ²¥¬¯¥° ²³°  § ¤   «¨¥©-

®© ´³ª¶¨¥© ®² z. �¥°µ¿¿ £° ¨¶  ¿¢«¿¥²±¿ ®²ª°»²®© ¨   ¥© ±² ¢¨«¨±¼

³±«®¢¨¿ ¯°®¤®«¦¥¨¿ °¥¸¥¨¿ (° ¢¥±²¢® ³«¾ ®°¬ «¼»µ ¯°®¨§¢®¤»µ
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®² °¥¸¥¨¿). � ±¯« ¢ £¥°¬ ¨¿ ± ¯°¨¬¥±¼¾ £ ««¨¿ § ¨¬ ¥² ®¡« ±²¼ ° -

¡®·¥© §®» (2) ¬¥¦¤³  £°¥¢ ²¥«¥¬ (1) ¨ ° ±²³¹¨¬ ª°¨±² ««®¬ (5), ª³¤ 

® ¯®±²³¯ ¥² ¨§ §®» (4)  ¤  £°¥¢ ²¥«¥¬ ·¥°¥§ § §®° (3).

�  ¨¦¥© ¯®¢¥°µ®±²¨  £°¥¢ ²¥«¿ ²¥¬¯¥° ²³°  ¯®« £ « ±¼ § ¤ ®©

¨ ° ±¯°¥¤¥«¥®© ¯® «¨¥©®¬³ § ª®³. �  ¯®¢¥°µ®±²¨  £°¥¢ ²¥«¿ ¨  

±²¥ª µ ¯¥·¨ ±² ¢¨«¨±¼ ³±«®¢¨¿ ¯°¨«¨¯ ¨¿.

C¨±²¥¬  ³° ¢¥¨© ¨  · «¼®-ª° ¥¢ ¿ § ¤ ·  ¿¢«¿¾²±¿ · ±²»¬¨ ±«³-

· ¿¬¨ ®¡¹¥© ´®°¬³«¨°®¢ª¨ ° §¤¥«  2.11, ®²¢¥· ¾¹¨¬¨ ¬®¤¥«¨ ¥±¦¨¬ -

¥¬®© ¢¿§ª®© ¦¨¤ª®±²¨. � ª¨¬ ®¡° §®¬, ¬ ²¥¬ ²¨·¥±ª ¿ ¬®¤¥«¼ ²¥·¥¨¿

° ±¯« ¢  ®±®¢     ¯®«»µ ¥±² ¶¨® °»µ ³° ¢¥¨¿µ � ¢¼¥-�²®ª± .

�»«  ³·²¥  ±« ¡ ¿ ±¦¨¬ ¥¬®±²¼ ¢ ±®®²¢¥²±²¢¨¨ ± ¯°¨¡«¨¦¥¨¥¬ �³±-

±¨¥±ª : ¢® ¢±¥µ ³° ¢¥¨¿µ § ¤ ·¨ ¯«®²®±²¼ ¯®« £ « ±¼ ¯®±²®¿®©,  

¥¥ ±« ¡ ¿ «¨¥© ¿ § ¢¨±¨¬®±²¼ ®² ¯°¨¬¥±¨ ¨ ²¥¬¯¥° ²³°» ³·¨²»¢ « ±¼

²®«¼ª® ¯°¨ § ¯¨±¨ ±¨« ²¿¦¥±²¨. �²¨ ±¨«» (±¨«» ¯« ¢³·¥±²¨), ¢»§»¢ ¾²

£° ¢¨² ¶¨®»¥ ª®¢¥ª²¨¢»¥ ²¥·¥¨¿.

�  · «¥ ¯°¨ t = 0 ¯°¨¬¥±¼ ±·¨² « ±¼ ° ¢®¬¥°® ° ±¯°¥¤¥«¥®© ¯®

° ±¯« ¢³. �°¨ ª°¨±² ««¨§ ¶¨¨ ¢ ª°¨±² «« ¯¥°¥µ®¤¨² ²®«¼ª® · ±²¼ ¯°¨-

¬¥±¨, ®¯°¥¤¥«¿¥¬ ¿ ³±«®¢¨¥¬ ±¥£°¥£ ¶¨¨ �s = kC, £¤¥ � - ª®¶¥²° ¶¨¿

¯°¨¬¥±¨ ¢ ° ±¯« ¢¥, Cs - ª®¶¥²° ¶¨¿ ¯°¨¬¥±¨ ¢ ª°¨±² ««¥, k << 1 - ª®-

½´´¨¶¨¥² ±¥£°¥£ ¶¨¨ (®²²®°¦¥¨¿). �®½²®¬³ ¯® ¬¥°¥ °®±²  ª°¨±² «« 

¯°®¨±µ®¤¨² ®¡®£ ¹¥¨¥ ° ±¯« ¢  ¯°¨¬¥±¼¾,   ª®¢¥ª¶¨¿ ¢»§»¢ ¥² ¥¥ ¯¥-

°¥¬¥¸¨¢ ¨¥. �®®²¢¥²±²¢¥®   ´°®²¥ ª°¨±² ««¨§ ¶¨¨ ° ±¯°¥¤¥«¥¨¥

¯°¨¬¥±¨ ¢±¥ ¢°¥¬¿ ¬¥¿¥²±¿,   ± ¬ ª°¨±² «« § ¯®¬¨ ¥² ¨±²®°¨¾ ° ±¯°¥-

¤¥«¥¨¿ ¯°¨¬¥±¨ ¯®¤®¡® ²®¬³, ª ª ° ±²³¹¨¥ ¤¥°¥¢¼¿ § ¯®¬¨ ¾² ¨±²®-

°¨¾ ª«¨¬ ²  ¢ £®¤®¢»µ ª®«¼¶ µ, ¢¨¤»µ   ±°¥§ µ ±²¢®«®¢. � ª°¨±² «-

« µ µ®°®¸¥£® ª ·¥±²¢  ¯°¨¬¥±¼ ¤®«¦  ° ±¯°¥¤¥«¿²¼±¿ ¯® ¢®§¬®¦®±²¨

° ¢®¬¥°® (®±®¡¥® ¯® ° ¤¨³±³), ¨ ·¥ ®¨  ¯° ¢«¿¾²±¿ ¢ ¯¥°¥¯« ¢ª³.

� ±¯°¥¤¥«¥¨¥ ¯°¨¬¥±¨ § ¢¨±¨² ®² ¬®£¨µ ³±«®¢¨©, ®¡±³¦¤ ¥¬»µ ¤ «¥¥, ¨

®¯²¨¬¨§ ¶¨¿ ½²¨µ ³±«®¢¨© ±®±² ¢«¿«  ±¬»±« ¯°®¢¥¤¥®£® ¨±±«¥¤®¢ ¨¿.
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�¨±. 4.6.6. � ±¯°¥¤¥«¥¨¥ ¯°¨¬¥±¨ ¢ ° ±¯« ¢¥ ¢ ¬¥²®¤¥ ¯®£°³¦¥®£®  £°¥¢ ²¥«¿ (°¥§³«¼² ²

�. �±²°®£®°±ª®£®).
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�¨±. 4.6.7. � ±¯°¥¤¥«¥¨¥ ¯°¨¬¥±¨. �ª®°®±²¼ °®±² : 0.0001 ±¬/±¥ª - ¢¥°µ¨© °¿¤, 0.0005

±¬/±¥ª - ±°¥¤¨© °¿¤, 0.001 ±¬/±¥ª - ¨¦¨© °¿¤; ³±ª®°¥¨¥ ±¨«» ²¿¦¥±²¨:  §¥¬®¥ g0 - «¥¢»©

±²®«¡¥¶, ®°¡¨² «¼®¥ 0:001g0 - ¯° ¢»© ±²®«¡¥¶. �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®£° ¬¬»

�����
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�¨±. 4.6.8. � ±¯°¥¤¥«¥¨¥ ª®¶¥²° ¶¨¨ Ga ¢ ª°¨±² ««¥ Ge ¤«¿ 6 ±«³· ¥¢ ¯°®¶¥±±  °®-

±²  ª°¨±² ««  ¨§ ° ¡®²» �±²°®£®°±ª®£®. �¥¢ ¿ ª®«®ª  (±¢¥°µ³ ¢¨§): g = g0, Vs =

0:0001cm=sek; 0:0005cm=sek; 0:001cm=sek; ¯° ¢ ¿ ª®«®ª : g = 0:001g0. �¥§³«¼² ² ¯®«³·¥ ±

¯®¬®¹¼¾ ¯°®£° ¬¬» �����.
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�»«¨ ¢»¯®«¥» ¢±¥ ¢®§¬®¦»¥ ²¥±²» ¤«¿ ¯°®¢¥°ª¨ ·¨±«¥»µ  «£®-

°¨²¬®¢, °¥ «¨§³¾¹¨µ ¬¥²®¤» °¥¸¥¨¿ ° §¤¥«®¢ 3.3.1-3.3.4. � ª ·¥±²¢¥

¨««¾±²° ¶¨¨   °¨±. 4.6.6 ¨ 4.6.7 ¯®ª § ® ±° ¢¥¨¥ ¢»·¨±«¥»µ ° ±¯°¥-

¤¥«¥¨© ¯°¨¬¥±¨ ¢ ° ±¯« ¢¥ ¯® °¥§³«¼² ² ¬ ° ¡®² �±²°®£®°±ª®£® (1995)

¨  ¸¥© (1997), ¤®±²¨£ ¥¬®¥ ¯°¨ ³±² ®¢«¥¨¨. �¥§³«¼² ²», ®²¢¥· ¾¹¨¥

° §«¨·»¬ £° ¢¨² ¶¨®»¬ ³±«®¢¨¿¬ (®² §¥¬»µ ¤® ¬¨ª°®£° ¢¨² ¶¨¨)

¨ ° §«¨·»¬ ±ª®°®±²¿¬ °®±² , ¯®«³·¥»¥ ¢ ° ¡®²¥ �±²°®£®°±ª®£® ¨ ¢

 ±²®¿¹¥© ° ¡®²¥, ¯°¥ª° ±® ±®£« ±³¾²±¿. � ®²«¨·¨¥ ®² ° ¡®²» �±²°®-

£®°±ª®£®, ª®²®°»© ¨±¯®«¼§®¢ « ±² ¶¨® °³¾ ´®°¬³«¨°®¢ª³, ¢  ¸¨µ ° -

¡®² µ °¥¸¥  ¥±² ¶¨® ° ¿ § ¤ · , ·²® ¨ ¯®§¢®«¨«® ¯°¥¤±ª §»¢ ²¼ ° ±-

¯°¥¤¥«¥¨¥ ¯°¨¬¥±¨ ¢ ° ±²³¹¨µ ª°¨±² «« µ.

�°¨¬¥°»  ±·¨² »µ ° ±¯°¥¤¥«¥¨© ¯°¨¬¥±¨ ¢ ª°¨±² «« µ ¤«¿ ° ±-

±¬®²°¥»µ ²¥±²®¢»µ ¯°¨¬¥°®¢ ¯®ª § »   �¨±. 4.6.8.

�¥·¥¨¥ ° ±¯« ¢  ¢ ° ¡®·¥© §®¥ ®ª®«® ° ±²³¹¥£® ª°¨±² ««  ¨  ¤  -

£°¥¢ ²¥«¥¬ ¬®¦¥² ¬¥¿²¼±¿ ®·¥¼ ±¨«¼® ¢ § ¢¨±¨¬®±²¨ ®² £¥®¬¥²°¨¨

¯¥·¨, ®² ¢¥«¨·¨» § §®° , ®² ±ª®°®±²¨ °®±² , ®² ±¨«» ²¿¦¥±²¨, ®² ¢° -

¹¥¨¿ ¯¥·¨ ¨  £°¥¢ ²¥«¿, ®² ¢¥¸¥£® ¬ £¨²®£® ¯®«¿, ²¥¯«®¢®© ±µ¥¬»,

¢¨¡° ¶¨¨ ¨ ² ª ¤ «¥¥. �®¤°®¡»©   «¨§ ¢«¨¿¨¿ ½²¨µ ³±«®¢¨© ¨¬¥¥²±¿

¢  ¸¨µ ¯³¡«¨ª ¶¨¿µ ¨ ±¤¥«  ¥ ²®«¼ª® ¤«¿ ¬¥²®¤  ¯®£°³¦¥®£®  £°¥-

¢ ²¥«¿, ® ² ª¦¥ ¤«¿ ¯°®¶¥±±®¢ �®µ° «¼±ª®£® ¨ �°¨¤¦¬¥ . �¤¥±¼ ½²®²

¬ ²¥°¨ « ±®§ ²¥«¼® ®¯³±ª ¥²±¿, ¯®±ª®«¼ª³ ® ±®±² ¢¨² ¯°¥¤¬¥² ¤°³£®©

¤®ª²®°±ª®© ¤¨±±¥°² ¶¨¨, ¯®±¢¿¹¥®© ¨§³·¥¨¾ ´¨§¨ª¨ ²¥µ®«®£¨·¥±ª¨µ

¯°®¶¥±±®¢ °®±²  ª°¨±² ««®¢ ¨ ¨µ ®¯²¨¬¨§ ¶¨¨.

�²¬¥²¨¬, ·²® ¯¥·¨ ¨ ¬ ²¥°¨ «» ¢ ²¥µ®«®£¨¿µ °®±²  ª°¨±² ««®¢ ¥-

¯°®§° ·», ° ¡®² ¾² ¯°¨ ®·¥¼ ¢»±®ª¨µ ²¥¬¯¥° ²³° µ (¯°¨¬¥°® ¯®«-

²®°» ²»±¿·¨ £° ¤³±®¢) ¨ ½ª±¯¥°¨¬¥² ¤ ¥² ®·¥¼ ±ª³¤³¾ ¨´®°¬ ¶¨¾.

�®¤¡®° °¥¦¨¬®¢ °®±²  ¢ ½ª±¯¥°¨¬¥²¥ ±¢®¤¨²±¿ ª   «¨§³ ±¢®©±²¢ ¢»° -

¹¥»µ ª°¨±² ««®¢ ¨ ¯®¨±ª³ ¨µ ±®®²¢¥²±²¢¨¿ ± ³±«®¢¨¿¬¨ ¢»° ¹¨¢ ¨¿.

�«¨²¥«¼®±²¼ ¯°®¶¥±±  (¥±ª®«¼ª® · ±®¢), ³¨ª «¼®±²¼ ®¡®°³¤®¢ ¨¿, ¤®-

°®£®¢¨§  ¬ ²¥°¨ «®¢ (£¥°¬ ¨©,  °±¥¨¤ £ ««¨¿ ¨ ².¯.), ®£° ¨·¥®±²¼

¨§¬¥°¿¥¬®© ½ª±¯¥°¨¬¥² «¼® ¨´®°¬ ¶¨¨ ® ¯°®¶¥±±¥ ¤¥« ¾² ·¨±«¥»©

½ª±¯¥°¨¬¥² ¡¥§ «¼²¥° ²¨¢»¬ ¬¥²®¤®¬ ®¯²¨¬¨§ ¶¨¨ ¯®¤®¡»µ ²¥µ®-

«®£¨©.
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� ±·¥² ²¥·¥¨© ±® ±¢®¡®¤»¬¨ £° ¨¶ ¬¨, ¥¯°¥°»¢»¥ ¬ °ª¥°»

�«¿ ° ±·¥²  ¤¢¨¦¥¨© ²¿¦¥«®© ¦¨¤ª®±²¨ ±® ±¢®¡®¤»¬¨ £° ¨¶ ¬¨  

®±®¢¥ ²°¥µ¬¥°»µ ¥±² ¶¨® °»µ ³° ¢¥¨© � ¢¼¥-�²®ª±  ¡»«¨ °¥ «¨-

§®¢ » ¬¥²®¤» ª®°°¥ª¶¨¨ ¤ ¢«¥¨¿ ¨ ¸²° ´»µ ´³ª¶¨© ± ¨±¯®«¼§®¢ -

¨¥¬ ²¥µ¨ª¨ ¥¯°¥°»¢»µ ¨ ¤¨±ª°¥²»µ ¬ °ª¥°®¢ (®¯¨± ¨¥ ¤ ® ¢ £« ¢¥

3). �¥§³«¼² ²» ¬®¤¥«¨°®¢ ¨¿ ¯ ¤¥¨¿ ª ¯«¨ ¢ ¡ ±±¥©, § ¯®«¥»© ¢®-

¤®©, ¯®ª § »   �¨±. 4.6.9,   § ¤ ·  ® ±²¥ª ¨¨ ¢®¤» ± ½² ¦    ½² ¦

·¥°¥§ ¤»°³ ¯®ª §     �¨±. 4.6.10.

�±¯«¥±ª ¨ § ²³µ ¨¥ ª®«¥¡ ¨© ³°®¢¿ ¦¨¤ª®±²¨ ¢ ½²¨µ § ¤ · µ § ¢¨-

±¿² ®² ¢¿§ª®±²¨ ¨ ®² ±¥²®·®£® ° §°¥¸¥¨¿. � ¤¨±±¥°² ¶¨¨ ¯°¥±«¥¤®¢ « ±¼

¶¥«¼ ¯®±²°®¥¨¿  «£®°¨²¬®¢, ±¯®±®¡»µ ¢»¤ ¢ ²¼ ° §³¬»¥ °¥¸¥¨¿ § -

¤ ·   £°³¡»µ ±¥²ª µ, ¯®±ª®«¼ª³ °¥¸¥¨¨ ¯° ª²¨·¥±ª¨µ § ¤ · ¯°®¢®¤¨²±¿

  ¯°¥¤¥«¥ ¢®§¬®¦®±²¥© ¢»·¬±«¨²¥«¼®© ²¥µ¨ª¨ ¨ ±¥²ª¨ ¿¢«¿¾²±¿ ¢»³-

¦¤¥® ¢¥±¼¬  £°³¡»¬¨. �¡±³¦¤ ¥¬»¥ § ¤ ·¨ °¥¸¥»   ±¥²ª µ 12x12x12

¨ 24x24x24. �¹¥ ®¤  ² ª ¿ § ¤ ·  ®¡ ®¡°³¸¥¨¨ ±²®«¡  ¦¨¤ª®±²¨ ¢ § -

¬ª³²®¬ ¡ ±±¥©¥ ¯®ª §     �¨±. 4.6.11.

�±®¢»¥ ²°³¤®±²¨ °¥ «¨§ ¶¨¨ ±¢¿§ » ± ° ±·¥²®¬ ²° ±¯®°²®£®

³° ¢¥¨¿ ¤«¿ ¥¯°¥°»¢®£® ¬ °ª¥°  ¨ ± ¨±¯®«¼§®¢ ¨¥¬ ´³ª¶¨¨ ¥-

¯°¥°»¢®£® ¬ °ª¥°  ¤«¿ °¥ «¨§ ¶¨¨ £° ¨·»µ ³±«®¢¨©   ¯®¤¢¨¦»µ

±¢®¡®¤»µ £° ¨¶ µ. �³ª¶¨¿ ¥¯°¥°»¢®£® ¬ °ª¥°  � ° ¢  ¥¤¨¨¶¥ ¢

®¡« ±²¨, § ¯®«¥®© ¦¨¤ª®±²¼¾, ¨ ³«¾ ¢ ¯³±²®¬ ¯°®±²° ±²¢¥. �§®¯®-

¢¥°µ®±²¼ C = 0:5 ¯°¥¤±² ¢«¿¥² ±¢®¡®¤³¾ ¯®¤¢¨¦³¾ £° ¨¶³. �°¨ °¥-

¸¥¨¨ ²° ±¯®°²®£® ³° ¢¥¨¿ ¤«¿ ¥¯°¥°»¢®£® ¬ °ª¥°  ±ª®°®±²¼ ª®-

¢¥ª¶¨¨ ®¯°¥¤¥«¿¥²±¿ ¯® § ·¥¨¿¬ ±ª®°®±²¨ ¢ ³§« µ ±® § ·¥¨¥¬ ¬ °ª¥° 

C > 0:5. �®±ª®«¼ª³ ¢ ³±«®¢¨¿µ ¯¥°¥¬¥®© ®¡« ±²¨ °¥¸¥¨¿ £° ¨·»¥

³±«®¢¨¿ ¤«¿ ¤ ¢«¥¨¿ ¨ ±ª®°®±²¥©   ±¢®¡®¤»µ £° ¨¶ µ °¥ «¨§³¾²±¿ ¯°¨-

¡«¨¦¥®, ª®±¥°¢ ²¨¢®±²¼ ¥¨§¡¥¦®  °³¸ ¥²±¿ ¨ ¤«¿ ¥¥ ¢®±±² ®¢«¥-

¨¿ ¢  «£®°¨²¬ ¢¢¥¤¥  ¯°®¶¥¤³°  ª®°°¥ª²¨°®¢ª¨ ´³ª¶¨¨ ¥¯°¥°»¢®£®

¬ °ª¥° , ª®²®° ¿ ®¤®¢°¥¬¥® ¯°¥¤®²¢° ¹ ¥² ° §¬»¢ ¨¥ £° ¨¶. �¥-

«¼¾ ½²®© ¯°®¶¥¤³°» ¿¢«¿¥²±¿ ¯®¤¤¥°¦ ¨¥ ¨²¥£° «  ®² ´³ª¶¨¨ C ¯®

®¡« ±²¨ °¥¸¥¨¿ ¯®±²®¿»¬ (±®µ° ¥¨¥ ¬ ±±»), ®¡¥±¯¥·¥¨¥ ¨§¬¥¥¨¿

´³ª¶¨¨ C ¢ ¯°¥¤¥« µ ®² 0 ¤® 1 ¨ ¯°¥¤®²¢° ¹¥¨¥ ° §¬»¢ ¨¿ £° ¨¶

(¬ «®±²¼ ¸¨°¨» ¯¥°¥µ®¤  C ®² 0 ª 1 ¢ ®ª°¥±²®±²¨ ±¢®¡®«»µ £° ¨¶).
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�¨±. 4.6.9. � ¤¥¨¥ ª ¯«¨ ¢ ¡ ±±¥©, ¢¿§ª ¿ ¥±¦¨¬ ¥¬ ¿ ¦¨¤ª®±²¼, ³° ¢¥¨¿ � ¢¼¥-�²®ª± -

�³±±¨¥±ª , ¬¥²®¤ ¥¯°¥°»¢®£® ¬ °ª¥° . �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®£° ¬¬» �����.

�¨±. 4.6.10. �²¥ª ¨¥ ¢®¤» ± ½² ¦    ½² ¦ ·¥°¥§ ¤»°³. �¿§ª ¿ ¥±¦¨¬ ¥¬ ¿ ¦¨¤ª®±²¼,

¬¥²®¤ ¥¯°¥°»¢®£® ¬ °ª¥° . �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®£° ¬¬» �����.
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�¨±. 4.6.11. �¡°³¸¥¨¥ ¢®¤¿®© ª®«®» ¢ § ¬ª³²®¬ ¡ ±±¥©¥. �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾

¯°®£° ¬¬» �����.
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� ±·¥² ´®² ®¢ ¨ ±²°³©, ¤¨±ª°¥²»¥ ¬ °ª¥°».

� ±±¬®²°¨¬ °¥§³«¼² ²» ¯°¨¬¥¥¨¿ ¬¥²®¤  ¤¨±ª°¥²»µ ¬ °ª¥°®¢ ª

° ±·¥²³ ²¥·¥¨© ±® ±¢®¡®¤»¬¨ £° ¨¶ ¬¨. �  �¨±. 4.6.12 ¯°¨¢¥¤¥®

°¥¸¥¨¥ § ¤ ·¨ ® ¯ ¤¥¨¨ £®°¨§®² «¼®© ±²°³¨ ¢ ¢®¤®¥¬.

�¨±. 4.6.12. � ¤¥¨¥ ¢ ¢®¤®¥¬ £®°¨§®² «¼®© ±²°³¨. �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®-

£° ¬¬» �����.

�¨±. 4.6.13. �®²  ¨ «³¦  ®² ¢¥°²¨ª «¼®© ±²°³¨. �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®-

£° ¬¬» �����.

�¨¦¿¿ £° ¨¶  ¿¢«¿¥²±¿ ¤®¬,   ª®²®°®¬ § ¤ » ³±«®¢¨¿ ±ª®«¼¦¥¨¿.

�¥¢ ¿ ¨ ¯° ¢ ¿ £° ¨¶» ¿¢«¿¾²±¿ ®²ª°»²»¬¨,   ¨µ § ¤ » ³±«®¢¨¿ ¯°®-

¤®«¦¥¨¿ °¥¸¥¨¿. �  · «¼»© ¬®¬¥²  ¤ ¢®¤®© ¯®¢¥°µ®±²¼¾ ·¥°¥§

«¥¢³¾ £° ¨¶³  ·¨ ¥² ¡¨²¼ ±²°³¿ ¢®¤» ± ¯®±²®¿®© £®°¨§®² «¼®©

±ª®°®±²¼¾. �®¤ ¤¥©±²¢¨¥¬ ±¨«» ²¿¦¥±²¨ ®  ¯ ¤ ¥² ¢ ¢®¤®¥¬, ¯°¨¨¬ ¿

´®°¬³ ¯ ° ¡®«». �®§¨ª ¾¹¥¥ ²¥·¥¨¥ ¬®¦® ° §£«¿¤¥²¼ ¯® ¤¢¨¦¥¨¾

¬ °ª¥°®¢. �  °¨±. 4.6.13 ¯®ª §  °¥§³«¼² ² ° ±·¥²  ¤«¿ ±«³· ¿ ¢¥°²¨ª «¼-

®© ±²°³¨ ¢®¤». � ±±·¨²  ¯°®¶¥±± ®¡° §®¢ ¨¿ ´®²   ¨ «³¦¨. �¨¦¿¿

£° ¨¶  ¿¢«¿¥²±¿ ¥¯°®²¥ª ¥¬®©,   ¥© § ¤ » ³±«®¢¨¿ ±ª®«¼¦¥¨¿. �®-

ª®¢»¥ ¨ ¢¥°µ¿¿ £° ¨¶» ¿¢«¿¾²±¿ ®²ª°»²»¬¨,   ¨µ ±² ¢¿²±¿ ³±«®¢¨¿
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¯°®¤®«¦¥¨¿.

� ª ¨ ¢ ±«³· ¥ ¥¯°¥°»¢»µ ¬ °ª¥°®¢  «£®°¨²¬ ¯°®¢¥°¿«±¿ ¥ ²®«¼ª®

  ±² ¤ °²»µ ²¥±² µ ¤«¿ § ¤ · ²¥°¬®£° ¢¨² ¶¨®®© ª®¢¥ª¶¨¨, ®

² ª¦¥   ±¯¥¶¨´¨·¥±ª¨µ ²¥±²®¢»µ § ¤ · µ ¤«¿ ²¥·¥¨© ± ¯®¤¢¨¦»¬¨ ±¢®-

¡®¤»¬¨ £° ¨¶ ¬¨. � ¯°¨¬¥°, ¤®¯®«¨²¥«¼® ¯°®¢¥°¿« ±¼ ¯° ¢¨«¼®±²¼

° ±·¥²  £¨¤°®±² ²¨ª¨ ¢ ³±«®¢¨¿µ · ±²¨·® § ¯®¥®© ²¿¦¥«®© ¦¨¤ª®-

±²¼¾ ®¡« ±²¨ °¥¸¥¨¿, ±®µ° ¥¨¥ ¬ ±±» ¢® ¢°¥¬¥¨ ¢ ¯®ª®¿¹¥©±¿ ¨ ¢ ±¢®-

¡®¤® ¯ ¤ ¾¹¥© ¦¨¤ª®±²¨ ±® ±¢®¡®¤»¬¨ £° ¨¶ ¬¨ (ª ¯«¨). �²¨ ²¥±²»

¥²°¨¢¨ «¼» ¨ ¯®§¢®«¿¾² ½´´¥ª²¨¢® ®²±¥¿²¼ ¥¢¥°»¥ ¢ °¨ ²»  «£®-

°¨²¬®¢. � ¯®¬¨¬, ·²® ¥¹¥ ¢® ¢¢¥¤¥¨¨ ®²¬¥· «®±¼, ·²® ¯°¨ ·¨±«¥®©

°¥ «¨§ ¶¨¨ ·¨±«® ¢ °¨ ²®¢  «£®°¨²¬  ¬®¦¥² ¡»²¼ ®·¥¼ ¡®«¼¸¨¬: ¢±¯®-

¬¨¬,  ¯°¨¬¥°, ±ª®«¼ª® ¢ °¨ ²®¢ ¨¬¥¥²  «£®°¨²¬ £ ³±±®¢  ¨±ª«¾·¥¨¿

¨ ·²® ¥ ¢±¥ ®¨ ³±²®©·¨¢».

�¥²®¤ ¤¨±ª°¥²»µ ¬ °ª¥°®¢ ¯®²°¥¡«¿¥² ¡®«¼¸¥ °¥±³°±®¢ ¢»·¨±«¨²¥«¼-

®© ¬ ¸¨» ¯® ±° ¢¥¨¾ ± ¬¥²®¤®¬ ¥¯°¥°»¢®£® ¬ °ª¥° , ® ¤ ¥² ¡®«¥¥

¦¨¢»¥ ª °²¨» ²¥·¥¨©. �  ±²®¿¹¥© ° ¡®²¥ ½²¨ ¬¥²®¤» °¥ «¨§®¢ »  

ª®¢¥ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢. �²«¨·¨²¥«¼®© ·¥°²®© ° §° ¡®² -

»µ  «£®°¨²¬®¢ ½²®£® ¬¥²®¤  ¿¢«¿¥²±¿ ° ±±¬®²°¥¨¥ ®²ª°»²»µ ¢µ®¤»µ

¨ ¢»µ®¤»µ £° ¨¶, ·¥°¥§ ª®²®°»¥ ¢ ®¡« ±²¼ °¥¸¥¨¿ ¯®±²³¯ ¾² ®¢»¥

¬ °ª¥°» ¨«¨,  ®¡®°®², ¯®ª¨¤ ¾² ¥¥. �«£®°¨²¬ ¢ ¯°¥¤¥« µ ¤®±²³¯®©

¯ ¬¿²¨   ®²ª°»²»µ £° ¨¶ µ ±®§¤ ¥² ®¢»¥ ¢µ®¤¿¹¨¥ ¬ °ª¥°» ¨ ³¨-

·²®¦ ¥² ³µ®¤¿¹¨¥ ¬ °ª¥°». �°®¡«¥¬» ± ¥µ¢ ²ª®© ¤¨±ª°¥²»µ ¬ °ª¥°®¢

¢®§¨ª ¾² ¢ §® µ ¨²¥±¨¢®£® ° §°¥¦¥¨¿,  ¡«¾¤ ¾¹¨µ±¿ ª ¯°¨¬¥°³

¢ ±²®ª µ ¢®¤» ·¥°¥§ ¯«®²¨». � ±±²®¿¨¥ ¬¥¦¤³ ¬ °ª¥° ¬¨ ¢ ¯ ¤ ¾¹¨µ

±²°³¿µ ¢®§° ±² ¥² ¨ ¬®¦¥² ¯°¥¢§®©²¨ ° §¬¥° ±·¥²»µ ¿·¥¥ª. � ±²°³¿µ

¯°¨ ½²®¬ ¬®£³² ¯®¿¢«¿²¼±¿ ° §°»¢» ¥´¨§¨·¥±ª®© ¯°¨°®¤».

� § ¤ ·¥ ® £®°¨§®² «¼®© ±²°³¥, ¯®ª  ±²°³¿ ¥ ¢±²°¥²¨«  ¯®¢¥°µ®±²¼

¢®¤®¥¬ , ¬®¦® § ¬¥²¨²¼, ·²® ª®¥¶ ±²°³¨ "«®µ¬ ²¨²±¿" ¨§-§  ¯®£°¥¸®-

±²¥© ° ±·¥²  ±ª®°®±²¨ ¤¢¨¦¥¨¿ ¬ °ª¥°®¢   ±¢®¡®¤»µ £° ¨¶ µ. �«£®-

°¨²¬ ² ª®£® ° ±·¥²  ¥®¤®§ ·¥, ¨¬¥¾²±¿ ¢ °¨ ²»  «£®°¨²¬ , ¢ ª®-

²®°»µ ½²®² ¥¤®±² ²®ª ³±²° ¥. �«¿ ½²®£® ±ª®°®±²¨ ¤¢¨¦¥¨¿ £° ¨·-

»µ ¬ °ª¥°®¢ ¤®«¦» ®¯°¥¤¥«¿²¼±¿ ½ª±²° ¯®«¿¶¨¥©   £° ¨¶³ § ·¥¨©

±ª®°®±²¨ ¨§ ³§«®¢, ®ª°³¦¥»µ ¬ °ª¥° ¬¨. "�®µ¬®²¼¿" ®¡° §³¾²±¿ ¯°¨

²³¯®© °¥ «¨§ ¶¨¨ ±ª¢®§®£® ±·¥²  ± ¨²¥°¯®«¿¶¨¥© ¡¥§ ¤®«¦®£®   «¨§ 

²¨¯  ³§«®¢ ¢¡«¨§¨ ¯®¤¢¨¦®© ±¢®¡®¤®© £° ¨¶».
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4.7. �°¨¬¥¥¨¥ ¥«¨¥©®© ²¥°¬®³¯°³£®±²¨ ª ¯°®¡«¥¬¥ ³¯° -

¢«¥¨¿  ¤ ¯²¨¢»¬¨ ±¥²ª ¬¨

�°¨¢¥¤¥¬ °¥§³«¼² ²» ¯°¨¬¥¥¨¿ ³° ¢¥¨© ¥«¨¥©®© ²¥®°¨¨ ²¥°-

¬®³¯°³£®±²¨ ª § ¤ ·¥ ³¯° ¢«¥¨¿  ¤ ¯²¨¢®© ±¥²ª®©. �²® ³¤®¡® ±¤¥« ²¼

  ¯°¨¬¥°¥ ¥±² ¶¨® °®£® ±¢¥°µ§¢³ª®¢®£® ²¥·¥¨¿ ¨¤¥ «¼®£® £ §  ¢

ª  «¥ ±® ±²³¯¥· ²»¬ ±³¦¥¨¥¬, ¯®±ª®«¼ª³ ½²  § ¤ ·  ¿¢«¿¥²±¿ ®¤¨¬

¨§  ¨¡®«¥¥ ° ±¯°®±²° ¥»µ ²¥±²®¢ ¤«¿ ·¨±«¥»µ ¬¥²®¤®¢ ¨ ¥¥ °¥-

¸¥¨¥ µ®°®¸® ¨§¢¥±²®. �¥§³«¼² ²», ¯®«³·¥»¥ ¯®  ¸¥© ¯°®£° ¬¬¥

�����, ¯®ª § »   �¨±. 4.7.1-4.7.2. �®«®¦¥¨¥ ³¤ °»µ ¢®« ¨ ¯ ° -

¬¥²°» ²¥·¥¨¿ µ®°®¸® ±®£«a±³¾²±¿ ¨ ± ¨§¢¥±²»¬¨ ¤ »¬¨ [308](Colella,

Woodward, 1984) ¨ ¥¤ ¢® ³²®·¥»¬¨ °¥¸¥¨¿¬¨ [230](Azarenok,2001),

[229](Azarenok, Ivanenko, 2001).

� · «¼ ¿ ° ¢®¬¥° ¿ ±¥²ª  ¨ ª®´¨£³° ¶¨¿ ®¡« ±²¨ °¥¸¥¨¿ ¯®ª -

§ »   �¨±. 4.7.1. � § ²¥·¥² ±«¥¢   ¯° ¢®. �  ¢¥°µ¥© ¨ ¨¦¥© £° ¨¶ µ

§ ¤ » ³±«®¢¨¿ ¥¯°®²¥ª ¨¿. �  «¥¢®© £° ¨¶¥ § ¤ » ¯ ° ¬¥²°» ¥¢®§-

¬³¹¥®£® ¯®²®ª  (� = 1, vx = 1, vy = 0, U = 0:44. �®ª § ²¥«¼  ¤¨ ¡ ²»

 ¨ ·¨±«® � µ  M ° ¢»:  = 1:4, M = 3. �  ¢»µ®¤®© £° ¨¶¥ ¯®²®ª

±¢¥°µ§¢³ª®¢®© ¨ £° ¨·»µ ³±«®¢¨© ¥ ²°¥¡³¥²±¿. �»±®²  ®¡« ±²¨ °¥¸¥-

¨¿ 1.0, ¤«¨  - 3.0, ¢»±®²  ±²³¯¥¼· ²®£® ¯°¥¯¿²±²¢¨¿ 0.2, ° ±±²®¿¨¥

®² ¢µ®¤  ¤® ¯°¥¯¿²±²¢¨¿ - 0.6. �  · «¼»© ¬®¬¥² ¢°¥¬¥¨ t = 0 ¯®²®ª

¥¢®§¬³¹¥, ±² ¶¨® ° ¿ ±²°³ª²³°  ¯®²®ª  ° §¢¨¢ ¥²±¿ ª § ·¥¨¾ ¢°¥-

¬¥¨ t = 4:0 ¨ ®ª®· ²¥«¼® ³±²  ¢«¨¢ ¥²±¿ ª t = 12. � ±·¥² ¯°®¢®¤¨«±¿

  ±¥²ª µ: 30x10, 60x20, 120x40, 240x80. �®ª §»¢ ¥¬»¥ °¥§³«¼² ²» ¤ « 

¯°®±²¥©¸ ¿ ¤¢³µ±«®© ¿ ¶¥²° «¼®-° §®±² ¿ ¿¢ ¿ ±µ¥¬ , ¯°¨¬¥¥ ¿

ª ¤¨¢¥°£¥²®© ´®°¬¥ ³° ¢¥¨© ¨ °¥£³«¿°¨§®¢  ¿ ½ª±²° ¯®«¿¶¨¥© ¤ -

¢«¥¨¿   ®¢»© ¢°¥¬¥®© ±«®© ¯«¾± ¬®®²®¨§¨°³¾¹¥¥ ¥«¨¥©®¥ ±£« -

¦¨¢ ¨¥ ®±®¢»µ ¨±ª®¬»µ ´³ª¶¨© ¢ ±®®²¢¥²±²¢¨¨ ± ®¯¨± ¨¥¬ £« ¢» 3.

�²¬¥²¨¬, ·²® ° ±·¥²» ¯°®¢®¤¨«¨±¼ ¨ ± ¨±¯®«¼§®¢ ¨¥¬ ¤°³£¨µ, ®¯¨± »µ

¢ £« ¢¥ 3 ª®¥·®-½«¥¬¥²»µ ±µ¥¬, ®²«¨·¨¥ °¥§³«¼² ²®¢ ¯® ° §«¨·»¬

±µ¥¬ ¬ § ¬¥²»   £°³¡»µ ±¥²ª µ ¨ ¡»±²°® ¨±·¥§ ¾² ¯°¨ ¨µ ¨§¬¥«¼·¥-

¨¨. � ¦¥   ± ¬®© £°³¡®© ±¥²ª¥ (30x10) ¯°¨ ½²®¬ ®±®¢»¥ ±ª ·ª¨ ¨

®²° ¦¥¨¿ ³µ¢ ²»¢ ¾²±¿ ¯° ¢¨«¼®.
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�¨±. 4.7.1. �°¨¬¥¥¨¥ ³° ¢¥¨© ¥«¨¥©®© ²¥°¬®³¯°³£®±²¨ ¤«¿ ³¯° ¢«¥¨¿  ¤ ¯²¨¢®©

±¥²ª®© ¢ § ¤ ·¥ ® ±¢¥°µ§¢³ª®¢®¬ ²¥·¥¨¨ ¢ ª  «¥ ±® ±²³¯¥· ²»¬ ±³¦¥¨¥¬ ¤«¿ ·¨±«  � µ 

�=3. � °²¨ª¨ ±®®²¢¥²±²¢³¾² ¬®¬¥² ¬ ¢°¥¬¥¨ 0.0, 0.5, 1.0, 2.0. �¥§³«¼² ² ¯®«³·¥ ±

¯®¬®¹¼¾ ¯°®£° ¬¬» �����.
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�¨±. 4.7.2. �°¨¬¥¥¨¥ ³° ¢¥¨© ¥«¨¥©®© ²¥°¬®³¯°³£®±²¨ ¤«¿ ³¯° ¢«¥¨¿  ¤ ¯²¨¢®©

±¥²ª®© ¢ § ¤ ·¥ ® ±¢¥°µ§¢³ª®¢®¬ ²¥·¥¨¨ ¢ ª  «¥ ±® ±²³¯¥· ²»¬ ±³¦¥¨¥¬ ¤«¿ ·¨±«  � µ 

�=3. �¤ ¯²¨¢ ¿ ±¥²ª  ¯®ª §   ¤«¿ ¬®¬¥²®¢ ¢°¥¬¥¨ 3.0, 4.0. � ±¯°¥¤¥«¥¨¥ ¯«®²®±²¨

®²¢¥· ¥² ¬®¬¥²³ ¢°¥¬¥¨ 4.0. �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®£° ¬¬» �����.
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�  °¨±. 4.7.3 ¯®ª § ® ¯®¢¥¤¥¨¥  ¤ ¯²¨¢®© ±¥²ª¨, ³¯° ¢«¿¥¬®© ³° ¢-

¥¨¿¬¨ ¥«¨¥©®© ²¥°¬®³¯°³£®±²¨, ¢ § ¤ ·¥ ® ²¥°¬®£° ¢¨² ¶¨®®©

ª®¢¥ª¶¨¨. �²  § ¤ ·  ±«³¦¨² ±² ¤ °²»¬ ²¥±²®¬ ¤«¿  «£®°¨²¬®¢ ° ±-

·¥²  ¥±¦¨¬ ¥¬»µ ¢¿§ª¨µ ²¥·¥¨©.

�¨±. 4.7.3. �®¢¥¤¥¨¥  ¤ ¯²¨¢®© ±¥²ª¨, ³¯° ¢«¿¥¬®© ³° ¢¥¨¿¬¨ ¥«¨¥©®© ²¥°¬®³¯°³£®-

±²¨, ¨ ´³ª¶¨¨ ²®ª  ¢ § ¤ ·¥ ® ²¥°¬®£° ¢¨² ¶¨®®© ª®¢¥ª¶¨¨ ¢¿§ª®© ¥±¦¨¬ ¥¬®© ¦¨¤-

ª®±²¨ ¯°¨ ·¨±«¥ �° ±£®´  Gr =10 7 ¤«¿ ¤¢³µ ±«³· ¥¢ ¢»¡®°   ¤ ¯² ¶¨®®© ´³ª¶¨¨: ´³ª¶¨¿

²®ª  («¥¢ ¿ ª®«®ª ) ¨ § ¢¨µ°¥®±²¼ (¯° ¢ ¿ ª®«®ª ). �¥§³«¼² ² ¯®«³·¥ ± ¯®¬®¹¼¾ ¯°®-

£° ¬¬» �����.

� ±«³· ¥ ¢»¡®°  ®°¬» £° ¤¨¥²  ´³ª¶¨¨ ²®ª  ¢ ª ·¥±²¢¥  ¤ ¯² -

¶¨®®© ´³ª¶¨¨ («¥¢ ¿ ª®«®ª  �¨±. 4.7.3) ±¥²ª  ±£³¹ ¥²±¿ ¢ §®¥ ¬ ª-

±¨¬ «¼»µ ±ª®°®±²¥©, ² ª ª ª £° ¤¨¥²» ´³ª¶¨¨ ²®ª  ¯°¨ ½²®¬ ¬ ª±¨-

¬ «¼» ¯® ¬®¤³«¾. � ¶¥²° «¼®© · ±²¨ ®¡« ±²¨ °¥¸¥¨¿ ±ª®°®±²¨ ¬ «»

¨ ² ¬ ±¥²ª  ° §°¥¦¥ . � ¯° ¢®© ª®«®ª¥   �¨±. 4.7.3 ¯°¨¢¥¤¥® °¥¸¥¨¥

¤«¿ ±«³· ¿, ª®£¤  °®«¼  ¤ ¯² ¶¨®®© ´³ª¶¨¨ ®²¢¥¤¥  ®°¬¥ £° ¤¨¥² 
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§ ¢¨µ°¥®±²¨. �¥²ª  ¯°¨ ½²®¬ ±£³¹ ¥²±¿ ³ ±²¥®ª. �²±¾¤  ¢¨¤®, ·²®

¯®¢¥¤¥¨¥  ¤ ¯²¨¢»µ ±¥²®ª ±³¹¥±²¢¥® § ¢¨±¨² ®² ¢»¡®°   ¤ ¯² ¶¨®-

®© ´³ª¶¨¨ ¨ ¬®£³² ¢®§¨ª ²¼ ¯°®²¨¢®°¥·¨¿ ¢ ²°¥¡®¢ ¨¿µ  ¨«³·¸¥£®

®¯¨± ¨¿ ª®¬¯®¥²®¢ °¥¸¥¨¿. �®°®¸ ¿ ±¥²ª  ¤«¿ ®¤¨µ ª®¬¯®¥²®¢

¬®¦¥² ¡»²¼ ¥³¤ ·®© ¤«¿ ¤°³£¨µ.

� ±·¥²» ²¥±²®¢»µ § ¤ ·, ¯°¥¤«®¦¥»µ ¢ ° ¡®² µ de Vahl-Davis (1983)

¨ Wheeler (1990) ¤«¿ ²¥°¬®£° ¢¨² ¶¨®»µ ª®¢¥ª²¨¢»µ ²¥·¥¨© ¢¿§-

ª®© ¦¨¤ª®±²¨, ¢»¯®«¥»¥ ¯® ¯°®£° ¬¬¥ �����, ¯®ª § «¨ ±³¹¥±²¢¥-

®¥ ³¬¥¼¸¥¨¥ ¯®£°¥¸®±²¨ ·¨±«¥»µ °¥¸¥¨© ¯°¨ ¨±¯®«¼§®¢ ¨¨  ¤ -

¯²¨¢»µ ±¥²®ª: ²®·®±²¼ °¥§³«¼² ²®¢    ¤ ¯²¨¢®© ±¥²ª¥ 20x20 ¨  

° ¢®¬¥°®© ±¥²ª¥ 80x80 ¯°¨¬¥°® ®¤¨ ª®¢  (±®¯®±² ¢¨¬ ).

�  ±²®¿¹¥© ° ¡®²¥ ¯°¨ ° ±·¥²¥ ¡®«¼¸¨µ ¤¥´®°¬ ¶¨© ³¯°³£®¯« ±²¨-

·¥±ª¨µ ²¥« (´®°¬®¢ ¨¥, ¢»±®ª®±ª®°®±²»¥ ±®³¤ °¥¨¿) ¯°¥¤¯®·²¥¨¥

¡»«® ®²¤ ® £¥®¬¥²°¨·¥±ª®©  ¤ ¯² ¶¨¨ ±¥²ª¨ ª ¯®¤¢¨¦»¬ £° ¨¶ ¬, ¯®-

±ª®«¼ª³ £¥®¬¥²°¨·¥±ª ¿ ¨ ¤¨ ¬¨·¥±ª ¿ ° §®¢¨¤®±²¨ ±¥²®·®©  ¤ ¯² -

¶¨¨ ¬®£³² ®²° ¦ ²¼ ¯°®²¨¢®°¥·¨¢»¥ ²¥¤¥¶¨¨: £¥®¬¥²°¨·¥±ª ¿  ¤ ¯² -

¶¨¿ ±®µ° ¿¥² ±¥²ª³ ¯® ¢®§¬®¦®±²¨ ° ¢®¬¥°®© ¢ ³±«®¢¨¿µ ¯¥°¥¬¥®©

®¡« ±²¨ °¥¸¥¨¿,   ¤¨ ¬¨·¥±ª ¿ ±£³¹ ¥² ¥¥ ¢ §® µ ¡®«¼¸¨µ £° ¤¨¥²®¢.

� «¨·¨¥ ¡®«¼¸¨µ £° ¤¨¥²®¢ °¥¸¥¨¿ ¢ §®¥ ª®² ª²  ±®³¤ °¿¾¹¨µ±¿ ²¥«

²°¥¡³¥² ®²  «£®°¨²¬  ¤¨ ¬¨·¥±ª®©  ¤ ¯² ¶¨¨ ±£³±²¨²¼ ±¥²ª³,   ¥¦¥« -

²¥«¼®±²¼ ¬ «»µ ° §¬¥°®¢ ¿·¥¥ª, ¨§-§  ª®²®°»µ ¢°¥¬¥®© ¸ £ ¿¢»µ ±µ¥¬

³±²°¥¬«¿¥²±¿ ª ³«¾, ²°¥¡³¥² ®²¤ ²¼ ¯°¥¤¯®·²¥¨¥  «£®°¨²¬³ £¥®¬¥²°¨-

·¥±ª®©  ¤ ¯² ¶¨¨, ¢»° ¢¨¢ ¾¹¥¬³ ° §¬¥°» ¿·¥¥ª.

�²¬¥²¨¬, ·²®  «£®°¨²¬ ±¥²®·®©  ¤ ¯² ¶¨¨   ®±®¢¥ ³° ¢¥¨© ²¥°-

¬®³¯°³£®±²¨ ¡»« ¯°¥¤«®¦¥ ¨ ¤¥² «¼® ®¯¨±   ¢²®°®¬ ¢ ° ¡®²¥ (�³° £®,

1984). � ±®¦ «¥¨¾  ¸  ° ¡®²  ®±² « ±¼ ¥§ ¬¥·¥®©. �¥¬ ¥ ¬¥¥¥,

° §¢¨²¨¥  «£®°¨²¬®¢  ¤ ¯² ¶¨¨, ¨±²®°¨¿ ª®²®°®£® ®±¢¥¹¥  ¢ ° ¡®² µ

(�¢ ¥ª®, 1997, 2000; Ball, 2002), ¯®ª §»¢ ¥², ·²® ° §¢¨¢ ¥¬»¥ ¢ ±¥²®·»µ

¬¥²®¤ µ ³° ¢¥¨¿ ¯®±²°®¥¨¿ ±¥²®ª ¨ ³¯° ¢«¥¨¿ ¨¬¨ ±² ®¢¿²±¿ ¢±¥ ¡®-

«¥¥ ¯®µ®¦¨¬¨   ³° ¢¥¨¿ ²¥°¬®³¯°³£®±²¨. �®±«¥ ±² °²  ± ®²®¡° ¦¥¨©

  ®±®¢¥ ®¯¥° ²®°  � ¯« ±  ¢ 60-¥ £®¤» 20-£® ¢¥ª  ° §¢¨²¨¥ ¬¥²®¤®¢ ¯®-

±²°®¥¨¿ ±¥²®ª ¶¥«¥ ¯° ¢«¥® ¨¤¥² ¢ ±²®°®³ ²¥®°¨¨ ³¯°³£®±²¨: ·¥°¥§

ª¢ §¨ª®´®°¬»¥ ®²®¡° ¦¥¨¿   ®±®¢¥ ®¡° ¹¥®£® ®¯¥° ²®°  � ¯« ± 

(Winslow, �®¤³®¢, �°®ª®¯®¢, Tompson, �¨±¥©ª¨, �¢ ¥ª® ¨ ¤°.), ·¥°¥§

®±®§ ¨¥ ¢ ¦®±²¨ ²°¥¡®¢ ¨© ¨¢ °¨ ²®±²¨ ®²®¡° ¦¥¨© ¯® ®²®¸¥-
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¨¾ ª ®°²®£® «¼»¬ ¯°¥®¡° §®¢ ¨¿¬ ±¨±²¥¬ ª®®°¤¨ ², ®¡° ²¨¬®±²¨

¤¥´®°¬ ¶¨© ±¥²®·®© ±°¥¤», ¯®«®¦¨²¥«¼®±²¨ ¿ª®¡¨   ®²®¡° ¦¥¨¿, ¥-

®¡µ®¤¨¬®±²¨ ª®²°®«¿ ´®°¬» ¿·¥¥ª ¨ ³¯° ¢«¥¨¿ ¨µ ¤¥´®°¬ ¶¨¥©. �®¦®

®¦¨¤ ²¼, ·²® ¢ ¡³¤³¹¥¬  «£®°¨²¬», ¯®¤®¡»¥ ¯°¨¬¥¥®¬³ ¢  ±²®¿¹¥©

° ¡®²¥, ³·¨²»¢ ¾¹¥¬³ ³¯®¬¿³²»¥ ²°¥¡®¢ ¨¿, ±² ³² ¯®¯³«¿°»¬¨.

�«¥¤³¥² ®²¬¥²¨²¼, ·²® § ¤ ·  ¯®±²°®¥¨¿  «£®°¨²¬®¢ ³¯° ¢«¥¨¿  ¤ -

¯² ¶¨¥© ±¥²®ª ¥¹¥ ¤ «¥ª  ®² ®ª®· ²¥«¼®£® ° §°¥¸¥¨¿. �°¥¤±² ¢«¥»©

 «£®°¨²¬, ª ª ¨ ¥£® ¨¬¥¾¹¨¥±¿ ¢ «¨²¥° ²³°¥   «®£¨, ¯®ª  ®¡¥±¯¥·¨¢ ¾²

«¨¸¼ ³¬¥¼¸¥¨¥ ®¸¨¡®ª  ¯¯°®ª±¨¬ ¶¨¨, ® ¥ ¨µ ¬¨¨¬¨§ ¶¨¾ ¢ ³±«®-

¢¨¿µ § ¤ ®£® ·¨±«  ¤¨±ª°¥²»µ ½«¥¬¥²®¢ (³§«®¢, ¿·¥¥ª). �¥±¼¬  ¢¥-

°®¿²®, ·²® ¢ ¤ «¼¥©¸¥¬  «£®°¨²¬» ³¯° ¢«¥¨¿  ¤ ¯²¨¢»¬¨ ±¥²ª ¬¨

±² ³² ¡®«¥¥ ®¯°¥¤¥«¥»¬¨ ¨ ° §³¬»¬¨ §  ±·¥² ³²®·¥¨¿  ¤ ¯² ¶¨®-

»µ ´³ª¶¨©, µ ° ª²¥°¨§³¾¹¨µ ®¸¨¡ª¨  ¯¯°®ª±¨¬ ¶¨¨, ¨ ¢ °¨ ¶¨®»µ

²° ª²®¢®ª  «£®°¨²¬®¢ ª ª  «£®°¨²¬®¢ ¬¨¨¬¨§ ¶¨¨ ®¸¨¡®ª.
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� ª«¾·¥¨¥

� ¤¨±±¥°² ¶¨¨ ¯®«³·¥® °¥¸¥¨¥ ª°³¯®©  ³·®-²¥µ¨·¥±ª®© ¯°®-

¡«¥¬» ±®§¤ ¨¿ ¬ ²¥¬ ²¨·¥±ª®£® ®¡¥±¯¥·¥¨¿ ¤«¿ § ¤ · ® ¡®«¼¸¨µ ¤¥´®°-

¬ ¶¨¿µ ³¯°³£®¢¿§ª®¯« ±²¨·¥±ª¨µ ±°¥¤ ± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥« .

�¨¦¥ ¯°¨¢®¤¨²±¿ ¯¥°¥·¥¼ ®±®¢»µ ¯®«®¦¥¨©, ¢»®±¨¬»µ   § ¹¨²³.

1. �®¡°  , ±¨±²¥¬ ²¨§¨°®¢   ¨ ¯°®ª®¬¬¥²¨°®¢   «¨²¥° ²³°  ¯®

·¨±«¥»¬ ¬¥²®¤ ¬ °¥¸¥¨¿ § ¤ · ¬¥µ ¨ª¨ ± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨

° §¤¥«  ±°¥¤ ¯°¨ ¡®«¼¸¨µ ¤¥´®°¬ ¶¨¿µ.

2. �®«³·¥» ®¢»¥ °¥§³«¼² ²» ¯® ²¥®°¨¨ ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤». �

¨¬¥®, ¤ ® ¯®±«¥¤®¢ ²¥«¼®¥ ®¡®±®¢ ¨¥ ®±®¢»µ ³° ¢¥¨© ¬¥µ ¨ª¨

±¯«®¸»µ ±°¥¤ ¢ ¯®¤¢¨¦»µ  ¤ ¯²¨¢»µ ª®®°¤¨ ² µ. �®ª § ®, ·²® ¬®-

¤¥«¼ ±¯«®¸®© ±°¥¤» ¯®«®±²¼¾ ®¯°¥¤¥«¿¥²±¿ § ¤ ¨¥¬  ¡®°  ¥§ ¢¨±¨-

¬»µ ¯ ° ¬¥²°®¢ ±®±²®¿¨¿, ®²¢¥²±²¢¥»µ §  ¯°®¨±µ®¤¿¹¨¥ ¯°®¶¥±±», ¨

¤¢³µ ´³ª¶¨©, ±¢®¡®¤®© ½¥°£¨¨ ¨ ¤¨±±¨¯ ¶¨¨,   ®¯°¥¤¥«¿¾¹¨¥ ±®®²-

®¸¥¨¿ ¯®«³· ¾²±¿ ª ª °¥¸¥¨¿ ¥° ¢¥±²¢  ¤¨±±¨¯ ¶¨¨ ¡¥§ ¯°¨¢«¥·¥-

¨¿ ª ª¨µ-«¨¡® ¤®¯®«¨²¥«¼»µ ¯°¨¶¨¯®¢. � » ¯°¨¬¥°» ¢»¢®¤  ®¯°¥-

¤¥«¿¾¹¨µ ³° ¢¥¨© ¤«¿ ²¨¯¨·»µ ±°¥¤ ¤¨´´¥°¥¶¨ «¼®£® ²¨¯ : ¢¿§-

ª¨µ/¥¢¿§ª¨µ ¦¨¤ª¨µ ¨ £ §®®¡° §»µ, ¥«¨¥©»µ ²¥°¬®-³¯°³£¨µ, ³¯°³-

£®¯« ±²¨·¥±ª¨µ ¨ ³¯°³£®¢¿§ª®¯« ±²¨·¥±ª¨µ. � ©¤¥  ²¥°¬®¤¨ ¬¨·¥±ª¨

ª®°°¥ª² ¿ ´®°¬  ³° ¢¥¨© ¯®¢°¥¦¤ ¾¹¥©±¿ ³¯°³£®¯« ±²¨·¥±ª®© ±°¥¤»

¨ ¯®±²°®¥» ³° ¢¥¨¿ ¤«¿ ®¯¨± ¨¿ ¯°®¶¥±±®¢ ±¯¥ª ¨¿ ¯®°®¸ª®¢»µ ª®¬-

¯®§¨²®¢.

3. �®±²°®¥  ¡®° ª®¥·®-½«¥¬¥²»µ  «£®°¨²¬®¢, ¯®§¢®«¿¾¹¨µ ¥¤¨-

®®¡° §® °¥¸ ²¼ ²°¥µ¬¥°»¥ ª¢ §¨±² ²¨·¥±ª¨¥ ¨ ¤¨ ¬¨·¥±ª¨¥ § ¤ ·¨

± ¯®¤¢¨¦»¬¨ £° ¨¶ ¬¨ ° §¤¥«  ¢ ° ¬ª µ ¯°®¨§¢®«¼®£® �©«¥°®¢®-

� £° ¦¥¢  ¯®¤µ®¤  ¤«¿ ±¯«®¸»µ ±°¥¤ ¤¨´´¥°¥¶¨ «¼®£® ²¨¯ . �®

±° ¢¥¨¾ ± ²° ¤¨¶¨®»¬¨ ¬ ²°¨·»¬¨ ¯°¥¤«®¦¥»¥  «£®°¨²¬» ¥¿¢-

»µ ±µ¥¬ ®·¥¼ ¯°®±²» ¨ ª° ²ª¨, ² ª ª ª ¥ ±®¤¥°¦ ² ¨ª ª¨µ ¬ ²°¨·»µ

®¯¥° ¶¨© ¨ ®±®¢ »   ¼¾²®®¢±ª®© ª¢ §¨«¨¥ °¨§ ¶¨¨ (¢¥¸¨¥ ¨²¥-

° ¶¨¨ ¯® ¥«¨¥©®±²¨) ¨ ¬¥²®¤¥ ±®¯°¿¦¥»µ £° ¤¨¥²®¢ (¢³²°¥¨¥

¨²¥° ¶¨¨ ¤«¿ °¥¸¥¨¿ ¢±¯®¬®£ ²¥«¼»µ «¨¥ °¨§®¢ »µ § ¤ ·). �®¬¨¬®

¯°®±²®²» °¥ «¨§ ¶¨¨ ¨ £¨¡ª®±²¨ ¯°¥¤«®¦¥»¥  «£®°¨²¬» ¨¬¥¾² § ·¨-

²¥«¼®¥ ¯°¥¨¬³¹¥±²¢® ¢ ¡»±²°®¤¥©±²¢¨¨ ¨ ²°¥¡³¾² ¬¥¼¸¥ ¬ ¸¨®© ¯ -

¬¿²¨ ¯® ±° ¢¥¨¾ ±® ±² ¤ °²»¬¨ ¬ ²°¨·»¬¨ ª®¥·®-½«¥¬¥²»¬¨

170



 «£®°¨²¬ ¬¨. �°¨ °¥¸¥¨¨ § ¤ · ¤¨ ¬¨ª¨ ¯® ½´´¥ª²¨¢®±²¨ ¤ »¥ ¥-

¿¢»¥ ±µ¥¬» ¢¯®«¥ ±° ¢¨¬» ± ¿¢»¬¨ ±µ¥¬ ¬¨. �¢»¥ ±µ¥¬» ¤«¿ ¥±² -

¶¨® °»µ § ¤ · ² ª¦¥ ° §° ¡®² » ¨ ¯°¥¤±² ¢«¿¾² ° §«¨·»¥ ¢ °¨ ²»

¤¢³µ±«®©»µ ±µ¥¬ ± ¥«¨¥©®© ¨±ª³±±²¢¥®© ¢¿§ª®±²¼¾, ®¡¥±¯¥·¨¢ ¾¹¥©

ª¢ §¨¢²®°®© ¯®°¿¤®ª ²®·®±²¨.

4. �«¿ ° ±·¥²  ¯®¤¢¨¦»µ £° ¨¶ ° §¤¥«  ³¯®¬¿³²»¥ ¢»¸¥ ª®¥·®-

½«¥¬¥²»¥ ±µ¥¬» ± ¡¦¥» °¿¤®¬ ®¢»µ ¢±¯®¬®£ ²¥«¼»µ  «£®°¨²¬®¢:

* ¤«¿ ° ±·¥²  ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© ± ³·¥²®¬ ¯¥°¥¬¥®© §®»

ª®² ª²  °¥ «¨§®¢ »  «£®°¨²¬» ¿¢®£® ¢»¤¥«¥¨¿ ª®² ª²»µ £° ¨¶,

  ¨¬¥® ¬¥²®¤ ¬®¦¨²¥«¥© � £° ¦  ¨ ¬¥²®¤ ¸²° ´»µ ´³ª¶¨©;

* ¤«¿ ³« ¢«¨¢ ¨¿ § °®¦¤ ¾¹¨µ±¿ ¨ ° §¢¨¢ ¾¹¨µ±¿ ª®² ª²»µ £° -

¨¶ ¯°¨ ° §°³¸¥¨¨ ²¥« ± ´° £¬¥² ¶¨¥© ° §° ¡®² »  «£®°¨²¬» ±ª¢®§-

®£® ±·¥² ;

* ¤«¿ ®²±«¥¦¨¢ ¨¿ ¯®¤¢¨¦»µ ±¢®¡®¤»µ £° ¨¶ ¨ £° ¨¶ ° §¤¥« 

±°¥¤ ¯°¨ ½ª±²°¥¬ «¼® ¡®«¼¸¨µ ¤¥´®°¬ ¶¨¿µ ° §¢¨²»  «£®°¨²¬» ¬¥²®¤®¢

¥¯°¥°»¢®£® ¨ ¤¨±ª°¥²»µ ¬ °ª¥°®¢;

* ¤«¿  ¤ ¯² ¶¨¨ ¯°®¨§¢®«¼® ¯®¤¢¨¦»µ �©«¥°®¢®-� £° ¦¥¢»µ ±¥²®ª

ª °¥¸¥¨¾ ¨ ª ¯®¤¢¨¦»¬ £° ¨¶ ¬ ³±¯¥¸® ¯°¨¬¥¥» ®¡»·»¥ ³° ¢-

¥¨¿ ²¥°¬®³¯°³£®±²¨.

5. �  ®±®¢¥ ¯°¥¤«®¦¥®© ²¥®°¨¨ ¨ ¬¥²®¤®¢ °¥¸¥¨¿  ¢²®°®¬ ±®§¤  

¯°®£° ¬¬  �����, ¨±¯®«¼§³¥¬ ¿ ¤«¿ °¥¸¥¨¿ ¸¨°®ª®£® ª« ±±  § ¤ · ²¥°-

¬®¬¥µ ¨ª¨ ® ¯°®±²° ±²¢¥»µ ¥±² ¶¨® °»µ ²¥·¥¨¿µ ±¯«®¸»µ ±°¥¤

± ³¯°³£¨¬¨, ¢¿§ª¨¬¨ ¨ ¯« ±²¨·¥±ª¨¬¨ ±¢®©±²¢ ¬¨.

6. �«£®°¨²¬» ¨ ¯°®£° ¬¬  ����� ³±¯¥¸® ¯°¨«®¦¥» ª ¨±±«¥¤®¢ ¨¾

°¿¤  ²¥µ®«®£¨·¥±ª¨µ ¯°®¶¥±±®¢,   ¨¬¥®:

* ª ¨§³·¥¨¾ ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© ±®±² ¢»µ ª®±²°³ª¶¨©

±«®¦®© ´®°¬»,

* ª § ¤ · ¬ ´®°¬®¢ ¨¿,

* ª § ¤ · ¬ ¢»±®ª®±ª®°®±²»µ ±®³¤ °¥¨© ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ¨

¢§°»¢ ,

* ª ° ±·¥²³ ¯°®¶¥±±®¢ ° §°³¸¥¨¿ ± ´° £¬¥² ¶¨¥©,

* ª § ¤ · ¬ ±¯¥ª ¨¿ ¯®°®¸ª®¢»µ ª®¬¯®§¨²®¢,

* ª ° ±·¥²³ ¢»° ¹¨¢ ¨¿ ¯®«³¯°®¢®¤¨ª®¢»µ ª°¨±² ««®¢,

* ª ° ±·¥²³ ±«®¦»µ ¤¢¨¦¥¨© ±¯«®¸®© ±°¥¤» ±® ±¢®¡®¤»¬¨ £° ¨-
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¶ ¬¨, ³¤ °»¬¨ ¢®« ¬¨ ¨ ¯®£° ¨·»¬¨ ±«®¿¬¨.

�»¯®«¥®¥ ¨±±«¥¤®¢ ¨¥ ¢»¿¢¨«® °¿¤ ®¢»µ ´¨§¨·¥±ª¨µ ´ ª²®¢ ®

¤ »µ ¯°®¶¥±± µ ¨ ¯®ª § «® ½´´¥ª²¨¢®±²¼ ° §° ¡®² ®£® ¬ ²¥¬ ²¨-

·¥±ª®£® ®¡¥±¯¥·¥¨¿ ¤«¿ ¨µ ·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿.

�¢²®° ¢»° ¦ ¥² £«³¡®ª³¾ ¯°¨§ ²¥«¼®±²¼ ¯°®´¥±±®°³ �.�. �³ª³¤¦ -

®¢³ §  ¬®£®«¥²¾¾ ¯®¤¤¥°¦ª³ ¨±±«¥¤®¢ ¨© ¯® ²¥¬¥ ¤¨±±¥°² ¶¨¨.

172



�¨²¥° ²³° 

[1] �£ ¨ �.�., �³§¥¶®¢ �.�. �¥²®¤ ª®±¥°¢ ²¨¢®© ¨²¥°¯®«¿¶¨¨ ¨²¥£° «¼»µ ¯ -

° ¬¥²°®¢ ¿·¥¥ª ¯°®¨§¢®«¼»µ ±¥²®ª. �¨ ¬¨ª  ®¡®«®·¥ª ¢ ¯®²®ª¥. // �°³¤» ±¥¬¨-

 ° . � § ¼: � § ±ª¨© ´¨§.-²¥µ. ¨±². 1985, �»¯. 18, �. 144-160.

[2] �«¥ª± ¤°®¢ �.�., �µ¨² °¿ �.�. �®² ª²»¥ § ¤ ·¨ ¤«¿ ²¥« ± ²®ª¨¬¨ ¯®ª°»²¨-

¿¬¨ ¨ ¯°®±«®©ª ¬¨ // �.: � ³ª , 1983. 488 ±.

[3] �¥µ ¨ª  ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© // ¯®¤ °¥¤. �.�. �«¥ª± ¤°®¢  ¨ �.�. �®°®-

¢¨· , �®±ª¢ , �¨§¬ ²£¨§, 2001.

[4] �¨ �.�., � ¤®¢±ª ¿ �.�., � ¤®¢±ª¨© �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ª®±®£® ±®-

³¤ °¥¨¿ ¯« ±²¨ ¢ ³¯°³£®¯« ±²¨·¥±ª®© ¯®±² ®¢ª¥ // �¨§. ¬¥§®¬¥µ ¨ª , 2000. �.

3. N. 4. C. 23-28.

[5] �¨ �.�., � ¤®¢±ª ¿ �.�., � ¤®¢±ª¨© �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¢®«®®¡° -

§®¢ ¨¿ ¯°¨ ±¢ °ª¥ ¢§°»¢®¬ ¢ ³¯°³£®¯« ±²¨·¥±ª®© ¯®±² ®¢ª¥ // � ²¥°¨ «» �¥¦-

¤³ °. ª®´. "�¨¥°£¥²¨ª  2000". �®¬±®¬®«¼±ª- -�¬³°¥, 2000. �. 52-54.

[6] �°³²¾¿ �.�., � ¦¨°®¢ �.�., � ³¬®¢ �.�. �®² ª²»¥ § ¤ ·¨ ¬¥µ ¨ª¨ ° ±²³-

¹¨µ ²¥«, �.: � ³ª , 1991. 175 ±.

[7] �±² ¨ �.�., � «¨¥¢ �.�., �¢ ¹¥ª® �.�. �±®¡¥®±²¨ ¤¥´®°¬¨°®¢ ¨¿ ¨ ° §°³¸¥-

¨¿  «¾¬¨¨¥¢»µ ¯°¥£° ¤ ¯°¨ ¢§ ¨¬®¤¥©±²¢¨¨ ¯® ®°¬ «¨ ±® ±² «¼»¬ ³¤ °¨ª®¬

// �°®¡«¥¬» ¯°®·®±²¨. 1988. N. 12. �. 52-58.

[8] �³·¨  �.�. � ¬¥²®¤ µ ° ±·¥²  ²¥·¥¨© ±¦¨¬ ¥¬®© ¦¨¤ª®±²¨ ± ¡®«¼¸¨¬¨ ¤¥´®°-

¬ ¶¨¿¬¨ // �¨±«¥»¥ ¬¥²®¤» ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤», �®¢®±¨¡¨°±ª, 1970. �. 1.

N. 4. C. 3-84.

[9] �³·¨  �.�., � ¡¥ª® �.�., �®¤³®¢ �.�. ¨ ¤°. �¥®°¥²¨·¥±ª¨¥ ®±®¢» ¨ ª®±²°³¨-

°®¢ ¨¥ ·¨±«¥»µ  «£®°¨²¬®¢ § ¤ · ¬ ²¥¬ ²¨·¥±ª®© ´¨§¨ª¨. �.: � ³ª , 1979. 295

c.

[10] Ac² p¨²  �¦., � °°³··¨ �¦. �±®¢» £¨¤°®¤¨ ¬¨ª¨ ¥¼¾²®®¢±ª¨µ ¦¨¤ª®±²¥©

// �.: �¨°, 1978. C. 309.

[11] �µ¬ ¤¥¥¢ �.�. �±±«¥¤®¢ ¨¥ ®²ª®«¼®£® ° §°³¸¥¨¿ ¯°¨ ³¤ °®¬ ¤¥´®°¬¨°®¢ ¨¨.

�®¤¥«¼ ¯®¢°¥¦¤¥®© ±°¥¤» // ����, 1983, N. 1, ±. 158-167.

[12] � ¦¥®¢ �.�., �¥´¨°®¢ �.�., �¥²°®¢ �.�. �¨±«¥®¥ °¥¸¥¨¥ § ¤ · ¥±² ¶¨® °®£®

ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ®¡®«®·¥ª ¢° ¹¥¨¿ ¯°¨ ¡®«¼¸¨µ

¤¥´®°¬ ¶¨¿µ // �°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨. �«£®°¨²¬¨§ ¶¨¿

¨  ¢²®¬ ²¨§ ¶¨¿ °¥¸¥¨¿ § ¤ · ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨. �®°¼ª¨©: �§¤-¥ �®°¼ª.

³-² , 1984. �»¯. 28. �. 54-59.

173



[13] � ¦¥®¢ �.�., �¨¡¥¶ �.�., � ¤»°¨ �.�. � ¬®¤¨´¨ª ¶¨¨ ±µ¥¬» �¨«ª¨±  ·¨±«¥-

®£® °¥¸¥¨¿ ²°¥µ¬¥°»µ ¤¨ ¬¨·¥±ª¨µ § ¤ · // �°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨

¨ ¯« ±²¨·®±²¨. �«£®°¨²¬¨§ ¶¨¿ ¨ ¯°®£° ¬¬®¥ ®¡¥±¯¥·¥¨¥ § ¤ · ¯°®·®±²¨. �®°¼-

ª¨©: �§¤-¥ �®°¼ª. ³-² , 1986. �»¯. 34. �. 14-19.

[14] � ¦¥®¢ �.�., �°®ª®¯¥ª® �.�. �¨±«¥®¥ °¥¸¥¨¥ ®±¥±¨¬¬¥²°¨·»µ ¥«¨¥©»µ

¥±² ¶¨® °»µ § ¤ · ¤¨ ¬¨ª¨ ±®±² ¢»µ ³¯°³£®¯« ±²¨·¥±ª¨µ ª®±²°³ª¶¨© //

�°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨, �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ´¨§¨ª®-

¬¥µ ¨·¥±ª¨µ ¯°®¶¥±±®¢: �¥¦¢³§. ±¡., �¨¦¨© �®¢£®°®¤, �§¤-¢® �¨¦¥£®°®¤±ª®£®

³-² , 1991. �. 55-63.

[15] � ¦¥®¢ �.�., �¨¡¥¶ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¥±² ¶¨® °®£® ¤¥´®°¬¨°®-

¢ ¨¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ª®±²°³ª¶¨© ¬¥²®¤®¬ ª®¥·»µ ½«¥¬¥²®¢ // �§¢. ���.

���. 1994. N. 1. �. 52-57.

[16] � ¦¥®¢ �.�., �¨¡¥¶ �.�., �¢¥²ª®¢  �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¥±² ¶¨® °-

»µ ¯°®¶¥±±®¢ ³¤ °®£® ¢§ ¨¬®¤¥©±²¢¨¿ ¤¥´®°¬¨°³¥¬»µ ½«¥¬¥²®¢ ª®±²°³ª¶¨© //

�°®¡«¥¬» ¬ ¸¨®±²°®¥¨¿ ¨  ¤¥¦®±®±²¨ ¬ ¸¨. 1995. N. 2. C. 20-26.

[17] � ¦¥®¢ �.�., �¨¡¥¶ �.�., �¨¡¥¶ �.�., �¢¥²ª®¢ , �.�. �®¥·®-½«¥¬¥²®¥ ¬®¤¥-

«¨°®¢ ¨¥ ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ³§«®¢ ±®±² ¢»µ ª®±²°³ª¶¨© ¢ ²°¥µ¬¥°»µ

§ ¤ · µ ¤¨ ¬¨ª¨ // �¥§¨±» ¤®ª«. ¢±¥°®±. ±¨¬¯. "�¨ ¬¨·¥±ª¨¥ ¨ ²¥µ®«®£¨·¥±ª¨¥

¯°®¡«¥¬» ¬¥µ ¨ª¨ ª®±²°³ª¶¨© ¨ ±¯«®¸»µ ±°¥¤". �.: ���, 1995. C. 8.

[18] � ¦¥®¢ �.�., �¥´¨°®¢ �.�., �¢¥²ª®¢ , �.�. �¨±«¥®¥ °¥¸¥¨¥ § ¤ · ¥±² ¶¨® °-

®£® ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ¤¥´®°¬¨°³¥¬»µ ½«¥¬¥²®¢ ª®±²°³ª¶¨© // �°¨-

ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨, �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ´¨§¨ª®-

¬¥µ ¨·¥±ª¨µ ¯°®¶¥±±®¢: �.: �§¤-¢® "�®¢ °¨¹¥±²¢®  ³·»µ ¨§¤ ¨© ���". 1995.

�»¯. 53. C. 154-160.

[19] � ¨·³ª �.�. �¨±«¥®¥ °¥¸¥¨¥ § ¤ ·¨ ® ¯°®£¨¡¥ ³¯°³£®© ¯« ±²¨», ±²¥±¥®©

®£° ¨·¥¨¿¬¨ // �¦. ¦. ���. 1967. N. 4. �. 138-142.

[20] � ¨·³ª �.�., � °²¢¥«¨¸¢¨«¨ �.�., �¥°®³±¼ª® �.�. �¨±«¥®¥ °¥¸¥¨¥ ®±¥±¨¬-

¬¥²°¨·®© § ¤ ·¨ ® ¢¤ ¢«¨¢ ¨¨ ¸² ¬¯  ¢ ³¯°³£®¯« ±²¨·¥±ª³¾ ±°¥¤³ // �§¢. ��

����. ���. 1972. N. 1. C. 50-57.

[21] � ¨·³ª �.�., �¥°®³±¼ª® �.�. � °¨ ¶¨®»¥ § ¤ ·¨ ¬¥µ ¨ª¨ ¨ ³¯° ¢«¥¨¿ �.:

� ³ª , 1973. 236 ±.

[22] �¥«®¶¥°ª®¢±ª¨© �.�. (�¥¤.) �¨±«¥»¥ ¬¥²®¤» ¢ ¬¥µ ¨ª¥ ¦¨¤ª®±²¥©, �., �¨°, 1973,

304 ±.

[23] �¥«®¶¥°ª®¢±ª¨© �.�., � ¢»¤®¢ �.�. �¥²®¤ ª°³¯»µ · ±²¨¶ ¢ £ §®¢®© ¤¨ ¬¨ª¥ //

�., � ³ª , 1982.

174



[24] �¥«®¶¥°ª®¢±ª¨© �.�. �¨±«¥»¥ ¬¥²®¤» ¢ ¬¥µ ¨ª¥ ±¯«®¸»µ ±°¥¤ // �., � ³ª ,

1984, 519 ±.

[25] �¥«®¶¥°ª®¢±ª¨© �.�., �¨¸² �.�. �²°»¢®¥ ¨ ¡¥§®²°»¢®¥ ®¡²¥ª ¨¥ ²®ª¨µ ª°»-

«¼¥¢ ¨¤¥ «¼®© ¦¨¤ª®±²¼¾. �.; � ³ª , 1978. 351 ±.

[26] �¥¥°¤¦¨ �., � ²²¥°´¨«¤ �. �¥²®¤» £° ¨·»µ ½«¥¬¥²®¢ ¢ ¯°¨ª« ¤»µ  ³ª µ.

�.: �¨°, 1984. 494 ±.

[27] �° ¤², �. � ±·¥²» ¬®£®±¥²®·»¬  ¤ ¯²¨¢»¬ ¬¥²®¤®¬ ¢ £¨¤°®¤¨ ¬¨ª¥ // � -

ª¥² ¿ ²¥µ¨ª  ¨ ª®±¬® ¢²¨ª . 1980. T. 18, N 10. � 38-43

[28] �³£°®¢ �.�., �®®¢ «®¢ �.�., �¥°¡ ª �.�. �¥²®¤ ´¨ª²¨¢»µ ®¡« ±²¥© ¢ ¯«®±ª¨µ

±² ²¨·¥±ª¨µ § ¤ · µ ²¥®°¨¨ ³¯°³£®±²¨. // �¨±«¥»¥ ¬¥²®¤» ¢ ¬¥µ ¨ª¥ ±¯«®¸®©

±°¥¤», 1974, ². 5, N. 1, ±. 20-30.

[29] �³° £® �.�., �³ª³¤¦ ®¢ �.�. � ¢«¨¿¨¨ § ¤¥°¦ª¨ ²¥ª³·¥±²¨ ¬ ²¥°¨ «    ° ±¯°®-

±²° ¥¨¥ ³¯°³£®¯« ±²¨·¥±ª¨µ ¢®« // �¥§.¤®ª«. 5-£® �±¥±.±¨¬¯. ¯® ° ±¯°®±²° ¥¨¾

³¯°³£¨µ ¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ¢®«, �«¬ -�² : � ³ª , 1971. C. 93.

[30] �³° £® �.�., �³ª³¤¦ ®¢ �.�. � ±¯°®±²° ¥¨¥ ³¯°³£®¢¿§ª®¯« ±²¨·¥±ª¨µ ¢®« ¢

±°¥¤ µ ± § ° §¤»¢ ¨¥¬ ²¥ª³·¥±²¨ // � ª¨£¥ "� ±¯°®±²° ¥¨¥ ³¯°³£¨µ ¨ ³¯°³£®-

¯« ±²¨·¥±ª¨µ ¢®«", �°³¤» 5-£® �±¥±. ±¨¬¯®§¨³¬ , �«¬ -�² , 1973. C. 101-107.

[31] �³° £® �.�. �¢ §¨±² ²¨·¥±ª®¥ ¢»¯³·¨¢ ¨¥ ¨ § ª°¨²¨·¥±ª¨¥ ¤¥´®°¬ ¶¨¨ ³¯°³£®-

¯« ±²¨·¥±ª¨µ ®¡®«®·¥ª ¯°¨ ®±¥¢®© ±¨¬¬¥²°¨¨ // �¨±±. ª ¤. ´¨§.-¬ ².  ³ª, �.,

�¥µ.-¬ ². ´-², ���, 1977. C. 1-104.

[32] �³° £® �.�., �³ª³¤¦ ®¢ �.�. �»¯³·¨¢ ¨¥ ¨ § ª°¨²¨·±±ª¥ ¤¥´®°¬ ¶¨¨ ³¯°³£®-

¯« ±²¨·¥±ª¨µ ®¡®«®·¥ª ¢° ¹¥¨¿ ¢ ³±«®¢¨µ ®±¥¢®© ±¨¬¬¥²°¨¨ // �¨±«¥»¥ ¬¥²®¤»

¢ ¬¥µ ¨ª¥ ²¢¥°¤®£® ¤¥´®°¬¨°³¥¬®£® ²¥« . �.: �� �� ����, 1978. C. 47-68.

[33] �³° £® �.�. �¨±«¥»© ¬¥²®¤ °¥¸¥¨¿ ´¨§¨·¥±ª¨ ¨ £¥®¬¥²°¨·¥±ª¨ ¥«¨¥©»µ § -

¤ · ¤¥´®°¬¨°®¢ ¨¿ ²¥« ±«®¦®© ´®°¬» // VII �±¥±. ª®´. ¯® ¯°®·®±²¨ ¨ ¯« ±²¨·-

®±²¨, �¥§. ¤®ª«., �®°¼ª¨©, 1978, �. 24-25.

[34] �³° £® �.�. �¨±«¥»© ¬¥²®¤ ° ±·¥²  ±² ²¨·¥±ª¨µ ¨ ¤¨ ¬¨·¥±ª¨µ ¯°®¶¥±±®¢ ¤¥-

´®°¬¨°®¢ ¨¿ ³¯°³£®-¯« ±²¨·¥±ª¨µ ª®±²°³ª¶¨© // � ²¥°. �±¥±. ª®´. "�®¢°¥¬¥-

»¥ ¬¥²®¤» ¨  «£®°¨²¬» ° ±·¥²  ±²°®¨²¥«¼»µ ª®±²°³ª¶¨©", � ««¨, ±. 107-108.

[35] �³° £® �.�. �®°¬³«¨°®¢ª  ³° ¢¥¨© ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤» ¢ ¯®¤¢¨¦»µ  ¤ -

¯²¨¢»µ ª®®°¤¨ ² µ // �¨±«. ¬¥²®¤» ¢ ¬¥µ  ²¢. ¤¥´. ²¥« , �., �� �� ����, 1984,

�. 32-49.

[36] �³° £® �.�. �° ¢¥¨¿ ¤«¿ ° ±·¥²  ¡®«¼¸¨µ ¤¥´®°¬ ¶¨© ³¯°³£®¯« ±²¨·¥±ª¨µ ®¡®-

«®·¥ª // � ª¨£e "�¨±«e»e ¬e²o¤» ¢ ¬eµa¨ªe ¤e´o°¬¨°³e¬o£o ²¢e°¤o£o ²e«a"

(¯o¤ °e¤aª¶¨e© �.�. �¸e¨·o¢a), �� A� ����, Mo±ª¢a, ±. 50-59.

175



[37] �³° £® �.�. �¨±«¥®¥ °¥¸¥¨¥ § ¤ · ¥«¨¥©®© ²¥®°¨¨ ³¯°³£®±²¨ // �°³¤» 2-©

�±¥±. ª®´. ¯® ¥«¨¥©®© ²¥®°¨¨ ³¯°³£®±²¨, �°³§¥, ����, 1985. C. 138.

[38] �³° £® �.�. �¤ °»¥ ¢§ ¨¬®¤¥©±²¢¨¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« // C®¢°¥¬¥»¥ ¢®-

¯°®±» ¬¥µ ¨ª¨ ¨ ²¥µ®«®£¨¨ ¬ ¸¨®±²°®¥¨¿, �±¥±®¾§ ¿ ª®´. (�®±ª¢ , 20-22

 ¯°¥«¿ 1986 £.). �¥§¨±» ¤®ª« ¤®¢. �.: ������ �� CCC� ¨ ����, 1986. � ±²¼ 2. ±.

39.

[39] �³° £® �.�. �®¤¥«¨°®¢ ¨¥ ª®² ª²  ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« // � ²¥°¨ «» VI �±¥-

°®±±¨©±ª®£® �º¥§¤  ¯® ²¥®°¥²¨·¥±ª®© ¨ ¯°¨ª« ¤®© ¬¥µ ¨ª¥, � ¸ª¥², 1986, ±. 142-

143

[40] �³° £® �.�. ¨ �³ª³¤¦ ®¢ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¥±² ¶¨® °»µ ¯°®¶¥±-

±®¢ ¢ ³¯°³£®¯« ±²¨·¥±ª«© ±°¥¤¥ // �¥²®¤» ° ±·¥²  ¢»±®ª®³¯°³£¨µ ¬ ²¥°¨ «®¢, �¨£ ,

1986, ±. 112

[41] �³° £® �.�. �®¥·®½«¥¬¥²»¥ ¬¥²®¤» ° ±·¥²  ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨© ³¯°³-

£®¯« ±²¨·¥±ª¨µ ²¥« ¯°¨ ®ª®«®§¢³ª®¢»µ ±ª®°®±²¿µ ³¤ °  // �¥®°¨¿ ° ±¯°®±²° ¥¨¿

¢®« ¢ ³¯°³£¨µ ¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤ µ, - �®¢®±¨¡¨°±ª, ��� �� �� ����,

1987. �. 74-79.

[42] �³° £® �.�. � ¢¥ª²®°®¬ ¢ °¨ ²¥ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢   ¢«®¦¥»µ ±¥²ª µ

¨ ¢¥ª²®°¨§ ¶¨¨ ��- «£®°¨²¬®¢ °¥¸¥¨¿ § ¤ · ²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨

// �¨±«¥ ¿ °¥ «¨§ ¶¨¿ ´¨§¨ª®-¬¥µ ¨·¥±ª¨µ § ¤ · ¯°®·®±²¨: 2 B±e±®¾§. ª®´.,

�®°¼ª¨©, c. 18-19.

[43] �³° £® �.�., �³ª³¤¦ ®¢ �.�. �¨±«¥®¥ °¥¸¥¨¥ ³¯°³£®¯« ±²¨·¥±ª¨µ § ¤ · ¬¥²®-

¤®¬ ª®¥·»µ ½«¥¬¥²®¢. � ª¥² ¯°¨ª« ¤»µ ¯°®£° ¬¬ ����� // �°¥¯°¨² �±²¨-

²³²  ¯°®¡«¥¬ ¬¥µ ¨ª¨ �� ����, N.326, 1988, ±. 1-63.

[44] �³° £® �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¢§°»¢®¢ ¢ £¥®¬ ²¥°¨ «¥ // �°³¤» �±¥°®±-

±¨©±ª®© ª®´. "�¥´®°¬ ¶¨¨ ¨ ° §°³¸¥¨¥ £®°»µ ¯®°®¤", �°³§¥, ����, 1990, ±.

49-56.

[45] �³°a£o �.�., �³ª³¤¦ao¢ �.�. �e¸e¨e ³¯°³£o¯«a±²¨·e±ª¨µ §a¤a· ¬e²o¤o¬ ªoe·-

»µ ½«e¬e²o¢ // �»·¨±«¨²e«¼a¿ ¬eµa¨ªa ¤¥´®°¬¨°³¥¬®£® ²¢¥°¤®£® ²¥« , M.:

�a³ªa, 1991, ¢»¯. 2, ±²°. 78-122.

[46] �³° £® �.�., �¥¤¾¸ª¨ �.�., �®«»¸¥¢ �.�., �®¨ª �.�., �®«¥¦ ¥¢ �.�., �¢¥²®¢±ª¨©

�.�. �®¤» ¢»³¦¤¥®© ¨ ¥±²¥±²¢¥®© ª®¢¥ª¶¨¨ ¨ ¨µ ¢«¨¿¨¥   ° ±¯°¥¤¥«¥¨¥

¯°¨¬¥±¨ ¢ ª°¨±² «« µ, ¢»° ¹¥»µ ¯® ¬¥²®¤³ ATF1a, �°³¤» III-© �¥¦¤. ª®´. "�°¨-

±² ««», °®±², ±¢®©±²¢ , ±²°³ª²³° , ¯°¨«®¦¥¨¿", ²®¬. 1, ��������, �«¥ª± ¤°®¢,

1997, c. 239-259.

[47] �³° £® �.�., �®¢¸®¢ �.�. � ¯°¿¦¥®-¤¥´®°¬¨°®¢ ®¥ ±®±²®¿¨¥ £®°®© ¯®°®¤»

¢ ®ª°¥±²®±²¨ ±ª¢ ¦¨, �§¢¥±²¨¿ ���, MTT, 1999, N. 1, ±. 139-143.

176



[48] �³° £® �.�., �«³¸ª® �.�., �®¢¸®¢ �.�. �¥°¬®¤¨ ¬¨·¥±ª¨© ¬¥²®¤ ¯®«³·¥¨¿ ®¯°¥-

¤¥«¿¾¹¨µ ³° ¢¥¨© ¤«¿ ¬®¤¥«¥© ±¯«®¸»µ ±°¥¤ // �§¢. ���, ���, 2000, N.6, ±.

4-15.

[49] �³° £® �.�. ¨ �®¢¸®¢ �.�. �®¤¥«¼ ¤¨« ²¨°³¾¹¥© ° §°³¸ ¾¹¥©±¿ ±°¥¤» // �§¢.

���, ���, 2001, N. 5, �. 112-117.

[50] �³° £®, �.�., �«³¸ª®, �.�., �®¢¸®¢, �.�. �¥²®¤ ¯®«³·¥¨¿ ®¯°¥¤¥«¿¾¹¨µ ±®®²®-

¸¥¨© ¤«¿ ¬®¤¥«¥© ±¯«®¸»µ ±°¥¤   ®±®¢¥ § ª®®¢ ²¥°¬®¤¨ ¬¨ª¨ // �¥§¨±» VIII

�±¥°®±±¨©±ª®£® ±º¥§¤  ¯® ²¥®°¥²¨·¥±ª®© ¨ ¯°¨ª« ¤®© ¬¥µ ¨ª¥, �¥°¬¼, 2001.

[51] �³° £® �.�., �³ª³¤¦ ®¢ �.�. � ±·¥² ¯°®¶¥±±®¢ ª®²¨³ «¼®£® ° §°³¸¥¨¿ ²¥°¬®-

³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« // �°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨, �¨¦-

¨© �®¢£®°®¤: �¨¦¥£®°®¤±ª¨© ³-², 2001, ¢»¯. 63, �. 41-48.

[52] �»ª®¢±ª¨µ �.�., �®¸³° �.�., � °²¼¿®¢ �.�., �¨«¨¬®¥ª® �.�. �®¤¥«¨°®¢ ¨¥

¤¨ ¬¨·¥±ª¨µ ¯°®¶¥±±®¢ ³¤ °  ¨ ¯°®¨ª ¨¿ // �¨±«. ¬¥²®¤» °¥¸. § ¤ · ²¥®°¨¨

³¯°³£. ¨ ¯« ±²¨·., �°. 13 ¬¥¦°¥±¯. ª®´., �®¢®±¨¡¨°±ª, 1995, �. 30-35.

[53] �»·¥ª (� ¤®¢ª ¿) �.�., � ¤®¢±ª¨© �.�.� ¨±±«¥¤®¢ ¨¾ ¤¨ ¬¨·¥±ª®£® ª®² ª²®£®

¢§ ¨¬®¤¥©±²¢¨¿ ¤¥´®°¬¨°³¥¬»µ ²¥« // ����, 1998, �. 39, N. 4, �. 167-173.

[54] � ©¡¥°£ �.�., �®°®¤¥¶ª¨© �.�., �¨°¨·¥¢±ª¨© �.�., � µ °®¢ �.�. �¥²®¤ ª®¥·®£®

½«¥¬¥²  ¢ ¬¥µ ¨ª¥ ¤¥´®°¬¨°³¥¬»µ ²¥« // �°¨ª« ¤ ¿ ¬¥µ ¨ª , 1972, 8, N. 8, c.

4-27.

[55] �®¢ª³¸¥¢±ª¨© �.�. � °¨ ¶¨® ¿ ¯®±² ®¢ª  ¨ ¬¥²®¤» °¥¸¥¨¿ ª®² ª²®© § ¤ ·¨

± ²°¥¨¥¬ ¯°¨ ³·¥²¥ ¸¥°®µ®¢ ²®±²¨ ¯®¢¥°µ®±²¨ // �§¢¥±²¨¿ ���, ���, 1991, N. 3.

[56] � « µ®¢ �.�., �±®¢ �.�. �¨´´¥°¥¶¨ «¼»¥ ¨ ¨²¥£° «¼»¥ ³° ¢¥¨¿ ¬ ²¥¬ ²¨-

·¥±ª®© ²¥®°¨¨ ²°¥¨¿, �., � ³ª , 1990, 280 ±.

[57] � ° ¦  �.�. � °¨ ¶¨®»© ¡ °¼¥°»© ¬¥²®¤ ¯®±²°®¥¨¿ ª¢ §¨§®¬¥²°¨·¥±ª¨µ ±¥-

²®ª. ���¨��, 2000. �®¬ 40. N. 11. �. 1617-1637.

[58] � °±® �.�. �®²¨³ «¼ ¿ ²¥®°¨¿ ¢¿§ª®£® ° §°³¸¥¨¿, ®¡³±«®¢«¥®£® ®¡° §®¢ -

¨¥¬ ¨ °®±²®¬ ¯®°. �°. �¬¥°. ®-¢  ¨¦.-¬¥µ. �¥®°. ®±. ¨¦. ° ±·¥²®¢, 1977, N. 1, ±.

182-201

[59] �¨«¼¬ ®¢ �.�. �¥²®¤»  ¤ ¯²¨¢»µ ±¥²®ª ¢ § ¤ · µ £ §®¢®© ¤¨ ¬¨ª¨. M.: �¨§-

¬ ²£¨§, 2000, 248 c.

[60] �« £®«¥¢  �.�., �®£®¢ �.�., �¨°¼¿®¢ �.�. ¨ ¤°. �±®¢» ¬¥²®¤¨ª¨ "�¥¤³§ ". //

�¨±«. ¬¥²®¤» ���, �®¢®±¨¡®°±ª, 1972, ². 3, N. 2.

[61] �®¤³®¢ �.�. � §®±²»© ¬¥²®¤ ·¨±«¥®£® ° ±·¥²  ° §°»¢»µ °¥¸¥¨© £¨¤°®¤¨-

 ¬¨ª¨ // � ². ±¡®°¨ª, 1959, 47 (89), No. 3, 271-306.

177



[62] �®¤³®¢ �.�., � ¡°®¤¨ �.�., �¢ ®¢ �.�., �° ©ª® �.�., �°®ª®¯®¢ �.�. �¨±«¥®¥

°¥¸¥¨¥ ¬®£®¬¥°»µ § ¤ · £ §®¢®© ¤¨ ¬¨ª¨, �®±ª¢ , � ³ª , 1976.

[63] �®¤³®¢ �.�. �«¥¬¥²» ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤» // �., � ³ª , 1978. 303 ±.

[64] �®«¼¤¸²¥© �.�., � §®¢±ª¨© �.�., �¯¥ª²®° �.�., �¥¤®°¥ª® �.�. �¥¸¥¨¥ ¯°®±²° -

±²¢¥»µ ª®² ª²»µ § ¤ · ª ·¥¨¿ ± ¯°®±ª «¼§»¢ ¨¥¬ ¨ ±¶¥¯«¥¨¥¬ ¢ °¨ ¶¨®-

»¬ ¬¥²®¤®¬ // �°¥¯°¨² No. 134, �-² ¯°®¡«¥¬ ¬¥µ ¨ª¨ �� ����, �., 1979.

[65] �®«¼¤¸²¥© �.�., C¯¥ª²®° �.�. � °¨ ¶¨®»¥ ¬¥²®¤» °¥¸¥¨¿ ¨ ¨±±«¥¤®¢ ¨¿ ¯°®-

±²° ±²¢¥»µ ª®² ª²»µ ¨ ±¬¥¸ »µ § ¤ · ± ²°¥¨¥¬ // �¥µ ¨ª  ¤¥´®°¬¨°³-

¥¬®£® ²¥« , �., � ³ª , 1986. C. 52-73.

[66] �®°¡³®¢ �.�., �°¿§®¢ �.�. �°¨¬¥¥¨¥ ¬ ²°¨·®£® ¬®¤³«¿ ��� ��-1055� ¤«¿

·¨±«¥®£® °¥¸¥¨¿ § ¤ · ª®¢¥ª¶¨¨ // �°®¡«¥¬» ¤¨ ¬¨ª¨ ¢¿§ª®© ¦¨¤ª®±²¨. �®-

¢®±¨¡¨°±ª: ���� �� ����, 1985, c. 100-103.

[67] �®°¥«¼±ª¨© �.�., �®°¥¢ �.�., �£®¢ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ²°¥µ¬¥°»µ § -

¤ · ¢¥¤°¥¨¿ ¨ ° §°³¸¥¨¿ ¶¨«¨¤°®¢ ¯°¨ ¥±¨¬¬¥²°¨·®¬  £°³¦¥¨¨ // �¨§¨ª 

£®°¥¨¿ ¨ ¢§°»¢ , 1987, N. 1, C. 71-74.

[68] �®°¥«¼±ª¨© �.�., �¥«¥¯³£¨ �.�., �¨¤®°®¢ �.�. �¨±«¥®¥ ¨±±«¥¤®¢ ¨¥ ²°¥µ¬¥°®©

§ ¤ ·¨ ¢§ ¨¬®¤¥©±²¢¨¿ ± ¢»±®ª®¯°®·®© ¯°¥£° ¤®© ¯°®´¨«¨°®¢ ®£® ³¤ °¨ª  ±

 ¯®«¨²¥«¥¬ // �°®¡«¥¬» ¯°®·®±²¨, 1992, N.1, ±.47-50.

[69] �®°¸ª®¢ �.�., � °« ª®¢±ª¨© �.�. �¨ ¬¨·¥±ª¨¥ ª®² ª²»¥ § ¤ ·¨ ± ¯®¤¢¨¦»¬¨

£° ¨¶ ¬¨, �., � ³ª , �¨§¬ ²«¨², 1995, 352 ±.

[70] �®°¸ª®¢ �.�., � °« ª®¢±ª¨© �.�. �¥±² ¶¨® °»¥ ¤¨ ¬¨·¥±ª¨¥ ª®² ª²»¥ § ¤ ·¨,

¢ ª. "�¥µ ¨ª  ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨©", ¯®¤ °¥¤. �.�. �«¥ª± ¤°®¢  ¨ �.�.

�®°®¢¨· , �®±ª¢ , �¨§¬ ²£¨§, 2001. ±. 349-416.

[71] �®°¿·¥¢  �.�., �®¡»·¨ �.�. �®² ª²»¥ § ¤ ·¨ ¢ ²°¨¡®«®£¨¨, �., � ¸¨®±²°®¥-

¨¥, 1988, 256 �.

[72] �®°¿·¥¢  �.�., �¥ª¨  �.�. �¥µ ¨ª  ¤¨±ª°¥²®£® ª®² ª²  // �¥µ ¨ª  ª®² ª²-

»µ ¢§ ¨¬®¤¥©±²¢¨©, ¯®¤ °¥¤. �.�. �«¥ª± ¤°®¢  ¨ �.�. �®°®¢¨· , �®±ª¢ , �¨§¬ ²-

£¨§, 2001, ±. 418-437.

[73] �°¨£®«¾ª �.�., �®°¸ª®¢ �.�. �§ ¨¬®¤¥©±²¢¨¥ ³¯°³£¨µ ª®±²°³ª¶¨© ± ¦¨¤ª®±²¼¾.

�.: �³¤®±²°®¥¨¥, 1976, 200 ±.

[74] �°¨£®«¾ª �.�., �®«ª ·¥¢ �.�. �®² ª²»¥ § ¤ ·¨ ²¥®°¨¨ ¯« ±²¨ ¨ ®¡®«®·¥ª, �.,

� ¸¨®±²°®¥¨¥, 1980, 416 c.

[75] �°¨£®°¿ �.�. (°¥¤.) �¨ ¬¨ª  ³¤ ° . �.: �¨°, 1985, 296 ±.

178



[76] �°¨£®°¼¥¢ �.�. �¥²®¤ ª®¥·»µ ½«¥¬¥²®¢ ¢ °¥¸¥¨¿µ § ¤ · ¤¨ ¬¨ª¨ ³¯°³£®¯« -

±²¨·¥±ª¨µ ±°¥¤ // �¨±±. ª ¤. ²¥µ.  ³ª, �±²¨²³² ±¥©±¬®«®£¨¨ �� � §. ���, �«¬ -

�² , 1986.

[77] �°¨¤¥¢  �.�., �®°¥¥¢ �.�., �°³¸ª®¢ �.�. �¨±«¥»© ° ±·¥²  ¯°¿¦¥®£® ±®±²®-

¿¨¿ ¨ ° §°³¸¥¨¿ ¯«¨²» ª®¥·®© ²®«¸¨» ¯°¨ ³¤ °¥ ¡®©ª ¬¨ ° §«¨·®© ´®°¬»

// �§¢. �� ����, ���, 1980, N. 1, ±. 146-157.

[78] �°¨¤¥¢  �.�., �¥¬¨°®¢¨·-� ·¥ª® �.�. �¥²®¤ ° §¤¥«¥¨¿ ²®·¥ª ±¥²ª¨ ¤«¿ ·¨-

±«¥®£® ° ±·¥²  ° §°³¸¥¨¿ ²¢¥°¤»µ ²¥« // �®¬±ª¨© �®±³¤ °±²¢¥»© �-², �®¬±ª,

1983, �³ª. ¤¥¯®¨°®¢   ¢ ������, N. 3258-83¤¥¯.

[79] �³«¨¤®¢ �.�., �®¬¨ �.�. �®¤¨´¨ª ¶¨¿ ¬¥²®¤  �¨«ª¨±  ¤«¿ °¥¸¥¨¿ § ¤ · ±®³¤ -

°¥¨¿ ²¥« // �°¥¯°¨² ���� �� �� ����, �®¢®±¨¡¨°±ª, 1980.

[80] �³«¨¤®¢ �.�. �°®¨ª ¨¥ ²¢¥°¤®£® ³¤ °¨ª  ¢ ¤¥´®°¬¨°³¥¬³¾ ¯°¥£° ¤³. �¨±«¥»¥

¬¥²®¤» °¥¸¥¨¿ § ¤ · ²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨ // � ²¥°¨ «» VI �±¥±.

ª®´., �®¢®±¨¡¨°±ª, 1980. ±. 59-69.

[81] �³«¨¤®¢ �.�., �®¬¨ �.�., � ¡ «¨ �.�. �«£®°¨²¬ ¯¥°¥±²°®©ª¨ ° §®±²®© ±¥²ª¨

¯°¨ ·¨±«¥®¬ °¥¸¥¨¨ § ¤ · ±®³¤ °¥¨¿ ± ®¡° §®¢ ¨¥¬ ²°¥¹¨ // �¨±«¥»¥ ¬¥-

²®¤» °¥¸¥¨¿ § ¤ · ²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨, � ²¥°. VII �±¥±. ª®´., �®-

¢®±¨¡¨°±ª, 1982, c. 182-192.

[82] �³«¨¤®¢ �.�., �®¬¨ �.�., � ¡ «¨ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ § ¤ ·¨ ³¤ ° 

¤¢³µ ²¥« ± ³·¥²®¬ ° §°³¸¥¨¿ // �¨±«¥ ¿ °¥ «¨§ ¶¨¿ ´¨§¨ª®-¬¥µ ¨·¥±ª¨µ § ¤ ·

¯°®·®±²¨, �¥§. ¤®ª«. - �®°¼ª¨©, 1983, c. 60.

[83] �³«¨¤®¢ �.�., � ¡ «¨ �.�. �¨±«¥ ¿ °¥ «¨§ ¶¨¿ £° ¨·»µ ³±«®¢¨© ¢ ¤¨ ¬¨-

·¥±ª¨µ ª®² ª²»µ § ¤ · µ // �°¥¯°¨² ���� �� �� ���� N. 12-87, 1987, 37

c.

[84] �³«¨¤®¢ �.�., � ¡ «¨ �.�. � ±·¥² ª®² ª²»µ £° ¨¶ ± ³·¥²®¬ ²°¥¨¿ ¯°¨ ¤¨-

 ¬¨·¥±ª®¬ ¢§ ¨¬®¤¥©±²¢¨¨ ¤¥´®°¬¨°³¥¬»µ ²¥«. �¨±«¥»¥ ¬¥²®¤» °¥¸¥¨¿ § ¤ ·

²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨ // � ²¥°¨ «» IX �±¥±. ª®´., �®¢®±¨¡¨°±ª, 1988,

±. 70-75.

[85] �³«¨¤®¢ �.�., �¨±¥«¥¢ �.�., � ¡ «¨ �.�. �¨±«¥»¥ ¨ ½ª±¯¥°¨¬¥² «¼»¥ ¨±±«¥¤®-

¢ ¨¿ ¯°®¶¥±±  ®²±ª®ª  ¯°¨ ±®³¤ °¥¨¨ ¯« ±²¨, �¨±«¥»¥ ¬¥²®¤» °¥¸¥¨¿ § ¤ ·

²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨, � ²¥°¨ «» X �±¥±. ª®´., ���� �� �� ����,

�®¢®±¨¡¨°±ª, 1988. C. 65-69.

[86] �³«¨¤®¢ �.�., � ¡ «¨ �.�. �¥²®¤ ±¢®¡®¤»µ ½«¥¬¥²®¢ // �°¥¯°¨² ���� ��

��� N. 9-94, �®¢®±¨¡¨°±ª, 1994, 32 ±.

179



[87] �³«¨¤®¢ �.�., � ¡ «¨ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¯°®¶¥±±  ¯°®¨ª ¨¿ ±²¥°¦-

¥© ¢ ¬ ±±¨¢»¥ ¬¨¸¥¨ ¬¥²®¤®¬ ±¢®¡®¤»µ ½«¥¬¥²®¢ // �¨±«. ¬¥²®¤» °¥¸. § ¤ ·

²¥®°¨¨ ³¯°³£. ¨ ¯« ±²¨·., �°. 13 ¬¥¦°¥±¯. ª®´., �®¢®±¨¡¨°±ª, 1995, c. 68-76.

[88] � ¢»¤®¢ �.�., �³¬ ·¥ª® �.�. �¥²®¤ °¥ «¨§ ¶¨¨ ¬®¤¥«¨ ª®² ª²®£® ¢§ ¨¬®¤¥©-

±²¢¨¿ ¢ ��� ¯°¨ °¥¸¥¨¨ § ¤ · ® ´®°¬®¨§¬¥¥¨¨ ±¯«®¸»µ ±°¥¤ // �§¢¥±²¨¿

���, �¥µ ¨ª  ²¢¥°¤®£® ²¥« , N. 4, c. 53-63.

[89] � ¢»¤®¢ �.�. �¨±«¥®¥ ¨±±«¥¤®¢ ¨¥ ²¥©«®°®¢±ª®© ¥³±²®©·¨¢®±²¨ ¢ ¥«¨¥©®¬

¯°¨¡«¨¦¥¨¨ // �¨±«. ¬¥²®¤» ¬¥µ . ±¯«®¸®© ±°¥¤», �®¢®±¨¡¨°±ª, � ³ª , 1978, 9,

N. 3, c. 67-69.

[90] � ¢»¤®¢ �.�., � ²¥«¥¥¢ �.�. � §¢¨²¨¥ ²°¥µ¬¥°»µ ¢®§¬³¹¥¨© ¯°¨ °¥«¥©-

²¥©«®°®¢±ª®© ¥³±²®©·¨¢®±²¨ // ����, 1981, N. 1, c. 117-122.

[91] �¥¬¨¤®¢¨· �.�., � °® �.�., �³¢ «®¢  �.�. �¨±«¥»¥ ¬¥²®¤»   «¨§ . �.:� ³ª ,

1967. 368 ±.

[92] �¼¿·¥ª® �.�. �¡ ®¤®¬ ®¢®¬ ¬¥²®¤¥ ·¨±«¥®£® °¥¸¥¨¿ ¥±² ¶¨® °»µ § ¤ ·

£ §®¢®© ¤¨ ¬¨ª¨ ± ¤¢³¬¿ ¯°®±²° ±²¢¥»¬¨ ¯¥°¥¬¥»¬¨ // ��� ¨ ��, 1965,

5, N. 4, c. 680-688.

[93] �¾¢® �., �¨®± �.-�. �¥° ¢¥±²¢  ¢ ¬¥µ ¨ª¥ ¨ ´¨§¨ª¥, �., � ³ª , 1980, 383 ±.

[94] �°¥¬¨ �.�., � °¼¿¸ª¨ �.�. �¥²®¤ ±®¯°¿¦¥»µ £° ¤¨¥²®¢ ± ¥¯®«»¬ ° §«®-

¦¥¨¥¬ �®«¥¶ª®£® ¤«¿ °¥¸¥¨¿ ±¨±²¥¬ «¨¥©»µ  «£¥¡° ¨·¥±ª¨µ ³° ¢¥¨©, // �.,

�°¥¯°¨² �� �� ����, 1978, ¡/, ±. 1-14.

[95] � ¯¯ °®¢ �.�., �³ª³¤¦ ®¢ �.�. �¥¸¥¨¥ ¥±² ¶¨® °»µ § ¤ · ¤¨ ¬¨ª¨ ³¯°³-

£®¯« ±²¨·¥±ª®© ±°¥¤» ¬¥²®¤®¬ ¯®¤¢¨¦»µ ±¥²®ª // �¨±«¥»¥ ¬¥²®¤» ¢ ¬¥µ ¨ª¥

²¢¥°¤®£® ¤¥´®°¬¨°³¥¬®£® ²¥«  // �., �� �� ����, 1984, c. 65-86

[96] � ¯¯ °®¢ �.�., �³ª³¤¦ ®¢ �.�. � ²¥¬ ²¨·¥±ª®¥ ¬®¤¥«¨°®¢ ¨¥ § ¤ · ¨¬¯³«¼±®£®

¢§ ¨¬®¤¥©±²¢¨¿ ¨ ° §°³¸¥¨¿ ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥«. �.: �-² ¯°o¡«¥¬ ¬¥µ ¨ª¨

�� ����, 1986. �°¥¯°¨² No. 280. 67 ±.

[97] �¥ª¥¢¨· �., �¥²®¤ ª®¥·»µ ½«¥¬¥²®¢ ¢ ²¥µ¨ª¥, �., �¨°, 1975, 541 ±.

[98] �¥°¨ �.�., �®°®§®¢ �.�. �¥µ ¨ª  ° §°³¸¥¨¿ ²¥« ¯°¨ ª®² ª²®¬ ¢§ ¨¬®¤¥©-

±²¢¨¨ // � ª.: �«¥ª± ¤°®¢, �.�. ¨ �®°®¢¨·, �.�. (�¥¤ ª²®°») (2001) �¥µ ¨ª 

ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨©, �., � ³ª , 2001, c. 624-639.

[99] �¢ ¥ª® �.�. �¤ ¯²¨¢®-£ °¬®¨·¥±ª¨¥ ±¥²ª¨ // �.: �� ���, 1997, 181 ±.

[100] �¢ ¥ª® �.�. � °¼¥°»© ¬¥²®¤ ¯®±²°®¥¨¿ ª¢ §¨£ °¬®¨·¥±ª¨µ ±¥²®ª. ��-

�¨��, 2000. �®¬ 40. N. 11. �. 1600-1616.

180



[101] �¢ ¹¥ª® �.�. � ±·¥² ª®² ª²»µ £° ¨¶ ¢ § ¤ · µ ¢§ ¨¬®¤¥©±²¢¨¿ ¤¥´®°¬¨°³¥-

¬»µ ²¥« // �¨ ¬¨·¥±ª¨¥ § ¤ ·¨ ¬¥µ ¨ª¨ ±¯«®¸®© ±°¥¤», �¥§. ¤®ª«. °¥£¨®. ª®´.,

�¨¢®¬®°±ª, 1988, �³¡��, �° ±®¤ °, 1988, c. 59-61.

[102] �¢ ¹¥ª® �.�. �«£®°¨²¬ ° ±·¥²  ª®² ª²»µ £° ¨¶ ¯°¨ ¢§ ¨¬®¤¥©±²¢¨¨ ¤¥´®°-

¬¨°³¥¬»µ ²¢¥°¤»µ ²¥« // �°®¡«¥¬» ¯°®·®±²¨, 1989, N.2, ±. 79-82.

[103] �«¼¾¸¨ �.�. �¥µ ¨ª  ±¯«®¸®© ±°¥¤» // �.: ���, 1971, 247 ±.

[104] � «¬»ª®¢ �.�., �³ª³¤¦ ®¢ �.�. �¥²®¤ ¯®²®ª®¢ ¨ ª®°°¥ª²¨°³¾¹¨µ ¬ °ª¥°®¢

(¯¨ª¬ - ¬¥²®¤) ¤«¿ ·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿ ¢»±®ª®±ª®°®±²»µ ±®³¤ °¥¨© ²¢¥°-

¤»µ ²¥« // �.: ���¥µ ���, �°¥¯°¨² 529, 1993, c. 1-37.

[105] �¢¨²ª  �.�., �®°®¸ª® �.�., �®¡°¨¶ª ¿ �.�. � ¯°¿¦¥®-¤¥´®°¬¨°®¢ ®¥ ±®±²®-

¿¨¥ ²¥« ¢° ¹¥¨¿, �¨¥¢, � ³ª®¢  ¤³¬ª , 1977, 208 ±.

[106] �¨±¥«¥¢ �.�. � §¢¨²¨¥ ¬¥²®¤  �¨«ª¨±  ¤«¿ °¥¸¥¨¿ ²°¥µ¬¥°»µ § ¤ · ±®³¤ °¥¨¿

¤¥´®°¬¨°³¥¬»µ ²¥« // �§ ¨¬®¤¥©±²¢¨¥ ¢®« ¢ ¤¥´®°¬¨°³¥¬»µ ±°¥¤ µ, �., ���,

1984, ±. 87-100.

[107] �¨±¥«¥¢ �.�. � ° ±·¥²³ ²°¥µ¬¥°®£® ±®³¤ °¥¨¿ ³¯°³£®¯« ±²¨·¥±ª®£® ±²¥°¦¿ ±

¦¥±²ª®© ¯°¥£° ¤®© // �¥±². ���, � ²¥¬ ²¨ª , ¬¥µ ¨ª , 1988, N. 2, ±. 30-36.

[108] �¨±¥«¥¢ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¢ ²°¥µ¬¥°®© ¯®±² ®¢ª¥  ª«®®£® ¯°®-

¡¨¢ ¨¿ ²®ª¨µ ¯°¥£° ¤, �¨±«¥®¥ °¥¸¥¨¥ § ¤ · ¢®«®¢®© ¤¨ ¬¨ª¨, // � ². ¨±-

±«¥¤®¢ ¨¿, 1989, ¢»¯. 108, �¨¸¨¥¢, �²¨¨¶ , ±. 19-26.

[109] �¨±¥«¥¢ �.�., � ¡ ª �.�. �¥²®¤ ¯®±²°®¥¨¿ ° ±·¥²»µ ±¥²®ª ± ¢»¤¥«¥¨¥¬ ¢³-

²°¥¨µ ª®² ª²»µ £° ¨¶ // �®¤¥«¨°®¢ ¨¥ ¢ ¬¥µ ¨ª¥, 1990, �. 4, N. 5, c. 96-110.

[110] �®¢¥¿ �.�., �¥ª® �.�. �¥²®¤ ° ±¹¥¯«¥¨¿ ¢ § ¤ · µ £ §®¢®© ¤¨ ¬¨ª¨. �®¢®-

±¨¡¨°±ª: � ³ª , 1981. 304 ±.

[111] Klisch S.M. and Lotz J.C. Application of a �ber-reinforced continuum theory to multiple

deformations of the annulus �brosus // J. Biomechanics, 1999, v. 32, p. 1027-1036.

[112] �®« °®¢ �., � «²®¢ �., �®·¥¢  �. �¥µ ¨ª  ¯« ±²¨·¥±ª¨µ ±°¥¤ // �®±ª¢ , �¨°,

1979, 302 ±.

[113] �®¤ ³°®¢ �.�. ¨ �³ª³¤¦ ®¢ �.�. �¡ ®¯°¥¤¥«¿¾¹¨µ ³° ¢¥¨¿µ ¨ ·¨±«¥®¬ °¥-

¸¥¨¨ ¥ª®²®°»µ § ¤ · ¤¨ ¬¨ª¨ ³¯°³£®¯« ±²¨·¥±ª®© ±°¥¤» ± ª®¥·»¬¨ ¤¥´®°¬ -

¶¨¿¬¨ // �¡. ¯® ·¨±«¥»¬ ¬¥²®¤ ¬ ¢ ¬¥µ ¨ª¥ ¤¥´®°¬¨°³¥¬®£® ²¢¥°¤®£® ²¥« , �.,

�� �� ����, 1978.

[114] �®¤ ³°®¢ �.�., �³ª³¤¦ ®¢ �.�. �®³¤ °¥¨¥ ¦¥±²ª®£® ¶¨«¨¤°  ±® ±«®¨±²®©

³¯°³£®-¯« ±²¨·¥±ª®© ¯°¥£° ¤®© // �¨±«¥»¥ ¬¥²®¤» °¥¸¥¨¿ § ¤ · ²¥®°¨¨ ³¯°³-

£®±²¨ ¨ ¯« ±²¨·®±²¨, � ²¥°¨ «» VI �±¥±. ª®´., �®¢®±¨¡¨°±ª, 1980, ±. 105-120.

181



[115] �®¤ ³°®¢ �. �. �¡ ³° ¢¥¨¿µ ³¯°³£®¢¿§ª®¯« ±²¨·¥±ª®© ±°¥¤» ± ª®¥·»¬¨ ¤¥-

´®°¬ ¶¨¿¬¨ // ����, 1982, N. 4, �. 133-139.

[116] �®¤ ³°®¢ �.�., �¥²°®¢ �.�., �®«®¤®¢ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¯°®¶¥±±  ¢¥-

¤°¥¨¿ ¦¥±²ª®£® ²¥«  ¢° ¹¥¨¿ ¢ ³¯°³£®¯« ±²¨·¥±ª³¾ ±°¥¤³ // ����, 1984, No. 4,

c. 132-139.

[117] �®¤ ³°®¢ �.�., �¥²°®¢ �.�. � ±·¥² ¯°®¶¥±±®¢ ¤¨ ¬¨·¥±ª®£® ¤¥´®°¬¨°®¢ ¨¿

³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« ± ³·¥²®¬ ª®²¨³ «¼®£® ° §°³¸¥¨¿, ��� ����, 1985,

±. 1344-1347.

[118] �®¤ ³°®¢ �.�. �®²¨³ «¼®¥ ° §°³¸¥¨¥ ¥«¨¥©®-³¯°³£¨µ ²¥«, ���, ².52,

¢»¯.2, 1988. C. 302-310.

[119] �®¤ ³°®¢ �.�., �¨ª¨²¨ �.�. �®¤¥«¼ ª®²¨³ «¼®£® ° §°³¸¥¨¿ ¢¿§ª®³¯°³£¨µ

±°¥¤ // �§¢. �� ����, ���, 1989. No. 3. C. 131-139.

[120] �®¤ ³°®¢ �.�. � °¥®«®£¨·¥±ª®© ¥³±²®©·¨¢®±²¨ ³¯°³£®© ¯®¢°¥¦¤ ¾¹¥©±¿ ±°¥¤»

// ���, 1991, ².55, ¢»¯.1, ±. 109-117

[121] �®¤ ³°®¢ �.�., �³²«¿°®¢  �.�., �®°²®¢ �.�. �®¢°¥¦¤ ¥¬®±²¼ ¨ ° §°³¸¥¨¥ µ°³¯-

ª¨µ  · «¼®-¯®°¨±²»µ ¬ ²¥°¨ «®¢ // ���, 1997 £. ².355, N. 3, ±. 342-345.

[122] �®¤ ³°®¢ �.�., �³²«¿°®¢  �.�. �®¢°¥¦¤ ¥¬®±²¼ ¨ ° §°³¸¥¨¥ µ°³¯ª¨µ  · «¼®-

¯®°¨±²»µ ¬ ²¥°¨ «®¢ // ���, 2000, N. 4, ±. 99-109.

[123] �®¤ ³°®¢ �.�. �¥§®° ¿ ¬®¤¥«¼ ª®²¨³ «¼®£® ° §°³¸¥¨¿ ¨ ¤«¨²¥«¼®© ¯°®·-

®±²¨ ³¯°³£¨µ ²¥« // �§¢. ���, ���, 2001, N. ???

[124] �®°®¡¥©¨ª®¢ �.�. �¥«¨¥©®¥ ¤¥´®°¬¨°®¢ ¨¥ ²¢¥°¤»µ ²¥«, �®¢®±¨¡¨°±ª, �§¤-¢®

�� ���, 2000, 261 ±.

[125] �®°¥¥¢ �.�. ¨ �¨ª®« ¥¢ �.�. � ±·¥² ³¯°³£®¯« ±²¨·¥±ª®£® ²¥·¥¨¿ ¯°¨ ³¤ °¥ ¬¥-

²®¤®¬ ª®¥·»µ ½«¥¬¥²®¢ // �®¬±ª¨© �®±. �-², 1980, �. 1-10. �¥¯. ¢ ������ N.

2137-80.

[126] �®°¥¥¢ �.�. ¨ �¨ª®« ¥¢ �.�., �¨¯®¢±ª¨© �.�. �°¨«®¦¥¨¥ ¬¥²®¤  ª®¥·»µ ½«¥-

¬¥²®¢ ª § ¤ · ¬ ±®³¤ °¥¨¿ ²¢¥°¤»µ ¤¥´®°¬¨°³¥¬»µ ²¥« // �¨±«¥»¥ ¬¥²®¤»

°¥¸¥¨¿ § ¤ · ²¥®°¨¨ ²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨: � ²¥°¨ «» VII �±¥±. ª®-

´¥°¥¶¨¨, �®¢®±¨¡¨°±ª, 1982, c. 122-129.

[127] �®°¥¥¢ �.�. ¨ �³£ «¥¢, �.�. �¨±«¥»© ° ±·¥² ²°¥µ¬¥°®£®  ¯°¿¦¥®£® ±®±²®-

¿¨¿ ±²¥°¦¿ ¯°¨ ³¤ °¥ · ±²¼¾ ¡®ª®¢®© ¯®¢¥°µ®±²¨ // �§¢. �� ����, ���, 1986,

N. 1, ±. 189-192.

182



[128] �®¸³° �.�. ¨ � °²¼¿®¢ �.�. �¤®°®¤»©, ±ª¢®§®©, ±¨¬¬¥²°¨·»©  «£®°¨²¬

·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿ ¤¨ ¬¨·¥±ª¨µ ª®² ª²-»µ ¢§ ¨¬®¤¥©±²¢¨© ¤¥´®°¬¨°³-

¥¬»µ ²¥« // �¨±«¥»¥ ¬¥²®¤» °¥¸¥¨¿ § ¤ · ²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨:

� ²¥°. XII �±¥±®¾§. ª®´. �®¢®±¨¡¨°±ª, ���� �� ���, 1992, ±. 142-147.

[129] �° ¢·³ª �.�. ¨ � ±¨«¼¥¢ �.�. �¨±«¥»¥ ¬¥²®¤» °¥¸¥¨¿ ª®² ª²®© § ¤ ·¨ ¤«¿

«¨¥©»µ ¨ ¥«¨¥©® ³¯°³£¨µ ²¥« ª®¥·»µ ° §¬¥°®¢ // �°¨ª«. ¬¥µ., 1980, �. 16,

N. 6, �. 9-15.

[130] �° ¢·³ª �.�. � ²¥®°¨¨ ª®² ª²»µ § ¤ · ± ³·¥²®¬ ²°¥¨¿   ¯®¢¥°µ®±²¨ ±®¯°¨-

ª®±®¢¥¨¿ // ���, 1980, T. 44, �»¯. 1, �. 122-129.

[131] �° ¢·³ª �.�. �¥¸¥¨¥ ¥ª®²®°»µ ¯°®±²° ±²¢¥»µ ª®² ª²»µ § ¤ · ± ³·¥²®¬

²°¥¨¿   ¯®¢¥°µ®±²¨ ±®¯°¨ª®±®¢¥¨¿ // �°¥¨¥ ¨ ¨§®±, 1981, T. 2, N. 4, �. 589-

595.

[132] �° ¢·³ª �.�. �¥¸¥¨¥ ª®² ª²»µ § ¤ · ± ¨§¢¥±²®© ´³ª¶¨¥© �°¨  // ���,

1982, �. 43, �»¯. 2, �. 283-288.

[133] �° ¢·³ª �.�., �µ³¤¦ ®¢ �.�. �¨±«¥ ¿ °¥ «¨§ ¶¨¿ ¢ °¨ ¶¨®®£® ¯®¤µ®¤  ª

°¥¸¥¨¾ ª®² ª²»µ § ¤ · ²¥®°¨¨ ³¯°³£®±²¨ ¬¥²®¤®¬ ¯®²¥¶¨ «®¢ // � ±·¥²»  

¯°®·®±²¼, �.: � ¸¨®±²°®¥¨¥, 1983, �»¯. 25, �. 12-18.

[134] �° ¢·³ª �.�. �¥¸¥¨¥ ¥«¨¥©»µ ª®² ª²»µ § ¤ · ± ³·¥²®¬ ²°¥¨¿ ¢ °¨ ¶¨-

®»¬¨ ¬¥²®¤ ¬¨ // �¥µ ¨ª  ¨  ³·®-²¥µ¨·¥±ª¨© ¯°®£°¥±±, �. 3, - �¥µ ¨ª 

¤¥´®°¬¨°³¥¬®£® ²¢¥°¤®£® ²¥« . �.: � ³ª , 1988. C. 154-169.

[135] �° ¢·³ª �.�. � °¨ ¶¨®»¥ ¨ ª¢ §¨¢ °¨ ¶¨®»¥ ¥° ¢¥±²¢  ¢ ¬¥µ ¨ª¥. �.,

�®±ª. £®±.  ª ¤. ¯°¨¡®°®±²°®¥¨¿ ¨ ¨´®°¬ ²¨ª¨, 1997, 339 ±.

[136] �° ¢·³ª �.�. �¥²®¤ ¢ °¨ ¶¨®»µ ¥° ¢¥±²¢ ¢ ª®² ª²»µ § ¤ · µ // � ª. "�¥-

µ ¨ª  ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨©", ¯®¤ °¥¤. �.�. �«¥ª± ¤°®¢  ¨ �.�. �®°®¢¨· ,

�®±ª¢ , �¨§¬ ²£¨§, 2001, ±. 93-115.

[137] �°®³«¨ �. FLAG - ±¢®¡®¤®-« £° ¦¥¢ ¬¥²®¤ ¤«¿ ·¨±«¥®£® ¬®¤¥«¨°®¢ ¨¿ £¨¤°®-

¤¨ ¬¨·¥±ª¨µ ²¥·¥¨© ¢ ¤¢³µ ¨§¬¥°¥¨¿µ // � ª.: �¨±«¥»¥ ¬¥²®¤» ¢ ¬¥µ ¨ª¥

¦¨¤ª®±²¥©. �., �¨°, 1973, �. 135-145.

[138] �³¡¥ª® �.�. �°®¨ª ¨¥ ³¯°³£¨µ ®¡®«®·¥ª ¢ ±¦¨¬ ¥¬³¾ ¦¨¤ª®±²¼. �¨¥¢, � ³ª®¢ 

�³¬ª , 1981, 159 ±.

[139] �³¡¥ª® �.�. �¤ °®¥ ¢§ ¨¬®¤¥©±²¢¨¥ ²¥« ±® ±°¥¤®© (�¡§®°) // �°¨ª« ¤ ¿ ¬¥µ -

¨ª , 1997, ². 33, N. 12, ±. 3-29.

[140] �³§¼¬¥ª® �.�. �±®¢»¥ ³° ¢¥¨¿ ²¥®°¨¨ ³¯°³£®±²¨ ¨ ¯« ±²¨·®±²¨ ¨ ¬¥²®¤

ª®¥·®£® ½«¥¬¥²  // �³« : �³«¼±ª¨© ¯®«¨²¥µ¨·¥±ª¨© ¨-², 1980, 100 ±.

183



[141] �³ª³¤¦ ®¢ �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¤¨ ¬¨·¥±ª¨µ ¯°®¶¥±±®¢ ¤¥´®°¬¨°®¢ -

¨¿ ¨ ° §°³¸¥¨¿ ³¯°³£®¯« ±²¨·±±ª¨µ ±°¥¤ // �±¯¥µ¨ ¬¥µ ¨ª¨, �. 8, N. 4, c. 25-65.

[142] �³ª³¤¦ao¢ �.�., �¢ao¢ �.�., �o¢¸o¢ �.�.,�e©¤e°¬a �.�. �oªa«¨§a¶¨¿ ¤e´o°-

¬a¶¨© ¨ ³±²o©·¨¢o±²¼ ±ª«oo¢. M.: �±²¨²³² ¯°®¡«¥¬ ¬¥µ ¨ª¨ ���, 1994. �°e-

¯°¨² No. 472. C. 1-72.

[143] �³«¨ª®¢±ª¨© �.�., �®£®°¥«®¢ �.�., �¥¬¥®¢ �.�. � ²¥¬ ²¨·¥±ª¨¥ ¢®¯°®±» ·¨±«¥-

®£® °¥¸¥¨¿ £¨¯¥°¡®«¨·¥±ª¨µ ±¨±²¥¬ ³° ¢¥¨©, �., �¨§¬ ²£¨§, 2001, 608 ±.

[144] �¥¢¨² ± �.�. �¥®°¨¿ ¡®«¼¸¨µ ³¯°³£®¯« ±²¨·¥±ª¨µ ¤¥´®°¬ ¶¨© ¯°¨ ¢»±®ª®¬ ¤ ¢«¥-

¨¨ // �°®¡«. ¯°®·®±²¨, 1996. N. 8, C. 86-94.

[145] �¼¢®¢ �.�. � °¨ ¶¨® ¿ ¯®±² ®¢ª  ª®² ª²®© § ¤ ·¨ ¤«¿ «¨¥©®- ³¯°³£¨µ ¨

´¨§¨·¥±ª¨ ¥«¨¥©»µ ¯®«®£¨µ ®¡®«®·¥ª // ���, 1982. �. 46, �»¯. 5, �. 841-846.

[146] � ©·¥ �., � ª �. �¥²®¤ ° ±·¥²  "�¥§®°" // �»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¢ £¨¤°®-

¤¨ ¬¨ª¥, �. �«¤¥°, �. �¥°¡ µ, �. �®²¥¡¥°£ (�¥¤.), �., �¨°, 1967: c. 185-211.

[147] � ¦¨°®¢ �.�. �®² ª²»¥ § ¤ ·¨ ¤«¿ ¥®¤®°®¤»µ ±² °¥¾¹¨µ ²¥« // � ª.:

�«¥ª± ¤°®¢ �.�., �®°®¢¨· �.�. (�¥¤ ª²®°») �¥µ ¨ª  ª®² ª²»µ ¢§ ¨¬®¤¥©-

±²¢¨©, �., � ³ª , 2001, c. 549-565.

[148] � ¦¨°®¢ �.�. (2001b) �®² ª²»¥ § ¤ ·¨ ¬¥µ ¨ª¨  ° ¹¨¢¥¬»µ ²¥« // � ª.:

�«¥ª± ¤°®¢, �.�. ¨ �®°®¢¨·, �.�. (�¥¤ ª²®°») (2001) �¥µ ¨ª  ª®² ª²»µ ¢§ ¨-

¬®¤¥©±²¢¨©, �. � ³ª , ±. 607-621.

[149] � °·³ª �.�., � ©¤³°®¢ �.�. �®¢»¸¥¨¥ ²®·®±²¨ °¥¸¥¨© ° §®±²»µ ±µ¥¬. �.:

� ³ª , 1979, 320 ±.

[150] �¥©¤¥° �. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¤¥²® ¶¨¨, �., �¨°, 1985, 384 ±.

[151] �¥«¥¹¥ª® �.�. � ¢®¯°®±³ ° ±·¥²®© ®¶¥ª¨ ³±«®¢¨© ° ¡®²» ±²»ª®¢»µ ±®¥¤¨¥¨©

¤¢¨£ ²¥«¥© // �°. �¥²° «¼®£®  ³·®-¨±±«¥¤. ¤¨§¥«¼®£® ¨-² , 1978, �»¯. 73, c.

31-36.

[152] �¥¼¸¨ª®¢ �.�., �¤¨¶®¢ �.�., �³¤®¢ �.�. �¥¤°¥¨¥ ¶¨«¨¤°¨·¥±ª®£® ³¤ °¨ª 

¢ ª®¥·³¾ ¯«¨²³, �§¢¥±²¨¿ �� ����, ���, 1976, N. 1, c. 125-130.

[153] �¥°¦¨¥¢±ª¨© �.�., �¥±¨¿±ª¨© �.�. �¨±«¥®¥ ¬®¤¥«¨°®¢ ¨¥ ¯°®¡¨¢ ¨¿ ¯°¥-

£° ¤ ¶¨«¨¤°¨·¥±ª¨¬ ³¤ °¨ª®¬, �¥µ ¨ª  ¡»±²°®¯°®²¥ª ¾¹¨µ ¯°®¶¥±±®¢, - �®-

¢®±¨¡¨°±ª, 1984, c. 86-91.

[154] �¥²ª «´ �. �¯²¨¬¨§ ¶¨¿ ¢ ´®°²° ¥. �.: �¨°, 1985. 264 ±.

[155] �®°®§®¢ �.�., �¨ª¨¸ª®¢ �.�. �¥²®¤ ª®¥·»µ ½«¥¬¥²®¢ ¢ ¬¥µ ¨ª¥ ° §°³¸¥¨¿,

�., � ³ª , 1980. 254 ±.

184



[156] �®°®§®¢ �.�., �¬¨°®¢ �.�., �¥²°®¢ �.�. �¡ ½°®§¨®®¬ ° §°³¸¥¨¨ ²¢¥°¤»µ

²¥« // � ª.: �«¥ª± ¤°®¢, �.�. ¨ �®°®¢¨·, �.�. (�¥¤ ª²®°») �¥µ ¨ª  ª®² ª²»µ

¢§ ¨¬®¤¥©±²¢¨©, �.: � ³ª , 2001. C. 640-650.

[157] �¨ª¨²¨ �.�. �¨ ¬¨ª  ±«®¨±²»µ ¡«®·»µ ±°¥¤ ± ¯°®±ª «¼§»¢ ¨¥¬ ¨ ²°¥¨¥¬ //

�., �±²¨²³² ¯°®¡«¥¬ ¬¥µ ¨ª¨ �� ����, 1989, �°¥¯°¨² N. 366, 1989, c. 1-43.

[158] �¨ª¨¸ª®¢ �.�., � ¸¨ �.�. � ±·¥²  ¯°¿¦¥®£® ±®±²®¿¨¿ ª®² ª²¨°³¾¹¨µ ²¥«

± ¨±¯®«¼§®¢ ¨¥¬ ¨§®¯ ° ¬¥²°¨·¥±ª¨µ ½«¥¬¥²®¢ // �°®·®±²¼ ¬ ²¥°¨ «®¢ ¨ ½«¥-

¬¥²®¢ ª®±²°³ª¶¨©  ²®¬»µ °¥ ª²®°®¢, �¡.  ³·. ²°³¤®¢, �®±ª®¢±ª¨© ¨¦¥¥°®-

´¨§¨·¥±ª¨© ¨-², �.: �¥°£® ²®¬¨§¤ ², 1985, �. 38-43.

[159] �¨ª¨¸ª®¢ �.�. �°®£° ¬¬»© ª®¬¯«¥ª± ¤«¿ °¥¸¥¨¿ § ¤ · ¬¥µ ¨ª¨ ¤¥´®°¬¨°³¥-

¬®£® ²¢¥°¤®£® ²¥«  // �.: �®±ª®¢±ª¨© ¨¦¥¥°®-´¨§¨·¥±ª¨© ¨-², 1988. 84 ±.

[160] �¨ª®« ¥¢±ª¨© �.�. (�¥¤.) �»±®ª®±ª®°®±²»¥ ³¤ °»¥ ¿¢«¥¨¿, �. �¨°, 1973, 528 ±.

[161] �¨ª®«± �. � «¼¥©¸¥¥ ° §¢¨²¨¥ ¬¥²®¤  ¬ °ª¥°®¢ ¨ ¿·¥¥ª ¤«¿ ²¥·¥¨© ¥±¦¨¬ ¥¬®©

¦¨¤ª®±²¨ // �¨±«¥»¥ ¬¥²®¤» ¢ ¬¥µ ¨ª¥ ¦¨¤ª®±²¥©, °¥¤. �.�. �¥«®¶¥°ª®¢±ª¨©,

�.: �¨°, 1973. C. 165-173.

[162] �®µ �.�. ��� - ±®¢¬¥±²»© ½©«¥°®¢®-« £° ¦¥¢ ¬¥²®¤ ¤«¿ ° ±·¥²  ¥±² ¶¨® °»µ

¤¢³¬¥°»µ § ¤ · // �»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¢ £¨¤°®¤¨ ¬¨ª¥, �., �¨°, 1967. C.

128-184.

[163] �«¥©¨ª �.�. �¡ ®¤®¬ ¬¥²®¤¥ °¥¸¥¨¿ ®¡¹¥© § ¤ ·¨ �²¥´   // �®ª«. �� ����,

1960. �. 135. No. 5. �. 1054-1057.

[164] �°²¥£  �¦., �¥©¡®«¤² �. �²¥° ¶¨®»¥ ¬¥²®¤» °¥¸¥¨¿ ¥«¨¥©»µ ±¨±²¥¬ ³° ¢-

¥¨© ±® ¬®£¨¬¨ ¥¨§¢¥±²»¬¨, �.: �¨°, 1985. 558 ±.

[165] �¥²°¥ª® �.�., �³°²®¢ �.�., �¥¤®±¥¥¢ �.�. �¥¸¥¨¥ ¡®«¼¸¨µ § ¤ · ��� ¬®£®±¥-

²®·»¬ ¬¥²®¤®¬: �«£®°¨²¬ ° §¡¨¥¨¿   ¯®¤®¡« ±²¨. �¥°¯³µ®¢, 1986. 15 ±. (�°¥¯°.

. �� ����, �-² ´¨§¨ª¨ ¢»±®ª¨µ ½¥°£¨©; ���� 86-200).

[166] �¥²°®¢ �.�., �®«®¤®¢ �.�. �¨±«¥®¥ ¨±±«¥¤®¢ ¨¥ ¥ª®²®°»µ ¤¨ ¬¨·¥±ª¨µ § ¤ ·

¬¥µ ¨ª¨ ¤¥´®°¬¨°³¥¬®£® ²¢¥°¤®£® ²¥«  ±¥²®·®-µ ° ª²¥°¨±²¨·¥±ª¨¬ ¬¥²®¤®¬ //

���¨��, 1984. �. 24. �. 722-739.

[167] �®¤£®°»© A.M., �®² °®¢±ª¨© �.�., � °·¥ª® �.�. ¨ ¤°. �¥ª®²®°»¥ ¯°¨ª« ¤-

»¥ ³¯°³£®¯« ±²¨·¥±ª¨¥ § ¤ ·¨ ±¬¥¸ ®£® ²¨¯ . � °¼ª®¢, 1976, 43 ±. (�°¥¯°./ ��

����. �-² ¯°®¡«. ¬ ¸¨®±²°®¥¨¿; N. 36).

[168] �®§¤¥¥¢ �.�., �°³±®¢ �.�., �¿¸¨ �. �. �®«¼¸¨¥ ³¯°³£®¯« ±²¨·¥±ª¨¥ ¤¥´®°¬ ¶¨¨.

�.: � ³ª , 1986, 232 ±.

[169] �®§¤¿ª®¢ �.�. �¥²®¤ ° ±·¥²  ª®² ª²  // M., �°³¤» ����, 1979.

185



[170] �®±²®¢ �.�., � °µ³°¨¬ �.�. �¥²®¤ ª®¥·»µ ½«¥¬¥²®¢ ¢ ° ±·¥² µ ±³¤®¢»µ ª®-

±²°³ª¶¨©, �., �³¤®±²°®¥¨¥, 1974. 344 ±.

[171] �®²²¥° �. �»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¢ ´¨§¨ª¥. �.: �¨°, 1975. 392 c.

[172] �¸¥¨·»© �.�., � ¨«¨ �.�. �¨±«¥»¥ ¬¥²®¤» ¢ ½ª±²°¥¬ «¼»µ § ¤ · µ �.:

� ³ª , 1979. 319 ±.

[173] �¢ ·¥¢ �.�. �¥®°¨¿ R-´³ª¶¨© ¨ ¥ª®²®°»¥ ¥¥ ¯°¨«®¦¥¨¿, �¨¥¢: � ³ª®¢  �³¬ª ,

1982.

[174] �¢ ·¥¢ �.�. (°¥¤ ª²®°) � ¤ ·¨ ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ½«¥¬¥²®¢ ª®±²°³ª¶¨©

// �®¤£®°»© �.�., �®² °®¢±ª¨© �.�., �¨°ª · �.�. ¨ ¤°.; �²¢. °¥¤. �¢ ·¥¢ �.�.,

�-² ¯°®¡«¥¬ ¬ ¸¨®±²°®¥¨¿, �¨¥¢, � ³ª®¢  ¤³¬ª , 1989, 232 ±.

[175] �¥±¿±ª¨© �.�., �¥°¦¨¥¢±ª¨© �.�. �°¨¬¥¥¨¥ ¬¥²®¤  ¯®¤¢¨¦»µ ±¥²®ª ¢ § ¤ -

· µ ° §°³¸¥¨¿ ²¢¥°¤»µ ²¥« // �¨ ¬¨ª  ±¯«®¸®© ±°¥¤», 1984, �»¯. 66, c. 150-157.

[176] �®£®¢®© �.�., � °¨ ¶¨® ¿ ¯®±² ®¢ª  ³¯°³£®-¯« ±²¨·¥±ª®© § ¤ ·¨ ¯°¨ ¡®«¼¸¨µ

¤¥´®°¬ ¶¨¿µ ¢ ½©«¥°®¢®-« £° ¦¥¢»µ ª®®°¤¨ ² µ // � ¯°¿¦¥¨¿ ¨ ¤¥´®°¬ ¶¨¨ ¢

ª®±²°³ª¶¨¿µ ¨ ¬ ¼¥°¨ « µ. �¢¥°¤«®¢±ª: ��� �� ����, 1985, c. 77-83.

[177] �®¤°¨£  �. (°¥¤ ª²®°) � ° ««¥«¼»¥ ¢»·¨±«¥¨¿. �.: � ³ª , 1986, 376 ±.

[178] �®§¨ �.�. � ±·¥² £¨¤°®²¥µ¨·¥±ª¨µ ±®®°³¦¥¨©   ����. �¥²®¤ ª®¥·»µ ½«¥-

¬¥²®¢. �., �¥°£¨¿, 1971, 214 ±.

[179] �®§¨ �.�. �¥²®¤ ª®¥·»µ ½«¥¬¥²®¢ ¢ ¯°¨¬¥¥¨¨ ª ³¯°³£¨¬ ±¨±²¥¬ ¬, �.,

�²°®©¨§¤ ², 1977, 129 ±.

[180] �®§¨ �.�., �¬¨°®¢ �.�. �¥¸¥¨¥ ª®² ª²®© § ¤ ·¨ ²¥®°¨¨ ³¯°³£®±²¨ ± ¯®¤ ²«¨-

¢®±²¼¾ ¢ ®¤®±²®°®¨µ ±¢¿§¿µ // �§¢¥±²¨¿ ¢³§®¢, �²°®¨²¥«¼±²¢®, 2000, N. 5.

[181] �®³· �. �»·¨±«¨²¥«¼ ¿ £¨¤°®¤¨ ¬¨ª . �.: �¨°, 1980. 616 ±.

[182] �³§ ®¢ �.�., �®¬ »·¥¢  �.�., �®«ª®¢ �.�. �®±²°®¥¨¥ ° ±·¥²»µ ¬®¤¥«¥© ¨ ·¨-

±«¥»©   «¨§ ° §°³¸¥¨¿ ²¢¥°¤»µ ²¥« ¯°¨ ¨¬¯³«¼±»µ  £°³§ª µ, �¥µ ¨ª  ¡»-

±²°®¯°®²¥ª ¾¹¨µ ¯°®¶¥±±®¢, �®¢®±¨¡¨°±ª, 1984, c. 98-105.

[183] � £®¬®¿ �.�. �¨ ¬¨ª  ¯°®¡¨¢ ¨¿ ¯°¥£° ¤. �. �§¤-¢® ���, 1980, 221 ±.

[184] � ¤®¢±ª¨© �.�. �¨¯¥°¡®«¨·±ª¨¥ ¢ °¨ ¶¨®»¥ ¥° ¢¥±²¢  ¢ § ¤ · µ ¤¨ ¬¨ª¨

³¯°³£®-¯« ±²¨·¥±ª¨µ ²¥« // ���, 1991, �. 55, �»¯. 6, c. 1041-1048.

[185] � ¤®¢±ª¨© �.�. � §°»¢»¥ °¥¸¥¨¿ ¢ § ¤ · µ ¤¨ ¬¨ª¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ±°¥¤,

�., � ³ª -�¨§¬ ²«¨², 1997, 208 c.

186



[186] � ¤»°¨ �.�. � ®¯°¥¤¥«¥¨¾ ª®² ª²»µ ³±¨«¨© ¯°¨ ±®³¤ °¥¨¨ ³¯°³£®¯« ±²¨·¥-

±ª¨µ ²¥« // �°¨ª«. ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨, �±¥±. ¬¥¦¢³§. ±¡., ¢»¯. 3,

�®°¼ª. ³-², �®°¼ª¨©, 1976, ±. 70-73.

[187] � ¤»°¨ �.�. �®¥·®-° §®±² ¿  ¯¯°®ª±¨¬ ¶¨¿ £° ¨·»µ ³±«®¢¨© ¢ ¤¨ ¬¨·¥-

±ª®© ª®² ª²®© § ¤ ·¥ // �°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨, �² -

²¨ª  ¨ ¤¨ ¬¨ª  ¤¥´®°¬¨°³¥¬»µ ±¨±²¥¬, �±¥±. ¬¥¦¢³§. ±¡., �®°¼ª®¢±ª¨© ³-², �®°¼-

ª¨©, 1979.

[188] � ¤»°¨ �.�. �®¤¥«¨°®¢ ¨¥ ¤¨ ¬¨·¥±ª®£® ° §°³¸¥¨¿ ¤¥´®°¬¨°³¥¬»µ ²¥« ¯°¨

³¤ °»µ ª®² ª²»µ ¢§ ¨¬®¤¥©±²¢¨¿µ // �°¨ª« ¤»¥ ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« -

±²¨·®±²¨, ��� ���, �., 1995, ±. 132-141.

[189] � ¦¨ �.�., �¨¬®®¢ �.�. �®³¤ °¥¨¥ ³¯°³£¨µ ¨ ³¯°³£®¯« ±²¨·¥±ª¨µ ¯°¿¬®³£®«¼-

¨ª®¢ ¯®¤ ¬ «»¬ ³£«®¬. �.: �±²¨²³² ¯°®¡«¥¬ ¬¥µ ¨ª¨ �� ����, 1987. �°¥¯°¨²

No. 300. 57 ±.

[190] � ¬ °±ª¨© �.�., �®¨±¥¥ª® �.�. �ª®®¬¨· ¿ ±µ¥¬  ±ª¢®§®£® ±·¥²  ¤«¿ ¬®£®-

¬¥°®© § ¤ ·¨ �²¥´   // ���¨��, 1965. �. 5. No. 5. C. 816-827.

[191] � ¬ °±ª¨© �.�. �¢¥¤¥¨¥ ¢ ²¥®°¨¾ ° §®±²»µ ±µ¥¬. �.: � ³ª , 1971.

[192] � ¬ °±ª¨© �.�., �®¯®¢ �.�. � §®±²»¥ ¬¥²®¤» °¥¸¥¨¿ § ¤ · £ §®¢®© ¤¨ ¬¨ª¨.

�.: � ³ª , 1980. 352 ±.

[193] �¥£¥°«¨¤ �. �°¨¬¥¥¨¥ ���. �.: �¨°, 1979. 392 ±.

[194] �¥¤®¢ �.�. �¥µ ¨ª  ±¯«®¸®© ±°¥¤». �.: � ³ª , 1970. �. 1, 492 ±; �. 2, 568 ±.

[195] �¨¬®®¢ �.�. �®² ª²»¥ § ¤ ·¨ ° ±ª«¨¨¢ ¨¿ ³¯°³£¨µ ²¥« // �¥µ ¨ª  ª®² ª²-

»µ ¢§ ¨¬®¤¥©±²¢¨© / ¯®¤ °¥¤. �.�. �«¥ª± ¤°®¢  ¨ �.�. �®°®¢¨· . �.: �¨§¬ ²£¨§,

2001. �. 654-667.

[196] �®ª®«¼¨ª®¢ �.�. Ma²e¬a²¨·e±ªa¿ ²eo°¨¿ ³¯°³£o±²¨. M.: "M¨°", 1961. (�e°e¢o¤

ª¨£¨ : Sokolniko� I.S. Mathematical theory of elasticity, 2nd ed. New-York: McGraw-

Hill Book Co., 1956)

[197] �²°¥£ �., �¨ª± �¦. �¥®°¨¿ ¬¥²®¤  ª®¥·»µ ½«¥¬¥²®¢. �.: �¨°, 1977. 349 ±.

[198] �¨¸ª¨ �.�. �®±²°®¥¨¥ ¤¨±ª°¥²»µ ª®¥·®-° §®±²»µ ¬®¤¥«¥© ±¯«®¸»µ ±°¥¤

  ®±®¢¥ ¢ °¨ ¶¨®®£® ¯®¤µ®¤ . �.: �-² ¯°¨ª«. ¬ ²¥¬ ²¨ª¨ �� ����, 1984.

�°¥¯°¨² No. 150. 18 ±.

[199] �£®¤·¨ª®¢ �.�., �®°®²ª¨µ �.�. �¥ª®²®°»¥ ¬¥²®¤» °¥¸¥¨¿   ���� ´¨§¨·¥±ª¨

¥«¨¥©»µ § ¤ · ²¥®°¨¨ ¯« ±²¨ ¨ ®¡®«®·¥ª, �.: � ³ª®¢  ¤³¬ª , 1967. 219 ±.

[200] �¨«ª¨± �.�. � ±·¥² ³¯°³£®¯« ±²¨·±±ª¨µ ²¥·¥¨© // �»·¨±«¨²¥«¼»¥ ¬¥²®¤» ¢

£¨¤°®¤¨ ¬¨ª¥, �.: �¨°, 1967. C. 212-263.

187



[201] �« ¬ �. �±²®©·¨¢®±²¼ ¯°¨ ° ±·¥² µ ¯® ¬¥²®¤³ ¬®£¨µ ²¥« // � ±¡. �¨¤°®¤¨ ¬¨·¥-

±ª ¿ ¥³±²®©·¨¢®±²¼. �®¤ °¥¤. �¨°ª£®´´ , �¥««¬  , �¨¿. �¥°. ±  £«. / �.: �¨°,

1964.

[202] �¥¤®°¥ª® �.�. �²¥° ¶¨®»¥ ¬¥²®¤» °¥¸¥¨¿ ° §®±²»µ ½««¨¯²¨·¥±ª¨µ ³° ¢¥-

¨©, ���, 1973. �. 28. ¢»¯. 2. �. 121-182.

[203] �¥¤®°¥ª® �.�. �¥²®¤ ·¨±«¥®£® °¥¸¥¨¿ ¯°®±²° ±²¢¥»µ § ¤ · ª ·¥¨¿ ± ¯°®-

±ª «¼§»¢ ¨¥¬ ¨ ±¶¥¯«¥¨¥¬ // �.: �-² ¯°¨ª« ¤®© ¬ ²¥¬ ²¨ª¨ �� ����, 1979.

�°¥¯°¨² N. 158.

[204] �¨ª¥°  �. �¥®°¥¬» ±³¹¥±²¢®¢ ¨¿ ¢ ²¥®°¨¨ ³¯°³£®±²¨, �.: �¨°, 1974. 159 ±.

[205] �®¬¨ �.�., �³«¨¤®¢ �.�., � ¯®¦¨ª®¢ �.�. ¨ ¤°. �»±®ª®±ª®°®±²®¥ ¢§ ¨¬®¤¥©-

±²¢¨¥ ²¥«, �®¢®±¨¡¨°±ª: �§¤-¢® �� ���, 1999, 600 ±.

[206] �³ª± �.�. �¡ ®¤®¬ ¬¥²®¤¥ ·¨±«¥®£® °¥¸¥¨¿ ¤¢³¬¥°»µ ¤¨ ¬¨·¥±ª¨µ ª®² ª²-

»µ § ¤ · ³¯°³£®¯« ±²¨·¥±ª¨µ ²¥« // �°¨ª«. ¯°®¡«¥¬» ¯°®·®±²¨ ¨ ¯« ±²¨·®±²¨,

�±¥±. ¬¥¦¢³§. ±¡., ¢»¯. 3, �®°¼ª. ³-², �®°¼ª¨©, 1976, c. 78-81.

[207] � °«®³ �.�. �¨±«¥»© ¬¥²®¤ · ±²¨¶ ¢ ¿·¥©ª¥ ¤«¿ § ¤ · £¨¤°®¤¨ ¬¨ª¨, �»·¨-

±«¨²¥«¼»¥ ¬¥²®¤» ¢ £¨¤°®¤¨ ¬¨ª¥ // �.: �¨°, 1967, c. 316-342.

[208] �¢¥²ª®¢  �.�. � «¨§ ²®·®±²¨  «£®°¨²¬®¢ ª®² ª²®£® ¢§ ¨¬®¤¥©±²¢¨¿ ¢ ²°¥µ-

¬¥°»µ § ¤ · µ ¤¨ ¬¨ª¨ ³¯°³£®-¯« ±²¨·¥±ª¨µ ²¥« // �¥±²¨ª �¨¦¥£®°. �®±. �-² ,

1995, ±. 93-95.

[209] �¢¥²ª®¢  �.�. �¨±«¥»©   «¨§ ¥±² ¶¨® °®£®  ª«®®£® ¯°®¨ª ¨¿ ±² «¼-

®£® ¶¨«¨¤°  ¢  «¾¬¨¨¥¢³¾ ¯« ±²¨³ // �¥§. ¤®ª«. 22-©  ³·.-²¥µ. ª®´. "�°®¥ª-

²¨°®¢ ¨¥ ±¨±²¥¬", �., �®±ª. �®±. �¥µ. �-² ¨¬. � ³¬  , 1995.

[210] �¥¢·¥ª® �.�., �¨±ª³ �.�., � ¢·¥ª® �.�. �¥¸¥¨¥ ®±¥±¨¬¬¥²°¨·®© ¯°®±²° -

±²¢¥®© § ¤ ·¨ ²¥°¬®¯« ±²¨·®±²¨   ���� ²¨¯  �-220, �¨¥¢, � ³ª®¢  ¤³¬ª ,

1975, 108 ±.

[211] �®ª¨ �. �., �¥ª® �.�. �¥²®¤ ¤¨´´¥°¥¶¨ «¼®£® ¯°¨¡«¨¦¥¨¿. �®¢®±¨¡¨°±ª:

� ³ª , 1985, 364 ±.

[212] Addessio F.L., Carroll D.E., Dukowicz J.K., Harlow F.H., Johnson J.N., Kaskiwa B.A.,

Maltrud M.E. and Ruppel H.M. CAVEAT: A computer code for uid dynamics problems

with large distortion and internal slip // Los Alamos National Laboratory, UC-32, 1988.

[213] Alart P. and Curnier A. A Mixed Formulation for Frictional Contact Problems prone

to Newton like Solution Methods // Comp. Meth. Appl. Mech. Engng., 1991, v. 92, p.

353-375.

[214] Aliabadi M.H. and Brebbia C.A. Computational Methods in Contact Mechanics // Com-

putational Mechanics Publications, Southampton-Boston, 1993.

188



[215] Aliabadi M.H. Boundary element formulations in fracture mechanics. // AMR, 1997, v.

50(2), p. 83-96.

[216] Amsden A.A. and Harlow F.H. A simpli�ed MAC technique for incompressible uid ow

calculations. // J. Comp. Phys., 1970, v. 6, p. 322.

[217] Armero F. and Simo J.C. A New Unconditionally Stable Fractional Step Method for

Non-Linear Coupled Thermomechanical Problems, International Journal for Numerical

Methods in Engineering, 1992. V. 35. P. 737-766.

[218] Armero F. and Garikipati K. Analysis of Strong Discontinuities in Multiplicative Finite

Strain Plasticity and Their Relation with the Numerical Simulation of Strain Localization

in Solids, International Journal of Solid and Structures, 1996. V. 33. P. 2863-2885.

[219] Armero F., Petocz E. Formulation and Analysis of Conserving Algorithms for Frictionless

Dynamic Contact/Impact Problems, // Comp. Meth. Appl. Mech. Engng., 1998, v. 158,

p. 269-300.

[220] Armero F., Callari C. An Analysis of Strong Discontinuities in a Saturated Poro-Plastic

Solid, International Journal for Numerical Methods in Engineering , 1999, 46, 1673-1698.

[221] Armero F., Petocz E. A New Dissipative Time-Stepping Algorithm for Frictional Contact

Problems: Formulation and Analysis, A Computer Methods in Applied Mechanics and

Engineering, 1999, 179, 151-178.

[222] Armero F. Large-Scale Modeling of Localized Dissipative Mechanisms in a Local Contin-

uum: Applications to the Numerical Simulation of Strain Localization in Rate-Dependent

Inelastic Models, Journal of the Mechanics of Cohesive-Frictional Materials , 1999, 4, 101-

132.

[223] Armero F., Oller S. (2000) A General Framework for Continuum Damage Models. Part I:

In�nitesimal Plastic Damage Models in Stress Space, International Journal of Solids and

Structures, 37, 7409-7436.

[224] Armero F. and Perez-Foguet A. (2002), On the Formulation of Closest-Point Projection

Algorithms in Elastoplasticity. Part I: The Variational Structure, International Journal for

Numerical Methods in Engineering, 53, 297-329.

[225] Asano N., Kamegaya H. and Funatsu K. A hybrid type of virtual work principle for

impact contact problems of two bodies // Variational Methods in Engineering: Proc. 2nd

Int. conf., Southhampton, Juli, 1985, Berlin e.a.: 1985, P. 6/41-6/52.

[226] Attaway S., Barragy T., Brown K., Gardner D., Hendrickson B., Plimpton S.J., Vaughan

C. Transient Solid Dynamics Simulations on the Sandia/Intel Teraop Computer // Gor-

don Bell �nalist paper, in Proc of SuperComputing '97, San Jose, CA, November 1997.

189



[227] Attaway S.W., Hendrickson B.A., Plimpton S.J., Gardner D.R., Vaughan C.T., Brown

K.H., Heinstein M.W. A Parallel Contact Detection Algorithm for Transient Solid Dynam-

ics Simulations Using PRONTO3D, J. Comp. Mech., 1998, v. 22, p. 143-159.

[228] Attaway S.W., Barragy E.J., Brown K.H. et al. Transient Solid Dynamics Simulations on

the Sandia/Intel Teraop Computer, Sandia National Laboratories, Albuquerque, 2001,

Report NM 87185-0437.

[229] Azarenok B.N., Ivanenko S.A. Application of moving adaptive grids for numerical solution

of 2-D nonstationary problems in gas dynamics. Report on applied mathematics. BN.

Computing Center of RAS, 2001. P.1-25.

[230] Azarenok B.N. Variational barrier method of adaptive grid generation in hyper-

bolic problems of gas dynamics // SIAM J. Numer, Anal. 2001. Available at

http://www.math.ntnu.no/conservation/2001/042.html

[231] Azarenok B.N., Ivanenko S.A., Tang T. Godunov's scheme and moving adaptive grids.

Report on Applied Mathematics. 2002.

Available at http://www.math.ntnu.no/conservation/2002/016.html

[232] Babushka I. and Rheinboldt W. Error estimates for Adaptive Finite Element Computa-

tions // J. Num. Analysis, 1978, v.15, p. 736-754.

[233] Babushka I. and Miller A. A feedback �nite element method with a posteriori error

estimation: Part 1. The �nite element method and some basic properties of the a posteriori

error estimation // Comp. Meth. Appl. Mech. Engng., 1987, v. 61, p. 1-40.

[234] Baillet L., Walter H. and Brunet M. A 3D contact algorithm using an explicit FEM

applied to ironing process, Proc. of the 4th Int. Conf. and Workshop on Numer. Simulation

of 3D Sheet Forming Processes (NUMISHEET 99), Eds. J.-C. Gelin et P.Oicart, Besanson-

France, 1999, p. 209-214.

[235] Bara� D., Witkin A. Dynamic simulation of non-penetrating exible bodies // Proceed-

ings of SIGGRAPH 92, Computer Graphics, 1992, v. 26, No. 2, p. 303-308.

[236] Bara� D., Witkin A., Large steps in cloth simulation // Proceedings of SIGGRAPH 98,

Computer Graphics, Annual Conference Series, 1998, p. 43-54.

[237] Bartold F. J., Bischo� D. Generalization of Newton type Methods to Contact Problems

with Friction // J. Mech. Theor. Appl., Special issue: Numerical Methods in Mechanics

of Contact Involving Friction, 1988, p. 97-110.

[238] Bass J.M. Three dimensional �nite deformations rolling contact of a hyperelastic cylinder:

formulation of the problem and computational results // Computers and Structures, 1987,

v. 26, p. 991-1004.

190



[239] Bathe K.J., Chaudhary A. A solution method for planar and axisymmetric contact prob-

lems // Int. J. Num. Meth. Engng., 1985, v. 21, p. 65-88.

[240] Bathe K.J., Chaudhary A. A solution method for static and dynamic analysis of three-

dimesional contact problems with friction // Computers and Structures, 1986, v. 24, p.

855-873.

[241] Bathe K.J. Finite Element Procedures for Solids and Structures-Nonlinear Analysis //

MIT Center for Advanced Engineering Study, 1986.

[242] Bathe K.J., Mijailovich S.S. Finite-element analysis of frictional contact problems // J.

de Mecanique Theorique et Appliquee, 1988, v. 7, p. 31-45.

[243] Bathe K.J. Some remarks and references on recent developments in �nite-element analysis

procedures. Computers and Structures, 1991. V. 40. P. 201-202.

[244] Bathe K.J. Finite Element Procedures, Prentice-Hall, EngleWood Cli�s, NJ, 1996.

[245] Bathe K.J., Bouzinov P.A. On the constraint function-method for contact problems //

Computers and Structures, 1997, v. 64, p. 1069-1085.

[246] Batra R.C. Rubber-covered balls - the non-linear elastic problem // J. Appl. Mech., 1980,

v. 47, p. 82-86.

[247] Batra R.C. Quasistatic indentation of a rubber-covered roll by a rigid roll // Int. J.

Numer. Meth. Engng., 1981, v. 17, p. 1823-1833.

[248] Bazant Z.P., Belytschko T.B., Chang T.P. Continuum theory for strain-softening // J. of

Engineering Mechanics, ASCE, 1984. V. 110. No. 12. P. 1666-1692.

[249] Bazant Z.P., Pijaudier-Cabot G. Non-local continuum damage, localization instability

and convergence // J. of Applied Mechanics, ASME, 1988. V. 55. P. 287-293.

[250] Bazant Z.P., Ozbolt J. Nonlocal microplane model for fracture, damage, and size e�ect

in structures // J. of Engineering Mechanics, ASCE, 1990. V. 116. No. 11. P. 2485-2505.

[251] BechmannD., Space deformation models survey // Computer & Graphics, 1994. V. 18(4).

P. 571-586.

[252] Becker R., Rannacher R. A Feed-Back Approach to Error Control in Finite Element

Methods: Basic Analysis and Examples, EAST-WEST J. Num. Math. 1996. V. 4. P.

237-264.

[253] Belytschko T., Kennedy J.M., Lin J.I. Three-dimensional penetration computation //

Struct. Mech. React. Technol., 1987, V.B. P. 83-88.

[254] Belytschko T., Lin J.I. A three dimensional impact-penetration algorithm with erosion

// Computers and Structures, 1987. V. 25. P. 95-104.

191



[255] Belytschko T., Neal M.O. Contact-Impact by the Pinball Algorithm with Penalty Projec-

tion and Lagrangian Methods // In: L.E. Schwer, N.J. Salamon and W.K. Liu, eds., Proc.

Symp. on Comput. Techniques for impact, Penetration and Perforation of Solids, ASME,

Winter Annual Meeting, San Francisco, CA, 1989, AMD-Vol. 103.

[256] Belytschko T., Neal M.O. Contact-Impact by the Pinball Algorithm with Penalty and

Lagrangian Methods // Int. J. Num. Meth. Engrg., 1991, v. 31, p. 547-572.

[257] Belytschko T., Yeh L.S. The splitting pinball method for contact-impact problems //

Comp. Meth. Appl. Mech. Engrg., 1993, v. 105, p. 375-393

[258] Belytschko T., Lu Y.Y., Gu L. Element-Free Galerkin Methods // Int. J. Num. Meth.

Eng., 1994, v. 37, p. 229-256,

[259] Belytschko T., Kronggauz Y., Organ D., Fleming M. Meshless Methods: An Overview

and Recent Developments // Comput. Meth. Appl. Mech. Engng., 1996, v. 139, p. 3-47.

[260] Benson D.J., Hallquist J.O. A single surface contact algorithm for the postbuckling anal-

ysis of shell structures // Report to the University of California at San Diego, 1987.

[261] Benson D.J., Hallquist J.O. A single surface contact algorithm for the postbuckling anal-

ysis of shell structures // Comp. Meth. Appl. Mech. Engng, 1990, v. 78, p. 141-163.

[262] Benson D.J. Computational methods in Lagrangian and Eulerian hydrocodes, Comp.

Meth. Appl. Mech. Engng., 1992, v.99, 235-394.

[263] Benson D.J. Volume of uid interface reconstruction methods for multi-material problems

// AMR, 2002, 55(2), p. 151-165.

[264] Bertolf L.D., Buxton L.D., Thorue B.J. et al. Damage in steel plates from hypervelocity

impact II. Numerical results and spall measurement // J. Appl. Phys., 1975, v. 46, p.

3776-3783.

[265] Bertsekas D.P. Constraint Optimization and Lagrange Multiplier Methods. Academic

Press, New York, 1984.

[266] Bhushan B. Contact mechanics of rough surfaces in tribology: Single asperity contact //

AMR, 1996, v. 49(5), p. 275-298.

[267] Bjorkman G., Klarkbring A., Sjodin A., Larsson T., Ronnquist M. Sequential Quadratic

Programming for Non-Linear Elastic Contact Problems // Int. J. Num. Meth. Engng.,

1995, v. 38, p. 137-165.

[268] De Borst R., Sluys L.J., Muhlhaus H.B., Pamin J. (1993) Fundamental issues in �nite

element analysis of localisation of deformation. Engng Computations, v. 10, N. 2, p. 99-121.

192



[269] Bourago N.G., Numerical Modeling of Unsteady Viscous Gas and Fluid Flows, // In:

"Sixth Nordic Seminar on Computational Mechanics. Abstract", Lincoping, Sweden, Oc-

tober 18-19, 1993. P. 135.

[270] Bourago N.G. Computer code ASTRA for nonlinear problems in continuum mechanics

// Seventh Nordic Seminar on Computational Mechanics, Trondheim, Norway, October

14-15, 1994. P. 48-49.

[271] Bourago N.G. Numerical methods for nonlinear processes in elastic plastic media // In:

Lectures of FEM-94 Seminar, publ. 94:1, Goteborg, Sweden, 1994, p. 1-15.

[272] Bourago N.G., Runesson K. Thermodynamic theory and numerical simulation of damage

and consolidation processes, Abstracts of III Mississippi State University conference in

Di�erencial Equations and Computer Simulation, Starkville, USA. 13-14 May, 1997.

[273] Bourago N.G. Application of Navier-Stokes Equations to Crystal Growth Modelling //

Lecture of Materials and Crystal Growth Seminar, MSFC/Space Sciences Laboratory,

NASA, Huntsville, Alabama State, USA, May 17, 1997.

[274] Bourago N.G., Fedyushkin A.I., Polezhaev V.I. Double-di�usion convection and impurity

distribution in Bridgmen method with and without magnetic �eld // Abstracts of 32nd

Scienti�c Assembly of COSPAR, Nagoya, Japan, 12-19 July, 1998. P. 466.

[275] Bourago N.G. Thermodynamic theory of damage and compaction processes // Geophys-

ical Research Abstracts, 1999, Vol. 1. No. 1. P. 174.

[276] Bourago N.G., Fedyushkin A.I. Impurity distribution in submerged heater method with

and without rotation // Proc. Int. Conf. Comput. Heat Mass Transfer, N. Cyprus, Turkey,

1999, p. 207-215.

[277] Bourago N.G., Fedyushkin A.I., Polezhaev V.I. Dopant distribution in crystals grown by

the submerged heater method under steady and oscillatory rotation // Advances in Space

Research, Vol. 24, No. 10, p. 1245-1250.

[278] Bourago N.G. Utilization of moving grids for nonstationary nonlinear prob-

lems in solid and uid dynamics. Application to simulation of natural phenom-

enas and technological processes // Optimization of Finite Element Approxima-

tions, Splines and Wavelets (OFEA'2001). Abstracts of International conference

(June 24-29, 2001 St.-Petersburg, Russia), 2001. P. 89-90. Slides are available at

http://www.ipmnet.ru/~burago/papers/grid.htm.

[279] Bourago N.G. A survey on contact algorithms // Proc. of the Workshop "Grid gen-

eration: theory and applications" / Ed. S.A.Ivanenko et

V.A.Garanzha. Moscow: Computing Centre of RAS, 2002. P. 42-59. Available at Web:

http://www.ipmnet.ru/~burago/papers/contact.htm.

193



[280] Bowden F.P., Tabor D. The Friction and Lubrication of Solids. Part II. Clarendon press,

Oxford, 1964.

[281] Brackbill J.U., Kothe D.B., Ruppel H.M. FLIP: A low dissipation, particle-in-cell method

for uid ow // Computer Physics Communication, 1988, v. 48, p. 25-38.

[282] Brackbill J.U., Kothe D.B., Zemach C. A continuummethod for modeling surface tension.

// J. Comp. Phys., 1992, v. 100, p. 335.

[283] Brown K., Attaway S., Plimpton S., Hendrickson B., Parallel strategies for crash and

impact simulations // Comp. Meth. Appl. Mech. Engng., 2000, v. 184, p. 375-390.

[284] Brunet M.A. A solution method for large strain of anisotropic material with contact and

friction boundary conditions // Proc. 5th Int. Symp. Numer. Meth. Engng., Lausanne-

Switzerland, Eds. R. Gruber, J. Periaux and R.P.Shaw, Berlin, Springer-Verlag, 1989, v.2,

pp. 369-374.

[285] Camacho G.T., Ortiz M. Computational modelling of impact damage in brittle materials

// International Journal of Solids and Structures, 1996. Vol. 33. P. 2899-2938.

[286] Campos L.T., Oden J.T., Kikuchi N. A NumericalAnalysis of a Class of Contact Problems

with Friction in Elastostatics // Comp. Meth. Appl. Mech. Engng., 1982. V. 34. P. 821-845.

[287] Carey G. Computational grids: Generation, Adaptation and Solution Strategy. Taylor &

Francis, Florida, 1997.

[288] Carpenter N.J., Taylor R.L., Katona M. G. Lagrange constraints for transient �nite-

element surface-contact // Int. J. Num. Meth. Engng., 1991, v. 32, p. 103-128.

[289] Carter Jr W.T., Sham T.-L., Law K.H. A parallel �nite elementmethod and its prototype

analysis of shell structures // Computers and Structures, 1989. V. 31. P. 921-934.

[290] Catherall D. The adaption of structured grids to numerical solutions for transonic ows.

Internat. J. Numer. Methods Engng. 1991. V. 32. P. 991-939.

[291] Cescotto S., Charlier R. Frictional Contact Finite Elements Based on Mixed Variational

Principles. // Int. J. Num. Meth. Engng., 1993, v. 35, p. 1681-1701.

[292] Chan S. H., Tuba I.S. A Finite Element Method for Contact Problems in Solid Bodies

// Int. J. Mech. Sci., 1971, v. 13, p. 615-639.

[293] Charbrand P., Dubois F., Raous M. Various numerical methods for solving unilateral

contact problems with friction, Math. Comp. Modelling, 1998, v. 28, No. 4-8, p. 97-108.

[294] Chaudhary A.B., Bathe K.J. A Solution Method for Static and Dynamic Analysis of

Three-Dimensional Contact Problems with Friction // Computer and Structures, 1986, v.

24, p. 855-873.

194



[295] Chawla V., Laursen T.A. Energy Consistent Algorithms for Frictional Contact Problems

// Int. J. Num. Meth. Engng., 1998, v. 42, p. 799-827.

[296] Chen J.S., Pan C., Wu C.T., Liu W.K. Reproducing Kernel Particle Methods for Large

Deformation Analysis of Nonlinear Structures // Comp. Meth. Appl. Mech. Engng., 1996,

v. 139, p. 195-229.

[297] Chen J.S., Wang H.P. New Boundary Condition Treatments in Meshfree Computation of

Contact Problems // Comp. Meth. Appl. Mech. Engng., 1998.

[298] Chen J.S., Wu C.T., Yoon S., You Y. Stabilized Conforming Nodal Integration for

Galerkin Meshfree Methods // Int. J. Num. Meth. Eng., 2001, v. 50, p. 435-466.

[299] Chen W.H., Tsai P. Finite Element Analysis of Elastodynamic Sliding Contact Problems

with Friction // Computers and Structures, 1986, v. 22, N. 6, p. 925-938.

[300] Chen Y.M., Wilkins M.L. Stress Analysis of Crack Problems a Three-Dimensional Time-

Dependent Computer Program. // Int. J. Fracture, 1976, v. 12, N. 4, p. 607-617.

[301] Cheng J.H., Kikuchi N. An Incremental Constitutive Relation of Unilateral Contact Fric-

tion for Large Deformation Analysis. // J. Appl. Mech., ASME, 1985, v. 52, p. 639-648.

[302] Cheng T.Y., Saleeb A.F., Shyu S.C. Finite Element Solutions of Two-Dimensional Con-

tact Problems Based on a Consistent Mixed Formulation. // Computers and Structures,

1987, v. 27, N.4, p. 455-466.

[303] Cheng W.Q., Zhu F.W., Luo J.W. Computational Finite Element Analysis and Optimal

Design for Multibody Contact System. // Comp. Meth. Appl. Mech. Engng., 1988, v. 71,

p. 31-39.

[304] Chenot J.-L. Bay F., Fourment L. Finite element simulation of metal powder forming,

Int. J. Numer. Meth. Engng., 1990. V. 30. P. 1649-1674.

[305] Christiansen P.W., Klarbring A., Pang J.S., Stromberg N. Formulation and comparison

of algorithms for frictional contact problems. // Int. J. Num. Meth. Engng., 1998, v. 42 p.

145-173.

[306] Cocu M. Existence of solutions of Signorini problems with friction. // Int. J. Engng. Sci.,

1984, v. 22, p. 567-575.

[307] Colella P., Woodward P. The Piecewise Parabolic Method for Gas-Dynamical Problems

// J. Comp. Phys., 1984. V. 54. P. 174-201.

[308] Colella P., Woodward P. The numerical simulation of two-dimensional uid ow with

strong shocks // J. Comp. Phys., 1984. V. 54, P. 155-173.

[309] Conry T.F., Seireg A. A Mathematical Programming Method for Design of Elastic Bodies

in Contact" // ASME Trans. J. Appl. Mech., 1971, p.387 -392.

195



[310] Cooper M.G., Mikic B.B., Yovanovich M.M. Thermal Contact Conductance // Int. J.

Heat Mass Transfer, 1969, v. 12, p. 279-300.

[311] Cris�eld M.A. Non-linear Finite Element Analysis of Solids and Structures, Volume I:

Essentials, John Wiley & Sons, 1997 (ISBN 0 471 92956 5) Volume II: Advanced Topics,

John Wiley & Sons, 1997 (ISBN 0 471 95649 X)

[312] Curnier A. Theory of Friction. // Int. J. Solids Structures, 1984, v. 20, p. 637-647.

[313] Curnier A., Alart P. A Genweralized Newton Method for Contact Problems with Friction

// J. Mec. Theor. Appl., 1988, Special Issue: Numerical Methods in Mechanics of Contact

Involving Friction, p. 67-82.

[314] Curnier A., He Q.C., Telega J.J. Formulation of Unilateral Contact between two Elastic

Bodies undergoing Finite Deformation. / C. R. Acad. Sci., Paris, 1992, v. 314, p. 1-6.

[315] Curnier A., He Q. C., Klarbring A. ContinuumMechanics Modelling of Large Deformation

Contact with Friction // in Contact Mechanics, eds. M. Raous, M. Jean and J. J. Moreau,

Plenum Press, New York, 1995.

[316] Daux C., Moes N., Dolbow J., Sukumar N., Belytschko T. Arbitrary Branched and

Intersecting Cracks with the Extended Finite Element Method. // Int. J. Num. Meth.

Engng., 2000, v. 48, p. 1741-1760.

[317] Desai S., Zaman M.M., Lightner J.G., Siriwardane H.J. Thin-Layer Element for Interfaces

and Joints // Int. J. of Anal. Num. Geomech., 1984, v. 8, p. 19-43.

[318] Devaut G., Lions J. L. Inequalities in Mechanics and Physics, Springer-Verlag, Berlin,

1976.

[319] Devloo P., Oden J.T.. Strouboulis T. Implementation of an adaptive re�nement technique

for the SUPG algorithm, Comput. Methods Appl. Mech. Engrg. 1987. V. 61. P. 339-358.

[320] Diekmann R., Hungershofery J., Lux M., Taenzer L., Wierumy J.-M. Using Space Filling

Curves for Encient Contact Searching, 16th IMACS World Congress, 2000.

[321] Dilintas G., Laurent-Gengoux P., Trystam D. A conjugate projected gradient method

with preconditioning for unilateral problems, Computers and Structures, 1988, v. 29, No.

4, p. 675-680.

[322] Djachenko V.F. The Free Point Method for Problems of Continuous Media // Comp.

Meth. Appl. Mech. Engng., 1973, N. 2.

[323] Dolbow J., Moes N., Belytschko T. Discontinuous Enrichment in Finite Elements with a

Partition of Unity Method // Finite Elements Anal. 2000, Des. 36, p. 235-260.

196



[324] Dolbow J., Moes N., Belytschko T. An Extended Finite Element Method for Modeling

Crack Growth with Frictional Contact // Comput. Methods Appl. Mech. Engng., 2001, v.

190, p. 6825-6846.

[325] Donzelli P.S., A Mixed-Penalty Contact Finite Element formulation for biphasic soft

tissues, PhD Thesis, Dept. of Mech. Eng., Aeronautical Eng. and Mechanics, RPI, Troy,

NY, 1995.

[326] Doolan E.P., Miller J.J.H., Schilders W.H.A. Uniform numerical methods for problems

with initial and boundary layers, Boole Press, Dublin, 1980. (�³±.¯¥°.: �. �³« , �¦.

�¨««¥°, �. �¨«¤¥°±, � ¢®¬¥°»¥ ·¨±«¥»¥ ¬¥²®¤» °¥¸¥¨¿ § ¤ · ± ¯®£° ¨·»¬

±«®¥¬, �., "�¨°", 1983, 200 ±.)

[327] Dowson D. History of Tribology, Longman, New York, 1979.

[328] Duarte C.A., Oden J.T. An h-p Adaptive Method Using Clouds // Comp. Meth. Appl.

Mech. Engng., 1996, v. 139, pp. 237-262.

[329] Duarte C.A., Hamzeh O.N., Liszka T.J., Twordzydlo W.W. A Generalized Finite Element

Method for the Simulation of Three-Dimensional Dynamic Crack Propagation // Comput.

Methods Appl. Mech. Engng. 2001, v.190, p. 2227-2262.

[330] Eck C., Steinbach O., Wendland W.L. A Symmetric Boundary Element Method for Con-

tact Problem with Friction // Mathematics and Computers in Simulation, 1999, V. 20.

No. 1-4. P. 43-61.

[331] Eck C., Wendland W.L. An Adaptive Boundary Element Method for Contact Problems

/ In M. Bonnet, A.-M. Sandig, W. L. Wendland (eds.) Mathematical Aspects of Boundary

Element Method, 1999, p. 116-127,

[332] Ehrlich L.W. A Numerical Method of Solving a Heat Flow Problem with Moving Bound-

ary // J. Assoc. Comp. Machinery, 1958, V. 5. N. 2. P. 161-176.

[333] Elsner B., Galbas H.-G., Gorg B., Kolp O., Lonsdale G. A Parallel Multilevel Contact

Search Algorithm in Crashworthiness Simulation / Advances in Computational Structures

Technology (Selected Papers from Third Int. Conf. on Comp. Structure Technology, Bu-

dapest, Civil Comp Press., 1996.

[334] Endo T., Oden J.T., Becker E.B., Miller T. A numerical-analysis of contact and limit-

point behavior in a class of problems of �nite elastic-deformation. Computers and Struc-

tures, 1984. Vol. 18. P. 899-910.

[335] Enright D., Redkiw R., Ferziger J., Mitchell I. A Hybrid Particle Level Set Method

for Improved Interface Capturing, dated by March, 21, 2002, in printing. Available at

http://graphics.stanford.edu/~fedkiw/papers/stanford2001-04.pdf

197



[336] Eterovic A.L., Bathe K.J. On the Treatment of Inequality Constraints Arising from Con-

tact Conditions in Finite-Element Analysis // Computers and Structures, 1991, v. 40, p.

203-209.

[337] Fancello E.A., Feijoo R.A. Shape Optimization in Frictionless Contact Problems // Int.

J. Num. Meth. Engng., 1994, v. 37, p. 2311-2335.

[338] Fancello E.A., Haslinger J., Feijoo R.A. Numerical Comparison Between Two Cost Func-

tions in Contact Shape Optimization // Structural Optimization, 1995, v. 9, No. 1, pp.57-

68.

[339] Farahani K., Mo�d M., Vafai A. A solution method for general contact-impact problem

// Comp. Meth. Appl. Mech. Engng., 2000, v. 187, p. 69-77.

[340] Farahani K., Mo�d M., Vafai A. United Elements Method for General Contact-Impact

Problems // Comput. Methods Appl. Mech. Engng, 2001, v. 191, p. 843-860.

[341] Faria L.O., Bass J.M., Oden J.T., Becker E.B. A Three-Dimensional Rolling Contact

Model for a Reinforced Rubber Tire // Tire Sci. Technol., TSTCA, 1989, v. 17, p. 217-

233.

[342] Faria L.O., Bass J.M., Oden J.T., Yavari B., Tworzidlo W.W., Becker E.B. Tire Modelling

by Finite Elements // Tire Sci. Technol., TSTCA, 1992, v. 20, p. 33-56.

[343] Farhat C., Roux F.-X. A Method of Finite Element Tearing and Interconnecting and its

Parallel Solution Algorithm // Int. J. Num. Mech. Engng, 1991, v. 32, p. 1205-1227.

[344] Farhat C., Cruvelli L., Roux F.-X. A Transient FETI Methodology for Large-Scale Par-

allel Implicit Computations in Structural Mechanics // Int. J. Num. Meth. Engng., 1994,

v. 37, p.1945-1975.

[345] Farhat C., Chen P.-S., Mandel J. A Scalable Lagrange Multiplier Based Domain Decom-

position Method for Time-Dependent Problems // Int. J. Num. Meth. in Engng, 1995, v.

38, p. 3831-3853.

[346] LaFaurie B., Nardone C., Scardovelly R., Zaleski S. Modelling Merging and Fragmenta-

tion in Multiphase Flows with SURFER // J. Comp. Phys., 1994, v. 113, p. 134-147

[347] Fedyushkin A.I., Bourago N.G., Polezhaev V.I., Zharikov E.V. (2001) Inuence of vibra-

tion on heat and mass transfer during crystal growth in ground-based and microgravity

environments. Proc. 2nd Pan Paci�c Basin Workshop on Microgravity Sciences, 2001,

Pasadena, USA, paper CG-1065, P. 1-6.

[348] Felippa C.A., Park K.C., Farhat C. Partitioned Analysis of Coupled Mechanical Systems

/ Invited Plenary Lecture,Fourth World Congress in Computational Mechanics, Buenos

Aires, Argentina, July 1998 // Expanded version in Comp. Meth. Appl. Mech. Engrg.,

2001, v. 190 , p. 3247-3270.

198



[349] Fish J. Finite Element Method for Localization Analysis. Ph.D. thesis, Northwestern

University, USA, 1989.

[350] Flanagan L.M., Flanagan D.P. PRONTO3D: A Three-Dimensional Transient Solid Dy-

namics Program // Tech. Rep. SAND87-1912, Sandia National Labs, Albuquerque, NM,

March 1989.

[351] Fleming M.Y., Chu A., Moran B., Belytschko T. Enriched Element-Free Galerkin Meth-

ods for Singular Fields // Int. J. Numer. Methods Engng., 1997, v. 40, p. 1483-1504.

[352] Floryan J.M., Rasmussen H. Numerical algorithms for viscous ows with moving bound-

aries // AMR, 1989. V. 42. No. 12. P. 323-341.

[353] Francavilla A., Zienkievicz O.C. A Note on Numerical Computation of Elastic Contact

Problems // Int. J. Num. Meth. Engng., 1975, v. 9, p. 913-924.

[354] Fredriksson B. Finite Elements Solutions of Surface Nonlinearities in Structural Mechan-

ics with Special Emphasis to Contact and Fracture Mechanics Problems // Comp. and

Struct., 1976, v. 6, p. 281-290.

[355] De La Fuente H.M., Felippa C.A. Ephemeral penalty functions for contact dynamics //

Finite Elements in Analysis and Design, 1991. V. 9. P. 177-191.

[356] Fung Y.C., Biomechanics. Springer-Verlag, 1993.

[357] Galin L.A. Contact Problems in the Theory of Elasticity (edited by I.N. Sneddon), North

Carolina State College Translation, 1961.

[358] Ghaboussi J., Wilson E.L., Isenberg J. Finite element of rock joints and Interfaces // J.

of Soil Mechanics and Foundations Division, ASCE 99, 1973, p. 833-848.

[359] Giannopolis A.E. The Return Mapping Method for the Integration of Friction Constitu-

tive Equations // Computers and Structures, 1989, v. 32, p. 157-168.

[360] Gillow K.A., Howison S.D. A bibliography on free and moving boundary problems

for Hele-Shaw and Stokes Flow, 2002. Available at Web: http://www.maths.ox.ac.uk/

~howison/Hele-Shaw.

[361] Ginsberg M., Johnson J.P. Benchmarking the Performance of Physical Impact Simula-

tion Software on Vector and Parallel Computers, Proc. of the Supercomputing 88: vol.II,

Science and Applications, Computer Society Press, 1988.

[362] Ginsberg M., Katnik R.B. Improving Vectorization of a Crashworthiness Code, SAE

Technical Paper No. 891985, Passenger Car Meeting and Explosion, Dearborn, 1989.

[363] Giroux E.D. HEMP User's Manual, University of California, Lawrence Livermore Na-

tional Laboratory, 1973. Rept. UCRL-51079.

199



[364] Glocker Ch., Pfei�er F. Multibody dynamics with unilateral contacts. John Whiley Sons,

1996.

[365] Goryacheva I.G., DobychinM.N.Multiple contact model in the problem of tribomechanics

// Tribology International, 1991, v. 24, No. 1, p. 29-35.

[366] Goryacheva I.G. Contact Mechanics in Tribology, Kluwer Academic Publishers, 1998, 344

p.

[367] Goudreau G.L., Hallquist J.O. Recent developments in large-scale �nite element La-

grangian hydrocode technology // Comp. Meth. Appl. Mech. Engng., 1982, v. 33, p.

725-757.

[368] Gourret J.-P., Thalmann N.M., Thalmann D. Simulation of object and human skin de-

formations in a grasping task. Proc. of SIGGRAPH 89 // Computer Graphics, 1989, v.

23, p.4.

[369] Green A.E., Naghdi P.M. A General Theory of Elastic-Plastic Continuum, Aechive for

Rational Mechanics and Analysis, 1965. V. 18. P. 251.

[370] Guerra F.M., Browning R.V. Comparison of two slideline methods using ADINA //

Computers and Structures, 1983, v. 17, N. 5/6, P. 819-834.

[371] Gulidov A.I., Sapozhnikov G.A., Fomin V.M. Numerical simulation of high-speed bodies

interaction, University of Tsukuba, 1990.

[372] Hallquist J.O. A Procedure for the Solution of Finite Deformation Contact-Impact Prob-

lems by the Finite Element Method, Univ. of California, Lawrence Livermore National

Laboratory, 1976, Rept. UCRL-52066.

[373] Hallquist J.O. Preliminary User's Manuals for DYNA3D and DYNAP (Nonlinear Dy-

namic Analysis of Solids in Three Dimension), Univ. of California, Lawrence Livermore

National Laboratory, 1976, Rept. UCID-17268.

[374] Hallquist J.O. Theoretical Manual for DYNA2D, UCID-19401, Lawrence livermore Na-

tional Laboratory, 1983.

[375] Hallquist J.O., Goudreau G.L., Benson D.J. Sliding interfaces with contact-impact in

large-scale Lagrangian computation // Comp. Meth. Appl. Mech. Engng., 1985, v. 51, p.

107-137.

[376] Hallquist J.O., Schweizerhof K. and Stillman D. E�ciency Re�nements of Contact Strate-

gies and Algorithms in Explicit FE Programming // in Proceedings of COMPLAS III, eds.

D.R.J. Owen, E. Hinton, E.E. Onate, Pineridge Press, 1992.

[377] Hallquist J.O. LS-DYNA3D Theoretical Manual, Livermore Software Technology Corpo-

ration. 1993.

200



[378] Hallquist J.O. LS-DYNA Theoretical Manual, Livermore Software Technology Corpora-

tion, 1998.

[379] Harlow F.H., Shannon J.P. The splash of a liquid drop. // J. Appl. Phys., 1967, v. 38, p.

3855.

[380] Harlow F.H., Amsden A.A. Numerical simulation of almost incompressible ow. // J.

Comp. Phys., 1968, v. 3, p. 80.

[381] Harlow F.H., Welch J.E. Numerical calculation of time-dependent viscous incompressible

ow with free boundaries. // Phys. Fluids, v. 8, p. 2182.

[382] Haug E.J., Kwak B.M. Contact Stress Minimization by Contour Design // Int. J. Numer.

Meth. Engng., 1978, v. 12, p. 917-930.

[383] Heegaard J.-H., Cournier A. An Augmented Lagrangian method for discrete large-slip

contact problems involving friction // Int. J. Numer. Meth. Engng., 36, 1993, 569-593.

[384] Heinstein M.W., Mello F.J., Laursen T.A. Augmented Lagrangian Algorithms for En-

forcement of Contact Constraints in Explicit Dynamic and Matrix-Free Quasistatic Ap-

plications, in Contact Mechanics II: Computational Techniques, Eds. M.H. Aliabadi and

C. Alessandri, Computational Mechanics Publications, Southampton, United Kingdom,

1995, p. 289-296.

[385] Heinstein M.W., Laursen T.A. An Algorithm for the Matrix-Free Solution of Quasistatic

Frictional Contact Problems // Int. J. Num. Meth. Engng., 1999, v. 44, p. 1205-1226.

[386] Heinstein M.W., Mello F.J., Attaway S.W., Laursen T.A. Contact-Impact Modeling in

Explicit Transient Dynamics // Comp.Meth. Appl. Mech. Engng., 2000, v. 187, p. 621-640.

[387] Hertz H. Study on the Contact of Elastic Bodies // J. Reine Anglew. Math., 1982, v. 29,

156-171.

[388] Hestens M.R., Stiefel E. Method of conjugate gradients for solving linear systems // J.

Res. Nat. Bur. Std., 1952, v. 69, p. 409-436.

[389] Hillerborg A., Modeer M., Petersson P.E. Analysis of crack formation and crack growth

in concrete by means of fracture mechanics and �nite elements. Cement and Concrete

Research, 1976. V. 6. P. 773-782.

[390] Hirokawa S., Tsuruno R. Three-dimensional deformation and stress distribution in an

analytical computational model of the anterior cruciate ligament // J. Biomechanics, 2000,

v. 33, p. 1069-1077.

[391] Hirota G., Fisher S., State A., Lee C., Fuchs H. An Implicit Finite Ele-

ment Method for Elastic Solids in Contact, SIGGRAPH 2001 Conf, Available at

http://www.cs.unc.edu/~andrei/ pubs/2001 ComputerAnimation FEM.pdf

201



[392] Hirt C.W., Nickols B.D. Volume of Fluid (VOF) method for the dynamics of free bound-

aries, J. Comp. Physics, 1981. V. 39. P. 201-225.

[393] Hlavacek I., Haslinger J., Necas J., Lovisek J. Solution of variational inequalities in me-

chanics, Springer, New York, 1988.

[394] Hoover C.G., Badders D.C., De Groot A.J., Sherwood R.J. Parallel algorithm research

for solid mechanics applications using �nite element analysis, Thrust Area Report, UCRL-

ID-125471, Lawrence National Laboratory, 1997.

[395] Hughes T.J.R., Taylor R.L., Sackman J.L., Curnier A. and Kanoknukulchai W. A �nite

element method for a class of contact-impact problems // Comp. Meth. Appl. Mech.

Engng., 1976, v. 8, p. 249-276.

[396] Hughes T.J.R., Taylor R.L., Kanoknukulchai W. A �nite element method for Large Dis-

placement Contact and Impact Problems // in Formulations and Computational algo-

rithms in FE Analysis, ed. K. J. Bathe, MIT-Press, Boston, 1977, p. 468-495.

[397] Hughes T.J.R. The Finite Element Method, New York: Prentice-Hall Englewood Cli�s,

1987.

[398] Hunek I. On a penalty formulation for contact-impact problems // Computers and Struc-

tures, 1993, v. 11, p. 193-203.

[399] Hyman J.M. Numerical methods for tracking interfaces // Physics, 1984, v. D12, p.

396-407.

[400] Ingra�ea A.R., Heuze F.E. Finite element models for rock fracture mechanics // Int. J.

Numer. Anal. Meth. Geomech., 1980, v. 4, p. 25-43.

[401] Jean M. Frictional contact in rigid or deformable bodies // Numerical simulations of

geomaterials, Amsterdam, Elsevier Science Publisher, 1995, p. 463-486.

[402] Jean M. The nonsmooth contact dynamics method // Comp. Meth. Appl. Mech. and

Engng., 1999, v. 177, p. 235-257.

[403] Johnson C., Hansbo P. Adaptive �nite element methods in computational mechanics,

Comp. Meth. Appl. Mech. Engng., 1992, v. 101, p. 143-181.

[404] Johnson G.R. Analysis of elastic-plastic impact involving severe distortions // Trans.

ASME, J. Appl. Mech., 1977, v. 43, p. 439-444.

[405] Johnson G.R. High velovity impact in three dimensions // Trans. ASME, J. Appl. Mech.,

1977, v. 44, p. 95-100.

[406] Johnson G.R. , Stryk R.A. Eroding interface and improved tetrahedral element algorithms

for high-velocity impact computations in three dimensions // Int. J. Impact Engng, 1987,

v. 5, p. 411-421.

202



[407] Johnson G.R. , Stryk R.A. Recent EPIC code developments for high velocity impact //

Int. J. Impact Eng. 1990, v.10, p. 281-294.

[408] Johnson K.L., Contact Mechanics, Cambridge, Cambridge Univ. Press, 1985.

[409] Johnson N.L., Legacy and future of CFD at Los Alamos, Canadian CFD Conference

Ottawa, Canada, June 3-4, 1996, Technical Report of Los Alamos National Lab., LA-UR-

96-1426, p. 1-20, available at http://gnarly.lanl.gov/History/CFD paper 6 24 96.pdf and

at http://t3.lanl.gov/secondlevel/history/viewgraphs.pdf.

[410] Ju J.W., Taylor R.L. A perturbed lagrangian formulation for the �nite-element solution

of nonlinear frictional contact problems // J. de Mecanique Theorique et Appliquee, 1988,

v. 7, p. 1-14.

[411] Kalker J.J., Randen Y., A Minimum Principle for Frictionless Elastic Contact with Ap-

plication to non-Hertzian Half-Space Contact Problems // J. of engineering mathematics,

1972, v. 6, p. 193-206.

[412] Kalker J.J. Three-Dimensional Elastic Bodies in Rolling Contact, Kluwer Academic Pub-

lishers, Dordrecht, 1990.

[413] Kane C., Repetto E.A., Ortiz M., Marsden J.E. Finite element analysis of nonsmooth

contact // Comp. Meth. Appl. Mech. Engng., 1999, v. 180, p. 1-26.

[414] Kanto Y., Yagawa G. A dynamic contact buckling analysis by the penalty �nite element

method // Int. J. Num. Meth. Engng., 1990, v. 29, p. 755-774.

[415] Kardestuncer H., Norrie D.H. eds. Finite Element Handbook, Mac-Graw Hill Book Com-

pany, 1987.

[416] Kikuchi N., Song Y. J. Penalty �nite element approximations of a class of unilateral

problems in linear elasticity // Quaterly of Appl. Mech., 1981, v. 39, No. 1, pp. 1-21.

[417] Kikuchi N. A smoothing technique for reduced integration penalty methods in contact

problems // Int. J. Num. Meth. Engng, 1982, v. 18, p. 343-350.

[418] Kikuchi N., Oden J.T. Contact Problems in Elasticity: A study of variational inequalities

and �nite element methods / SIAM Studies in Applied and Numerical Methematics, v. 8,

Philadelphia, 1986.

[419] Kim J.O., Kwak B.M. Dynamic analysis of two-dimentional frictional contact by linear

complementary problem formulation.// Int. J. Solids and Structures, 1996, v. 33, N. 30,

p. 4605-4624.

[420] Kiselev A.B. Computational simulation of boundary conditions in problems of elasto-

plastic bodies interaction // Systems Analysis Modelling Simulation, 1995, v. 18-19, P.

809-812.

203



[421] Klarbring A., Bjorkman G. A mathematical programming approach to contact problems

with friction and varying contact surface // Computer and Structures, 1988, v. 30, p.

1185-1198.

[422] Klarbring A. Examples of non-uniqueness and non existence of solutions to quasistatic

contact problem with friction // Ingenieur Archiv., 1990, v. 50, p. 529-541.

[423] Klarbring A., Bjorkman G. Solution of Large Displacement Contact Problems with Fric-

tion using Newton's Method for Generalized Equations //Int. J. Num.Meth. Engng., 1992,

v. 34, p. 249-269.

[424] Klarbring A., Mikelic A., Shillor M. A global existance result for the quasistatic frictional

contact problem with normal compliance, Int. Series Num Math., 1992, v. 101, p. 85-111.

[425] Koch R. M., Gross M. H., Carls F. R., von Bren D.F., Fankhauser G., Parish Y.I.H.

Simulating facial surgery using �nite element methods / Proceedings of SIGGRAPH '96,

Computer Graphics Proceedings, Annual Conference Series, 1996, p. 421-428.

[426] Kondaurov V.I., Kukudzhanov V.N. On constitutive equations and numerical solution of

the multidimensional problems of the dynamics of nonisothermic elastic media with �nite

deformations // Archives of Mechanics, 1979, v. 31, N 5.

[427] Kondaurov V.I., Lomov I.N. Fracture of brittle material with initial porosity under high

energy density ows / Shock Compression jf Condensed Matter � 1997. Proc. Conf. Amer

Phys. Society. Topical Group of Shock Condensed Matter. Ed. S.C.Smidt, 1998, pp.247-

250.

[428] Kondaurov V.I. Thermomechanics of Phase Transitions of the First Order in Solids //

Russian Journal of Earth Science, 2002, v. 4, No. 2, p. 1-18.

[429] Kothe D.B., Rider W.J. Comments on modelling interfacial ows with volume-of-uid

method, Technical report LA-UR-3384, Los Alamos National Lab., 1994. Available at

http://www.c3.lan1.gov/~vjr/pubs.html.

[430] Kothe D.B., Rider W.J. Mosso S.J., Brock J.S. Volume tracking of interfaces having

surface tension in two and three dimensions, AIAA Paper 96-0859, 1996.

[431] Kothe D., Juric D., Lam K., Lally B. Numerical recipes for mold �lling sim-

ulation, Los Alamos National Laboratory, Los Alamos, Rept. 87545, USA, 1998

(in B. Thomas, C. Beckermann (Eds.) Modeling of Casting, Welding and Ad-

vanced Solidi�cation Processes VIII, New York, 1998, TMS Publishers. Available at

http://www.lanl.gov/energy/est/transportation/trans/pdfs/ materials/NUMREC.PDF)

[432] Korobeinikov S.N., Alyokhin V.V., Bondarenko M.I. Application of a �nite element

method for the solution of three dimensional contact problems / Advances in Simulation

and Interaction Techniques, Proc. of the 2nd Int. Conf. on Computational Structures Tech-

nology, M. Papadrakakis, B.H.V. Topping (Eds.), Edinburgh, Civil-Comp. Press, 1994, P.

165-175.

204



[433] Kowalczyk P. Finite-deformation interface formulation for frictionless contact problems

// Comm. Num. Meth. Engng., 1994. V. 10. P. 879-893.

[434] Kragelsky I.V., Dobychin M.N., Kombalov V.S. Friction and Wear - Calculation Methods,

Pergamon Press, 1982.

[435] Kukudzhanov V.N., Bourago N.G., Glushko A.I., Kovshov A.N., Ivanov V.L., Shneider-

man D.I. On the problem of damage and localization of strains", Chalmers Univ. of Tech.,

Dept. of Struct. Mech., publ.95:11, Goteborg, 1995. P. 1-35.

[436] Kukudzhanov V.N., Santaoya K. Thermodynamics of viscoplastic medii with internal

parameters // Izvestia RAS, Mechanics of Solids, 1997, No. 2, p. 115-126.

[437] Kulak R.F. Adaptive contact elements for three-dimensional explicit transient analysis

// Comp. Meth. Appl. Mech. Engng., 1989, v. 72, p. 125-151.

[438] Kulikovskii A.G., Pogorelov N.V., Semenov A.Yu. Mathematical Aspects of Numerical

Solution of Hyperbolic systems, Chapman & Hall/CRC, London, Boca Raton, 2001.

[439] Kunugi T. MARS for multiphase ow, Kyoto Univ., 2002, P. 1-10. Available at Web:

http://www.nucleng.kyoto-u.ac.jp/Groups/F-group/ gallery/pdf/iscfd13.pdf

[440] Kwak B.M. Complementary problem formulation of three-dimensional frictional contact

// J. Appl. Mech., ASCE, 1991, v. 58, p. 134-140.

[441] Kwak B.M. Nonlinear complementary problem formulation of three- dimensional fric-

tional contact and its numerical implementations / Comput. Methods in Contact Mechan-

ics III, Ed. by Aliabadi and Samartin, Southampton: Computational Mechanics Publica-

tions, 1997, p. 159-169.

[442] Ladeveze P. Nonlinear Computational Structural Mechanics, Springer, New York, 1998.

[443] Larsson R., Runesson K. Discontinuous displacement approximation for capturing plastic

localization // Int. J. Num. Meth. Engng., 1993, v.36, p. 2087-2105.

[444] Laursen T.A., Simo J.C. On the Formulation and Numerical Treatment of Finite Defor-

mation Frictional Contact Problems // in Nonlinear Computational Mechanics { State of

the Art, P. Wriggers and W. Wagner, eds., Springer-Verlag, Berlin, 1991, p. 716-736.

[445] Laursen T.A., Simo J.C. Formulation and Regularization of Frictional Contact Problems

for Lagrangian Finite Element Computations, / in Proceedings of the Third International

Conference on Computational Plasticity Fundamentals and Applications, Part I, D.R.J.

Owen, E. Onate and E. Hinton, eds., Pineridge Press, Swansea, United Kingdom, 1992, p.

395-408.

[446] Laursen T.A., Simo J.C. Algorithmic Symmetrization of Coulomb Frictional Problems

Using Augmented Lagrangians // Comp. Meth. Appl. Mech. Engng., 1993, v. 108, p.

133-146.

205



[447] Laursen T.A., Simo J.C. A Continuum-Based Finite Element Formulation for the Implicit

Solution of Multibody, Large Deformation Frictional Contact Problems // Int. J. Num.

Meth. Engng., 1993, v. 36, p. 3451-3485.

[448] Laursen T.A., Govindjee S. A note on the treatement of frictionless contact between

nonsmooth surfaces in fully nonlinear problems // Comm. Num. Meth. Engng., 1994, v.

10, p. 869-878.

[449] Laursen T.A., Oancea V.G. Automation and Assessment of Augmented Lagrangian Al-

gorithms for Frictional Contact Problems // J. Appl. Mech., 1994, v. 61, p. 956-963.

[450] Laursen T.A. The Convected Description in Large Deformation Frictional Contact Prob-

lems // Int. J. Solids and Structures, 1994, v. 31, p. 669-681.

[451] Laursen T.A. Review of Computational Methods in Contact Mechanics / Eds. M.H.

Aliabadi and C.A. Brebbia, American Scientist , 1995, v. 83 , p. 196-198.

[452] Laursen T.A., Oancea V.G. On the constitutive modeling and �nite element computation

of rate dependent frictional sliding in large deformations // Comp. Meth. Appl. Mech.

Engng. 1997. V. 143. P. 197-227.

[453] Laursen T.A., Chawla V. Design of Energy Conserving Algorithms for Frictionless Dy-

namic Contact Problems // Int. J. Num. Meth. Engng., 1997, v. 40, p. 863-886.

[454] Laursen T.A. On the development of thermodynamically consistent algorithms for ther-

momechanical frictional contact // Comp. Meth. Appl. Mech. Engng., 1999, v. 48, p.

1525-1547.

[455] Laursen T.A. Computational Contact and Impact Mechanics, Springer-Verlag, Heidel-

berg, 2002.

[456] Laursen T.A., Love G.R. Improved Implicit Integrators for Transient Impact Problems -

Geometric AdmissibilityWithin the Conserving Framework // Int. J. Num. Meth. Engng.,

2002, v. 53 , p. 245-274.

[457] Lax P.O. Weak solution of nonlinear hyperbolic equations and their numerical computa-

tion, Comm. Pure Appl. Math., 1954. V. 7. P. 158-193.

[458] Lebon F., Raous M. Multibody contact problem including friction in structure assembly

// Computers and Structures, 1992, v. 43, No. 5, p. 925-934.

[459] Lee C.Y., Oden J.T. and Ainsworth M. Local a posteriori error estimates and numerical

results for contact problems and problems of ow throwgh porous media / in: P. Wriggers,

W. Wagner (Eds.), Nonlinear Computational Mechanics, Springer, Berlin, 1991, p. 671-

689.

206



[460] Lee C.Y., Oden J.T. A priori error estimation of hp-�nite element approximations of

frictional contact problems with normal compliance // Int. J. Engng. Science, 1993, v. 31,

p. 927-952.

[461] Lee C.Y., Oden J.T. Theory and approximation of quasi-static frictional contact problems

// Comp. Meth. Appl. Mech. Engng., 1993, v. 106, p. 407-429.

[462] Lee C.Y., Oden J.T. A-posteriori error estimation of hp �nite-element approximations of

frictional contact problems // Comp. Meth. Appl. Mech. Engng., 1994, v. 113, p. 11-45.

[463] Lee E.H. Elastic-plastic deformation at �nite strain, J. Appl. Mech., 1969. V. 36.

[464] Lee S.H. Rudimentory consideration for adaptive gap/friction element based on the

penalty method // Computers and Structures, 1993, v. 47, p. 1043-1056.

[465] Lemaitre J. A course on Damage Mechanics. Springer-Verlag, 1992; 2nd ed. 1996.

[466] Lewis J.P., Cordner M., Fong N. Pose space deformation: a uni�ed approach to shape in-

terpolation and skeleton-driven deformation / Proceedings of SIGGRAPH 2000, Computer

Graphics Proceedings, Annual Conference Series, 2000, pp. 165-172.

[467] Li L-Y., Bettess P. Adaptive �nite element methods: A review // AMR, 1997. V. 50. No.

10. P. 581-591.

[468] Li S., Liu W.K. Meshfree and particle methods and their applications // AMR, 2002, v.

55(1) P. 1-34.

[469] Light C., Pratt E., Raous M. Remarks on a numerical method for unilateral contact

including friction // Int. Series Num. Math., 1991, v. 101, p. 129-144.

[470] Lin J.I. DYNA3D: A nonlinear, explicit, three-dimensional �nite element code for solid

and structural mechanics, User manual, Methods Development Group, Lawrence Liver-

more National Laboratory, 1998.

[471] Ling W., Stolarski H.K. On elasto-plastic �nite element analysis of some frictional prob-

lems with large sliding // Engng. Computations, 1997, v. 14, No. 5, p. 558-580.

[472] Lions J.-L. The work of Stampacchiain variational inequalities // Boll. Unione mat. Ital.

1978, A15, No. 3, p. 736-756.

[473] Liseikin V.D. Grid Generation Methods. New York: Springer-Verlag, 1999.

[474] Loret, B., Prevost, J.H. Dynamic strain localisation in elasto-(visco-) plastic solids. Part.

I: general formulation and one-dimensional examples. Part 2: Plane strain examples. Com-

puter Meth. in Applied Mech. and Engng, 1990. V. 83, pp. 247-273 and 275-294.

[475] Lubliner J., Oliver J., Oller S., Onate E. A Plastic-damage model for concrete. Int. J. of

Solids and Structures, 1989. V. 25, N. 3, pp. 299-326.

207



[476] Madhusudana C.V., Fletcher L.S. Gas conductance contribution to contact heat transfer

// AIAA Paper 81-1163, 1981.

[477] Maenchen G., Sack S. The TENSOR code / in "Methods in Computational Physics", v.

3, Fundamental methods in Hydrodynamics, Academic Press, New York, 1964.

[478] Malone J.G. Automated mesh decomposition and concurrent �nite element analysis for

hypercube multiprocessor computer // Comp. Meth. Appl. Mech. Engng., 1988, v. 70, p.

27-58.

[479] Malone J.G., Johnson N.L. A parallel �nite element contact impact algorithm for non-

linear explicit transient analysis: Part I - The search algorithm and contact mechanics //

Int. J. Num. Meth. Engng., 1994, v. 37, p. 559-590.

[480] Malone J.G., Johnson N.L. A parallel �nite element contact impact algorithm for non-

linear explicit transient analysis: Part II - Parallel implementation // Int. J. Num. Meth.

Engng., 1994, v.37, p. 591-603.

[481] Malvern L.E. Introduction to the Mechanics of a Continuous Medium. Prentice

Hall,Englewood Cli�s, N.J. 1969.

[482] Marchant M.J., Weatherill N.P. Adaptivity techniques for compressible inviscid ows.

Comput. Methods Appl. Mech. Engng., 1993. V. 106. P. 83-106.

[483] Marks W.R., Salamon N.J. A projected conjugate gradient method for frictionless contact

problems // Trans. ASME, J. Vibrations, Acoustics, Stress and Reliability in Design, 1983,

v. 105.

[484] Martins J.A.C., Oden J.T. Existence and uniqueness results for dynamic contact problems

with nonlinear normal and friction interface laws // Nonlinear Analysis Theory Methods

and Applications, 1987, v. 11, p. 407-428. bibitemMay86May H.-O. The conjugate gradient

method for unilateral problems // Comp. Meth. Appl. Mech. Engng., 1986, v. 12, No. 4,

p. 595-598.

[485] McDevitt T.W., Laursen T.A. A Mortar-Finite Element Formulation for Frictional Con-

tact Problems // Int. J. Num. Meth. Engng., 2000, v. 48, p. 1525-1547.

[486] Mechanics of granular materials and powder systems, Ed. M. M. Mehrabadi, ASME,

1992. MD-Vol. 37, 141 pp.

[487] Melenk J.M., Babuska I. The Partition of Unity Finite Element Method: Basic Theory

and Applications // Comp. Meth. Appl. Mech. Engng., 1996, v. 139, p. 289-314.

[488] Meschke G., Lackner R., Mang H.A. An anisotropic elastoplastic damage model for plain

concrete. Int. J. Numer. Meth. in Engng, 1998. V. 42, pp. 703-727.

[489] Michalowski R., Mroz Z. Associated and nonassociated sliding rules in contact friction

problems // Arch. Mech., 1978, v. 30, p. 259-276.

208



[490] MikolajczakA., Rassineux A., Dufossi F., KromerV. A �nite element procedure of contact

problems based on a remeshing of the contact zone / European Congress on Comput.

Methods in Appl. Sci. Engng, ECCOMAS 2000, Barcelona, 2000, p. 1-15.

[491] Miller K., Chinzei K., Orssengo G., Bednarz P. Mechanical properties of brain tissue in-

vivo: experiment and computer simulation // J. Biomechanics, 2000, v. 33, p. 1369-1376.

[492] Moes N., Dolbow J., Belytschko T. A �nite element method for crack growth without

remeshing // Int. J. Numer. Methods Engng. 1999, v. 46, p. 131-150.

[493] Monaghan J.J. Why Particle Methods Work // SIAM J. Sci. Stat. Comput., 1982, v. 3

(4), p. 422-433.

[494] Moresi L., Muhlhous H., Dufour F. An overview of numerical methods for

Earth simulations, 2001. Available at http://www.ned.dem.csiro.au/research/ solid-

Mech/Geodynamics/ChapmanConference/ AbstractsReceived/AbstractFiles/ Moresi-et-

al.pdf

[495] Munjiza a., Owen D.E., Bicanic N. A Combined Finite-Discrete Element Method in

Transient Dynamics of Fracturing Solids // Eng. Computations, 1995, v. 12, p. 145-174.

[496] Nackenhorst U. On the �nite element analysis of steady state rolling contact / in: M.H.

Aliabadi, C.A. Brebbia (Eds.), Contact Mechanics - Computational Techniques, Compu-

tational Mechanics Publications, Southampton, 1993, 53-60.

[497] Nagtegaal J.C., Taylor L.M. NUMISHEET�91, 1991, p. 705.

[498] Neto E.A.D., Hashimoto K., Peric D., Owen D.R.J. A phenomenological model for fric-

tional contact accounting for wear e�ects // Philosophical Transactions of the Royal So-

ciety of London, 1996, A354, p. 819-843.

[499] Nichols B.D., Hirt C.W., Methods for Calculating Multi-Dimensional, Transient Free Sur-

face Flows Past Bodies / Proc. First Intern. Conf. Num. Ship Hydrodynamics, Gaithers-

burg, 1975.

[500] Nillson L., Zhong Z.H., Oldenberg M. Analysis of shell structures subjected to contact-

impact / in: A-K.Noor, T. Belytschko and J. Simo, Analytical and Computational Methods

for Shells, ASME, New York, 1989.

[501] Nour-Omid B., Wriggers P. A 2-level iteration method for solution of contact problems

// Comp. Meth. Appl. Mech. Engng., 1986, v. 54, p. 131-144.

[502] Oancea V.G., Laursen T.A. A Finite Element Formulation of Thermomechanical Rate-

Dependent Frictional Sliding // Int. J. Num. Meth. Engng., 1997, v. 40, p. 4275-4311.

[503] Oancea V.G., Laursen T.A. Stability Analysis of State Dependent Dynamic Frictional

Sliding // Int. J. of Non-Linear Mech., 1997, v. 32, p. 837-853.

209



[504] Oden J.T. Exterior Penalty Methods for Contact Priblems in Elasticity // in Nonlinear

Finite ElementAnalysis in Structural Mechanics, eds.W.Wunderlich, E. Stein, K.J. Bathe,

Springer, Berlin, 1981.

[505] Oden J.T., Pires E.B. Algorithms and numerical results for �nite-element approximations

of contact problems with non-classical friction laws // Computers and Structures, 1983,

v. 19, p. 137-147.

[506] Oden J.T., Pires E.B. Nonlocal and Nonlinear Friction Laws and Variational Principles

for Contact Problems in Elasticity // J. Appl. Mech., 1983, v. 50, p. 67-76.

[507] Oden J.T., Carey G.F. Finite Elements / Special Problems in Solid Mechanics, Volume

V, Prentice-Hall Inc., New Jersey, 1984.

[508] Oden J.T., Pires E.B. Algorithms and numerical results for �nite-element approximations

of contact problems with non-classical friction laws. Computers and Structures, 1984. V.

19. P. 137-147.

[509] Oden J.T., Martins J.A.C. Models and computational methods for dynamic frictional

phenomena, CMAME 1985. V. 52. P. 527-634.

[510] Oden J.T., Martins J.A.C. Models and computational methods for dynamic frictional

phenomena // Comp. Meth. Appl. Mech. Engng., 1986, v. 52, p. 527-634.

[511] Oden J.T., Lin T.L. On the general rolling contact problem for �nite deformations of a

viscoelastic cylinder // Comput. Meth. Appl. Mech. Engng., 1986, p. 297-367.

[512] Ogata Y., Yabe T. Shock capturing with improved numerical viscosity in primitive Euler

representation, Comp. Phys. Comm., 1999, v. 119, p. 179.

[513] Oishi A. Large-scale dynamic analyses with contact-impact using the hierarchical domain

decomposition method / Annual report of Adventure Project ADV-99-1, Tokushima, 1999,

p. 1-23.

[514] Okamoto N., Nakazawa M. Finite Element Incremental Contact Analysis with Various

Frictional Conditions // Int. J. Num. Meth. Engng, 1979, v. 14, p. 337-357.

[515] Oldenburg M., Nilsson L. The position code algorithm for contact searching // Int. J.

Num. Meth. Engng, 1994, v. 37, p.359-386.

[516] Olo�son T., Klisinski M., Nedar P. Inner softening bands: a new approach to localisation

in �nite elements / Comput. Modelling of Concrete Structures, Proc. of EURO-C Int.

Conf., Edited by H.Mang, N. Bicanic and R. De Borst, Swansea: Pineridge Press, 1994,

p. 373-382.

[517] Onate E., Oller S., Oliver J., Lubliner J. A constitutive model for cracking of concrete

based on the incremental theory of plasticity, Engng Computations, 1988. V. 5. N. 4. P.

309-319.

210



[518] Oran E.S., Boris J.P. Numerical Simulation of Reactive Flow, Elsvier, New York, 1987.

[519] Ortiz M., Pinsky P.M., Taylor R.L. Operator split methods for the numerical solution of

the elastoplastic dynamic problem. Computer Methods in Applied Mechanics and Engi-

neering, 1983. V. 39. P. 137-157.

[520] Ortiz M., Quigley J.J. IV Adaptive Mesh Re�nement in Strain Localization Problems //

Comp. Meth. appl. Mech. Engng., 1991, v. 90, p. 781-804.

[521] Ortiz M. Computational micromechanics. Computational Mechanics, 1996. V. 18. P. 321-

338.

[522] Ortiz M., Stainier L. The variational formulation of viscoplastic constitutive updates.

Computer Methods in Applied Mechanics and Engineering, 1999. V. 171. P. 419-444.

[523] Ortiz M., Repetto E.A. Nonconvex energy minimization and dislocation structures in

ductile single crystals. Journal of the Mechanics and Physics of Solids, 1999. V. 47. No. 2.

P. 397-462.

[524] Osher S., Sethian J.A. Front propagating with curvature-dependent speed: Algorithms

based on Hamilton-Jacobi formulations. // J. Comp. Phys., 1988, v. 79, p. 12.

[525] Osher S., Fedkiw R. Level Set Methods: An Overview and Some Recent Results // J.

Comp. Phys., 2001, v. 169, p. 463-502.

[526] Osher S.J., Tryggvason G. Preface // J. Comp. Phys., 2001, v. 169, No. 2, p. 249-249

(Special issue of JCP on methods for multiphase ows).

[527] Osher S., Fedkiw R. The Level Set Method and Dynamic Implicit Surfaces, Springer-

Verlag, New York, 2002.

[528] Ottosen N.S. A Failure criterion for concrete. J. of the Engng Mechanics Division, ASCE,

1977. V. 103. No. 4. P. 527-535.

[529] Ottosen N.S. Constitutive mechanics and numerical computations, Sixth Nordic Seminar

on Comput. Mech., Univ. of Lincoping, October 18-19, 1993. P. 55-70.

[530] Owen D.R.J., Hinton E. Finite elements in plasticity: theory and practice, Swansea:

Pineridge Press, 1980. 594 p. ISBN 0-906674-05-2.

[531] Ozbolt J., Bazant Z.P. Numerical smeared fracture analysis: nonlocal microcrack inter-

action approach. Int. J. for Numer. Meth. in Engng, 1996. V. 39, pp. 635-661.

[532] Padmanabhan V., Laursen T.A. A Framework for Development of Surface Smoothing

Procedures in Large Deformation Frictional Contact Analysis // Finite Elements in Anal-

ysis and Design, 2001, v. 37, p. 173-198.

211



[533] Padovan J., Zeid I. Finite element analysis of steadily moving contact �elds // Computers

and Structures, 1984, v. 2, p. 111-200.

[534] Padovan J. Finite element analysis of steaduly and transiently moving and rolling vis-

coelastic structure-I // Theory Comput. Struct., 1987, v. 27, p. 249-257.

[535] Padovan J., Padovan P. Modelling wear at intermittently slipping high speed interfaces

// Computers and Structures, 1994, v. 52, p. 795-812.

[536] Pamin J., De Borst R. Gradient plasticity and �nite elements in the simulation of con-

crete fracture. Comput. Modelling of Concrete Structures, Proc. of EURO-C Int. Conf.,

Innsbruck-Austria, Edited by H. Mang, N.Bicanic and R. De Borst. Swansea, Pineridge

Press, 1994. P. 393-402.

[537] Panagiotopoulos P.D. Inequality Problems in Mechanics and Applications. Birkhauser,

Boston, 1985.

[538] Pandol� P., Kane C., Marsden J.E., Ortiz M. Time-Discretized Variational Formulation

of Nonsmooth Frictional Contact // Int. J. Num. Meth. Engng., 2001, 31 p.

[539] Papadrakakis M., Ghionis P. Conjugate gradient algorithms in nonlinear structural anal-

ysis problems, Comp. Meth. Appl. Mech. Engng., 1986, v. 59, p. 11-27.

[540] Papadopoulos P., Taylor R.L. A Mixed Formulation for the Finite Element Solution of

Contact Problems, Comp. Meth. Appl. Mech. Engng., 1992, v. 94, p. 373-389.

[541] Papadopoulos P., Taylor R.L. A Simple Algorithm for Three-dimensional Finite Element

Analysis of Contact Problems // Computers and Structures, 1993, v. 46, p. 1107-1118.

[542] Papadopoulos P., Jones R.E. On a Class of Finite Elements for Frictionless Contact

Problems, Recent Developments in Finite Element Analysis, T. J. R. Hughes, E. Onate

and O. C. Zienkiewicz editors, Springer-Verlag/CIMNE, Barcelona, 1994, p. 246-254.

[543] Papadopoulos P., Jones R.E., Solberg J. A Novel Finite Element Formulation For Fric-

tionless Contact Problems, Int. J. Num. Meth. Engng., 1995, v. 38, p. 2603-2617.

[544] Papadopoulos P., Solberg J.M. A Hamiltonian Formulation for Dynamic Contact Between

Finitely Deforming Elastic Solids / in Advances in Computational Engineering Science S.N.

Atluri and G. Yagawa editors, Tech Science Press, Forsyth, 1997, p. 1098-1103

[545] Papadopoulos P., Solberg J.M. A Lagrange Multiplier Method for the Finite Element

Solution of Frictionless Contact Problems // Math. Comp. Modelling, 1998, v. 28, p.

373-84.

[546] Parisch H. A consistent tangent sti�ness matrix for three-dimensional non-linear contact

analysis // Int. J. Num. Meth. Engng., 1989, v. 28, p. 1803-1812

[547] Parisch H., Lubbing Ch. // Int. J. Num. Meth. Engng., 1997, v. 40, p. 3359.

212



[548] Park J., Anderson W.J. Geometric Optimization in Presence of Contact Singularities //

AIAA Journal, 1995, v. 33, No. 8, p. 1503-1509.

[549] Park K.C., Felippa C.A. A variational principle for the formulation of partitioned struc-

tural systems // Int. J. Num. Meth. Engrg., 2000, v. 47, p. 395-418.

[550] Park K.C., Felippa C.A., Rebel G. A simple algorithm for localized construction of non-

matching structural interfaces,Center for Aerospace Structures, Report No.CU-CAS-00-22,

University of Colorado, Boulder, 2000.

[551] Pasta J.R., Ulam S. Heuristic numerical work in some problems of hydrodynamics //

Math. Tables Aids Comput. 1959. 13.

[552] Peric D., Owen D.R.J. Computational model for 3-d contact problems with friction based

on the penalty method // Int. J. Num. Meth. Engng., 1992, v. 35, p. 1289-1309.

[553] Peyret R., Taylor T.D. Computational Methods for Fluid Flow, New York, Springer,

1990. P. 1-358.

[554] Pfei�er F. Unilateral problems of dynamics // Archive of Applied Mechanics, 1999, v.69,

p. 503-527.

[555] Pietrzak G., Curnier A. Continuum mechanics modelling and augmented lagrangian for-

mulation of multibody, large deformation frictional contact problems / Comput. Plastic-

ity, Fundamentals and Applications, Edited by D.R.J. Owen, E. Onate and E. Hinton,

Barcelona,CIMNE, 1997, p. 878-883.

[556] Pifco A.B., Winter R. Theory and application of �nite element analysis to structural

crash simulation // Computers and Structures, 1981, v. 13, p. 277-285.

[557] Pinsky P.M., Ortiz M., Taylor R.L. Operator split methods for the numerical solution of

the �nite-deformation elastoplastic dynamic problem. Computers and Structures, 1983. V.

17. P. 345-359.

[558] Pires E.B., Oden J.T. Analysis of contact problems with friction under oscillating loads

// Comp. Meth. Appl. Mech. Engng., 1983. V. 39. P. 337-362.

[559] Plimpton S., Attaway S., Hendrickson B., Swegle J., Vaughan C., Gardner D. Transient

Dynamics Simulations: Parallel Algorithms for Contact Detection and Smoothed Particle

Hydrodynamics // J. Parallel and Distributed Computing, 1998, v. 50, p. 104-122.

[560] Praskacz E.J. On impact-contact algorithms for parallel distributed-memory comput-

ers / Computational Mech. '95 (Proceedings of the Int. Conf. on Comp. Engng Scirnce,

Hawaii,USA), 1995, p. 369-374.

[561] Puckett E.G., Saltzman J.S. A 3D adaptive mesh re�nement algorithm for multimateral

gas dynamics. // Physica, 1992, v. D60, p. 84.

213



[562] Puckett E.G., Almgren A.S., Bell J.B., Marcus D.L., Rider W.J. A high-order projection

method for tracking uid interfaces in variable density incompressible ows. // J. Comp.

Phys., 1997, v. 130, p. 269.

[563] Puso M.A., Laursen T.A. A 3D Contact Smoothing Method Using Gregory Patches //

Int. J. Num. Meth. Engng., 2002.

[564] Rabier P.J., Martins J.A.C., Oden T,J., Campos L. Existence and local uniqueness of

solutions to contact problems in elasticity with nonlinear friction laws // Int. J. Engng.

Sci., 1986, v. 24, p. 1755-1768.

[565] Rabier P.J., Oden J.T. Solution to Signorini-like contact problems through interface mod-

els. 1. Preliminaries and formulation of a variational equality // Nonlinear Analysis Theory

Methods and Applications, 1987, v. 11, p. 1325-1350.

[566] Rabier P.J., Oden, J.T. Solution to Signorini-like contact problems through interface

models. 2. existence and uniqueness theorems // Nonlinear Analysis Theory Methods and

Applications, 1988, v. 12, p. 1-17.

[567] Radovitzky R., Ortiz, M. Error estimation and adaptive meshing in strongly nonlinear

dynamic problems. Computer Methods in Applied Mechanics and Engineering, 1999. V.

172. P. 203-240.

[568] Rannacher R., Suttmeier F.T. A posteriory Error Control in Finite Element Methods via

Duality Techniques: Application to Perfect Plasticity, // Comp. Mech, 1999.

[569] Raous M. (Ed.) Numerical methods in mechanics of contact involving friction // J. de

Mechanique Theorique et Appliquee, Special Issue, Supp. 1 to vol. 7, Gauthier-Villars,

1988.

[570] Rashid M.M. The arbitrary local mesh re�nementmethod: an alternative to remeshing for

crack propagation analysis // Comp. Meth. Appl. Mech. Engng. 1998, v. 154, p. 133-150.

[571] Rider W.J., Kothe D.B. Stretching and Tearing Interface Tracking Methods / Technical

Report AIAA - 95-0699, AIAA, 1995 (Available at www.c3.lan1.gov/~wjr/publ.html).

[572] Riedel H., Sun D.-Z. Simulation of die pressing and sintering of powder metals, hard

metals and ceramics / Num. Meth. in Indust. Proc., Chenot, Wood and Zienkievicz (Eds.),

Balkema, Rotterdam, 1992, p. 883-886.

[573] Ringers B.E. New sliding surface techniques enable lagrangian code to handle deep target

penetration/perforation problems // Lect. Notes Engng, 1983, No. 3, p. 36-46.

[574] Rots J.G., Nauta P., Kusters G.M.A., Blaauwendraad J. Smeared crack approach and

fracture localisation in concrete, Reron, 1985. V. 30. No. 1. P. 1-48.

[575] Rots J.G. Smeared and discrete representations of localised fracture. Int. J. of Failure,

1991. V. 51. P. 45-59.

214



[576] Rvachev V.L., Sheiko T.I. R-functions in boundary value problems in mechanics // AMR,

1995, v. 48(4), p. 151-188

[577] Sachdeva T.D., Ramakrishnan C.V. A Finite Element Solution for the Two-dimensional

Elastic Contact Problems with Friction // Int. J. Numer. Meth. Engng., 1981, v. 17, p.

1257-1271.

[578] Saleeb A.F., Chen K., Chang T.Y.P. An e�ective two-dimensional frictional contact model

for arbitrary curved geometry // Int. J. Num. Meth. Engng., 1994, v. 37, p. 1297-1321

[579] Santos A., Makinouchi A. // J. Mater. Proc. Tech., 1993, v. 50, p. 277.

[580] de Saracibar A., Chiumenti M. Numerical Analysis of Frictional Wear Contact Problems.

Computational Model and Applications, to appear in Comp. Meth. Appl. Mech. Engng.,

1998.

[581] Schweizerhof K., Hallquist J.O. Explicit integration schemes and contact formulations

for thin metal forming. FE-simulation of 3-D sheet metal forming processes in automotive

industry / VDI Berichte 894, Zurich-Switserland, Dusseldorf: VDI Verlag, 1991, p. 405-

439.

[582] Schweizerhof K., Hallquist J.O., Wainscott B. Improvements in contact algorithms for the

simulation of thin sheet metal forming with explicit �nite element programs / In: Num.

Meth. in Industrial Forming Processes. Proc. of NUMIFORM 92, Valbonne-France, Edited

by J.L. Chenot, R.D. Wood and O.C.Zienkiewicz, Rotterdam: Balkema, 1992, p. 535-542.

[583] Sethian J.A. Level Set Methods. Evolving Interfaces in Geometry, Fluid Mechanics, Com-

puter Vision, and Materials Science, Cambridge University Press, 1996.

[584] Sethian J.A. Tracking interfaces with level sets // American Scientist, 1998, v. 85, p. 254.

[585] Sethian J.A. Level Set Methods and Fast Marching Methods: Evolving Interfaces in Com-

putational Geometry, Fluid Mechanics, Computer Vision, and Materials Science, Cam-

bridge, England: Cambridge University Press, 1999.

[586] Sethian J., Evolution, Implementation, and Application of Level Set and Fast Marching

Methods for Advancing Fronts // J. Comp. Phys., 2001, 169, p. 503-555.

[587] Shai I., Santo M. Heat transfer with contact resistance // Int. J. Heat Mass Transfer,

1982, v. 24, 465-470.

[588] Sharif N.H., Wiberg N.-E. Stationary level set method for modeling sharp interfaces in

groundwater ow / Preprint 2001:06, Chalmers University, Goteborg, 2001. Available at

http://www.phi.chalmers.se/pub/preprints/pdf/- phiprint-2001-06.pdf

[589] Shyy W., Francois M., Udaykumar H.S., N'dri N., Tran-Son-Tay R. Moving boundaries

in micro-scale biouid dynamics // AMR, 2001, v. 54(5), p. 405-453.

215



[590] Signorini A. Sopra alcune questione di elastostatica // Atti Soc. Ital. Progr. Sci., 1933,

p. 513-533.

[591] Signorini A. Questioni di elasticitanon linearizzata o semilinearizzat e semilinearizzata //

Rend. di Matem. e delle sue appl., 1959, T. 18, No. 1-2, p. 95-139.

[592] Simo J.C., Wriggers P., Taylor R.L. A Perturbed Lagrangian Formulation for the Finite-

element Solution of Contact Problems // Comp. Meth. Appl. Mech. Engng., 1985, v. 50,

p. 163-180.

[593] Simo J.C., Wriggers P., Schweizerhof K.H., Taylor R.L. Finite deformation post-buckling

analysis involving inelasticity and contact constraints // Int. J. Num. Meth. Engng., 1986,

v. 23, p. 779-800.

[594] Simo J.C., Laursen T.A. An augmented lagrangian treatment of contact problems involv-

ing friction // Computer and Structures, 1992, v. 42, p. 97-116.

[595] Simo J., Oliver J., Armero F. An analysis of strong discontinuities induced by softening

solutions in rate-independent solids // J. Comp. Mech., 1993, v. 12, p. 277-296.

[596] Simon J.C. On a fully three-dimensional �nite strain viscoelastic damage model: formu-

lation and computational aspects // Comp. Meth. Appl. Mech. Engng., 1991, v. 60, p.

153-173.

[597] Simons J.W., Bergan P.G. A �nite element formulation of three- dimensional contact

problems with slip and friction // J. Comp. Mech., 1986, v. 1, p. 153-164.

[598] Soltani B., Mattiasson K., Samuelsson A. Implicit and dynamic explicit solutions of blade

forming // Seventh Nordic Siminar on Comput. Mech. Abstracts. The Norvegian Inst. of

Techn. Univ. of Trondheim. October 4-5, 1994. P. 78-80.

[599] Stadter J.T., Weiss R.O. Analysis of Contact through Finite Element Gaps // Computers

and Structures, 1979, v. 10, p. 867-873.

[600] Stampacchia G., Lions J.L. Inequations variationnelles non coercives // C. R. Acad. Sci,

Paris, 1965, v. 261, p. 25-27.

[601] Stampacchia G., Lions J.L. Variational inequalities // Com. Pure Appl. Math., 1967, v.

20, p. 493-519.

[602] Stecher F.P., Johnson G.C. Lagrangian computations for projectile penetration into thick

plates / in: W.A.Gruver, ed., Computers in Engineering, Vol. 2, ASME, New York, 1984,

G00240.

[603] Stechschulte R.A., Luchini J.R. A laminated composite solid element and its application

to tire analysis // Tire Sci. Technol., TSTCA, 1987, v. 15, p. 42-57.

216



[604] Stein E., Wriggers P. Calculation of impact contact problems of thin elastic shells tak-

ing into account geometrical nonlinearities within the contact region. Comp. Meth. Appl.

Mech. Engng., 1982, v. 34, p. 861-880.

[605] Stromberg N. A Newton method for three dimensional fretting problems. European Jour-

nal of Mechanics A/Solids, 1997. V. 16. P. 573-593.

[606] Sumi Y. Computational crack path prediction // Theoret. Appl. Fract. Mech., 1985, v.

4, pp. 149-156.

[607] Sun S.M., Tzou H.S., Natori M.C. Parametric quadratic programming method for dy-

namic contact problems with friction // AIAA J., 1994, v. 32, No. 2, p. 371-378.

[608] Sussman M., Smereka P., Osher S. A level set approach for computing solutions to in-

compressible two-phase ow // J. Comp. Phys., 1994, v. 114, p. 146.

[609] Sussman M., et al. An adaptive level set approach for incompressible two-phase ows //

J. Comp. Phys., 1999, v. 148, p. 81.

[610] Sweby P.K. High resolution schemes using ux limiters for hyperbolic conservation laws.

// SIAM J. Num. Anal., 1984, v. 21, p. 995.

[611] Szymczak W.G., Rogers J.C.W., Solomon J.M., Berger A.E. A numerical algorithm for

hydrodynamic free boundary problems // J. Comp. Phys., 1993, v. 106, p. 319-336.

[612] Tada Y., Nishihara N. Optimum Shape Design of Contact Surface with Finite Element

Methods // Advances in Engineering Software, 1993, v. 18, p.75-85.

[613] Tabor D. Friction - The Present state of Our Understanding // J. Lubr. Technology, 1981,

v. 103, p. 169-179.

[614] Le Tallec P., Numerical methods for solids / In: Ciarlet, P.G., Lions, J. L. (eds.), Hand-

book of Numerical Analysis. North-Holland, 1994.

[615] Le Tallec P. Numerical models of steady rolling for non-linear viscoelastic structures in

�nite deformations // Int. J. Num. Meth. Engng., 1994, v. 37, p. 1159-1186.

[616] Tanaka R., Nakamura T., Yabe T., Wu H. A class of conservative formulation of the CIP

method. // CFD J., 1999, v. 8, p. 1.

[617] Tanaka R., Nakamura T., Yabe T. Constructing an exactly conservative scheme in a

non-conservative form. // Comp. Phys. Comm., 2000, v. 126, p. 232.

[618] Tarzia D.A. A bibliography on moving-free boundary problems for the heat-di�usion

Stefan problem. University di Ferenze, Technical Report, 1988.

[619] Taylor R.L., Papadopoulos P. On a Finite Element Method for Dynamic Contact/Impact

Problems / In: Finite Elements in the 90's , E. Onate, J. Periaux and A. Samuelson

editors, Springer-Verlag/CIMNE, Barcelona, 1991, p. 212-224,

217



[620] Taylor R.L., Papadopoulos P. On a Patch Test for Contact Problems in Two Dimensions

/ In: Nonlinear Computational Mechanics, P. Wriggers and W. Wagner editors, Springer-

Verlag, Berlin, 1991. p. 690-702.

[621] Taylor R.L., Papadopoulos P. On a Finite Element Method for Dynamic Contact/Impact

Problems // Int. J. Num. Meth. Engng., 1993, v. 36, p. 2123-2140,

[622] Terzopoulos D., Platt J., Barr A., Fleischer K., Elastically deformable models / In: Proc.

of SIGGRAPH'87, Computer Graphics, 1987, v. 21, No. 4, pp. 205-214.

[623] Truesdell C., ed., Continuum Mechanics (reprints). New York: Gordon and Breach v. I.

1966; v. II. 1965.

[624] Truesdell C. and Noll, W. The Non-Linear Field Theories of Mechanics, in Encyclopedia

of Physics, v. III/3, ed. S. Flugge. Berlin: Springer-Verlag. 1965.

[625] Truesdell C. A simple example of an initial-value problem with any desired number of

solutions. Ist. Lombardo Accad. Sci. Lett. Rend. A, 1974. V. 108. P. 301-304.

[626] Truesdel C. A First Course in Rational Continuum Mechanics, General Concepts, v. 1,

Academic Press, New York, 1977.

[627] Tomita Y. Simulations of plastic instabilities in solid mechanics. AMR 1994, v. 47(6) Part

1, p. 171-205; A. S. Kobayashi (ed.) AMR, 1994, v. 47(6) Part 2.

[628] Thompson E. Use of Pseudo-Concentrations to Follow Creeping Viscous Flows During

Transient Analysis // Int. J. Num.Meth. Fluids, 1986, v. 6, pp. 749-761; Proc. of the Third

Inter. Conf. Numer. Meth. in Fluid Dynamics, Lecture Notes in Physics, v. 18, Springer

Verlag N.Y., 1986, pp. 163-173.

[629] Tompson J.F., Soni B.K., Weatherill N.P. (Eds.) Handbook of grid generation, CRC

Press, Boca Raton, FL, 1999.

[630] Toro E.T. Riemann Solvers and Numerical Methods for Fluid Dynamics // Berlin,

Springer-Verlag, 1997.

[631] Tseng J., Olson M.D. The Mixed Finite Element Method Applied to Two-dimensional

Elastic Contact Problems, Int. J. Num. Meth. Engng., 1981, v. 17, p. 991-1014.

[632] Twodzydlo W.W., Liszka T.J., Reddy M.P., Westermann T.A., Yavari B.B. H-p adaptive

FEA and error estimation in engineering applications, theoretical background and practical

experiences / In: Fifth Pan American Congress on Applied Mechanics, PACAM V, San

Juan, Puerto Rico, 1997.

[633] Udaykumar H.S., Mittal R., Shyy W. Computation of Solid-Liquid Phase Fronts in the

Sharp Interface Limit on Fixed Grids // J. Comp. Phys., 1999, v. 153, p. 535-574.

218



[634] Unverdi S.O., Truggvason G. A front-tracking projection method for viscous, incompress-

ible, multi-uid ows // J. Comp. Phys. 1992, v. 100, p. 25-37.

[635] de Vahl Davis G. and I. P. .Jones. Natural convection in square cavity: A comparison

exercise. Intern. J. Numer. Meth. Fluids. 1983. V. 3. P. 227.

[636] Verfuhrt R. A Review of a posteriory error estimation and adaptive mesh re�nement

techniques //Technical report, Institut fur Angewandte Mathematik, Universitat, Zurich,

1993.

[637] Wakisaka T., Takeuchi S., Chung J.H. A numerical study on the mixture formation

process in fuel injection engines by means of the CIP method. // CFD J., 1999, v. 8, p.

82.

[638] Walter H., Baillet L., Brunet M. 3D �nite element modelling of crack propagation in

concrete during pull-out and shear tests of anchors. Fracture and Damage Mechanics,

Londres-Angleterre, Edite par M.H.Aliabadi, 1999. P. 403-411.

[639] Wang S.P., Nakamachi E. The inside-outside search algorithm for �nite element analysis

// Int. J. Num. Meth. Engng, 1997, v. 40, p. 3665-3685.

[640] Welch J.E., Harlow F.H., Shannon J.P., Daly B.J. The MAC method Los Alamos Scien-

ti�c Laboratory Report, LA-3425, 1965.

[641] Wheeler A. A. Four test problems for the numerical simulation of ow in Chochralski

crystal growth, J. Crystal Growth, 1990. V. 99. P. 910.

[642] White L., Oden J.T. Dynamics and control of viscoelastic solids with contact and friction

e�ects // Nonlinear Analysis Theory Methods and Applications, 1989, v. 13, p. 459-474.

[643] Wikstrom N. A literature survey aiming to shed some light on the cavitation simulation

problem, 2000, available at http://www.na.chalmers.se/ ~niklasw/documents/survey.pdf

[644] Wilkins M.L. Calculation of elastic-plastic ow / In: Methods in Computational Physics,

v. 3, Fundamental methods in Hydrodynamics, Academic Press, New York, 1964, p. 211-

263.

[645] Wilkins M.L. Mechanics of penetration and perforation // Int. J. Engng. Sci., 1978, v.

16, p. 793-807.

[646] Wilkins M.L. Computer simulation of penetration phenomena / In: Ballistic materials

and penetration mechanics, Roy C. Laible (Ed.), Amsterdam, New York, Oxford, 1980, p.

225-252.

[647] Wilkins M.L. Use of arti�cial viscosity in multidimensional uid dynamic calculations. //

J. Comp. Phys., 1980, v. 36, p. 281.

219



[648] Wilkins M.L. Computer Simulation of Dynamic Phenomena. Springer-Verlag, New York,

1999.

[649] Wilson E.A., Parsons B. Finite Element Analysis of Elastic Contact Problems using

Di�erential Displacements. // Int. J. Num. Meth. Engng., 1970, v. 2, p. 387-395.

[650] Woo K.L., Thomas T.R. Contact of Rough Surfaces: A Review of Experimental Works

// Wear, 1980, v. 58, p. 331-340.

[651] Woodward P.Y., Colella P. The numerical simulation of two-dimensional uid ow with

strong shocks. // J. Comp. Phys., 1984, v. 54, p. 115.

[652] Wriggers P., Simo J.C. A Note on Tangent Sti�ness for Fully Nonlinear Contact Problems

// Comm. Appl. Num. Meth., 1985, v. 1, p. 199-205.

[653] Wriggers P., Wagner W., Stein E. Algorithms for Nonlinear Contact Constraints with

Application to Stability Problems of Rods and Shells, // J. Comp. Mech., 1987, v. 2, p.

215-230.

[654] Wriggers P., Van T.V., Stein E. Finite-element formulation of large deformation impact-

contact problems with friction. // Computers and Structures, 1990, v. 37, p. 319-331.

[655] Wriggers P., Zavarise G. Thermomechanical Contact - A Rigorous but Simple Numerical

Approach // Computers and Structures, 1993, v. 46, p. 47-53.

[656] Wriggers P., Imhof M. On the Treatment of Nonlinear Unilateral Contact Problems. //

Archive of Applied Mechanics Ingenieur Archiv, 1993, v. 63, p. 116-129.

[657] Wriggers P., Zavarise G. Application of Augmented Lagrangian Techniques for Nonlinear

Constitutive Laws in Contact Interfaces // Comm. Num. Meth. Engng., 1993, v. 9, p.

815-824.

[658] Wriggers P., Miehe C. Contact Constraints within Coupled Thermomechanical Analysis

- A Finite Element Model. // Comp. Meth. Appl. Mech. Engng., 1994, v. 113, p. 301-319.

[659] Wriggers P., Scherf O., Carstensen C. Adaptive techniques for the contact of elastic bodies

/ in: T.J.R. Hughes, E. Onate, O.C. Zienkievicz (Eds.), Recent Developments in Finite

Element Analysis, CIMNE, Barcelona, 1994, pp. 78-86.

[660] Wriggers P. Finite Element Algorithms for Contact Priblems. // Archive Comp. Meth.

Engng., 1995, v. 2, p. 1-49.

[661] Wriggers P., Scherf O. An adaptive �nite element technique for nonlinear contact problems

// Comput. Mech., 1995, v. 17, p. 88-97.

[662] Wriggers P., Zavarise G. On contact between 3-dimensional beams undergoing large de-

ections. Communications in Numerical Methods in Engineering, 1997. V. 13. P. 429-438.

220



[663] Wriggers P., Scherf O. Adaptive �nite element techniques for frictional contact problems

involving large elastic strains. // Comp. Meth. Appl. Mech. Engng., 1998, v. 151, p. 593-

603.

[664] Wriggers P., Panagiotopoulos P. (Eds.) New Developments in Contact Problems // CISM

courses and lectures, No.384, Udine, Springer-Verlag, Wien, New York, 1999, P. 1-246.

[665] Xie Y.M., Steven G.P. A Simple Evolutionary Procedure for Structural Optimization //

Computers and Structures, 1993, v. 49, p. 885-896,

[666] Xie Y.M., Steven G.P. Evolutionary Structural Optimization, Springer-Verlag, Berlin,

1997.

[667] Xing H.-L., Fujimoto T., Makibouchi A., Nikishkov G.P. Static-explicit FE modeling of

3-d large deformation multibody contact problems on parallel conputer / In: Simulation of

Material Processing: Theory, Methods, Applications. Huetink, Baajiens (Eds.), Balkema,

Rotterdam, 1998, p. 207-212.

[668] Xing H.-L., Makinouchi A. A node-to-point contact element strategy and its applications,

RIKEN Review No. 30, 2000.

[669] Yagawa G., Soneda N., Yosimura S. A large scale �nite element analysis using domain

decomposition method on a parallel computer // Computers and Structures, 1991, v. 38,

p. 615-625.

[670] Yagawa G., Sgioya R. Parallel �nite elements on a massively parallel computer with

domain decomposition // Computing Systems Engng., 1993, v. 4, p. 495-503

[671] Yagawa G., Yoshioka A., Yoshimira S., Soneda N. A parallel �nite element method with

a supercomputer network. // Computers and Structures, 1993, v. 47, p. 407-418.

[672] Yoon S.Y., Yabe T. The uni�ed simulation for incompressible and compressible ow by

the predictor-corrector scheme based on the CIP method, Comput. Phys. Commun., 1999,

v. 119, p. 149.

[673] Yovanovich M. M. Thermal Contact Correlations, AIAA Paper, 81-1164, 1981.

[674] Zavarise G., Wriggers P., Stein E., Schreer B.A. A Numerical Model for Thermomechan-

ical Contact based on Microscopic Interface Laws. // Mechanics Research Comm., 1992,

v. 19, p. 173-182.

[675] Zavarise G., Wriggers P., Stein E., Schreer B.A. Real contact mechanisms and �nite-

element formulation - a coupled thermomechanical approach. // Int. J. Num.Meth. Engng.,

1992, v. 35, p. 767-785.

[676] Zavarise G., Wriggers P., Schreer B.A. On Augmented lagrangian Algorithms for Ther-

momechanical Contact Problems with Friction // Int. J. Num. Meth. Engng., 1995, v. 38,

p. 2929-2949.

221



[677] Zavarise G., Wriggers P., Schreer B.A. A Method for Solving Contact Problems // Int.

J. Num. Meth. in Engng., 1998, v. 42, p. 473-498.

[678] Zhong Z.H. A contact searching algorithm for general 3-D contact-impact problems. /

Dissertation no. 178, Linkoping Institute of Technology, 1988.

[679] Zhong Z.-H., Nilsson L. A contact searching algorithm for general contact problems. //

Computers and Structures, 1989, v. 33, p. 197-209.

[680] Zhong Z.H., Mackerle J. Static Contact Problems - A Review, // Engineering Computa-

tions, 1992, v. 9, p. 3-37.

[681] Zhong Z.H., Mackerle J. Contact-impact Problems: A Review with Bibliography. //

ASME Transactions, Appl. Mech. Rev., 1993, v. 47(2), p. 55-76.

[682] Zhong Z.H. Finite Element Procedures for Contact-impact Problems, Oxford University

Press Inc., Oxford, 1993.

[683] Zhong Z.H., Nilsson L. Automatic contact searching algorihm for dynamic inite element

analysis // Computers and Structures, 1994, v. 52, N. 2, p. 187-197.

[684] Zhong Z.H., Nilsson L. Lagrange multiplier approach for evaluation of friction in explicit

�nite-element analysis. // Communications in Numerical Methods in Engng, 1994, vol. 10,

p. 249-255.

[685] Zhu T., Atluri S.N. A Modi�ed Collocation Method and a Penalty Formulation for En-

forcing the Essential Boundary Conditions in the Element Free Galerkin Method // Com-

putational Mechanics, 1998, v. 21, p. 211-222.

[686] Zhuang Y. Real-time simulation of physically-realistic global deformations. / PhD thesis,

Department of Electrical Engineering and Computer Science, University of California,

Berkeley, 2000.

[687] Ziegler H. Some extremum principles in irreversible thermodynamics with applications

to continuum mechanics, in Progress in Solid Mechanics, eds. I. N. Sneddon and R. Hill,

1966. Vol.4, Amsterdam: North - Hollabd Publ.

[688] Zukas J.A., Nickolas T., Swift H.F., Greszuk L.B., Curran D.R. Impact dynamics, New

York, Wiley, 1982 ( �¥°¥¢®¤: �³ª ± �¦. �., �¨ª®« ± �., �¢¨´² �.�., �°¥¹³ª �.�.,

�³°°  �.�. �¨ ¬¨ª  ³¤ ° , �., �¨°, 1985, 296 ±.)

222


