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Abstract

The results of mathematical and physical modeling of heat and mass transfer in vibrating flows are presented for

Bridgman crystal growth with submerged vibrator. A shadow graphic system and computer processing of photographs

is used to observe the melt motion in the experiments. Mathematical modeling is performed on the basis of the unsteady

Navier–Stokes–Boussinesq equations for incompressible fluid including the Stefan boundary condition at the

melt–crystal interface. The finite element code ASTRA was used for calculations. In numerical simulation the calculated

instantaneous flows were averaged in time to evaluate the averaged vibrational flow (AVF).

The results of research about the influence of high-frequency vibrations with small amplitudes on hydrodynamics and

heat transfer are reported. The numerical and experimental results illustrate the influence of the vibration on the AVF,

on the temperature distribution and on the curvature of the crystallization front.

r 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In the present paper the influence of the
vibrations on the melt flow is considered for the
vertical Bridgman crystal growth. The vibrations
are initiated by a submerged vibrator. It should be
mentioned that a large variety of different vibra-
U 55
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tions exists [1]. We consider here progressive
vertical vibrations induced by the submerged
vibrating disk Fig. 1a. The applied vibrations are
assumed to be of small amplitude, therefore the
vibrator displacements are negligible, and the
velocity of the vibrator is predefined as a harmonic
function v ¼ Ao sinðotÞv ¼ awsin , where A—an
amplitude, o—a frequency. Some of the results
were calculated on the basis of the direct solution
of the axisymmetrical unsteady Navier–Stokes–-
59
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Fig. 1. Influence of vibration on temperature field. (a) Isotherms in the melt for two cases: with (left) and without (right) vibration,

(b–e) vertical temperature profile for four sets of parameters: (b) Revibr ¼ 0 (without vibration), Gr ¼ 2� 106, Pr ¼ 5.43, (c) Revibr ¼

200 (f ¼ 50Hz), Gr ¼ 2� 106, Pr ¼ 5.43, (d) Revibr ¼ 200; Gr ¼ 0, Pr ¼ 5.43, (e) Revibr ¼ 200; Gr ¼ 2� 106, Pr ¼ 0.01.
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UNBoussinesq problem, while some were obtained in
the physical experiments by using the laser shadow
graphic method. It is known that under influence
of vibrations the averaged in time flows appear [1].
In the present paper,we named these averaged
vibrational flow as AVF. Such flows very often are
observed by experimentators in the liquids under
the influence of vibrations. A lot of issues should
be taken into account to get a deep understanding
of the mechanisms acting on the AVF. Here only
some of them are in question. In particular, the
following features are under study here: influence
of vibrations on the boundary layers in melts with
various Prandtl numbers; influence of frequency of
the vibrations on the structure of the AVF;
influence of the amplitude of the vibrations on
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the shape of the solid–liquid interface; influence of
the arrangement of the vibrator and crucible on
the AVF; and, finally, the influence of the rotation
on the AVF. The presented results should be
treated as preliminary by far is complete. We are
just making first steps on the way to understanding
the possible outcomes from using the vibrations as
a handling tool in the crystal growth production
techniques.
59

61

63

65

67

69

71

73

75

77

79

81

83

85

87

89

91

93

95
UNCORREC

2. Statement of the problem

Numerical modeling of hydrodynamics and
heat-mass transfer for the Bridgman system with
submerged vibrator sketched in Fig. 1a was
conducted on the basis of the unsteady axisymme-
trical 2D Navier–Stokes–Boussinesq equations
including the balance equations for heat and mass
transfer
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The boundary conditions readat the axis of
symmetry:

ðr ¼ 0Þ : u ¼ 0;
qw

qr
¼ 0; v ¼ 0;

qT

qr
¼ 0;

qC

qr
¼ 0; ð7Þ
TED P
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at the solid–liquid interface u ¼ 0; the location and
velocity WS are determined in view of Stefan
condition:

rLW s ¼ l qT
qnmelt

� lcryst qT
qncryst

; T ¼ Tm;

v ¼ 2prOC; D qC
qz

¼ WSCð1� k0Þ;
(8)

at side wall of crucible:

r ¼ R : u ¼ 0; w ¼ 0; v ¼ 2pROC; (9)

qT

qr
¼ 0ð0ozohÞ; T ¼ ThðhozoHÞ;

qC

qr
¼ 0; ð10Þ

at vibrator:

u ¼ 0; w ¼ Ao sinðotÞ; v ¼ 2prOvibr;

qC

qn
¼ 0;

qT

qn
¼ 0 ð11Þ

at the upper opened boundary:

ðz ¼ HÞ; u ¼ 0;
qw

qz
¼ 0; v ¼ 0; T ¼ Th;

C ¼ C0: ð12Þ

Initial conditions:

t ¼ 0 : u ¼ 0; w ¼ 0; v ¼ 0; T ¼ Tm;

C ¼ C0: ð13Þ

Hereafter the following notations are used: r

and z—radial and axial coordinates, t—time, u

and w—velocity vector components in r and z

directions, v—azimutal velocity, T—temperature,
C—dopant concentration, p—pressure, r—den-
sity, g—gravity acceleration, bT; n; l; lcryst; cp; D—
coefficients of thermal expansion, kinematic visc-
osity, heat conductivity, heat capacity and dopant
diffusivity, A and o—amplitude and frequency of
vibrations, O—angular velocity of the rotating
crucible, a—thermal conductivity coefficient, Ws—
normal rate of the crystal growth, R—radius of
crucible is scale of length, DT ¼ Tmax � Tmin—
temperature scale, k0—dopant segregation factor,
n—normal unity vector, and L—latent heat of
crystallization. The dimensionless coordinates,
velocity, time and temperature are calculated with
the following expressions:
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C

r0 ¼ r=R; z0 ¼ z=R; u0 ¼ uR=n;

t0 ¼ tn=R2; T 0 ¼ ðT � TminÞ=DT :

All calculations were conducted for the initial
temperature field, which corresponds to the
thermal regimes with temperature boundary con-
ditions given above.

In the present paper the results received from
the numerical simulation of two crystallization
models are presented: (1)with a flat surface of the
melt–crystal interface and (2)with the determina-
tion of the melt–crystal interface from the solution
of the Stefan task. In the second case, the
temperature in the crystal was determined from
the solution of the additional equation of heat
conductivity for the crystal. The basic accounts
were carried out on the first model and the second
model was used only for research of the influence
of vibrations on the shape of the crystallization
front. In the first case, the crystal growth rate was
the same in all runs: Ws ¼ 0.3 cm/h at z ¼ 0: The
amplitude of vibrations was constant A ¼ 100 mm.
The problem is characterized by the following
similar numbers: rotational Reynolds number
ReO ¼ OCR

2/n, Reynolds number Re ¼ WsR/n,
vibrational Reynolds number Revibr ¼ AoR/n,
Grashof number Gr ¼ gbDTR3/n2, (or Rayleigh
number Ra ¼ Gr Pr), Prandtl number Pr ¼ nrcp/l
and Schmidt number Sc ¼ n/D.
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3. Numerical and experimental results

The initial boundary value problem (1–13) was
solved by the finite element method by using the
code ASTRA [2,3].

It is known [1], that under the effect of
vibrations, two types of the flow can be selected
depending on the time scale: instantaneous vibra-
tional flow and AVF. These flows can lead to
significant additional mixing and redistribution of
the temperature and dopant [1,4,5].

3.1. Influence of vibrations on boundary layers

In Fig. 1 the temperature distribution in the melt
with (Revibr ¼ 200) and without vibration is
illustrated. In Fig. 1b 4 dimensionless values are
TED P
ROOF

designated without apostrophes. Fig. 1a shows
isotherms in the melt and Figs. 1b–e show the
calculated vertical temperature profiles (r ¼ 0:75)
for the following four cases: (a)thermal convection
without vibrations, (b)thermal convection with
vibrations under high Prandtl number
(Gr ¼ 2� 106; Pr ¼ 5:43), (c)vibrational flow
without thermal convection (Gr ¼ 0; Pr ¼ 5:43),
(d)thermal convection with vibrations under low
Prandtl number (Gr ¼ 2� 106; Pr ¼ 0:01). These
results show that the vibrations strongly decrease
the thickness of the temperature boundary layers
(Fig. 1b and c). The results show that the influence
of the vibrations on the temperature in terrestrial
and microgravity environment is practically the
same, i.e. the effects of the vibrations and the
gravity are practically independent. Of course, the
influence of the vibrations on the temperature field
depends on the amplitude and the frequency of the
vibrations, on the heat conductivity and the
viscosity (on the Prandtl numbers).
The temperature field in the case for Pr ¼ 0:01

as well as in the case of microgravity is practically
not changed by the vibrations (Fig. 1e). In such a
case, where Prandtl numbers are low, the vibra-
tions of increased amplitude and frequency should
be applied to get the effect of thin boundary layers.

3.2. Influence of vibration frequency on the AVF

Some special feature of the influence of the
frequency on the AVF was detected in the
calculations, with increase of frequency the AVF
can change its direction. This is shown in Fig. 2,
which presents the AVF stream function isolines
for A ¼ 100 mm, Gr ¼ 2 106, Pr ¼ 5.43 and four
values of vibrational Reynolds number (fre-
quency): (a) Revibr ¼ 40 (f ¼ 10Hz), (b) Revibr ¼

120 (f ¼ 30Hz), (c) Revibr ¼ 200 (f ¼ 50Hz), (d)
Revibr ¼ 400 (f ¼ 100Hz). With increase in num-
ber Revibr near the vibrator there are secondary
vortexes (with agreed directions of rotation) with a
further increase of Revibr a dominant vortex
becomes a vortex with an opposite direction. For
example, with increase of the frequency (vibra-
tional Reynolds number Revibr) from f ¼ 10Hz up
to f ¼ 100Hz the intensity of the AVF also grows,
while the AVF direction changes due to exchange
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Fig. 2. Influence of vibrational Reynolds number (frequency) on AVF. (A ¼ 100mm, Gr ¼ 2� 106, Pr ¼ 5.43), (a) Revibr ¼ 40

(f ¼ 10Hz), (b) Revibr ¼ 120 (f ¼ 30Hz), (c) Revibr ¼ 200 (f ¼ 50Hz), (d) Revibr ¼ 400 (f ¼ 100Hz).

A. Fedyushkin et al. / Journal of Crystal Growth ] (]]]]) ]]]–]]] 5
NCORREof momentum between vortexes. The direction of
the AVF changes from clockwise at Revibr ¼ 40
(f ¼ 10Hz) (Fig. 2a) to anticlockwise at Revibr ¼

400 (f ¼ 100Hz) (Fig. 2d) (negative values of the
AVF stream function correspond to the clockwise
flow). The fight between the convective and
vibrational vortexes can be observed. Under the
vibrator the thermal convective flow has antic-
lockwise direction, while the AVF has opposite
direction. It can be expected that this fight can
essentially effect the dopant distribution and the
shape of the solid–liquid interface.
U 91

93

95
3.3. Influence of amplitude on shape of melt– crystal

interface

The influence of the amplitude on the shape of
the solid–liquid interface is shown in Fig. 3. These
data were obtained experimentally by Prof. E.V.
Zharikov’s group. In the experiments NaNO3

crystals were grown in quartz ampoules (R ¼ 1 cm,
H ¼ 3 cm) with rate of crystallization of 0.3 cm/h.
The conditions of growth were identical at the
changing of the frequency—peak characteristics.
The influence of the anisotropic of heat conduc-
tivity of NaNO3 on the shape of crystallization
front was not investigated and in the numerical
model, the heat conductivity was constant.
On the left-handside of Fig. 3 the photographs

of the grown crystals are shown, and on the right-
hand side the patterns of melt flows are shown,
which were observed in the experiments. The
vertical progressive harmonic vibrations had a
frequency 50Hz and amplitudes in the interval of
180–220 mm (Revibr ¼ 300� 480). By varying the
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Fig. 3. Influence of vibration on the shape of melt–crystal

interface (experimental data): at the left-handside of the figure

are the images of Ag: NaNO3 single crystals grown under and

without of vibrations; at the right-handside of the figure are the

corresponding flow patterns in the melt and shape of

melt–crystal interface.

Fig. 4. Influence of vibration on the shape of melt–crystal

interface (results of numerical modeling). At the left-handside—

without vibration, at the right-handside—with vibration

(Revibr ¼ 200).
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UNamplitude it is possible to effect the curvature of
the solid–liquid interface.

In Fig. 4 the results of numerical modeling are
submitted. The stream function of instant and
averaged flows, and the isotherms are shown for
two cases: at the left without vibrations, and on
the right with vibration (Revibr ¼ 200).
TEDThe given results are in good agreement
qualitatively with the experimental data (Fig. 3).
Thus it is experimentally and numerically shown
that the vibrations can flatten the crystallization
front. This fact looks quite promising for control-
ling of the melt–crystal shape during crystal
growth.
4. Conclusions

The researches of distribution of an impurity
have shown that it is similar to distribution of the
temperature. The concentration boundary layers
are subject more to the influence of vibrations
only, because of the usual numbers Sc410.
The vibrations can decrease the thickness of the

boundary layers at the solid–liquid interface. It is
shown that by applying the vibrations the tem-
perature and concentration gradients near the
solid–liquid interface, the crystal growth rate and
the AVF flow direction can be changed and also
that the vibrations can flatten the crystallization
front. We see the possibility that the kinetics of
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growth and growth rate can be influenced by
vibration.

The study shows that the vibrations can be used
as a simple and effective controlling tool, to
improve the conditions of crystal growth and the
quality of the final product.
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